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Abstract

We introduce 01 (“zero hand grenade”) as a sharp for an inner model with a,
proper class of strong cardinals. We prove the existence of the core model K in
the theory “ZFC + 07 doesn’t exist.” Combined with work of Woodin, Steel,
and earlier work of the author, this provides the last step for determining
the exact consistency strength of the assumption in the statement of the 122
Delfino problem (cf. [12]).
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0 Introduction.

Core models were constructed in the papers [2], [13], [7], [15] and [16], [8] (see
also [23]), [27], and [28]. We refer the reader to [6], [17], and [14] for less painful
introductions into core model theory.

A core model is intended to be an inner model of set theory (that is, a transitive
class-sized model of ZFC) which meets two requirements:

F; It is close to V' (the universe of all sets), and

Fo it can be analyzed in great detail.
Both requirements should be formulated more precisely, of course. However, as “core
model” is no formal concept, we can’t expect a thorough general definition. Let’s
try to give some hints.

As for Fy, a core model, call it K, should reflect the large cardinal situation of
V' (for example, the large cardinals that exist in V' should be found in K as well up
to a certain size), it should satisfy certain forms of covering (for example, K should
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compute successors of singular cardinals correctly), and it should be absolute for
set-forcings (i.e., the definition of K should determine the same object in any set-
forcing extension of V). As for Fy, a core model should be a fine structural inner
model (a class-sized premouse, technically speaking), which satisfies certain forms
of condensation (which in turn typically follow from a certain amount of iterability
of K, and make K amenable for combinatorial studies).

For the purposes of this introduction we’ll say that K exists if there is an inner
model satisfying appropriate versions of F; and Fy above. The key strategy for
constructing core models has not changed through time. As a matter of fact, in
order to have any chance to build K satisfying F; and Fy one has to work in a
theory

ZFC + -~ U,

where = W denotes an anti large cardinal assumption (for example, “there is no inner
model with a certain large cardinal”). The following table lists the achievements of
2], [13], [7], [15] and [16], [8], and [27], and of their forerunner, Godel.

Author(s) -
Godel - 07
Dodd + Jensen - 0f
Koepke — (lons
Jensen — (sword
Mitchell - o(k) = kT
Jensen - 0f
Steel - M7

Except for the last entry this means that the person(s) listed on the left hand
side has (have) shown K to exist in the theory ZFC + — W. We shall call the core
model constructed like this the K below W. (The definitions of the respective anti
large cardinal assertions can be found in the above cited papers.) It must however
be mentioned that it was Jensen who proved the Covering Lemma for L and who
also developed the fine structure theory for L.

What Steel does in [27] is to prove the existence of K in the theory

ZFC + — M¥ + “there is a measurable cardinal,”

where by — Ml# we mean that there is no sharp for an inner model with a Woodin
cardinal. For certain applications of K this is a deficiency (see the discussion in §0
of [20]): Core model theory is typically applied as follows. If ® is any statement
whatsoever, then one can try to lead

IFC+ -V +



to a contradiction by using
FC+ - V¥ = “K exists”

and showing that ® contradicts the existence of K below W. If this is the case, one
has arrived at finding a lower bound in terms of the consistency strength of ®, that
is, at proving

ZFC + & = .

Consequently, from [27] we can (often, not always) only hope to get a theorem of
the form
ZFC + ® + “there is a measurable cardinal” =

“there is a sharp for an inner model with a Woodin cardinal.”

(It should be noted that there is an important variation of this use of core model
theory. Instead of trying to lead

ZFC+ -V + &

to an outright contradiction one can try to show that ZFC + & implies that such-
and-such large cardinals exist in the K below W.)

At the time of writing it is not known how to develop the theory of K just
assuming ZFC+ “there is no inner model with a Woodin cardinal.” The present
paper solves the puzzle of constructing the core model for many strong cardinals.
Specifically, we improve Jensen’s notes [8] by establishing that K can be shown to
exist in the theory

ZFC+ “there is no sharp for an inner model with
a proper class of strong cardinals,”

or
ZFC + “0' (zero hand grenade) does not exist, ”

as we shall say. It has turned out that the means by which [8] can be improved in this
direction are far from being straightforward generalizations of the means provided
by [8]. We also want to emphasize that the work done here yields applications which
could not be obtained before (cf. section 9).

The main new idea here is that if 01 does not exist then normal iteration trees are
simple enough (“almost linear”) so that K¢ can (still) be built by just requiring new
extenders in its recursive definition to be countably complete (rather than having
certificates). This will allow a proof of weak covering for K¢, and finally a proof of



the existence of K in the theory ZFC + = 0. There are serious obstacles to proving
the existence of K in a theory weaker than ZFC + = 0.

We believe that the present paper raises (and answers) questions and develops
techniques which are interesting from the point of view of inner model theory, and
which should be useful also outside the realm of this paper.

The paper is organized as follows. Section 1 discusses fine structure. In partic-
ular, we shall present our notation and state what we’ll have to assume familiar-
ity with. Section 2 introduces 0!, and proves that any normal iteration tree of a
premouse which is below 01 is almost linear. Section 3 builds K¢, the countably
complete core model below 01, K¢ is a preliminary version of K; it is not known
how to develop the theory of K without going through K¢ and proving weak cov-
ering for it. Section 4 proves that K¢ is maximal in the mouse order, and it shows
a goodness property of K¢ Sections 5 and 6 establish technical tools for proving
the weak covering lemma for K¢ in section 7: we have to study bicephali which are
somewhat more liberal than any bicephalus studied so far, and we have to show a
maximality property of K¢. Section 8 finally isolates K.

Section 9 contains an application, and motivation, for this work. We’ll show
that the results of the present paper provide the last step for determining the exact
consistency strength of the assumption in the statement of the 12" Delfino problem
(cf. [12]). Section 9 also contains a brief description of that problem.

Historical note. The work described in sections 2, 3, 4, 8, and 9 was done in
Berkeley in the fall of 1997 (parts of section 8 are due to John Steel). The results
in sections 5, 6, and 7 were obtained in Vienna in the fall and winter of 1999/2000.

1 Preliminaries.

We assume familiarity to a certain extent with Jensen’s classical fine structure theory
(cf. [5], or [32, Chapter 1]), with inner model theory as presented in [9] or [20], and
with core model theory as developed in [7], [8], [27], or [32]. The policy of the present
paper is that we have elaborated only on new ideas. In most cases we won't give
proofs for things which can be found elsewhere.

This paper builds upon the concept of a (Friedman-Jensen) premouse proposed
in [9]. Let us first briefly recall essentials from [9, §§1 and 4|. We explicitly warn
the reader that this part of the current section of our present paper does not give
any complete definitions. The reader may find any missing details in the monograph
32].

An extender is a partial map F: P(k) — P(\) for some ordinals k < A (cf. [9,
§1 p.2]) rather than a system of hyper-measures. (We shall sometimes abuse the
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notation by writing F' for the partial map P([]<“) — P([A\]<*) induced by F via
soft coding [cf. [9, §1 p.2]]; and we'll often write ir for an ultrapower map M — N
induced by F'.) Premice will be J-structures constructed from certain well-behaved
extender sequences.

A pre-premouse (cf. [9, §4 p.1]) is an acceptable J-structure of the form M =

(Ja[ﬁ];e,ﬁ, E,), where
E={w&X): E<v<aand e E,(X)}

codes a sequence of extenders, with the following two properties:

(a) If B, # 0 for v < a, then E, is an extender whose domain is P(x) N J,[E]
for some k < v, (J,[E|v];€, Elv) is the ($¢-) ultrapower of (J,+[Ex*]; €, E[x")
where k7 is calculated in J,[E]v], and if

ig, : (JIEIV;€,Elv) =g, N

is the (Z-) ultrapower map then EN v = Elv and EN = 0, and

(b) Proper initial segments of M are sound.

Condition (a) is often referred to as “coherence.” The ultrapower formed in (a) is
according to the upward extension of embeddings technique using F, as a fragment
of the ig, to be formed. We always suppose the well-founded part of a model to
be transitive. (In our formulation of (a), we suppose that v + 1 is a subset of the
well-founded part.) The concept of "soundness” in (b) is according to Jensen’s fine
structure (see below).

For pre-premice M = (Ja[ﬁ]; e, E, E,) as above and for v < a we adopt the
notation of [20, Definition 5.0.4] and write JM to mean (J,[E|v]; €, Elv, E,). Some-
times we shall confuse JM with its underlying universe, J, [E ).

Let M be a pre-premouse as above. Let F' = E,, # () be an extender with critical
point x for some k < v and ¥ < M N OR. For any A\ < F(k) we define F|\ by
setting (X,y) € F|X if and only if there is a Y such that (X,Y) € F and o(y) =Y,
where o the inverse of the collapse of the ¥;-hull of ) inside Ult(JM; F). Let CM
be the set of all A € (k, F'(k)) such that F'|\ is its own trivial completion, i.e., such
that

a<AIANfeERNIM=ir(f)(a) <\

(For such A\ we'll have that (F|A\)(X) = F(X)N A for X € dom(F).) The pre-
premouse M is now called a premouse (cf. [9, §4 p.2]) provided we always have

recM = Flxe gM

This clause is called the initial segment condition (cf. [10, I], which gives the cor-
rection to the initial segment condition proposed in [9]).
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If M is a premouse with CM # () for some v < M N OR then M is not below
a superstrong, in that M has then an extender on its sequence witnessing that
JM = “there is a superstrong cardinal.” That is, below superstrongs does the
initial segment condition collapse to the requirement that we have C* = () for all

v < MnNOR.

Inner model theory has to iterate premice. Fine iterations in [9] are based on
Jensen’s smooth ¥*-theory. Jensen has developed a machinery for taking fine ultra-
powers m: M —% N in such a way that 7 will be what he calls E(()n)—elementary for
all n < w with p, (M) > c.p.(7). As presented in [20], in order to develop the theory
of K one would only need Eé")—elementarity here for all those n < w such that M is
n-sound. When following this latter route and defining the concept of a fine ultra-
power a la [20], one can moreover in fact stick to the more traditional master codes,
that is to “coding M onto p,(M), taking a 3g-ultrapower of the coded structure,
and then decoding” ([20] p. 40; see also the discussion in the introduction to [9]).
Being pragmatic, it is this latter approach which we shall follow here. It has a couple
of advantages: it suffices for our purposes, and it will simplify our iterability proof
(cf. 3.3 below) and will make it accessible for people ignorant of Jensen’s >*-theory.

Let M be an acceptable J-structure. We shall write (cf. [32, Chapter 1]):

o p, (M) for the n' projectum of M,

e Py, for the set of good parameters (i.e., for the set of parameters witnessing
pn(M) is the n' projectum),

®  Dun for the n'" standard parameter of M (i.e., the least element of
P, N [OR]=¥ where “least” refers to the canonical well-order of [OR]<*),
Wy, for the witness for v € py .
ALY for the n™ standard code determined by p,
M™P for the n'® reduct determined by p,
M™  for M™PMn,
hi (h%,)  for the canonical ¥; Skolem function of M™? (of M™),
R%,  for the set of very good parameters (i.e., for the set of p such that
M”17 ig generated by B’y P from p, (M) U {p}), and

o ¢, (M) forthe n-core of M (i.e., for that M such that MP* is the transitive
collapse of what is generated by h%, from pyi1(M) U {ppe 1} for all k < n).

By definition, M is n-sound if and only if Py, = R}, (we thereby follow [32]
and emphasize that this is in contrast to [20, Definition 2.8.3]). As a matter of fact,
M is n-sound if and only if prsp € Rk, for all k& < n if and only if M = &,(M).
Moreover, if M is n-sound then pas i = par, [k for all & < n.
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Let M and N be acceptable J-structures, and let n < w. We call m: M — N
an n-embedding (cf. [20, Definition 2.8.4]) if and only if

M and N are both n-sound,

T(PMn) = PN s

7(pr(M)) = pr(N) for all k < n (by convention, 7(M N OR) = N N OR),
7 pn(M) is cofinal in p,(N'), and

T MF MF —5 NF for all k < n.

The significance of n-embeddings is that they are generated by taking n-ultra-
powers. Let M be an n-sound premouse where n < w. Suppose that F' is an
extender which measures all the subsets of its critical point which are in M™, and
let

ip M —p N
be the Yy-ultrapower map. There will be at most one transitive structure N to-
gether with a ¥;-elementary embedding m: M — N such that 7(pmn) € Riy,
N = Nm@ean) - and ] M™ = ip. This follows from the upward extension of em-
beddings lemma (cf. [32, Chapter 1]). By forming a term model, one can always
produce a (not necessarily well-founded) unique (up to isomorphism) candidate for
such an N. We shall denote this situation by

M =5 N =Ult, (M; F),

and call it the n-ultrapower of M by F. As a matter of fact, if F'is “close to” M
(cf. [20, Definition 4.4.1]) then we’ll have that p,11(M) = ppy1(N).

Now if m: M —% N and N is transitive then 7 is an n-embedding if and only if
T(Pamn) = Pan and w(pg(M)) = pp(N) for all k < n. This in turn will follow from
a certain solidity and universality of prq,. We call M n-solid just in case that for
all v € par, we have that Wi, € M. We call M n-universal if and only if

P(pu(M)) N M = {0, (@ paa)) N pa(M) : i < w A G € pa(M)}.

We have that 7(pam,,) = pan and w(pg(M)) = pr(N) for all & < n hold true in
the above setting if M is n-solid and n-universal. One of the key theorems of fine
structure theory (cf. [27, §8|, or [9, §7]) will tell us that if M is n-sound and n-
iterable then M is (n + 1)-solid and (n + 1)-universal. Here, “n-iterability” has to
be explained.

Before turning to that it remains to introduce a weakened version of n-embeddings
which will come up in the proofs of 3.2 and 5.10. Let M and N be acceptable J-
structures, and let n < w. We call m: M — N a weak n-embedding (cf. [20, p. 52
ff.]) if and only if



e M and N are both n-sound,

g ’/T(pM,n) = PN n»

o 7(pp(M)) = pr(N) for all k < n (by convention, 7(M N OR) =N NOR),

o sup(n”p,(M)) < pu(N),

o wIMF:MF =5 NFfor all k < n, and

e there is a set X C M with {py,r, pn(M)} C X, X N p,(M) is cofinal in
pn(M), and T M™: M™ — N™ is ¥j-elementary on parameters from X.

There is a generalization of taking an ultrapower by an extender, namely, taking
an ultrapower by a “long extender” (cf. for example [19, §2.5]). If M is a premouse,
if v is a regular cardinal of M, and if m: 7™ — A is an embedding then we shall
write

Ult,,(M;7)

for the n-ultrapower of M by the long extender derived from 7 (see [19, §2.5]), also
called the lift up of N' by 7. We'll use this technique in sections 6 and 7.

Let us now discuss iterations of premice. Premice are iterated by forming itera-
tion trees. When M is a premouse then a typical iteration tree on M will have the
form

T = ((Mg,ﬂgﬁ:ozTﬁ <0),(Er:a+1<6),T)
where T is the tree structure, MZ are the models, ﬂgﬂ are the embeddings, and E7
are the extenders used. When dealing with iteration trees we shall use the notation
from [20]. We call an iteration tree 7 as above normal (cf. [9, §4 p. 4]) if and only
if the following three requirements are met.

o The index of EJ is (strictly) greater than the index of £ for all o < 3 < 6,
o T-pred(a + 1) = the least 5 < a such that

c.p.(ET) < EﬁT(cp(Eg)), and

T
e setting a* = T-pred(a + 1), dom(nZ.,.;) = JnM ** where 7 is largest such
T
that EZ measures all the subsets of its critical point which are in jnM o* for all
a+1<6.

We shall build our fine iteration trees by forming n-ultrapowers. That is, if

T = (ML migalB<0),(El:a+1<0),T)

o)

is an iteration tree we’ll have that for all a + 1 < 6, setting a* = T-pred(a + 1),

T . T n T
Wa*a.dom(ﬂ-a*a) —>Eg MCM+1
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for some n < w. In this case, we shall denote n by deg”(a + 1). Notice that if
deg” (a + 1) = n then dom(7Z.,) has to be n-sound, and MZ_ | will be n-sound by
design. We call an iteration tree 7 on a premouse M n-bounded if deg” (a+1) < n
for all a+1 < 6 such that DT N (0, a+ 1] = 0, i.e., there is no drop along [0, o+ 1]

We call 7 a putative iteration tree if 7 is an iteration tree except for the fact
that if 7 has a last model, MZ | then MZ does not have to be well-founded.

Let M be a premouse. For our purposes, we may think of M as being normally
n-iterable if all putative normal n-bounded iteration trees on M of successor length
have the property that MZ the last model of 7, is transitive, and DT N (0, o]y is
finite.! In a comparison process we’ll typically use maximal trees. For n < w we call
7 n-maximal (cf. [27, Definition 6.1.2]) if the following two requirements are met.

o if DTN (0,a+ 1y = O then deg” (o + 1) is the largest k& < n such that
c.p.(ET) < pg(dom(nZ.,.;)) where a* = T-pred(a + 1), and

(676

o if DTN (0,a+ 1]y # 0 then deg” (a + 1) is the largest k < w such that
c.p.(ET) < pg(dom(n’l.,,,)) where a* = T-pred(a + 1).

We say that M is n-iterable (see [20, Definition 5.1.4]) if every stack
T T

of normal iteration trees is well-behaved, where 7;,; is a tree on an initial segment
of the last model of 7;. More precisely, M is n-iterable provided the following holds
true: if 0 < k <w and (7;:i < k) is a sequence of normal iteration trees such that

O,T0 =M,
7Ty is n-bounded,
for all i < k, 7; has successor length 6;,

, M
o for all i +1 < k, there is an ordinal 7; such that ./\/lg;+1 =7, ", and
o foralli+1 <k, T is n(i)-bounded, where n(i) is maximal such that Mg+
is n(7)-sound and

Wi <i [y, =My NORADE N (0,0,]r, = 0] = n(i) <n,

IThe informed reader might miss an assertion about the existence of well-founded branches for
trees of limit length; the reason for not including such a thing is that by virtue of 2.2 we’ll only have
to deal with trees with exactly one cofinal branch. In general we’'d have to say that there exists
an iteration strategy for M, i.e., a certain partial function picking cofinal well-founded branches
through certain trees on M of limit length.




then either k < w and Mg?::ll is normally n-iterable, where n is maximal such

that M?H is n-sound and
Vi <k—1[y =M, NORADE N (0,0, =0 =7 <n,

or else k = w and DTN (0, 6;]7, = 0 for all but finitely many i < w and the direct limit
of the MOT“S together with the obvious maps (for sufficiently large 7) is well-founded.

The following lemma, which we might call the “strong initial segment condition”
for Friedman-Jensen mice, is an immediate consequence of the condensation lemma
9, §8 Lemma 4]. It is just a slight strengthening of [9, §8 Corollary 4.2].

Lemma 1.1 Let M = (J,|E];€,E, E,) be a 0-iterable premouse, where E, # (.
Suppose that for no p < M N OR do we have .7;\" E ZFC+ ‘“there is a Woodin
cardinal.” Set k = c.p.(E,), and let £ € (k, p1(M)). Then one of (a) or (b) below
holds:

(a) There is some 1 < a such that E,[§ = EM.

(b) € is not a cardinal in M, and there are p <n < M NOR and k < w such
that Eo|¢ is the top extender of Ulty(TM; E)Y) and (n,k) is <jeq-least with n > p
and py1 (TM) < ep(E)).

Moreover, in any case there is some EL' with € < v < &M and c.p.(EM) = k.

PROOF. As E |l = E,|(€ Urt™M) for € > k, let us assume without loss of
generality that & > k™. Consider

o M =2 HM(E) <5, M,

where HM(€) denotes the hull generated from & by hS,, and M is transitive. Let
v < M N OR be maximal with o] = id. We have that p;(M) < &, and M is
trivially 1-sound above v > £ (i.e., M is the hull generated from vU{p,} by h?\?l)'
Because p1(M) < € < p1(M), by the condensation lemma [9, §8 Lemma 4] there
remain just two possibilities:

(i) M = M for some n < M N OR, or

(i) M = Ulty(TM; E') where

pu(T}M) < v = (e (B = (ep. (B < p < < MNOR,
El/)’l is generated by its critical point, and £ < w is such that pk+1(j,]/\") < v <
Pr(TM).

Now let F' denote the top extender of M. Tt is easy to see that F|¢ = F,|€.
Moreover, all the generators of F' are below £, so that in fact F' = F|§ = E,|€.
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Let us first assume that (i) holds. Then F' = EM, so that (a) in the statement
of 1.1 holds.

Let us then assume that (ii) holds. Then F' has to be the top extender of
Ultp(TM; EY). It is also easy to see that 7 > p. Set i = c.p.(EM). As p (M) < [
and k™M = kM we must have i > . Hence by (ii), .ZIM has to have a top extender
with critical point k, namely ET/]V‘ Notice that n > v > €.

Now suppose that £ is a cardinal in M. We'll then have that pw(jnM) <n
and 7 < M N OR imply that { < fi. But taking the ultrapower Ult,(J;M; E)) is
supposed to give M and it adds g as a generator of its top extender, F'. However,
all the generators of F' are below £. Contradiction!

We have shown that if (ii) holds then (b) in the statement of 1.1 holds.

Finally, the careful reader will have observed that we also have established the
“moreover” clause in the statement of 1.1: notice that we’ll always have that M &
M, and that M has the same cardinality as & inside M.

O (1.1)

1.1 should be compared with the initial segment condition of [20, Definition
1.0.4 (5)] (cf. also [26, Definition 2.4]). However, as Friedman-Jensen extenders
allow more room between the sup of their generators and their index, one has to
add the hypothesis that £ < p;(M) in 1.1.

Definition 1.2 Let M be a premouse, and let Kk < 7 < M N OR. Then k is
said to be < T-strong in M if for all a < T there is some extender ' € M with
dom(F) = P(k) N M, c.p.(F) =k, and JM € Ulto(M; F). Furthermore, r is said
to be < T-strong in M as witnessed by EM if for all a < T there is some Eé\/‘ £ ()
with c.p.(EY') = Kk and a < § < 7.

We may now phrase an immediate corollary to 1.1 as follows.
Corollary 1.3 Let M = (J,|E]; €, E, E,) be a O-iterable premouse, where E, # 0.

Suppose that for no p < M N OR do we have .7;\/‘ = ZFC+ ‘“there is a Woodin
cardinal.” Set k = c.p.(Ey), and let T € (k™™ p1(M)] be a cardinal in M. Then r

is < T-strong in M as witnessed by EM,

2  Almost linear iterations and 0.

In this section we show that for premice which do not encompass a measurable limit
of strong cardinals (i.e., which are below 07, as we shall say) almost linear iterability
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in a sense to be made precise  suffices for comparison. It appears that T. Dodd
already knew that such small mice can be linearily compared, at least the mice of
his time (see [1]).

Definition 2.1 An iteration tree T is called almost linear?® if the following hold
true.

(a) For all i+ 1 < 1h(7) we have that T-pred(i+ 1) € [0,d]r, and
(b) any i <1h(T) only has finitely many immediate T -successors.

5 . | ya
N/

FIGURE 1. An almost linear iteration tree

We shall not have to worry about finding cofinal branches for almost linear
iteration trees of limit length.

Lemma 2.2 Let T be an almost linear iteration tree. Let X < 1hW(7T) be a limit
ordinal (or X = OR). Then T [\ has a unique cofinal branch b, and if X < 1h(7T)
then b = [0, \)r.

PROOF. Obviously, the second part follows from the first. We get b by the
following simple recursion. If ¢ € b, i + 1 < A, then the immediate 7-successor of i
in b is the maximal (as an ordinal) ¢’ > ¢ being immediate 7 -successor of 7. And if
A < A is a limit ordinal and cofinally many i < X are in b then X is in b, too. 2.1 is
just what is needed to see that this works.

0 (2.2)

2[30, Definition 1.10] introduces a different concept of almost linearity. If a Mitchell-Steel
premouse M is below 0Y then every iteration tree on M is almost linear in the sense of [30,
Definition 1.10].
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Definition 2.3 Let M be a premouse. M is said to be below 01 (pronounced ”zero
hand grenade”) if there is no k which is the critical point of an extender EM # ()
with the property that

{p<rk:pis < k—strong in M} is unbounded in k.

We admit that ¥ doesn’t seem to look like a hand grenade. The mice of inner
model theory don’t resemble the mice in our backyard as well. “Hand grenade” is
just another math term in the tradition of daggers, swords, and pistols.

We want to emphasize that if the premouse M is below 01 then M is of course
below superstrong as well, so that we’ll have that CM = ) for all v < M N OR.

The following lemma shows the benefits of life without hand grenades.

Lemma 2.4 Let M be a premouse which is below 01. Then any normal iteration
of M is almost linear.

PROOF. Let us fix M. We first aim to prove:

Claim 1. For all normal iteration trees 7 on M of successor length ¥ + 1 do
we have the following. Let i + 1 € (0,9]y, and set k = c.p.(E?), and A = E7 (k).

Then there is no G = Ei\/t;’ # () with ¢.p.(G) € [k, A) and v > .

PROOF. Let 7 be a normal iteration tree on M of length ¢ + 1, and let us
consider

T
T LM T
Tpip1 iy —F Mi+l7

where F' = E7, i* = T-pred(i + 1), jf/l?* = dom(n7,;,,), and i + 179. We put
k = c.p.(F), and A = F(k). Suppose that there is some G = E,fwg # () with
c.p.(G) € [k, A) and v > \. Let u = c.p.(G).

T

Subclaim. p,(7"%) > .

PrROOF. Of course, A is a cardinal of all MkT with £ > ¢ 4+ 1. This trivially
implies pw(J,,MI’T) > XNif DTN (i+1,9]p # 0 or if G is not the top extender of MZ.
Let us suppose that D7 N (i + 1,9]y = 0 and that G is the top extender of MZ.
By the normality of 7 we will have that 77, ;[\ = id. But @/, MZ, — M7
is sufficiently elementary to yield that then MZLI must have a top extender with
critical point 4 = c.p.(G). In particular, p € ran(r,, ;). However, p € [k, \) clearly

implies p ¢ ran(rZ,.;). Contradiction!
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O (Subclaim)

Now by the Subclaim we get that G|¢ € ijg for all £ € (u,A). Thus the
T
sequence ( G|€ : € € (u, \)) witnesses that p is < A-strong in M7, But as j/\Mﬁ =
T

J, "' and A is a cardinal in both of these models, this says that p is < A-strong in
M;"Z_‘i_l-
Let a < k be arbitrary. We have seen that

ML E “Fi € (a,N) (fiis < A—strong).”

As 7%

i1 1s sufficiently elementary, we can deduce that

ML E ‘i€ (o, k) (iis < k—strong).”
ML M7 .
But J. ¥ = Js: ' and a < k was arbitrary, so that
{fi <k: 1is < rk—strong in M7} is unbounded in .

Because F' = E7 has critical point x, this shows that M7 is not below 01. But this
implies that M was not below 0! to begin with. Contradiction!

O (Claim 1)

Claim 2. For all normal iteration trees 7 on M of double successor length 1+ 2
do we have the following. Let ¢ < j+ 1 < ¢ + 1 be such that j + 1 € (i,9]r, and
i = T-pred(j 4+ 1) = T-pred(d + 1). Then c.p.(ET) > c.p.(E] ).

Proor. This easily follows from Claim 1.
O (Claim 2)

Let us finally prove that every normal 7 on M is almost linear. Suppose not,
and let 7 be a normal iteration tree on M of length 1 such that 7 6 is almost linear
for all 8 < ¢}, whereas 7 is not almost linear.

Case 1. ¥ is a limit ordinal.

Then there is some ¢ < ¢ such that ¢ has infinitely many immediate T-successors,
say 1 + 1 for all £ < w. We may then apply Claim 2 successively to the almost
linear trees 7 [ip + 2 to get an infinite descending sequence of ordinals, namely
(c.p.(EL): k € w). Contradiction!
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Case 2. ¥ is a successor ordinal.

By 2.2 we then know that 1h(7") must be a double successor, say 1h(7) = ¢ + 2,
and 79 + 1 is almost linear. For i < ¥ + 1 let k; = c.p.(ET), and \; = E7 (k;).
Because 7 is normal, we must have 1 < j <9+ 1= X\; < A;.

Set j = T-pred(d + 1). Note that j ¢ [0,9]r (and so in particular j < o) by
our assumption on 7. Let then k < j be maximal such that k € [0, )7 as well as
k€ [0,9)r.

By the normality of 7, j is least such that ky < A;. In particular,

Let i + 1 be minimal in (k,9]r, so that E7 is the first extender used on [k, 9)7. As
719+ 1 is almost linear, we must have that i + 1 > j, i.e., ¢ > j. Hence by (1),

(2) Ky < /\j <A < Ay

Recall that k < j. As k = T-pred(i + 1) we must have k; < A\r. We thus have
that

(3) Ki < Ky,

because otherwise k < j would be such that ky < k; < A; but j = T-pred(d + 1)
is least with ky < Aj.
But (2) and (3) contradict Claim 1!

O (2.4)

For future reference, let us state an immediate consequence of the proof of Claim
1 in the proof of 2.4.

Lemma 2.5 Let M be a premouse which is below 01, and let T be a normal tree
on M with last model N' = MZ. Leti+1 < I(T), F = E], k = c.p.(F), and
A= F(r). Then for no A > X and i € [k, \) do we have that & is < A-strong in N .

Using 1.3 we could have shown the following. Let M be a O-iterable premouse
which is such that for no EM #£ () with critical point £ do we have
{p < Kk: pis < k—strong in M as witnessed by EM} is unbounded in .

Then any normal iteration tree on M is almost linear. The advantage of 2.4 is that
it can be applied to premice of which we don’t (yet) know that they are iterable.

The insight which gives 2.4 also shows that normal iterations of phalanxes below
0! are of a simple form.
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Definition 2.6 Let P = ((Piii < a + 1), (11 < a)) be a phalanz. P is said to be
below 01 if every P; fori < a+ 1 is below 01.

Lemma 2.7 Let the phalanz P = (Pi:i < a+ 1), (u:i < a)) be below 01, and let
T be a normal iteration of P. Then there are Iy < lpey < ... < 1] <19 =0« and
a=0y<f1<..<PBn1<Bn<Bn1=1(T) suchthat for all v < 1h(7T) and for
all k < n do we have that

Y € [Br: Br1) & w1y
The lemma says, among other things, that we can write 7 as
T=T17"1T".."17,

where 7 is an iteration of P;, = P, (and may be trivial) and 7y, is an iteration of
Pi,.. (except for the fact that its first extender is taken from the last model of 7y).
However, the proof of 2.7 is straightforward in the light of the proof of 2.4 and may
be left to the reader.

Lemma 2.4 is optimal in the following sense:

Lemma 2.8 Let M be a premouse with top extender F such that for k = c.p.(F),
there are arbitrary large i < k such that p is < k strong in M as witnessed by EM,
(In particular, M is not below 07.) Then assuming that M is sufficiently iterable
there is a normal iteration tree T on M of length 4 which is not almost linear.

PROOF. Let A be the largest cardinal of M. Let 1y < A be such that E}* # 0
is total on M and has critical point kg > k. Let nd; : M — M M. Let F' be the

top extender of My, and let 7ly : M —p My. Let F” be the top extender of M.

Note that F'(k) = () is the critical point of F”, and that F’(k) > X > 1, so
that we may pick some u € (v, F'(k)) which is < F'(k)-strong in M; as witnessed
by EM, Using F”, u is also < F"(F'(k))-strong in My as witnessed by EM2 We
may thus pick v, > M; N OR such that E,f‘f = () is total on My and has critical
point u. Let 7l : My — pMa Ma.

It is easy to see that we have constructed a normal iteration tree on M of length
4 which is not almost linear.

0 (2.8)
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2 \ / 1
0
FIGURE 2. A normal tree generated by 07

One can easily generalize 2.4 and 2.8.

Definition 2.9 Let M be a premouse, and let p < Kk < M N OR. We call p <k-
0-strong in M if i is a measurable cardinal in JM as witnessed by EM, i.e, there
is an extender EM £ () with critical point p and such that v > ,u*jéw. Forn <w
we call p <k-(n+ 1)-strong in M if p is <k-strong in M as witnessed by EM and
there are arbitrary large i < p such that p is <p-n-strong in M.

Definition 2.10 Let M be a premouse, and let n < w. M is said to be below O™
if there is no k which is the critical point of an extender EM # (O with the property
that

{p < Kk : pis <k—n—strong in M} is unbounded in k.

Notice that M is below 01 if and only if M is below 01. The following lemma,
whose easy proof we omit, generalizes 2.8.

Lemma 2.11 Let M be a premouse which is not below 0. Then — provided all the
involved ultrapowers are well-founded — one can build a normal alternating chain on
M of length 3+ n, i.e., a normal iteration tree with tree structure T given by iTj if
and only if i =0 or (i < jAi=j (mod 2)) fori<j<3+n.

This is tight in the sense that there are no iteration trees with so much “jumping
from branch to branch” if every premouse is below 0™1. We leave it to the reader to
formulate a precise generalization of 2.4.

Now suppose that M is a premouse with top extender F', which is such that,
setting k = c.p.(F),

M= “p <k pis <r—strong in M as witnessed by E™M} is stationary.”
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Then for non < wis M below 0"!, and  again provided all the involved ultrapowers
are well-founded for every n < w can one build a normal alternating chain on M
of length 3 + n. Recall that (by [20, Theorem 6.1]; see also [9, §6]) to build an
alternating chain of length w requires an assumption at the level of a (definably)
Woodin cardinal.

We also want to mention an extension of 2.4 into another direction, namely by
revising the definition of “normal trees.”

Definition 2.12 Let M be a premouse. M is said to be below O if for no k which is
the critical point of some extender F = EM # () do we have that, setting X = F(k),
there is some p € (K, \) with

JM = “u is a strong cardinal,”
and F' has a generator (strictly) above pu.

If we call an iteration tree 7 D-normal if we require T-pred(i + 1) to be the
least j < 4 such that c.p.(E7) < the sup of the generators of E]T then we get that
any D-normal iteration tree of a premouse which is below 0" is almost linear.® This
observation can be used to develop the theory of K up to the level of 07 (cf. [25]).

3 Iterability, and the existence of K°.

This section introduces K¢, a preliminary version of K. K¢ is constructed recur-
sively, exactly as in [9, §11] (see also [27, p. 6 f.]), except for the fact that we only re-
quire new extenders to be countably complete (rather than “certifiable” asin [9, §11]
when they are put onto the sequence. Recall that an extender F' with k = c.p.(F)
is called countably complete if for all (a,, X,:n < w) such that a, € [F(k)]<¥ and
a, € F(X,) for all n < w there is some order preserving 7:J a, — K with
77a, € X, for every n < w.

n<w

Let us define premice N and M, by induction on £ € OR U {OR} (cf. [9, §10
p. 91£]). Welet Ny = (J,; €,0). Having defined N, we let the construction break
down unless N is reliable, i.e., unless for all n < w, &€, (N;) is n-iterable. If N is
“reliable” then we continue by setting

Me = €, (N).

30" is mentioned in the introduction to [1]. Cf. also [11, §3].
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Now suppose that M, has been defined.

Case 1. M¢ = (JQ[E], e E ) is passive, and there is a unique countably complete
extender F' such that . B
(JolE]; €, E, F)

—

is a premouse below 01. In this case we set Neyy = (Jo[E; €, E, F).

Case 2. Otherwise. Then we just construct one more step. Le., if M, =
(Jo[E); €, E) then we let Neyy = (Josa|E]; €, E), and if M, = (JL[E]; €, E, F)
(with F' # 0) then we let Nepq = (Jog1[ET(F)]; €, ET(F)).

Now suppose that M, has been defined for all £ < A where A is a limit ordinal.

We may let

P = SUPg.y Milgccan Pw(MC)HVlEa

and let Ny be that passive premouse of height x such that for all i < p, jl—f\/ * is the

eventual value of ‘7[{\[5 as & — X (cf. ]9, §10 p. 10], where it is shown that N, is
well-defined if all M, £ < A, are well-defined).

Notice that, whereas there is no restriction on cf" (c.p.(F)) in Case 1 above, it is
automatic that cf” (c.p.(F)) > w, because no countably complete extender can have
a critical point with cofinality w.

We are now going to prove that the construction never breaks down. For this
purpose, we need the resurrection maps provided by the following lemma. (We
handle the issue of resurrecting slightly different than both [20, §12] and [27, §9].)

Lemma 3.1 and Definition Suppose that N, exists for some & € OR. Then
there are

(Tem : € <& AN <NeNOR)

and
(p(&m) + €< &AN<NeNOR)
such that for every pair (§,m) with & <& andn < N N OR do we have that

N,
Tem: T © = Nigem):

where, for everyn < w,

N n N n n
Tem [(Tn )" 0 (Tn )" —x0 Nipen)™s
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the map (e is called a resurrection map. Moreover, whenever n < n' < Ne NOR
then, setting p = min{pw(jf{%): n <1 <n'}, we have that 7, agrees with T,y up
to p, 1.e.,

wen _ Neen)

remy ) = Triem (o » 2nd

N, N,
Tem 1 Tp © =Tean)[Tp

PROOF SKE . The maps 7(¢ ) and their target models are chosen by induction
on &. Suppose 7 ) has been defined for all n < NeNOR. We let Te41 Ny, ) = 1d.

If n < Ngr1 NOR then we have that jévg“ = 7%, Let 7 M¢ — N¢ be the core
map. We then let
€+ 1,n) = (n), and
T(e+1m) = T(&m(n)) WTJT{ME'

It is straightforward to verify the required agreement between appropriate 7(¢;1,y)
and T(e+1,m")

At limit stages A\ we exploit the fact that any proper initial segment of N is an
initial segment of some N for & < X\. We leave the details to the reader.

O (3.1)

The following two lemmas, 3.2 and 3.3, proving normal and full n-iterability of
€, (Ng), are shown simultaneously by induction on n < w.

Lemma 3.2 Suppose that Ne exists for some & € OR and n < w. Then &€, (Ng) is
normally n-iterable.

PROOF. Let us fix some n < w and assume that € (N) is m-iterable for all
m < n. By [20, §4, and Lemmas 6.1.5 and 8.1], this will buy us that we already
know that for all & < n, any k-bounded iteration of &,(N¢) will move p  (n;)x as
well as all standard parameters of all non-simple iterates of €, (N¢) correctly.

By 2.2 and 2.4, if the lemma fails then there is a putative normal n-bounded
iteration tree  of minimal length 8 on €,(N¢) such that either  has a last ill-
founded model, or else  has limit length and D N ¥ is infinite where O’ is the
unique cofinal branch through . A standard argument yields a (fully elementary)
embedding

oM — &, (N)

such that M is countable and there is a putative normal n-bounded iteration tree
7 of minimal length a@ on M such that a < w; and either 7 has a last ill-founded
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model, or else 7 has limit length and D7 N b is infinite where b is the unique cofinal
branch through 7'. Let

= (M wl:ilj <a+1),(Elri<a),T).

For i < a we set k; = c.p.(E}), A = Ef (k;), and n; = dom(w%, ;) N OR where
i* = T-pred(i + 1). We set n(0) = n, and for i > 0 we let n(i) be such that

M’T
i (j<riAVk+1€ (f,ilr ML, =Ultney (T ~ “ED)).

(That is, n(i) = deg” (i) for successor ordinals i.) Notice that for all i < a +1 do
we have that M7 is n(i)-sound.

We shall now pick for all i < a some £(i) < & together with a weak n(i)-
embedding

The maps &; may be obtained by composing some o; with (the inverse of) a core
map. We shall therefore just recursively pick £(i) and o;. We'll inductively maintain
that the following three requirements are met.

1; VYV k€]0,i]r do we have that op: M7 — New) is the extension of
o [(MT)"™ = (M) =gy (Ney)"®
given by the downward extension of embeddings lemma.

2, Vk+1€/(0,i]p, setting k* = T-pred(k + 1), we have that o; agrees with
T(E(k*), pe(mp)) Ok UP tO Kg, l.e.,
ey _ Neet ), g
HECY ‘7/:/('%) ’ , and
MZ,
GITA =T, ey O 1T

3; if k‘Tj € (O,Z]T and DT N [k,j]T = () then 0 le;- = Ok.

To commence, we set £(0) =& and 0g = o where 7: €, (N;) — N is the core
map. It is easy to see that 1 holds. Moreover, 29 and 3 are vacuously
true.

Now suppose we have defined o;: MJT — N(j) for all j < i in such a way that

1;, 2;,and 3; hold. Suppose that i + 1 < «, so that the n(i + 1)-ultrapower

T
T z+1 . jm —F Mi+1
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exists with I/ = E7 and i* = T-pred(i+1). It is convenient to split the construction
into two cases.

Case 1. 1* < 1.

In this case, ;- is a cardinal in M7, so that by x; < A\ we have that F is a total
extender on M7. Hence G = o;(F) is countably complete, being total on N
we may pick p: o;(\;) Nran(o;) — o0;(k;) order preserving such that

aceGX) = plac X

for all appropriate a, X € ran(o;). Let £(i + 1) = @(§(4%), 03+ (1)), 1.e., Meqa) is
the target model of the resurrection map
. gMea)
Te@), v 2T Ly — Nern)-
By 2.4,i* € [0,4)7. Let k+1 be minimal in (¢*, i|7. In particular, 7-pred(k+1) =
7*. Now 2; gives us that o; agrees with 7¢(+), ..(m,) 04 up to Kxg. But by the
proof of 2.4 we have k; < kg, so that n; > n, and

MZ,
V&€ M) (Pw(j ") > k;), and thus

V&€ [oi(ng), o4 (1:)) pwJM“’ ) > 0 (Ki)),

which by 3.1 implies that T(e(i*),

+

k; is calculated in jm ) These agreements combined easily give that o; agrees

With T(e(i+), () i UP to K. Let us write 7 = Tig(ir), . (n)-
Let

o () AGrees With Te(isy . () UP to oy () (Where

pP=DP m7, -
Tny ¢ ’n(7'+1)

T

By 1, we will have that

Ui*(p) :pj 0

(i ),n(z—i—l)

Moreover, by 3.1 we then get that

T[(j'ti&é;* n(i+1), ix(p). jN§(z n(i+1), (p) 5y (./\/’{(i_’_l))n(i-i—l),'r i+ (p).

i* Th
We may now define

g (M’Z;l)n z+1),7rz*z+1(p) — (-/\/’5( +1)) n(i+1),7 4 (p) _ (M(i+l))n(i+1)
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by setting
o(la, ) =7 0n(f)(p"0i(a)).

To show that this is well-defined and Y,-elementary we may reason as follows.
Let @ be a Y formula. Then

(MT)" DT ® e b((a, fi], o fa, fi]) &

M

(01, 08) € F{( 10 1)+ (T o) D2 @(fi( 1), ful 1))
(oi(ar), ..., oi(ar)) € G(oi({( 1,y &) (jny;)”m E o(fi( 1), fl £)}),

which, by the amount of agreement of o; with 7 o+, holds if and only if

(i(a1), ..., 0i(ag)) €
G ow({( 1 1) s (TP e (A 1) i D))
(i(a1), ..., 0i(ag)) €
GH( 1o 1)t W) D7 =0 = (1 0 (f)( 1) 0 () 1)} &
(Ne(an))" DT @ = (03 (f1) (" 0ilar), s T 03 (fir) (P 0(ar)).-

We let 0,1 be the extension of & given by the downward extension of embeddings
lemma. By the remark in the first paragraph of this proof, we’ll have that

W;{i+1(p) = PMZ n(i+1)-

Also, by the definition of 0,41,

T

and hence

Hence we have established — 1,;.

Let us verify ~ 2;,;. It is clear by construction that o;,; agrees with 7 o« up
to k;. Solet k+ 1 € (0,7 + 1]y be such that k¥ < i. Then A\ < k; is a cardinal in
MZ | so that

T
M"*) > \g, thus

V&€ M, ORNME) pu(T;
V € €[00 (M), OR N Neony) pu(Tp 7)) 2 e
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which implies that
T, (o)) 1o (Ar) = id.

Combining this with ~ 2;« we get that T(ere), ,.(g)) Ok agrees wWith (g, ..(n,)) i
up to kg, which in turn agrees with ;,1 up to x; by the construction of o;,1. This
proves 2,11.

It is now straightforward to verify — 3;,1.

Case 2. 1* = 1.

In this case, F' may be partial on M7 . Let £(i+1) = p(£(2), 0i(n:)), i-e., Mgt
is the target model of the resurrection map

. 7Mew)
T(e(@, (i) T i(fh‘) - 'A/-f(i+1)7

and let us write 7 = T(e), ;). We then have that G = 7 0;(F) is countably
complete, being total on Nei11). So we may pick an orderpreserving p: 7 o;(k;) N
ran(t o;) — 7 0;(k;) such that

aceGX) = plae X

for all appropriate a, X € ran(r o).
Let

P=DP mT .
Ty * m(i+1)
We may define
5 (MiTJrl)n(iH)mZH(p) S ('/\/g(iﬂ))n(iﬂ), i(p)

by setting
o(la, f]) =7 oi(/)p’T oi(a)).

To show that this is well-defined and Yg-elementary we may reason as follows.
Let ® be a X formula. Then

(MZ;I)"("“%“?M@) F ®(lan, fil, - [ans fi])
(a1 s @) € FU( 1o 1)+ (T )07 1 (fi( 1), fil 1)) ©
(t oilar), .7 oi(ay)) €

G(r oi({( 1o 1) 1 (TP 2 (S 1) i D)) &
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(1 oilar),....T oi(ax)) €
GH( 120 #) 1 WNern)" D7 1@ = 01 03(f)( 1), ai(f)( 1)} &

(Negign)" DT 0 = d(r oy(f1)(p7 T 0i(a1)), T ai(f) (07T oi(wr))).

We may now let o;,; be the extension of & given by the downward extension of
embeddings lemma. We can then argue exactly as in Case 1 to see that we have
established — 1;,;.

As for 2,7 and 3,1, the proofs are similar as in the previous case.

Now suppose that we have defined o;: M7 — Ney for all i < X where A < a is
a limit ordinal. By our minimality assumption on o we have that DT N (0, N7 is
finite. Hence we may use that for all i < A the statement 3, holds to define

ox()=0i (m3)7'()

where 7 <7 A is large enough. It is straightforward to verify that with this definition
we have  1,, 2,,and 3,.

Now if 7 has a last model MZ ;| then it follows from 1, ; that MZ | can’t
be ill-founded. Also, if 7 has limit length and D7 Nb is infinite where b is the unique
cofinal branch through 7', then the indices of the target models of o; for ¢ € b yield
an infinite descending sequence of ordinals. We have reached a contradiction!

O (3.2)
We can now exploit the previous argument and arrive at the following.

Lemma 3.3 Suppose that €,(N¢) exists for some & < oo and n < w. Then €, (Ng)
is n-iterable.

PROOF SKE . This time, we have to deal with a sequence of iteration trees
Ty T

of length < w, where 7, is on M, and 7;,; is on the last model of 7;. We may
now repeatedly apply the proof of 3.2 to see that the last model of any 7; can be
embedded into some Ng. This will give the desired conclusion.

0 (3.3)

It is now easy to see that M =N is a model of height OR.
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Definition 3.4 We write K¢ for M =N . K€ is called the countably complete
core model below 01.

The method of the proof of 3.3 also yields the following.

Lemma 3.5 Let M = (J,[E); €. E) be passive. Then there is at most one count-
ably complete extender I such that (JQ[E]; €, E, F) is a premouse.

PROOF SKE . Suppose F, F' are both countably complete and such that
(Jo|E]; €, E, F) as well as (J,|E]; €, E, F') is a premouse. We may then form the
prebicephalus

= (JL[E); €, E, F, F").

(Cf. [20, §9] for a paradigmatic theory of bicephali.) The proof of 3.2 shows that
is O-iterable in the obvious sense. By coiterating against itself we may then as
usual conclude that in fact F' = F".

0 (3.5)

Lemma 3.5 may also be derived from our more general theory of bicephali which
we shall develop in section 5 below.

Notice that in Case 1 of the recursive construction of Mgy we had F required
to be unique. 3.5 now says that this requirement poses no restriction at all.

For the purposes of isolating K we shall in fact need a variant of K¢ Let # 0
be a class of regular cardinals, w ¢ . We then define NV and M, exactly as before
except that in Case 1 of the definition of Ve, we also require that cf” (c.p.(F)) €
(here, I is the top extender of Neyp). Let us write N, and M, instead of NV, and
Me. The proofs of the current section show that they all exist, and that €,(N ) is
always n-iterable.

Definition 3.6 Let # () be a class of reqular cardinals, w ¢ . We write K¢ for
M =N . K°is called the (countably complete) -full core model below 01.

ni ersality of K°.

Definition 4.1 Let W be a weasel. W is called full provided the following holds.
Let a < B be any cardinals of W. There are no 7 > [ and a countably complete
F:P(a)NW — P(B)NT. such that (T- ,F) is a pre-premouse, c.p.(F) = a, and
F(a)= 0.
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We shall from now on denote by “= 01 the assumption that every premouse is
below 01.

Lemma 4.2 ( = 0') K¢ is full.

PRrROOF. Suppose otherwise. Let a < [ be cardinals of K¢ let 7 > [ and let
F:Pla)NK® — P(B)NJ. be countably complete and such that (7, ,F)is a
pre-premouse, ¢.p.(F) = o and F(a) = 6.

Let A < (3 be least such that F(f)(¢) < X whenever f € *aNK®and £ < \. Set
F=F\ and 7 =at .

There is m: Ult(J. ,F) — J- defined by n(F(f)(a)) = F(f)(a), and of course
A =1id and F' =7 F. By the choice of \, we also easily get F(a) = \.

As A is a limit cardinal in Ult(J. , F'), by 7[A = id we then get that in fact A
is a (limit) cardinal in K¢ Also, A is the largest cardinal in Ult(J,_ , F), so that
applying the condensation lemma [9, Lemma 4] to cofinally many restrictions of «
gives that actually Ult(7, ,F)=J, for some 7.

Notice that (J, ,F') is a premouse. (The initial segment condition for F is
vacuously true by the choice of A.) Moreover, we have that J, = M, for some 7,
as A is a cardinal in K€ It is also straightforward to check that because A is the
largest cardinal of J  there is ' >n with J, = M,.

We thus have M, 11 = (J, ,F) by 3.5, so that in particular p, (M, 1) < A,
But the fact that A is a cardinal in K¢ implies that p,(M;) > X for all 7 > .
Contradiction!

0 (4.2)

Definition 4.3 Let W be a weasel. W is called universal if W is iterable, and
whenever T, are iteration trees arising from the coiteration of W with some (set-
or class-sized) premouse M such that Ih(7) = 1h( ) = OR+1, then M is a weasel,
D N(0,0R] =0, m,,,”OR C OR, and M, MZ.

Lemma 4.4 ( = 0V) wery full weasel is universal.

Proor. This is shown by varying an argument which is due to Jensen, cf. the
Addendum to [9, §3 Theorem 5].

Fix a full weasel W, and suppose that W is not universal. Let A witness this,
i.e., Nis a (set or proper class sized) premouse, and if (7, ) denotes the coiteration
of W with A then both 7 and  have length OR + 1 and there is a club C' C OR
of strong limit cardinals such that N [min(C),OR] = 0, 7, la = id, and
T,s(a) =B foralla < g e C, and 7N1[0,0R]y =0 and 7l "3 C B for all B € C.

Ooo
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Case 1. There is some 3 € C such that m3,(3) > 3.

Fix such g € C. As T(%”ﬂ C 3 but ﬂgﬂ(ﬁ) > (3, we must have that u =cf (8) <
[ is measurable in W and that p is used in the iteration giving 7'('3;5. Let a be least
in [0, 8)r such that /i = g, () is the critical point of ;. Then

M (8) = f.

Pick f € MZ, f:ji — B cofinal. Then 7«2 (f)[ji:fi — [ is cofinal, too. (For
¢ < fi do we have 72 (f)(&) = 72 _(f(€)) < B, as 7L "B C B; and of course
72 (f(&) > f(€).) But 72 (f)Iiz € ML, and thus 3 is singular in MZ.

On the other hand, f3 is of course inaccessible in M__, and M_ ~ MZ. This is
a contradiction!

We may hence assume that:
Case 2. All 8 € C are such that m3,(3) = 5.

Claim 1. There are a club class ' C OR and a commutative system (0,5 : @ <
B e ')suchthat op: J,. —w, Ty cofinally with ogpla = id and oa(a) = 8
forala < pge .

PROOF. Let us write W, =7, and W} = nl (W,) for a € C. Notice that
Wr = jjf“ where at = oMo,

so that we have that
TosIWo + Wi —s, WJ cofinally,

for a < f € C. But we clearly also have that
Wgﬁ [Ws : Ws —x, Wj cofinally

for g € C. We aim to show that typically ran(m,;[W5 Tl [W,) C ra,n(ﬂg@[Wg),
so that (75| Wp) ™' mzIW} md,[W, makes sense.

Let 7, = ORNW,, a € C. The point is that cf(7,) = cf(73) for all a, B € C.
Let v = cf(7,) for a € C, and pick for all @ € C' an unbounded subset X, C 7, of
order type v with strictly incresing enumeration X, = {£*:7 < v}. We may define a
regressive function : C'N{a:cf(a) > v} — OR by letting («) be the least < «
such that

Tow Xo C ran(m ).
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We may further define a regressive function o : C'N{a:cf(a) > v} — OR by letting
h(@) = (T (@ya) ™" Moo X

By Fodor, there are an ordinal (, some Y C OR, and some unbounded C C with
() = ¢ and h(a) =Y, all @ € . We then have that

Top Toa(&Y) = m05(E8)

foralla < e andi<n.
We now verify that
Tog Wi o0 [Wa C o3I Wp
foralla < g e
Well, let a < 3 € and € W,. Then € J. for somei <. Let f € W,

be the least (in the order of constructibility) surjection f:a — Ja. So = f(v),

some v < a. We have that m,, 3, (f) = the least surjection

*

6—>j ) T

Too Toa (§f‘)

=J

T (&)’
so that in particular 7, 73, (f) € ran(ndy), say 7,5 70, (f) = mos( 7).
We then get 7, nl ()= Top 7L (f(v)) = 7r07ﬁ( N(rd,(v)), as 7, a C a and
ragla = id, = 7{ Ymh (1)), as 7Tyl = id, = ny( /().
Now let
"= U{a:3INeLlima=sup( NI}

"is club. In order to finish the proof of Claim 1 it suffices to verify the following.

Subclaim. If {# <a: 3€ }is unbounded in a, and if (W,05: B€ Na)
is the direct limit of the system

(W5, ((m3p) * mp 13, 7y<BE Na)
then we have that o3: W5 — W, is cofinal with o4[8 = id and o3(5) = a.

PROOF. Let =min( o+ 1). There is o: W — W defined by

— () g W()Tﬁ(’) where ~ = aﬂ’l( ).
It is clear that o]a = id, and o(a) = . By [9, §8 Lemma 4] we hence have that (W

is transitive and) W W,.
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Now consider the two maps 7Z,: W, — W and 6: W — W¥, where
() =mp, ﬂ(]Tﬁ(’) for ~ = 0’51( ).
We may define 7: W — «Z (W) by setting
7(6(/)(€) = w6 l(N)(E)

for £ < a and appropriate f with dom(f) bounded below a. 7 is easily seen to be
well-defined, and in fact surjective. 3
But then nZ (W) = W2, and so W, = W.

O (Subclaim)
O (Claim 1)

Now fix " and maps 0,43 asin Claim 1. Foreach o € ', let &/ = min( ' a+1),
and let F,, the extender derived from o,..

Claim 2. There is some 3 € ' such that Fj is countably complete.

PrOOF. Let " ={a e ': ’'Nais unbounded in a}. Notice that " is
club. Suppose that F,, is not countably complete for any o € ”. Pick for any
a € " sequences (a2:n < w) and (X2:n < w) witnessing this. This means that
a® € F,(X2) for all natural numbers n, but there is no orderpreserving function
7:Upew @ — « = c.p.(F,) with the property that for all natural numbers n, we
have 77af € X.

Let o € ", Let *:{,.,an — otp(U,-,an) < w1 denote the transitive col-
lapse, and let

(@) = (otp(|J a7), ( ap:n < w)),

n<w

ie., (a) tells us how the af sit inside (J,_ a5%. Let B(a) be the least 5 € '
such that for all natural numbers n do we have that X € ran(ms,). Notice that
Bla) < a, as cf(a) > w.
We may now apply Fodor’s lemma to the function F’ with dom(F) = 7 defined
by
Fla) = (8(a), (m7hn (X2)in < w), ()

n

to get some unbounded E C on which F' is constant. Let a < v € E. As
(7) = (a), we have that 7 = ( *)~"  7:U,.,a) — U, a2 is order preserving
with 77a) = a2 for all natural numbers n. But we now get, by F(vy) = F'(a) together

with the commutativity of the maps mgg, that for all n < w,
TVay = apy € Fo(Xy) = Fa(may (X7)) = X7 0 [Fala)] =,

n —
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which contradicts the choice of (a7, X, n < w).
O (Claim 2)

But Claim 2 now plainly contradicts the fact that W is supposed to be full.

O (4.4)
The following is an immediate corollary to 4.2 and 4.4.
Corollary 4.5 ( - 01) K¢ is universal.
Let  # 0 be a class of regular cardinals, w ¢ . In the verification of Claim

2 during the proof of 4.4 we might have considered the stationary class 7 N
rather than ”, thus deducing that there is some § € / such that Fj is countably
complete and cf" (c.p.(Fj)) € . This leads to the following.

Corollary 4.6 ( = 01) Let # 0 be a class of reqular cardinals, w ¢ . Then K°
1S universal.

It is however not true that an initial segment of K¢ whose height is a cardinal in
V' greater than 1 is universal for coiterable premice of at most the same height.
Anticipating the theory of K, here is an example. Suppose that K has a measurable
cardinal, and let p be the least one. Let A > p be, in K, a singular cardinal of
cofinality p. Suppose that V = K °@#)  Then J,+ does not win the coiteration
against J, ., because if F' is an extender on K with critical point u then Ulty(J,.; F)
will have height > A*T. We leave the further (easy) details to the reader.

Lemma 4.7 ( oodness of K°.) Let # () be a class of reqular cardinals, w ¢
Let k be a cardinal of K¢, and let P be an iterate of K¢ above k, i.e., there is an
iteration tree T = (M, 705078 < 0+ 1),(EL : o < 0),T) on K¢ such that
c.p.(ET) > k for every a < 0 and P = M} . Let F = E, # () be such that a > k,
and p = c.p.(F') < k (notice that o > p*  and F is total on P).

Then F' 1is countably complete.

PROOF. This is shown by revisiting the arguments for 3.2 and 3.3. Suppose
without loss of generality that K¢ = K¢. Let ((a,, X,):n < w) be given such that

a, € F(X,) forall n<w.

Compare with [22, Theorem 3. ].
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Let A*, a successor cardinal in V', be large enough such that 7 and F are both
hereditarily smaller than A*. We may then construe 7 as an iteration tree on J, ,
and we shall have that F' is on the final model of 7 so construed. Let £ be such
that J. P Mg.

Running the proofs of 3.2 and 3.3, we may then pick the map

o: M— Mg,

such that in fact o is the restriction of an uncollapse (also called o) of a countable
submodel of a large enough initial segment of V' containing all objects of current
interest; in particular, we want that both {a, : n < w} and {X,, : n < w} are
contained in ran(o).

In the end, we get an embedding

Ol IMI — Mg/

for some & < &, where M’ is the final model of 071(7"). Moreover, as 7 is above &,
o~ 1(T) is above o !(k), which implies that

o'lo™ (k) = olo (k).

As c.p.(F) < k, 0’ o }(F) is countably complete. We may thus pick an order-
preserving p such that

plo’ o a,) €0 o H(X,) foraln<w.
But o/ o7'(X,) = X,, as p < k and o’'[07 (k) = oo~} (k), which means that
p'o’ o Ha,) € X, foralln<w,

and p ¢’ 07! witnesses that F' is countably complete with respect to ((a,, X,,):n <
w).

0 (4.7)

enerali ed bice hali.

We let C denote the class of all limit cardinals x of V' such that J,_ is universal for
coiterable premice of height < k. l.e., if kK € Cy, M is a premouse with MNOR < &,
and 7, are the iteration trees arising from the successful comparison of 7, with
M, then D N (0,00] =0, and M, MZL.
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Lemma 5.1 ( = 01) Cp is closed unbounded in OR.

Proor. ( is trivially be seen to be closed. Suppose that Cy C n for some
n € OR. We may then define F: {x : k is a limit cardinal } 1n — OR by F(k) = the
least a such that there is a coiterable premouse M of height a < k and M wins the
coiteration against J, . By Fodor, there is an unbounded class A C OR such that
F” A = {a} for some a € OR. There are at most 2 ™(*) many premice of height a,
so that by 4.5 there is some cardinal v such that J,  wins the coiteration against
all of them which are coiterable with K°. This gives a contradiction!

0 (5.1)

Lemma 5.2 ( =~ 01) Let k € Cy, and let M J. be a O-iterable premouse. Let
F = EM#£( be such that v > k and c.p.(F) < k. Then F is countably complete.

PROOF. Let k, M, I, and v be as in the statement of 5.2. Set u = c.p.(F).
Let ((an, X,):n < w) be such that a, € [F(u)]<, X, € P([u] ™(»))N M, and
an € F(X,) for every n < w. We aim to find an order-preserving 7:{J,, ., an — p
such that 77a, € X, for every n < w. Let

oM — M

be fully elementary such that o[u*™ +1 = id, Card(M) < p*+, and {a,:n < w} C
ran(o). Let ' = o~ (F) in case F' € M (where we then assume without loss of
generality that ' € ran(o)), and let I be the top extender of M otherwise (i.e., if
F' is the top extender of M).

Let 7y and 77 be 0-maximal iteration trees on the phalanx

(M, M), c.p.(0))

and on M, respectively, stemming from the coiteration of that phalanx with M.
Also let  and 7 be the 0-maximal iteration trees arising from the comparison of
M with M, respectively. Let M* be the last model of 7;. Then MTyM* by [9,
68 Lemma 1]. But this implies that  only uses extenders whose critical points are
less than or equal to c.p.(o), by 2.7.

Obviously, the coiteration of M with J. is an initial segment of the coiteration

, T. Moreover, as k € Cy and Card(M) < k, J, wins the coiteration against

M. Hence T actually only uses extenders from 7. and its images, and  does not
drop.

This means that the main branch of  gives us an embedding

M —5, M

[oop)
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where M__ is an initial segment of MZ. Notice that 7|yt +1=1id as is above
c.p.(0). Let F = n(F) in case F' € M, and let F be the top extender of M_
otherwise.

We claim that £ is countably complete. This trivially follows from 4.7 if 7 is

above pt™. Otherwise let B 4 be the first extender used on 7 with critical point
< p. By Claim 1 in the proof of 2.4, v is then strictly greater than the index of F.
But then 4.7 applied to 7|4 yields that F is countably complete.

Notice that 7 07Y(a,) € F(X,) foralln <w. Now let 7:{J,_, 7 o (a,) — p
be order-preserving and such that 7°7 o7 !(a,) € X, for all n < w. Putting
T=7 m o ! hence gives us a witness as desired.

0 (5.2)

We now have to turn towards our theory of bicephali. It turned out to be most
convenient to let a (pre-)bicephalus be a pair of premice rather than a premouse
with two top extenders.

Definition 5.3 An ordered pair N = (N°, N'!) is called a generalized prebicephalus
provided the following hold.

(a) N° = (J,|E]; €, E, F°) is a premouse with FO # 0,

(b) Nt = (Jﬁ[E_”]; e, B, F") is a premouse with 3 > o and F* # (),

(¢) a is a cardinal in N in case > a,

(d) E'la = E, i.e., (Jo|E'la); €, E'la) = (JJ[E]; €, E), and

(e) c.p.(F°) < c.p.(F') < F(c.p.(FY)).

In this case N is called the left part of N', Nt is called the right part of N, and
N is called the generalized prebicephalus derived from N©, Nt

Notice that if 3 > a then « has to be a successor cardinal in N,

We aim to prove that g-prebicephali trivialize, i.e., that N° = N'! provided that
the generalized prebicephalus N = (N, N1) meets a certain iterability criterion.
Here is an immediate trivial observation:

Lemma 5.4 Let N = (N°,N'Y) be a generalized prebicephalus, and let M be a
premouse. Suppose that N° M as well as Nt M. Then N° = N1

PROOF. The hypothesis tells us that N°  N!. In particular F°, the top
extender of AN'?, is on the sequence of N''. Assume that N N1 ie., a = N°NOR <
NTAOR. Then FO = EN' and so py(N?) < a. But a is supposed to be a cardinal
of N1 (cf. (¢) of 5.3). Contradiction! Hence o = N N OR, and N = N1

0 (5.4)
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Definition 5.5 Let N' = (N°, N be a generalized prebicephalus. Then

T:((Na aB7N1

) Oé

ﬂ aTB<0),(Eya+1<6),T)

is an unpadded iteration tree on N provided the following hold.

(a) T is a tree order (in the sense of 2, ef. . .1),

(b) N§ = N° and N} = N*,

(c) for all a < 0, (N2, N} is a generalized prebzcephalus or else N? = N},

(d) for alla+1< 0, E, # 0, and E, = E)a for some v < N9 N OR, or else
E, is the top extender of N':

(e) for all a +1 < 0, T-pred(a + 1) = the least B < a such that c.p.(Ey) <
min{ Ez(c.p.(Ep)), Ny N OR},

(f) for alla+1 <0 and h = 0,1, if 3 =T-pred(a + 1) then

7‘"%&13 «7;\[ — 8. Nt

wheren < Nﬁ s maximal such that E, measures all the subsets of its critical point

in j;:v (where we understand that deg” (a +1) = 0 if DT N[0, + 1] = 0 and
deg? (o + 1) = that n such that dom(ﬂgfo) is n-sound if DT N[0,a + 1] #0),
(9) if @ < 0 is a limit ordinal then (N, (71'% :BT')) is the transitive direct limit

of ( ﬁ,w% ATB < a), for h=0,1,
(h) for all a < 0, the set

DTN (0,a]r = {B+ 1Ta: dom<7r7j\“/’—p e (3+18+1) ZNr_p ¢ (5+1)}

is finite, for h =0,1, and
(i) for all T3 < 0, ﬂ{l\/ﬁo = ﬂﬁg fdom(ﬂﬁg)-

By a “putative” iteration tree on N we shall mean a tree 7 of successor length
0 = 0 + 1 which is as in 5.5 except for the fact that possibly (c) fails for a = 6 or
(h) fails for 8 = 6. It is crucial, but straightforward, that if 7 is a putative iteration
tree on N such that N and N are both transitive and (h) holds for 7, then 7 is
in fact an iteration tree (to get (i) one uses (c) of 5.3).

For our purposes, we shall also consider padded iteration trees on g-prebicephali;
as usual, this just means that the indexing of the models is slowed down by possible
repetition of models. The reader will have no trouble with modifying 5.5 accordingly.

Let

= (N2, 7)) N s aTB < 0), (Bara+1<6),T)
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be a(n) (putative) iteration tree on the generalized prebicephalus A. Then we’ll
write M7 for (NG, N3) if DT N (0, 8]y = 0, and we'll write M7 for N = Ny if
DT N (0, Blr # 0. We shall also use (M})° for N, and (M7)" for Nj. We'll write
w1, for wﬁg , and EJ for Eg.

Definition 5.6 Let N = (N°, N) be a generalized prebicephalus, and let M be a

premouse. We want to determine a pair ( (/)V’M, {V’M), the “least disagreement” of

N and M.
Case 1. N° and M are not lined up. Let v be least such that

B # B,

and let
0
OJ\f,M Ei\/’ and {\/',M E,f”

Case 2. ot Case 1, but N' and M are not lined up. Then let M be the top

extender of N*', and let {\[’M be the top extender of N° (sic ).
Case 3.  either Case 1 nor Case 2. Then we let ( é\/’M, {\[M) =(0,0).

Case 2 needs a brief discussion. We'll have that N° M, as N° and M are
lined up but At and M are not. In particular, the top extender of NV appears on
the sequence of M. But the top extender of N'! can’t appear on the sequence of
M, as N1 and M are not lined up.

The content of 5.4 may now be stated as saying that if M is a premouse with

( é\[’Ma {VM) = (0,0) then M N or else NV = N'.

Definition 5.7 We call a generalized prebicephalus N a generalized bicephalus if it
is coiterable with K¢ in the following sense.

Let T,  be putative padded iteration trees of successor length 6 +1 on N', K¢
given by the following characterization. If 3 < 0 then

MIM MT M
(EF . E)=(4 _— )

m case ./\/lg 15 a generalized prebicephalus, and let otherwise

M MT
(EﬁTvEﬂ):(EV aEV )

M MT
where v is least with E,  # FE, . Then T is an iteration tree on N

We want to emphasize that by 5.6 we have that the AV-side of the coiteration of
the generalized prebicephalus N with K¢, being performed as in 5.7, will only use
extenders which are allowed by 5.5 (d).
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Lemma 5.8 Let N, T, and® be asin . . Then is normal. Moreover, for all
B+ 1< 6 do we have that the index of EﬁT is > the index of Ej.

PROOF. The only thing to notice here is that if (E7, Ej) is chosen according to
Case 2 in 5.6 and v denotes the index of E; then ./\/l 5410 (MBH) , and (MF,)"
pairwise agree up to v+ 1. This holds because then v = (M7)°NOR, so that either
v is the index of EJ or else v is a (successor) cardinal in (/\/IT)1 In any event,

M _ gt g g

0 (5.8)

Lemma 5.9 ( - 01) Let N = (N°,N?) be a generalized bicephalus. Then N© =
N

PROOF. Let 7, denote the (padded) iteration trees arising from the coiteration
of N with K¢ built as in 5.7, where

T

(NN NN ia < B < 0), (Bara+1<0),T).

Claim. 1h(7) =1h( ) < OR.

Given this Claim, the proof of 5.9 can be completed as follows. By the proof of
4.4 we shall have that M7 is a generalized prebicephalus, and (MZ)°  M__ as

well as (MZ)1 M__. This implies that (MZ)? = (MZ)! by 5.4. Now suppose
that A #£ N1, and let € N° be such that

€EFe ¢F

where F° and F'' are the top extenders of A and N'. (Notice that such Would
have to exist!) We have that dom(m)) = N, dom(m) = N'!, and mh = m [N
If we let F° and F' denote the top extenders of N and VL then FO = F' and
thus

ceFleml()eFaeri()eF'es eF.

Ooo 0oo

Contradiction!

PROOF of the Claim. Let us assume that 1h(7) = lh( ) = OR+ 1. The
proof of 4.4 yields that then 7, ,”OR ¢ OR, so that usual arguments give some
A €[0,0R)rN[0,0OR) so that
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(1) c.p. (75\00) c.p.(my) = A and
(2) Troo[PA) N MT = my  [P(X) N M,

Let a+ 1 be least in (A, OR]r, and let 3 + 1 be least in (A, OR] . Let E; = E,T ,

and let E7 = E(M or ET = E(M ) (if the former is not true but the latter, then
MT is a generalized prebicephalus and E? has to be the top extender of (MZ)!).
Of course, A = c.p.(Ej,) = c.p.(E]).

Case 1. ET = E(MT)

In this case, the rest of the coiteration is beyond 1y + 1 on both sides, i.e.,

all ET and E, for v > o have index > vy. Moreover, by 5.5 (e) we'll have that

T oo [Eg()\) = id. For this reason, and because is normal by 5.8, (1) and (2)
give that E7 and Ej; are compatible.

Case 1.1. vy < 1.

M L o .
Then EZ € J,, by the initial segment condition for M 5- But  is normal

by 5.8, so that ET € M_, ie., ET € 7™ . On the other hand ET ¢ (MZ,,)°,
which by 7ra+1oo 'ET()\) = id implies that E7 ¢ (MZL)° But of course we have

J M =7 (M7 . Contradiction!
Case 1.2. 11 < vy.

We then have E, € TM &)’ by the initial segment condition for (MZ)°. So by
Tl o [ET(N) = id We know that E; € (ML) On the other hand, E; ¢ My,
which by the normality of  implies that E, ¢ M. We thus have a contradiction
as in case 1.1!

Case 1. . vy = 1.

Then we get o < 3 by (the proof of) 5.8; but then as E. has index > 14 for
v > a we must have a = 8. Now by the normality of  and by 72, [EZ()\) =

id we must have EZ = E_ . This clearly contradicts the choice of (EZ, E,) as
( MI .M, Mg,Ma)
0 1 :

Case 2. MZ is a generalized prebicephalus and E7 is the top extender of (MZ)!.
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In this case, by 5.6, E, is the top extender of (MZ). Let v* be the index of
E,. Sov*=(MZ)'NOR.

If @ < 3 then by 5.3 (e), as MZ is a generalized prebicephalus, and by 5.8 we
would get that

cp.(BE,) <cp(ED) =)= c.p.(bBy) <v' <.

However K¢ is below 01, and 7 is a normal iteration tree on K°. We thus have a
contradiction with Claim 1 in the proof of 2.4.

Thus o > 3. If a > f then, because c.p.(E,) < c.p.(E]) = X = c.p.(E,), we
would get G+ 1 ¢ (0,00) , which is nonsense.

We thus have that o = 3. In particular, v; = v* = (MZ2)° N OR. Hence by 5.5
(e) we'll have that

(3) Tl oo Tmin{ EZ (\), 1} = id.

Because is normal by 5.8 we’ll have that

(4) Toitoo Ba (A) = id.

Recall that £, is the top extender of (M7)° and E7 is the top extender of (M7)L.
In particular,

(5) E, () < min{ EZ(\), 1}
But now (1) to (5) will tell us that

The initial segment condition for (MZ)! then yields E, = EZ, orelse E, € (MZ)1.
Case 2.1. E, € (MZ)L.

In this case, we'll have that E, € (MZ;)!, too. By (3) and (5) we have that
T2 0o Ey(A) = id, and thus (X,Y) € E, if and only if

W ((X,)Y)enl  (ENANY =Y NE, (N

Hence £, € (ML)
On the other hand, the normality of  yields that £, ¢ M_ . However, J M=
J MT)' This is a contradiction!

Case 2.2. E, = EZ.
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But £, = E7 of course contradicts the choice of (EZ, E) as ( (/)Vl g’M“, {MZ’M"‘ ).
O (Claim)
O (5.9)

We want to point out that 5.9 would no longer be true if we dropped (e) in the
definition 5.3 (there are easy counterexamples).

Lemma 5.10 ( - 01) Let N' = (N°, NY) be a generalized prebicephalus, and let j
be the critical point of N'. Let k > p be a cardinal in N° (and hence in N'**, too).
Suppose that for h € {0,1} do we have the following.

For all iteration trees — on N with last model M, and for all N -cardinals
p < Kk such that either

(a) p < K, and  lives on TN and is above p, but  doesn t use extenders which
are total on N, or else

(b) p=k, and is above p,
we have that

()if F=EY" #0is such that v > p and c.p.(F) < p, then F is countably
complete.

Then N is a generalized bicephalus.

Notice that if A/ satisfies the assumption in the statement of 5.10 then in par-
ticular every EY # () with c.p.(£Y ) < x and which is total on A/ is countably
complete. (Let = the trivial tree, and p = c.p.(EY )V )

PROOF of 5.10. We have to show that A is iterable. Let 7 be a putative
iteration tree on N arising from the comparison with K¢. By the proof of 5.9, T is
a set. Pick an elementary embedding o: N — Hy (for some large enough regular 6)
with N countable and transitive, and such that {7, x} C ran(c). Let 7 = o~1(7),
and & = o~ (k). It suffices to embed the models of 7 into transitive structures. For
notational convenience, we shall assume that 7 is unpadded. Say,

T = (MD)°, 70, (M) 7k aTB < IW(T)), (Eara+1 < IW(T)), T).

Put k, = c.p.(E,) for a +1 < Ih(7T"). We set n(0) = 0, and for a > 0 we let n(a)
be such that

36 ( BTaAVy + 1€ (B.alp In (M7, = Ulty (T~ ET)) ).

Notice that for all a < 1h(7) and h € {0,1} do we have that (MZ) is n(a)-sound.

«
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We shall in fact determine some ¢ < 1h(7), and define, for both h € {0,1},
sequences = (,:i < 1) of iteration trees on A’ such that any of the s is as
in (a) or (b) of 5.10; for this purpose we’ll simultaneously define a sequence (p;:i < V)
of ordinals. We shall also construct maps o, from any (MZ) into a model of some
For all 1 < 9 we'll have that ? and ! are given by the very same sequence

of extenders; in particular, Ih( ?) = 1h( }). We shall index the models of ; in a
non-standard way, namely, we shall start counting them with

()= I ;)

(where > denotes ordinal summation), so that the models of ; will be indexed by
the elements of [ (i), (i) +1h( ,)), and we'll conveniently have that

041 (M7) — Mo

for that i < 9 such that (i) < a < (i) +1h( ;). It will be clear from the
construction that always

Letting h range over {0,1}, we shall inductively maintain that the following
requirements are met as well.

1, VBe€]0,alp, if i is maximal with (i) < § then
. T i
is a weak n(3)-embedding.

2, if 4 is maximal with (i) < a then (i)Ta, and for all 3 € [0, (i)]y do
we have that 3j <i (8= (j) A M =N ).

3, for all 3+ 1 € (0, alz, setting 8* = T-pred(3 + 1), we have that o, agrees
with 5. up to rg; ie.,

Maz' o Mi
T )= )y and

MT))
0, [T = 0,170

where i is maximal with (i) < « and j is maximal with (j) < g*.
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4, if i is maximal with (i) < a, 877 € [0, )7 and DT N (3,7]7 = 0 then
we have:
(&) ()IBTy =0, 74 =75 04 and
(b) BTAT (i) = 0, w4

5, if 7 is maximal with (i) < «, then for all j < i do we have that
= Imin{ (j) +1h( ;),a + 1} is an iteration tree on ' above p; as in (a) or
(b) of 5.10; i.e., either

p; < k,and ' lives on JN and is above pj, but " doesn’t use extenders which
are total on N, or else

p; =k, and ' is above p;.

/

We are now going to run our construction. In what follows we again let h range
over {0,1}. Put (0) = 0. To commence, set o, = o[(MZ) (notice (MZ) =
oY N ), and let |1 be trivial. It is clear that 15 to  5g hold.

Now suppose that we have defined everything up to «, that is, suppose that for
some ¢ are we given

Tli=( i <i), jla+1, (058 <a)(pig<i), and p;if a > (i)

in such a way that 1, through 5, are satisfied. Suppose that a < 1h(7), and
set ' = EZ and g = c.p.(F). (If a = 1h(7) we're done with our construction.)
Then either F' = El(,/\/(g)0 for some v < (MZ)° N OR, or else F is the top extender
of (MZ)!. Depending on whether the former holds, or the latter, we set I = o3 (F)

and h* =0, or F' = o}(F) and h* = 1. Set p* = c.p.(F).
Case 1. o = (i) Ap* <k A Fis total on (MZ) ", or a > (i) A p* < p;.

By 5, and our assumptions on N, we get that F' is countably complete in
this case. Let 7:0, " F(ii) — p* be order preserving such that for appropriate a,
X €ran(o,’) we have that a € F(X) = 77a € X. We now declare ; = , [a+1,
ie, (i+1)=a+1 Ifa= (i) we also put p; =0 (we won’t be interested in this
value).

By 5.5 and 5, it is easy to see that T-pred(a +1) < (i), so that by 2, we
know that there is some j < i with (j) = T-pred(a +1). By  3,, o, agrees with
o (; up to kg, where S+ 1 is least in ( (j), a]p. We have ko < kg by — 01 (cf. Claim
2 in the proof of 2.4), so that o, agrees with o ; up to r (calculated in (MTI)).
By 0, hence, o, agrees with o (j) up to Kr.

We now define o, ,:(MZ,,) — N by setting

[a, f] = o () (770, (a)).
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This is well-defined and Yg-elementary, as we may reason as follows. Let ® be a ¥,
formula. Then

(MZ) b D(lar, fi], oo [ar, fi]) &

(ar, ) € F({( 10y 1) 0 (M) E QA1) i 1)} &

(04 (a1), 04 (a)) €
F(o, ({0 1y 1) 2 MTg) B A 1) fil 1)),
which, by the amount of agreement of o,” with o ) and by  1,, holds if and only
if

5

(o, (ar),...0, (ar)) €
F{( 1, 1) N E 20 (1) 1), 0 () K)}) &

N @0 ;) (1)), (a1), 0 (i) (7)o (ar)).
It is straightforward to check that now 1,47 through 5,1 hold.

Case 2. a = (i) Ap* >k, or a= (i) Ap* < kA F is partial on (MZ) " or

In this case, we start or continue copying T (i),a+2) onto N, getting , a+2.
We let ,-pred(a + 1) = T-pred(a + 1), call it a*. We'll have (i) < a*. We then
use the shift lemma [20, Lemma 5.2] to get 7%, ,; together with the copy map o, ;.
It is easy to check that 1,47 to 5,41 hold.

We put p; = k if a = (i) A p* > K, and we put p; = the cardinality of c.p.(F)
in N "if a= (i) Ap* <k AF is partial on (M2Z) ",

Now let A be a limit ordinal and suppose that we have defined everything up to
A. To state this more precisely, we have to consider two cases.

Case 1. There are cofinally in A many o < A such that thereis a j with a = (j).

In this case for some i are we given

—

li=( ;:7 <i), (05:8 <), and (p;:7 <)

in such a way that 1, through 5., are satisfied for every a < A. We then
declare (i) = A, and we define



by setting
o, ()= Uﬁ((ﬂm)*l( )), where € ran(7rm).

This works by Va < A ( 2, and 4, (b) ). It is easy to check that 1, to
5, hold.

Case 2. Otherwise.

In this case, there is a largest ¢ such that (i) < A, and we are given

—

fZ:( j:j <i): % r)‘v (0—5:6 < )‘)7 and (pjj SZ)

in such a Wayithat 1, to 5, are satisfied for every a < A\. We then continue
with copying 7 [[ (i), A] onto N, getting , [A+1 and the copy map o,. This works

by Va < A 2, (a). We leave the easy details to the reader. It is straighforward
to check that 1, to 5, hold.

0 (5.10)

In practice we’ll always know that the hypothesis of 5.10 is satisfied. An example
is given in the proof of the following.

Lemma 5.11 ( = 0') Let k be a limit cardinal in 'V such that for all A < k we
have that
Ais < k—strong in K°= X is < OR—strong in K¢,

and k € Cy. Let M J. be a premouse. Suppose that 1 <n < w is such that
(a) Ion(M) S k< pn—l(M)7
(b) M is n-sound above K (i.e., M is (n — 1)-sound, and M™ " is generated by
Rt from kU {ppmnt), and
(¢c) M is (n — 1)-iterable.
Then M K€, i.e., M is an initial segment of K°.

Proor. We first verify the following.
Claim 1. p,(M) > k, and hence M is n-sound.

PRrROOF. Suppose not. Then p, (M) < &, so that &, (M) has size < k. Note that
¢, (M) is (n — 1)-iterable and n-sound. By x € Cp, there is an (n — 1)- maximal
tree 7 on €, (M) with DT N (0, co]y = 0 and such that MZ is a non-simple iterate
of 7. (it is non-simple by p, (M) < k). Moreover, the (n — 1)-maximal coiteration
(, )of € (M), M is simple on both sides and produces some common coiterate
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= M;O = M_. Using m = 72 _, we may copy onto MZL getting an iteration
™ of MZ together with a last copy map

o — "=M

Now on the one hand we have

0 Moot M — ",
and on the other hand, we have that ” is a non-simple iterate of M (as MZL is).
This contradicts the Dodd-Jensen Lemma (cf. [20, Lemma 5.3]).

O (Claim 1)

We'll only need that p; (M) > k in what follows.

We now use 5.2 to show that the phalanx P = ((K¢, M), k) is normally (n — 1)-
iterable. For suppose  to be a putative normal tree on P. By 2.7, we can write

= 0 1

where  is an iteration of M above k, and 1 is an iteration of K¢ except for
the fact that the first extender, call it I, used for building ; comes from the last
model of ¢, c.p.(F) < k, and the index of F' is larger than k (possibly, ¢ = 0,
or 1={). But by 5.2, F is countably complete, and hence ; is well-behaved by
standard arguments.

Now let , 7 be the iteration trees arising from the comparison of P with K¢,
where we understand ~ to be (n — 1)-maximal. We have to verify the following.

Claim 2. root (o00) =0, i.e., M_, the last model of , sits above M.

Before turning to its proof, let us first show that Claim 2 implies 5.11. Note that
by 2.7, then, is an iteration of M.

Suppose that  is non-trivial. Then M __ is not sound, which by 4.5 gives that
we must have M_, = MZ . This gives a standard contradiction if D N (0,00] # 0
(cf. the proof of Claim 4 in the proof of [20, Lemma 6.2]). Hence we have to have
D N (0,00] = 0. As T only uses extenders with indices > k we'll clearly have
pu(MZL) > k. But then p,(M_) > k, and so

Co (M) = C(M) = M,

and again we get a standard contradiction (as in the proof of Claim 4 in the proof
of [20, Lemma 6.2]).
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We have shown that  has to be trivial; that is, M MZ. But it can then
easily be verified that 7 has to be trivial, too. This implies M K¢ as desired.

PROOF of Claim 2. Suppose not. That is, suppose that root (c0) = —1, i.e.,
that the last model of  sits above K¢. By 4.5 and the Dodd-Jensen Lemma applied
to m ;. we easily get that D N[—1,00] =D N[0,00] =0, and

M =ML, call it

e o))

In particular, we have maps 7 ;. _: K¢ — and 7L _: K¢ — . Let F" = E, be the
first extender used on (—1,00] . Set p = c.p.(F°) = c.p.(7_) < k. A simple trick
gives the following.

Subclaim 1. c.p.(rf ) = u.

PROOF. We have to show that 7l # id, and that u is the critical point of 7L _.
Let [0 = E,f\o/t . As only uses extenders with indices > &, and by Claim 1 above,
it is clear that pl(J,,/:1 *) > k. Hence 1.3 immediately gives that p is < k-strong in
jl,/:la. But JMe = J. , 80 pis < k-strong in K¢. By our assumption on k, this
means that g is < OR-strong in K¢. On the other hand, 2.5 gives that p is not
< OR-strong in i

This already implies that 7, # id. Let F'' = E} = E,i\l/l be the first extender
used on (0, ool

Let us first assume that 7Z__[u # id, i.e., that c.p.(F;) < p. As T only uses

extenders with indices > k, we clearly have that pl(j,,/lv1 ) > k. Thus, again by
using 1.3 and 2.5, we end up with getting c.p.(F') is < OR-strong in K¢, but
c.p-(F') is not < OR-strong in . However, consider now 7_;_ : K¢ — . As
7T lep(FY) + 1 = id, the fact that c.p.(F"') is < OR-strong in K¢ implies that
c.p-(F') remains < OR-strong in . Contradiction!

A symmetric argument shows that we cannot have nf_u+ 1 = id.

O (Subclaim 1)

We could also have used the Dodd-Jensen Lemma to show 72 [u = id in the
proof of Subclaim 1. However, we chose not to do so in order to exhibit the symmetry
of the argument.

Now let F* = E7 still denote the first extender used on (0, c0]7. Subclaim 1
says that c.p.(F') = u = c.p.(F?). Let, again,

T
F® = EMa and F* = B,
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The rest of this proof is entirely symmetric, so that we may assume without loss
of generality that vy < v;. Both 1y and v; are cardinals in , which implies that
T

vy < V1 = 1y is a cardinal in 7, . It is hence clear that we may derive from
T
M M
jVO @ bl jl/l

a generalized prebicephalus, call it N. The following is a straightforward conse-
quence of 4.7, 5.2, and 5.10:

Subclaim 2. N is iterable.

PROOF. It suffices to verify that N satisfies the hypothesis of 5.10. Specifically,
we want to verify that our current x may serve as the s in the statement of 5.10.
However, this is trivial by virtue of 4.7 and 5.2!

O (Subclaim 2)

Now 5.9 yields that E, = F° = F' = EJ. This is a contradiction, as this can’t
happen in a comparison!

O (Claim 2)
0 (5.11)

Using 6.1 of the next section we could have shown 5.11 for all k € Cj.

aximality of K°.

Lemma 6.1 ( - 01) (Mazimality of K¢) Let T be a normal iteration tree on K°
with last model = MZL. Suppose that (0,00]p N DT = 0. Let u < k < v be
cardinals of , and suppose that 7l _[x = id. Then there is no extender F with
critical point pu such that the following hold.

e N =(J,;F) is a premouse,

e if s an iteration tree on N with last model N* = M, (0,00] ND =0,
and 7y, [k = id then the top extender of N* is countably complete, and

o pi(N)>p.

PROOF. Suppose not, and let 7, , pu, k, v, ', and N be as in the statement
of 6.1. The proof will actually be by induction on p. That is, we assume that p is
least such that there are 7, | k, v, ', and N as in the statement of 6.1, and we
fix such 7, , &, v, F, and NV.
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We first aim to define the pull bac of N via nl . Set 7 = nl.. Let A = F(p),
i.e., Ais the largest cardinal of M. Of course, A is an inaccessible cardinal of both A/
and . Let A = 771"\, so that X is least with 7(\) > A\. We define a Dodd-Jensen
extender F' by setting

XeF & 7(a)eF(X)
fora € [A]<¥ and X € P([u] "O))nKe. Te., Fisa (p A)-extender over K¢ in the

sense of [20, Definition 1.0.1]. F' inherits the countable completeness from F. Let

ir: J. —pM

I

be the Yy ultrapower map, and set
M = (M,ip|P(p) N K°);

that is, M is the model theoretic reduct of M, where the latter has the additional
top extender ip[P(u) N K. We call M the pull back of N via m. We shall also
write F for iz [P(pu) N K¢ We can define a cofinal ¥, -elementary map

7 M—J, by setting

la, [ = [w(a), f12

for a € [NJ<“ and f:[u] ™0 — T, €K Wellin fact have that
T M—=N

is Yg-elementary (and hence ¥;-elementary, as 7’ is cofinal), because 7/(F N ) =

Fna'() forall € M. This readily implies that M is a premouse: the initial

segment condition for M is true as 4 A0 =CY  #0;but CY  =0.
The following statements are easy to verify.

A is a limit cardinal of K¢,
jj\/\/l - \7/_\ ’

T’[J/—\/\A =7|J; ,and

7 (Fl) = Fli) = X

Claim 1. There is no a > X such that £, # (), and c.p.(E, ) € [, ).

PROOF. Suppose otherwise. Set i = c.p.(E, ). By 1.3, then, j1 is < A-strong in
K¢ as witnessed by £ . By the elementarity of © we hence have (i) € [, m()\))

is < m(A)-strong in  as witnessed by £ . By the definition of X, 7(i) < A. So,
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trivially, 7(f) is < A-strong in  as witnessed by E , and thus (@) is < A-strong
in N as witnessed by EV. But then N is easily seen not to be below 07.

O (Claim 1)
Claim 2. Thereisno a € [\, MNOR) such that EM # 0, and c.p.(EM) € [u, \).

PROOF. Suppose otherwise. Set ji = c.p.(EM). By 1.3, then, jiis < M- -strong in
M as witnessed by EM and thus i is < A-strong in K¢ as witnessed by E . This
then gives a contradlctlon as in the proof of Claim 1.

O (Claim 2)
Claim 3. j,\+M Ke.

PROOF. This is shown by coiterating K with j/{‘fM, or rather with the phalanx
P = ((K° T, A).

Subclaim 1. P is iterable.

Proor. By standard arguments and 2.7, it is enough to see that if is an
iteration of successor length of J! s7am which only uses extenders with critical point
> ) then any E,ﬁw # () with p > X and C.p.(E;M ) < A is countably complete.
However, using 7’ we may copy  onto N, getting an iteration tree on N. Let
it M, — M, be the last copy map.

M__ inherits the property expressed by Claim 2 above, that is, we must have
cp.(EX' ) < p. But then c.p. (E " (p)) < M, too, and hence EM () is countably

o

complete by 4.7. But this implies that Ep is countably complete.
O (Subclaim 1)

Now let , denote the iteration trees arising from the comparison of K¢ with
P. By 4.5 and standard arguments it suffices to see that the last model of  sits
above j;\/‘fM. Let us suppose not. We shall derive a contradiction.

By the Dodd-Jensen lemma and 4.5 we'll then have that M = M_, D N
0,00] =0,D NI0,00]y =0, and 7, is lexicographically < m,... In particular,
we must have either c.p.(my,, ) = c.p.(my.) or else my [c.p.(Ty) + 1 = id.

Case 1. c.p.(Tys) = €.D-(Ty)-
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Let a+ 1 be least in (0,00] , and let 5+ 1 be least in (0, c0]y. Let

FO = EMe and F' = B,

The case assumption says that c.p.(F°) = c.p.(F'). Tt is easy to see that we may
derive from

M
1.7'1;/(\)/1& bl \71/1
a generalized prebicephalus, call it

Subclaim 2. is iterable.

PRrROOF. It suffices to verify that satisfies the hypothesis of 5.10. Specifically,
we want to verify that c.p.(m,,,)T may serve as the x in the statement of 5.10.
However, this shown by combining 4.7 with arguments which should be standard by
now, and with a copying argument as in the proof of Subclaim 1 above.

O (Subclaim 2)

Now 5.9 yields that E, = F°= F*' = Ej;. This is a contradiction, as this can’t
happen in a comparison!

Case 2. Ty [C.D.(Tys) + 1 = id.

In this case we shall use our inductive hypothesis. In fact, luckily, this is easy
to do. Namely, arguments which again should be standard by now yield that we

have with | M__, c.p.(myy), sup({& < viime (&) = &}), vi, F', and J,f a
series of objects which are as 7, , u, k, v, and N in the statement of 6.1. We
leave the straightforward details to the reader. However, by Claim 2 we’ll have that
¢.p-(Toa) < 1, which contradicts the choice of 1 being minimal!

O (Claim 3)
We’ll now have to split the argument into three cases.
Case 1. F(u) = \.

In this case Claim 3 immediately gives that M K¢ (Recall that M is the
model theoretic reduct of M obtained by removing the top extender F.) But now
we have a contradiction with 4.2.

Case 2. F(u) > X and 7()\) > .
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In this case Claim 3 gives that we may define the lift up

M = Ultg(M; 7] T).

Claim 4. M is transitive and O-iterable.
ProoOF. We first note that m is countably complete:

Fact. Let (a,, X,,:n < w) be such that for all n < w do we have a, € [OR]<¥,
X, € P([n.] ™C»))N K° for some 7,, and a, € 7(X,). Then there is an order

preserving 7:J,_, an — OR with 77a, € X,, for all n < w.

PROOF. This is a straightforward consequence of the proof of 3.2. For this
purpose we may consider 7 as a tree on J, , for some . We may and shall
assume that 0 is large enough and regular so that we may pick o: H — Hy with H
countable and transitive, and {7} U{a,,7(X,):n < w} C ran(c). Set 7 = o (7).
The construction from the proof of 3.2 will then give us an embedding

Ons: ML = 7,
such that for all X with 7(X) € ran(o) do we have that
0 08 T(X)=X.
We hence have in

T = 0x U*I[Uan

n<w

a function as desired.
O (Fact)
This implies Claim 4 by standard arguments.
O (Claim 4)

Notice that M is a premouse (rather than a protomouse, as the top extender
of M has critical point p and 7|p*t™ = id). Moreover, v (the height of N) is a
cardinal in M because 7(A) > X and so w(\) > v, and

:(Na/\;l)
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is a generalized prebicephalus. Notice that we can’t have that N = M, just because
v =NNOR < M. Thus, by 5.9, in order to reach a contradiction it suffices to
verify the following.

Claim 5. is iterable.

Proor. We shall apply 5.10. Specifically, we plan on letting the current x play
the role of the k in the statement of 5.10. We have to show that any iteration tree
on NV, or on M, meets the hypothesis in the statement of 5.10. However, notice
that this is clear for N by 4.7 and our assumptions on . We are hence left with
having to verify the following.

Subclaim 3. Let  be an iteration tree on M with last model M__ such that
for some M-cardinal p < K we have that either

(a) p < Kk, and lives on JM and is above p, but  doesn’t use extenders which
are total on M, or else

(b) p =k, and is above p,
we have that

if F = E)'" # 0 is such that v > p and c.p.(F) < p, then F is countably
complete.

PROOF. Let be as in the statement of this Subclaim, with some p < k. Let
F = E}" #0 be such that v > p and c.p.(F) < p, and let (a,, Xp:n < w) be such
that a, € F(X,) for all n < w. Let o: H — H, for some large enough regular 6 be
such that H is countable and transitive, and { , F'}U{a,, X,:n < w} C ran(o). Set
=0 1( ). By the above Fact (in the proof of Claim 4) and standard arguments
there is some

g: My =0 {(M)—= M.

Recall that we also have a cofinal map
7 M —yg, N.

We may hence copy  onto N using ' &, getting an iteration tree ' on A, together
with a last copy map

- /
Ono : My — M.

Now by 4.7 and the assumptions on A we'll have that oo, o '(F) is countably
complete. We may hence pick some order preserving

T U O 0 an) — cp.(0ss o '(F)) with

n<w
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T O 0 0, €040 o (X,) foralln<w.

However,
0 0 X)) = X,

as c.p.(F) < p, and is above p. We therefore have
T 0 0 Va,€X,foraln<w,
and hence we have in 7 0, o~ ! a function as desired.

O (Subclaim 3)
0O (Claim 5)

Case . F(u) > X and m(\) = \.

Set A = sup 7’ \. It is easy to see that 7 can’t be continuous at A in this case,
i.e., that

o A< ),

because otherwise we would have to have 7'(\) > )\, whereas 7'(F (1)) = A\. More-
over, as \ is inaccessible in | we must have that 7=!(\) = X is inaccessible in K.
This implies, because 7 is an iteration map which is discontinuous at A, that X is
measurable in K¢, and that in fact we can write

T="17""T
To ; ; \ T To (Y) — )\ — 7
where 720, is continuous at A, c.p.(mil ) = 720 (A) = X, and 7 = wZl 7. (Let p

be the least p € [0, co)y with c.p.(7 poo) = mo5(A). Then Tl = 7g,, and Tl = )

Let us write my = 722, and 7, = 72t We have that mo()\) = A, and m;(\) = \.

Claim 6. jHM = J5+
Proor. We already know that j/—{‘fM J5+ - It is easy to see that MD and
agree up to MM _ 3+ and that

(1) molT T — «75\+

is exactly the lift up of J;, by mo[J; = w[J; , which in turn is given by letting
Ty act on Jy,
We'll now use the interpolation technique. Let

oM —  =Ultg(M; 7Ty )
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be the lift up of M by 7[J; . Notice that p;( ) < XA and is A-sound, because

every element of can be written in the form [a,i7(f)(b)] where a € [\]<¥, b € [A]<¥,
and f:[p] ™0 — J, with feJ . Of course, oo(A) = A
We may define
1. — N
by letting
0. 11¥, (M)

fora € [A]<“, and f:[y] ™) — M for some n < A with f € M and a € w(dom(f)).
It is straightforward to see that o is Yg-elementary, that o1 [A = id, and that

/
=01 0.

Of course ) is inaccessible in both — and .
Clearly, jf\f = J-, . Let us assume that we also have

(2) T =T -
Then we’ll have that

(3) UofJ{‘fM : \7;\/:1/\4 - \75\+ = j;\

is the map obtained by taking the ultrapower of j;'\AfM by the long extender 7[J;
which of course is exactly what is obtained when we let 7; act on j;\/‘fM. Hence
both mo[J5,  and o fj;\/‘fM are maps induced by 7j, and they have the same target
model, and j{‘fM J;\ . This implies that we must have J/—\/‘fM = j;\ .

In order to finish the proof of Claim 6 it hence suffices to verify (2). We first
prove:

Subclaim 4. There is no EY # () with c.p.(FY) € [y, \) and o € (\,v).

PROOF. Otherwise by 1.3 we get that g = c.p.(EY) is < A-strong in N as
witnessed by EV. Using 7, we then get that there is some i € [p, A) which is
< A-strong in K¢ as witnessed by E , which is a contradiction as in the proof of
Claim 2 above.

O (Subclaim 4)

Now (2) is shown by applying the condensation lemma [9, §8 Lemma 4] to o;.
Recall that p1( ) < A, is A-sound, and 0,[\ = id. We may assume that o; # id
and  # N, as otherwise (2) is trivial. Let n = c.p.(o1) > A. Well, if (b) or (¢) in
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the conclusion of [9, §8 Lemma 4] were to hold then (in much the same way as in the
proof of 1.1) we’d get that there is some FY # () with c.p.(EY) = p and o € (A, v),
contradicting Subclaim 4. We hence must have that (a) in the conclusion of [9, §8
Lemma 4] holds, i.e., that is the n-core of N/, and that oy is the core map.

We are now finally going to use our assumption that p;(N) > p which we
make in the statement of 6.1. Let , ' denote the iteration trees arising from the
comparison of  with A/. We know that (0,00]y ND = (0,00]y» N D " = (), and
that M_ = M_/, because is the n-core of N and o is the core map. We also
know that 7, [ = id: otherwise we can consider the coiteration of (N, ),n) with
N and by 2.7 we'd get a contradiction as in the solidity proof (cf. [9, §7]).

Suppose that m,_ [\ # id. We’d then have that c.p.(my.) < g, because by
Subclaim 4 above NV does not have any extenders E # () with c.p.(FY) € (i, \) and
o > ), a fact which is inherited by iterations of A above A. But then c.p.(m,.) < p
and p;(N) > p imply that

PrMo) > s (1) > oo (€D (M) > A
On the other hand, as 7., I\ = id, we must have

This is a contradiction!

Hence we must have that 7TOOIO '\ = id, that is, the coiteration of  with A is
above A on both sides, (0,00]y "D = (0,00]y» ND =0, and M__ = M_ . This
yields (2).

O (Claim 6)

Given Claim 6, we can now easily finish the proof of 6.1. As 7 is an iteration
map, we must have that 7 is continuous at At . By Claim 6, hence, 7”AtM is
cofinal in m(A* ) = v. But then, if we define the lift up

M = Ultg(M; [ TX)

as in Case 2 above, then we shall again have that v is a cardinal in M. We may
then continue and derive a contradiction exactly as in Case 2 above.

O (6.1)

It can be shown that 6.1 also holds when the assumption that py(N) > p is
dropped.
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