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Mental Processes: Intuitive versus Analytical

Abstract. To work on a mathematical problem we must be aware that this will happen in parallel in two different modes where a spontaneous or intuitive thinking  (S1-Vorstellun​gen) may interfere with the analytical or reflective thinking (S2-Vorstellun​gen). S1-Vorstellungen are fast and automatic and need not much working memory, but they are very resistant against changes. To transform or to coordinate S1 experiences into appropriate and more flexible S2 experiences the Vorstellungen must become conscious. Only then Vorstellungen can be changed or modified or overcome. Discussions are an important tool to bring unconscious Vorstellungen into consciousness. In mathematics education there is a lack of intuitive and spontaneous ideas. To overcome this deficiency we argue to use more guess and test activities using calculators or computers. We suggest a specific teaching method called ONE-WAY-PRINCIPLE. Examples will be given.

To analyze mental and cognitive aspects when working with calculators or computers we 

must be aware that we only can observe or assess or judge external, observable performances
like gestures, oral comments, writings, interactions with the computer or with the teacher or with peers or other activities, discussions, etc. We must interpret performances because we cannot see or evaluate directly the related mental activities, processes, conceptual frames, etc. To distinguish more consciously the external representations or performances from the "related" internal representations or internal mental processes we will use for the latter the German word Vorstellungen. 

A Vorstellung is an individual concept image, it is the personal internal mental repre​sen​tation of objects, of processes, of relations and functions, etc. A Vorstellung is part of the cognitive structure of the individual. A Vorstellung in this sense is simi​lar to a cognitive net, a frame, a script or a micro world. Each learner has his/her own individual Vorstel​lungen (Meissner 2002).

In this section we will reflect how Vorstellungen develop. We distinguish, also with reference to the Dual Process Theory (DPT), two types of Vorstellungen, namely spontaneous or common-sense Vorstellungen (S1-Vorstellungen) and reflective or analytical Vorstellungen (S2-Vorstellungen)
. Thus we refer to a polarity in thinking which already was discussed before by many other authors
. 

Reflective Vorstellungen (S2) may be regarded as an internal mental copy of a net of knowledge, abilities, and skills, a net of facts, relations, properties, etc. where we have a conscious access to. Reflective Vorstellungen mainly are the result of a teaching. The development of reflective Vorstellungen certainly is in the center of mathematics education. Here a formal, logical, deterministic, and analytical thinking is the goal. To reflect and to make conscious are the important activities. 

Most teachers or students or even researchers in mathematics often are unaware of their spontaneous and intuitive Vorstellungen. In the mathematics education class room often we more or less do not realize or even ignore or suppress intuitive or spontaneous ideas. The traditional mathematics education does not emphasize unconsciously produced feelings or reactions. In mathematics education there is no space for informal pre-reflections, for an only general or global or overall view, or for uncontrolled spontaneous activities. Guess and test or trial and error are not considered to be a valuable mathematical behavior in the class room. 

But all these components are necessary to develop spontaneous or common-sense Vorstellungen (S1). These Vorstellungen mainly develop unconsciously or intuitively. They are fast and automatic and need not much working memory. But they also are hard to change or to overcome. We will demonstrate that interplay of Vorstellungen by discussing the problem solving behavior we observed when children or adults were working on the following problem.

Decimal Grid Problem

Select a path from A to B (see the following grid). Change the direction at each crossing. Multiply with a calculator the decimal numbers of each step you go. Mark each path in one of the small grids. Find the path with the smallest product. You have 4 trials. (Worksheet for each problem solver, first individual work, then discussion of the results.)
[image: image2.bmp]
We always got similar answers, from children as well as from adults:

(a) I do not really remember why I went that path.

(b) I always took the smallest number (result 62.121...).

(c) ... as less steps as possible (2.5 x 8.4 x 0.3 x 0.3 = 1.89).

(d) I looked for many "zeros" (13.2 x 0.5 x 0.6 x 0.3 x 0.3 = 0.3564).

(e) After 5.9 (second step) we can continue with smaller factors (0.7 x 5.9 x 0.5 x 0.6 x 0.3 x 0.3 = 0.11151).

(f) I was looking for small "detours" (instead 13.2 go 0.7 x 5.9, instead 5.4 go 0.5 x 0.6, instead 8.4 go 5.9 x 0.7,  ...).

(g) I discovered a "circle" (... x 0.6 x 0.8 x 0.3 x ...).

(h) I tried to use a "small path" more than once ("small path" means decimal < 1).

(i) I run through the circle many times.

Some of the participants started immediately. We argue, intuitive S1-Vorstel​lungen related to the keywords "multiply" and "calculator" and "small product" became dominant
: "That is easy, let's start straight away". Analyzing the more detailed answers we can identify different aspects of the unconscious S1-Vorstellung "multiplication makes bigger", like "the more factors, the bigger the product" or "the smaller the factor, the smaller the product" or "as less factors as possible!". 

But then there happened some cognitive jumps, individually or in the discussions later on. The intuitive Vorstellung "multiplication makes bigger" became conscious and got reflected and got changed into the analytical Vorstellung "multiplication makes bigger with factors bigger than 1 and smaller with factors smaller than 1". 

Summarizing, we distinguish two types of internalizing our experiences from interacting with a problem. On the one hand we use “spontaneously” our existing and not always conscious Vorstellungen and we do not change them if we do not see a need for it. On the other hand, if necessary, we develop conscious and reflective Vorstellungen on the base of our experiences. Both types of Vorstellungen together form the cognitive structure of the individual. For a well developed and powerful concept image both is essential, a sound and mainly intuitive "common-sense" and a conscious knowledge of rules and facts. 

How do calculators or computers now affect the development of powerful mathematical S1- and S2-Vorstellungen? When we observe "problem solving" behavior outside from mathematics education we realize that a guess and test behavior is quite normal to build up a Vorstellung of the situation being confronted with (Meissner 1985, 1986). We also find systematic vocational training programs based on "guess-and-test" activities, i.e. for training people at a simulator (pilots, car drivers), using models instead of real situations, etc. 

And when we observe children or adults when working with a computer we also often see a typical guess and test behavior. We identify interactions with the computer to discover properties or we see repeating similar key stroke sequences just to make sure … These computer “experts” have developed two specific attitudes which were unusual till now in a traditional mathematics education. They 

- use intensively guess-and-test procedures (often without being aware of it) and

- demonstrate a large and often unconscious knowledge without being able to communicate adequately about it
.

We argue that these experts demonstrate by their behavior that also mathematical Vorstellungen can be enriched by a systematic use of guess and test activities. So we developed a specific teaching method called One-Way-Principle (Meissner 1979, 2003). The One-Way-Principle (abbr. OWP) can be used to discover many functional relationships intuitively and/or consciously, relationships of the type
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The basic idea of the OWP is the following. First you have to learn the syntactical sequence of the buttons you must press to get the output "Y" (when input "X" and "(" are given). That means this is by the use of a calculator or computer a very easy task. The difficulties arise when X and Y are given (to find () or ( and Y are given (to find X). In mathematics education usually we introduce then formulae and use algebraic transformations of these formulae or we use different formulae to press then (different) syntactical sequences of buttons. 

The OWP does not follow this analytical or reflective approach. Instead we have to guess "X" (or "(") to use then again the original key stroke sequence. That means, independent which variables are given and which are wanted, there always is ONLY ONE WAY to solve all problems: Use the original key stroke sequence learnt at the very beginning as a tool. And the goal for the learner in the guess and test work then is to find a good first guess and to reach a given target with only a few more guesses.

There is a big range of possibilities to apply the OWP method to develop S1 experiences. For example, ( may be a (+6)-operator or a ((5)-operator. With operators like these we develop number sense by exploring the four basic operations (including reverse operations). But "(" also may be a symbol for  trigonometric functions and "X" and "Y" are real numbers. Or "(" is a symbol for a percentage function. Or "X" symbolizes an algebraic term and "Y" the appropriate graph related to it via the "function plot software (". We will summarize some empirical results.

The concept of functions

There is a tremendous amount of research which reports that students have difficulties to understand the concept of functions properly. One of the difficulties is to sketch an appropriate  graph to a given term or to formulate a term for a given graph. Mueller-Philipp developed a course on "Linear and Quadratic Functions" to overcome these difficulties. In the center of the lessons is the equation ( graph relation (without the use of tables). First the students become acquainted with the function plotter software which they apply as a tool for given terms. Along the OWP they then experience on self guiding worksheets the properties of different graphs and different terms which they have to describe and to write or to sketch down in their own words and to discuss later on in the class room. 

In the post test the students worked much faster and on more problems than in the pretest and there was a significant increase of correct solutions. Also an improvement of understanding in the post test was obvious. For more details see Meissner/Mueller-Phillip (1993) or the dissertation from Mueller-Philipp (1994).

S1-Vorstellungen via the %-Key of simple calculators      

There are calculators which work syntactically like we speak in our daily life: 

"635 + 13 % =  ..." needs the key stroke sequence

  6     3     5     +     1     3    %     =  .

We taught percentages with the percent

key, without using formulae or reverse 

functions or algebraic transformations 

of formulae. If necessary the missing 

values had to be guessed and verified 

by pressing always the same key stroke 

sequence from above. The students became 

excellent in guessing each value and they developed an astonishing “%-feeling” (guessing a quite reasonable first value). We administered the same test with 6 problems in our experimental group (white bars, N ( 250) and in a control group with the traditional analytical, reflective approach with formulae and algebraic transformations. (N ( 500, dark bars). For more details see Meissner (1982).

Calculator game "Hit the Target"

An interval [a,b] is given and a factor n. Find a second factor k via guess and test that the product   k ( n   is in the interval [a,b]. Write a protocol of your guesses. 

(See the example on the right)

The game trains number sense, it offers intuitive S1 experiences with multiplicative structures. Our more than 1000 guess-and-test protocols (Meissner 1985b) show that the students after a certain training develop excellent estimation skills. They guess a very good starting number and they develop an excellent proportional feeling (very often less than three guesses to find a correct solution). 
	Example:

     x 17

                    [800,801]
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There are two other calculator games which also train an intuitive feeling for the order of magnitude in additive respectively multiplicative relations. In the calculator game "Big Zero" we hide a subtraction operator and ask "Which is the input for getting 0 in the display? In the calculator game "Big One" we hide a division operator and ask "Which is the input for getting 1 in the display? Also here we discover the hidden operators by guess-and-test, and 

excellent (intuitive) approximation skills get developed. For more details see the dissertation from Lange (1984).

To summarise, in mathematics education we need more intuitive and spontaneous S1 experiences. Calculators and computers are excellent tools to help. Especially they are appropriate tools to allow a lot of simple guess and test activities. A systematic method to further these activities is the ONE-WAY-PRINCIPLE. This principle also can be used before introducing a new topic as an intermediate step to develop first a "feeling" for that topic.
References

A list of references will be added later on

    50 






































     100


  100 





1





2





3





4





5





6

















?








� According to the Dual Process Theory our cognition operates in two quite different modes called System 1 and System 2. For more details see Kahneman/Frederick 2005 and Leron/Hazzan 2006.





� e.g. Vygotzki talks about spontaneous and scientific concepts, Ginsburg compares informal work and written work, or Strauss discusses a common sense knowledge vs. a cultural knowledge. Strauss (1982) especially has pointed out that these two types of knowledge are quite different by nature, that they develop quite differently, and that sometimes they interfere and conflict (“U-shaped” behavior).





� Similar reactions you will observe when posing one of the following questions to children (Meissner 1986):


"To boil 3 eggs you will need 6 minutes. How many minutes do you need to boil one egg?" or


"One hiker will need three hours from the lake to the cabin, how many hours will two hikers need?" or


"A boy of age 10 is 120 cm tall. How tall will he be at age 20?"





� Being asked for rules they are quick in pressing diverse sequences of buttons, but very often they cannot give precise verbal descriptions or explanations.  





