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1 Introduction

This note is concerned with a quite down-to-earth approach to the numerical
solution of inverse problems. These problems often have a bilinear structure.
We assume that our inverse problem is governed by a family of bilinear
equations

Ajui+ Bi(fus) = a; +bif  j=1,....p (1.1)
where A; : U; — Y is linear, B; : F' x U; — Y; bilinear, a; € Y}, b; :
F — Y; is linear. Here, U; is the Hilbert space of states, I’ the Hilbert
space of parameters, and Y, another Hilbert space. The subscript j refers
to a projection direction or source position in transmission tomography or
to a electrode pair in impedance tomography. Considering only one of the
equations (1.1) at a time is an essential feature of our method. We assume
that (1.1) is uniquely solvable for u; if f is given. We consider the problem
of determining f from the additional equations

Ciuj + Di(fou;) =c; +dif , j=1,....,p. (1.2)

C;, Dj, ¢; and d; are exactly as A;, B;, aj, b; in (1.1) with Y; replaced by a
third Hilbert space Z;, the space of observations. Let u;(f) be the solution
of (1.1) for a certain f € F. Then our problem amounts to solving the
equations

Ri(f)=0, j=1,....p, (1.3)
Ri(f) = Cjui(f) + Di(foui(f)) —¢j —d;f
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for f.

A standard method for solving the nonlinear problem (1.3) is the Newton
or Gauss-Newton method. These methods necessitate the computation of

the operators (R;(f)*]i’;(f))]_;zlp, where R’(f) is the Fréchet derivative
of R;(f). For problems of practical relevance this is totally out of question.
An obvious way to circumvent this difficulty would be to compute a minimal

norm solution to just one of the linearized equations

Ri(f) + Bi([)h; =0,
ie.
hj==Ry(f/CT R(f) . Ci=Ri(NE(f)
and to update f according to f < f 4+ wh; with a relaxation factor w.
However, the computational burden for C; is still by far too high. Thus we
go one step further, replacing C; by an easy to evaluate operator, e.g. by

the identity operator. Then, one step of our algorithm, transforming the
approximation f° into a new approximation f!, reads:

i) fo=/°

(i)  For j=1,2,...,p

(1.4)
fi=fisi—whj o hy = Ri(f)C Ry (fim)

Gy S =, (1.5)
If R; is a linear operator and C; is simply the diagonal of R; R?, this iteration
is the well-known algebraic reconstruction technique of computerized tomo-
graphy, or the (block) Kaczmarz method, for solving underdetermined linear
systems. We shall prove that (1.4) converges subject to natural assumptions
for 0 < w < 2 provided that C; is positive definite and C; > Ri(f)R:(f)*. In
the general nonlinear case, we do not have any convergence results. But it is

easy to see what the method actually does. Suppose the problem (1.3) has
a solution f - not necessarily unique. Then, in F,

1fi = FIP = 1 fir = = whsll? = |1 fics = FIIP = 20(fim1 = £, hy) + 2 [Ryl12

The factor of w is

(fi = f.hi) = (CTIRAUfim)(fiso — ) 5 Ri(fi-1))
= (C7'Ri(fi-1), Ri(fia))+--
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where the dots stand for higher order termsin f;_; — f. Thus, if C; is positiv
definit and w sufficiently small, we can expect f; to be closer to f than f;_4,
provided R;(fj—1) # 0. The decrease of the error is best possible if

L (G R (fim), Bi(fi1))
1R (f5-0)=C Ry (S50

However, the emphasis of this paper is not so much on theoretical questions

such as convergence. Rather we describe the method to some detail for a
variety of inverse problems for partial differential equations. We also present
numerical examples which demonstrate that the method is quite easy to im-
plement and, compared to other methods, very efficient. Its success depends
of course on the degree of ill-posedness of the inverse problem which varies
very much within the class of problems treated here. Also, the method is
quite plausible, making use of vivid phenomena such as backpropagation.
The method is closely related to the method of adjoint fields which is used
in the engineering literature [1].

We do not claim any originality of our approach. Similar methods have been
used in thousends of papers. A typical example is [2]. An implementation
for ultrasound tomography is given in [4].



2 Linerarization

We linearize (1.1)-(1.2) about a solution w; = wu;(f) of (1.1). Replacing u;
by u; +w;, f by f+h, (1.1) reads

Ai(u; 4+ w) + Bi(f + hou; +w) = a; +b;(f +h) .
Neglecting higher order terms and using that u;, f solve (1.1) we obtain
Ajw; + Bj(f,w;) = bjh — Bj(h, u;) . (2.1)
Similarly, neglecting higher order terms in (1.2) yields
Ri(f +h) = Bi(f) + Cyw; + Di(f,w;) + Di(h, uj) — djh .
Thus the operator R(f) : F' = Z; is given by
R (f)h = Cjw; + D;(f,w;) + Dj(h,uj) — d;h (2.2)

where w; is the solution of (2.1).

In the application to concrete problems, the bulk of the analytical work
consists in determining the adjoint operator (R:(f))* : Z; — F. While an
explicit formula for this operator in the functional analytic framework is easy
to derive, this formula is not very useful in practice. Thus we derive (R(f))*
for specific cases in the next section.



3 Special inverse problems

Now we derive the operator (R(f))* for special inverse problems of partial
differential equations. The derivation is in no way rigouros. We neglect
subtleties such as the exact domains of definition. The essential tools are
Gauss’ integral theorem and Green’s formula.

1. Impedance tomography.

Let Q@ C R", n = 2,3 be sufficiently regular, and let ¢ be a function in
Q, the conductivity of the material in 2. We want to determine o from
measurements of currents f; and voltages ¢;, j = 1,...,p, on dQ. The
currents are usually applied at pairs of electrodes on 9€2.

The mathematical model is as follows. The potential u; satisfies

uj _ fi on 09. (3.1)

U@l/_

div(cVu;) =0 in Q,

We normalize u; by requiring that the mean value on Jf? is zero. The mea-
surements provide us with the values of

uj =g; on 09. (3.2)

We have to determine o from (3.1)-(3.2) for j = 1,...,p. We assume o to
be known on 0.

It is clear that (3.1) can be written in the form of (1.1) with U; = Ly(Q),
Y, = La(Q) x Ly(Q), F = L1(Q), and o playing the role of f. Also, (3.2) is
a special case of (1.2) with Z; = Ly ,(9) which is simply Lo(9€) with the

(known) scalar product [; cuvds, and we have
Rj(0) = ujlog — gj

where u; is the solution of (3.1). Hence, (2.2) reads
Ri(o)n = w;lsq ,

div(cAw;) = =div(nVu;) in Q, U% =0 on 09 . (3.3)
v



Theorem 3.1 The operator (R(0))* : Ly, (0Q) — Ly(Q) is given by

()(0))'g = Vu, - V=

where z is the solution of

div(eVz)=0 in @, o— = —g on 09.

Proof: For any z, w we have

Jw 0z

/ (div(oVw)z — w div(eVz))de = / o (a—yz - wg) ds .

Q o0

Choosing w = w; from (3.3) and z from (3.5) we obtain
—/div(nVuj)zd:Jc = —/U(R;(U)n)gds.
Q 59

Since n = 0 on JN) an integration by parts yields

/nVuj -Vzde = /U(R;(U)n)gds
Q 592

or
(0, Vuj - Va)ry@) = (Bi(0)1, )1, . 09) -
This holds for each n vanishing on 91, verifying (3.4).

In the light of the theorem, the iteration (1.4) proceeds as follows.

For y=1,2,....p

Solve div (0;-1Vu;) =0 in Q, U]‘_l% = f; on 0.
v
: : dz;
Solve div (0;-1Vz;) =0 in Q, Oj-1 = Uj = gj on of

Puto; =0;_1 + wVu; - Vz; .

(3.4)

(3.5)



We see that each sweep of the iteration requires the solution of 2p boundary
value problems of nearly identical shape. This is not only easy to program
but also very cheap computationally, compared to other methods.

2. A parabolic inverse problem.

Consider the initial-boundary value problem

Ou;

5 div(cVu;)=¢q; in Qx[0,7]

(3.6)

uj(x,0)=0 for 2 €Q, %(:p,t):() for = € 99 .

The source terms ¢; are assumed to be known, while the diffusion coefficient
o(x) has to be determined from the knowledge of u; on 99:

uj(x,t)=g;(x,t), €, tel0,T]. (3.7)

Again we assume o to be known on 9.

This problem is of the form (1.1)-(1.2). We have

Uy = {u€Lly(Qx[0,7]) : u = 0for t=0, 5*=0 on 90},
F = L(9Q), Z; = Ly, (090 x[0,T]).

The operator R; : L2(2) = L2,(0Q x [0,T]) is given by
Ri(c)=u; —g; on 99 x[0,T]

where wu; is the solution of (3.6). According to (2.2), the Fréchet derivative
is

Ri(o)n = w; ,
20X [0,T]
aw]‘ . . .
T div(cVw;) = div(nVu;) in Qx1[0,7T], (3.8)
w; =0 for t=0, %:0 on 99 x [0,7].
v



Theorem 3.2 The operator (R(c))* : La (92 x [0,T]) — Ly(Q) is given
by

(Ri(0))g(x) = /Vuj -Vz(x, t)dt

where z is the solution of

% + div(oVz)=0 in Qx[0,T],
(3.9)
0z
z2=0 fort=T, —=—g on IQx][0,7T].
dv
Proof: For any z, w we have
[ 0
// { — — div(oVw))z + (a—j + diV(UVZ))w} dxdt
0
= /((wz)(:z;,T) (wz)(x,0) d:z;—l—/ / —w—z—)dsdt
Q 0
For wj, z from (3.8)-(3.9) this reads
T
//le (nVu;)zdedt = //UgR’ Jndsdt .
0 0 90
An integration by parts on the left hand side turns this into
/ /Vu] Vzdtdr = //UgR’ o)ndsdt ,
Q 0 a0
hence the theorem.
O

The algorithm (1.4) is as follows: For j =1,2,....p



Solve

Ju; Ju;
%—div(ajAVuj):qj in QxT, wuj=0 for t=0, %:0 on 0}
and

0z; 0z;
ﬁ—I—diV(U]‘_lv,Zj) =0 in OQxT, z;=0 for t =T, 95 _ gi—u; on O .
ot dv

Put

oj(x)=o0;_1(x) + w/Vuj(:Jc,t) -Vzi(a, t)dt .

Alternatively we may consider the boundary condition u; = 0 on 9 x [0, 7]
instead of du;/dv = 0 in (3.6), and Ju;/dv = g; on I x [0,T] as data in
(3.7). Then,

ou;
RJ(U) = a—lj — 45,
and P
Fio = 20
(o) v laax(o,1]

where now w; satisfies (3.8) with the boundary condition w; = 0 on 9% x
[0,7T]. The adjoint is given by the same expression as above, but with the
boundary condition z = g on 9Q x [0,T].

3. Laser tomography: Stationary case

Here the governing equation is

0-Vu(x,0)+ a(x)u(z,0) — b(x) / n(0 - 0)u(z,0")dd = q(xz —s)in Q x S,
o (3.10)
u=20 on (90 x S"H_ |

where

(00 x S" N ={(z,0) € 00 x "' i p(x)-0 = 0}

IN TV



with v(x) the exterior normal to 92 at @ € JQ). The source term ¢ is delta-
like, and the sources s are on 9. 1 is assumed to be known. We want to
recover a, b from knowing u on Jf) for sources sy, ..., s,. Denoting by u; the
solution of (3.10) for s = s; we have

0-Vuj(x,0)+ a(x)uj(x,0) — bx) / n(0 -0 u;(x,0)d0 = q(x — s;) in Q x S"71,
Sn—1
(3.11)
u; =0 on (90 x S"7h_.

The information on u on d€) which we want to make use of is
/ v(z) - Guy(z,0)d0 = gi(z), =€ IN. (3.12)
Sn—l
Obviously, (3.11)-(3.12) is of the type of (1.1)-(1.2) with f = (a,b) and
Ui = {u€Ly(2xS" ) :u=0on (00 xS"")_1,
The operator R; : L2(2) x Ly(2) — L2(0N) is given by

By @)= [ (@) Oui(a, 0)d0 — g,(x)

Sn—1
where w; is the solution to (3.11). The linearized operator is
h
)= / V() - Guw(x, 0)db

Sn—1

R

where w solves
0 - Vw(z,0) + a(x)w(z,0) — b(z) / (0 - 0)w(, 0)do
Sn—l

— k() / (0 - 0"uy(x,0)d0" — h(x)u;(x,0) in Q x S"1, (3.13)

w=0 on (00 x S”_l)_.
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Theorem 3.3 The operator (R;( 1) La(0Q) — La(Q) x L2(9) is given

b
by
a _uj(xva)
(R;( b ))g(x) = / ( I (6 -0)u,(x,0)do’ ) z(x,0)do

where z is the solution of

—0-Va(2,0) + a(x)z(x,0) — b(z) / (0 0")2(2,0)d0' =0 in QxS
o (3.14)

2=y on (00 x S"71), .

Proof: For any z, w we have

//(0-Vw(:1;,0)—|—a(:1;)w(:1;,0) ~ b(2) / (0 - 0"V, 0')d8") = (e, 0)deedd

= [ [ (=0-V(@.0)+ ala):(2,0) — ba) [ 9(0-0)2(2,0)d0 yulx, 0)dwd)
+ //Z(m,@)w(x,ﬁ)y(x)-edsde.

For z, w from (3.13)-(3.14) this implies

/ / (k(l’) / n(0 -0 u;(x,0)do — h(x)uj(:z;ﬁ)) 2(z,0)dxdd

an—l Sn—l
, o a , h
= [ g@) B s,
N

hence the theorem.
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The algorithm is as follows:
Fory=1,...,p

Solve

0-Vuj(x,0)+ aj—1(x)uj(x,0) — bj_1(x) / n(0 - 0"u;(x,0)dd = q(x — s;) in QxS
Sn—l

u; =0 on (09 x S”_l)_
and

V(. 0) + aji(2)z;(2,0) — bi_y(z) / (0 - 0)z;(2,0)d0’ =0 in Qx S"L

Sn—1
Zj =uj — g on (9 x S, .
Put
a; = aj-1—w / uj(x,0)z;(x,0)do
Sn—1
by = byt w / / (0 - 0y (2, 0z (x, 0)d0'df .
Sn—1 gn—1
4. SPECT

In SPECT one has to compute the source distribution f from

0; - Vu;(x)+a(x)uj(x) = f(z) in Q (3.15)

uj = 0 on 09,
u; = g; on aﬂ;" (3.16)

where 90F = {2 € 90Q : v(z) - 0; = 0}

IN TV
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Here, 2 is a bounded domain in R?, and 6, .., 0, are direction vectors € S.
If @ is known, then (3.15)-(3.16) reduces to a linear problem which can be
solved by inverting the attenuated Radon transform. We consider the case
in which « is unknown, too.

(3.15)-(3.16) is of the form (1.1)-(1.2) again, with (a, f) playing the role of f

and
Uy = {uely(Q):u=0 on JO }

The operator R;( jf )i La(2) X Lay(2) — Lg(aﬂ}") is given by

Ri( ;@) = uj(x) —gj(x), @00

where u; is the solution of (3.15). The linearized operator is

R =il

J

where w; solves

0; - Vw;,+aw; =k —hu; in Q, w=0 on 8(2;. (3.17)

a

Theorem 3.4 The operator (R( 7

) Lg(aﬂ}") — Lo(2) x Lo(R2) is given
by
;7 a —_ —U 2y
e )
where z; is the solution of

—0;-Vzj4+az;=0 in, z=g vz)-0; on IN. (3.18)

Proof: For any z, w we have

[0Vt awysde = [(~0; V=4 azyde+ [ 0 v(e)wzds
Q Q 219

13



For z, w as in (3.13)-(3.17) this means
,oa ,h
J k= hus)eide = [ RGN

Q ant
J

hence the theorem.

The algorithm is:
Fory=1,...,p

Solve
0; Vu; +ajqu; =fio1 in @, wu;=0 on 907
and
—0;,-Vz;+a;_12;,=0 in Q, z;=u;—g; on 8(2;".
Put

aj = ajo1 — WUz,

i = fiaitwsz;.

(3.19)

(3.20)

The forward problem (3.19) can be solved by inverting the attenuated Radon
transform, and (3.20) is the attenuated backprojection. Thus the algorithm
is very similar to the ART algorithm in computerized tomography and in

fact reduces to this algorithm if @ is known, e.g. @ = 0.

5. Ultrasound tomography: Time harmonic case

Here we have the Helmholtz equation

Au—l—k2(1 —flu=0 in R"

where u = €**'% + v with the scattered wave v satisfying the radiation condi-

tion

Th_)r?o (% —ikv) =0.
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Here, f is a complex valued function which has to be recovered from knowing
u for each direction § € S™~! outside the support of f. k is a real parameter
controlling the spatial resolution.

Let © be a ball containing supp(f) in its interior. We rewrite the radiation
condition as a boundary condition on 92, to wit

0

%Y _ Bu on 0}

dv
with a linear operator B on Ly(9€). Assume that the measurements are

made for finitely many directions 0y,...,0,, and let u; = ¢**% 4 v, be the
solution for direction 6;. Then,

Av; + k(1 = fv; = KA fe™% in Q

(3.21)
% = Bv; on 909
and f has to be determined from
v;i=g; on JN. (3.22)

Obviously, (3.21)-(3.22) is of the form (1.1)-(1.2), with

U, = {vely(9): ? = Bv on 00},
v

The operator R; : L2(2) — L2(09) is
R;f=v;—g; on 09

where v; solves (3.21). The linearized operator is given by R:(f)h = wj,
where w; is a solution of

Aw; + k2(1 — flw; = kzhuj in £ (3.23)
% = Bw; on 0.
ov
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Theorem 3.5 The operator (Ri(f))" = La(0Q) — Ly(2) is given by

(Ri(f)g = k"u;z
where z is the solution of

Az+ k(1 —-flz=0 in Q, %—B*Z:—g on 0N .
v

Proof: For any z, w we have

/{(Aw R = f)w)z — w(Dz + k(1 — [)2)}da

For the functions z, w; from (3.24)-(3.23) this yields

/ K2 (e 1) ade = / (Bw)z — w;(Bz = g))ds

59
= /wjgds
59
= [(R()m)gds
59
or ’
(h k2 (e ™% 1 55)2) = (Ri(f)h 9) 1, 00)
6. Ultrasound tomography: Time resolved case

Here we have the wave equation

0%u 9 :
i = ¢ Au+ gz —s)6(t) in Qx[0,T]

16
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with initial and boundary conditions

u:g—?:() on x{0}, g—Z:O on 99 x [0,T] (3.26)
with v the exterior normal on 9. The source term ¢ is d like and the
sources s sit on J€). The problem is to recover the sound speed ¢ in € from
the measurement of v on 9 x [0, T], or a part thereof, for sources sq,...,s,.
We assume ¢ = 1+ f with f = 0 on dQ. Again, this problem is obviously a
special case of (1.1), (1.2) with

Zi=7=L00 % [0,T]), F=LyQ).

The linearized operator R:(f): F' — Z is given by

R(f)h = w; 7

80x[0,T]

where w; is the solution of

il Aw; + hA in Qx[0,7
(A kA [0,T],
(3.27)
w; = Qu; _ on ) x{0} %—0 on 99 x [0,7]
T 7 ’

with wu; the solution to (3.25), (3.26) for ¢* = 1 + f and s = s;.
Theorem 3.6 The operator (R)(f))* : La(9Q x [0,T]) — Ly() is given by

() g = [ Aus- =t

where z ts the solution to

0%z .
0z 0z
Z:a:() on Q x{T}, 5, =Y on 00 x [0,T].
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Proof:  For arbitrary w, z we have

!O/T(aazg (1—|-f)Aw) Zdtdx:/ O/T(W_A 1—|-f)2)) wdtd
ééj(zw)dﬂx+[!(%$2wggdx:

For w = w; from (3.27) and z as in (3.28) this reads

/ /mhzwm_//ﬂ’;zmm%

Q o0 0

hence

() g = [ Aus- =t

If u is measured only on a part 99 x [0,T] of 9Q x [0,T], then Z has to be
replaced by Z = Ly(9% x [0,T]). With E the extension from 90 x [0,7]
to 992 x [0,T] by zero, the corresponding adjoint (E;(f))* : Z — Fis then
given by (Ri(f))"E.

7. Laser tomography in the diffusion approximation:
Time harmonic case.

Here the partial differential equation is

av]

5 Lz, 1) = div(o(2)Vui(z, 1)) — alx)v;(x,t) + e“g(x —s;) in QxR
avy jwt 1
vi(x,t) = 0, 5 —(x,t) = e“g;j(x) on I x R".
v

The modulating frequency w is fixed, and g¢; is the measured data for the
source s; € JS.

18



Putting v;(x,t) = ¢“'u;(x) we obtain
0 = div(o(x)Vu(x)) — (a(z) + w)u(x) + g(x — s;) in Q,
(3.29)
8uj

u; = 0, 2, — 9 on on .

The problem is to recover o, a from the g;. It is clear that (3.29) is of the

form (1.1-2). We have
o\  Ju; 4
RJ ( a ) - E — 45,

R; being considered as an operator from Ly(€Q) x Ly(€) into Ly(0€2). We
readily compute the operator R’ ( Z ) : La() X La(2) — L2(09), obtaining

y o\ [0 _ 0w
w()(0)-%

0 =div(nVu;) + div(cVw;) — hu; — (a 4 iw)w; in Q

where w; solves

w; =0 on 09.
Theorem 3.7 The operator (R; ( Z )) = Ly(09) — La(Q) x Ly(Q) is

given by
A A N A Vi v
(7))o= (757

where z is the solution of
div(oVz) —(a —iw)z =0 in Q

z=¢g on 0N
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Proof: The proof is done by verification. We compute

/ a n _ aw] —
(2 (2) () 5) = [ 52 oo
/ Wi agds /{wjdiV(UVE) — div(eVw;)z} dx

by way of Green’s theorem. The integral over 92 vanishes, and the integral
over ) can be rewritten as

/{wj(diV(UV§) — (a4 1w)z) — (div(oVw;) — (a + iw)w;)Z} dx

which, by the differential equations for » and w;, can be written as
—/@dme@)+h@ﬁ@m
Hence

—div(nVu;) + hu;)zdx

Q
- /nv% VZ 4 huz)de
Q

()(757))

O
8. Laser tomography in the diffusion approximation:
Time resolved case
In this case the governing equation reads
au]‘ . .
e div(o(x)Vu;) —a(x)uj+¢q; in Q x[0,7],
(3.30)

uj(x,0) = 0 in Q, wj(x,t)=0 on 90 x][0,T].
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The source terms ¢; are assumed to be d-functions at ¢ = 0 and = = s; € 9.
Now the invers problem is to determine both the diffusion coeffient o(x) and
the absorption coefficient a(x) from the given data

Ou;
v

As before this problem is of the form (1.1)-(1.2).
The operator R; : L2() x Ly(2) — L2,(9Q x [0,T]) is given by

(x,t) = gj(x,t) on 00 x[0,T].

8uj

L5 ):E—gj on 9 > [0,7]

a

where u; is the solution of (3.30). According to (2.2) we calculate the linea-
rized operator to be

B =35
Ta T h v 80x[0,T]

where w; solves the equation

Ouw;

5 div(o(z)Vw;) + a(z)w; = div(n(x)Vu;) —h(x)u; in Qx][0,7T],

(3.31)
wi(z,0)=0 in €, wi(z,t)=0 on 099 x[0,T].

Theorem 3.8 The operator (R ( Z )t Lyo (99 x [0,T]) = Ly() x Ly()

is given by .
A R R
where z(x,1) is the solution of

% + div(o(2)Vz)—a(z)z=0 i Qx][0,7],
(3.32)

2, T)=0 for 2€Q, z(x,t)=g on 090 x][0,T].
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Proof:  For any z,w we have

T
//{ — —div(oVw) 4 aw)z + (Zj + div(oeVz) — az)w} dr dt
0

((wz)(z,T) — (wz)(x,0) d:z;—l—// —w—z—)dsdt

0 9Q

Il
SR

For w;, z from (3.31)-(3.32) this reduces to

~

// (div(nVu;) — hu;)z de dt = //UgR’ )dsdt.

0 0 a9
An integration by parts on the left hand side leads to

T

/{n/(Vuj-Vz) dt—l—h/T(ujz) dt} de = (g, R( Z )( Z ))

Q 0 0 L2,o’

This proofs the theorem.
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4 Convergence

We now prove convergence of the iterative method for linear equations

R]‘f:g]‘, jzl,...,p (41)

where R; : I' — Z; are linear bounded operators. To avoid purely technical
difficulties we assume F' and Z; to be of finite dimension. The iteration reads

(1) fO — fo )
(i)  For j=1,...,p
(4.2)
fi=Tici+why, hj=—RCi'(g; — Rifi-1),
(i) fl=/p.

We note in passing that for dim (Z;) = 1 this is just the Kaczmarz method.

Theorem 4.1 Let C; be positive definite and C; > R;R;. Then, (4.2)

converges. If (4.1) is consistent and

J° e range(R}) (4.3)

i=1

then (4.2) converges to the solution of (4.1) with least norm.

Proof: For C; = R; R} this is just Theorem 3.9 of [3]. Our proof is a slight

extension of this result.

To begin with we write f; in the form

fi=fo+ > Riu (4.4)
k=1

with certain vectors uy. Inserting this into the recursion (4.2) yields

J Jj-1 i—1
fo+ > Riur = fo+ > Rpur + wRIC (g5 — Rifo— Y RiRjux) .
k=1 k=1 k=1
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We apply E;. After obvious manipulations we obtain

i1
RiRju; = wR;R;C; (g7 — Rjfo — Y RijRju) .
k=1
Hence,
i1
Ciu; = w(g; — Rjfo— D R;Riuy) . (4.5)

k=1
Now let A be the operator (R;R});k=1,., and R the map (R;)j=1,. ,, i.e.

A= RR*. Let A= L+ L*+ D where D is the (block) diagonal and L the
(block) lower left part of A. Let the vectors u, g consist of the components
uj, g;, resp. and let C be the (block) diagonal Cy,...,C,. Then (4.5) reads

Cu=w(g— Rfo — Lu)

or

u=wlC+wl) (g— Rfo) . (4.6)
Using (4.4) with j = p we see that

f'= "+ Ru. (4.7)

Now assume that f° € 3 range(R?) = range(R). Then, f* = R*u* for all
iterates, and (4.6)-(4.7) yield
Ru' = R’ + wR(C+wL) ' (g — RR*u")
or
u' =’ +w(C+wl) (g — RRW°) .

Hence

ut = C(w)uo +e(w), Clw)=1—-wlC+ wL)_lRR* ) (4.8)

We show that all the eigenvalues of C(w) are either 1 or less than 1 in absolute
value if C; > R;R?, j = 1,...,p. Let A be such an eigenvalue and u the
corresponding eigenvector, i.e.

(I —w(C+ wL)_lRR*)u = \u
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or

(C+wl —wRR ) u=ANC+wl)u .
Using RR* = D + L + L* yields

(C—wD —wl™u=XC+wl)u. (4.9)

Now let (u, Du) =1 and (Lu,u) = a = a+i8, v = (Cu,u) with «, 3, v real.
(4.9) immediately yields

Y —w—wad = Ay +wa)

hence

vV —w—wa+ wf

v 4+ wa +iwd
Since RR* > 0 we have o > —1/2, and since C; > R; R we have v > 1. For
a = —1/2 we have A = 1. For a > —1/2 we have |y —w — wa| < |y + wa|
provided that w < 2y. Thus |A] <1 for > —1/2 and 0 < w < 2.
k

A=

Returning to (4.8) we see that the sequence u
genspace of C(w) for the eigenvalue 1. But this eigenspace is identical to the
null space of B*. This does not prevent the f* = R*u* from converging.

converges except in the ei-

a
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