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Abstract: We show that the Cauchy initial value problem for the inhomoge-
neous Helmholtz equation is stable for spatial frequencies below a natural limat.
We use wnitial value methods in an iterative method for the inverse problem which
1s very similar to ART in computerized tomography. We give numerical results
for a computer generated breast phantom.

1 Introduction

The inverse Helmholtz problem calls for the determination of the function f in
2 C R" from the boundary values g(f,z) = u(x), # € 982 of the solution u of
the Helmholtz equation

Au(z) + k2 (1 + flx))u(z) =0
(1.1)

u(z) = etked 4 w(x)

in IR", where w satisfies the Sommerfeld radiation condition. The number k& > 0
is the frequency of the incident plane wave with direction § € S"~1. We assume
f = 0 outside 2. g is measured for a single fixed frequency k and all # € 71,

The mathematical theory of this inverse problem is fairly well developed [10].
There exists an extensive literature on numerical methods. If the Born or Rytov
approximation is valid, the algorithms of diffraction tomography [3] can be used.
For the general case, iterative ([1], [2], [4], [8]) and direct [13] methods have been
suggested.

The purpose of the present paper is to give a rigourous mathematical justi-
fication of the method already described in [12] and to demonstrate its efficacy
by computer simulations.

An essential feature in [12] is the use of initial value methods for the Helmholtz
equation. Initial value methods, namely the parabolic equation approximation,
are also used in [1]. In contrast to [1] we work with initial value problems of
second order. The stability analysis is given in §2. In §3 we describe our method
for the inverse problem in a continuous setting. The necessary discretizations
have been described in [12]. In §4 we report the results of the reconstruction of
a breast phantom from simulated data.
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2 The initial value problem for the Helmholtz equation

We consider the 2D Helmholtz equation

0?u  0%u
— + — + k(1 = 2.1
o7 Tagg TH U u=r (21)
in the upper half plane x4 > 0, subject to the initial conditions
Ju
= — =h 2.2
=g G (2.2)

on zo = 0. This problem is notoriously unstable. However, this instability is a
purely high frequency phenomenon. As soon as we restrict everything to suffi-
ciently low frequencies, this instability disappears. More precisely, let u, be a
low pass filtered version of u with cut off frequency x, 1.e.

(61, ) = {a(gl,@) el <x,

0 , otherwise

where @ 1s the Fourier transform
+o00
a(éy, o) = (2m)7 12 / eIy, ) diry

— 00

of u with respect to x1, then u, admits a perfectly reasonable estimate in terms
of the initial values g, h provided x is chosen properly. For f = 0, » = 0 and
Kk < k this follows easily from the explicit solution

(&1, 0) = g(&1) cos(may/ k2 — E2) + %Sin(l‘zy/kz — &2 .

In the following we extend this stability result to the general case.
We need the following estimate:

Propositionl. Let v € C2([0,00), H) be a solution to
v+ Aty =, t>0 (2.3)

where A(t) is a linear bounded operator in the Hilbert space H with the following
properties: We have A = Ay + Ay with A7 = Ay and

af(v,v) < (v, Arw) < B (v, v) (2.4)
(v, A1v) <m(v,v),
| A2]] < B2
with oy > 0. Let ¢ = (v, v') + (v, Ayv). Then,

t
o0 < [ 60)+ [ IIrr)far | etrezmianiein )
0
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Proof: We use the energy method see e.g. [5]. Multiplying (2.3) with ¢/
we obtain

(W ")+ (v, Av) = (V) r) . (2.8)
Using
1d
3 E(v/,v/) = Re(v',v"),
1 d 1
3 E(U’Alv) = Re(v', Ayv) + §(v,A/1v)

we can rewrite the real part of (2.8) as

d 1d
d—(v v') + th(v Aqv)

N | —

1
= Re(v',7) + §(v,A/1v) — Re(v', Asv) .

Integrating we obtain
1 / /
é(t) Re(v',r) Q(U,Alv) — Re(v', Agv) » dt .
0
Cauchy-Schwarz and (2.5), (2.6) yield

o) < ¢ 0-+/{2WHWM+7MMV+2@HUWMGdﬁ
0

By an appropriate use of the inequality
ab < ((52a2—|—5 %), 6>0

we obtaln
¢

60 < 60)+ [ {17+ 1P + ol +

t t
s e [{ (1 2) 10 + G+ ool
0 0

6 > |[VI1* + afl|v]?

ﬁw|v+@mnw}w

Using

we obtaln

o0 < i)+ [ ofo)at

—|—/||7°||2dt, c2_1+2@+—2.
@y a7

Now (2.7) follows from Gronwall’s inequality (see e.g. [6], p. 24).
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Now we can prove our stability estimate for wu,.

Theorem 2. Let f € C*(R?) and f = f1 + ;—fz with f1, fa real, and let my,, M,
be constants such that
f

_1<m1§f1§M1, ‘87
2

<My, fo] < M.

Then, for k < k+\/1+ m1, we have

i (-5 o) |I* < e (IRIP + K2 (1 + M)|gl* + 21[71* + 264 f(u — ws) (-, 22)|P)
(2.9)

where -

2M2 M1 o K

b oo (2

Proof: Takingin (2.1) the Fourier transform with respect to #; we obtain

a=1+

+oo
2 ~
(k* — &) a(ér, x2) + %@(51, 29) + (2m) 7/ 2 / J(& —m,xa)u(m, x2)dm
Zy

= 72(651, $2) .
We consider this equation only for |{;| < k and decompose the integral accord-

ingly, i.e.

+oo
2 ~

(k* — &)t (&1, 20) + —; st (€1, 22) + (2m) 1/ 2k2 / J(& —m, @)t (m, x2)dm
3

= 7#(&1, 22) + (€1, 20) (&1, x0) = —(2m) 2 / F(€r = 1, ea)a(ny, w2)dny .
[n1|>&

Obviously,
= —k?flu—uy) .
For fixed &; we rewrite the last equation for u, as

In order to apply Proposition 1 to (2.9) we only have to find the constants in
(2.4 - 2.6) for the operator A from (2.10). We have

+oo
(i) = (K = €)a,0) + n) 407 [ (Fxjide

— 00

+oo
= (k2 — €2)a, 0) + K2 / Fude,

+oo
= ((l{f2 — 5%)@, o) + k2 / fuvdz,
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where we have used Parseval’s relation. Writing f as f1 + ;—fz it readily follows
that

+oo
(Ala,a):((kz—é’f)a,a)—i—kz/f1|u|2dx1,

(Ast)™ = ik fau .
From these relations we easily read
of =k — kP 4+ kmy, B :k2(1+M1) . oy =kEM B = kM, .
Inserting this into (2.7) and using
1 2)? < Bla) < (e w2)lF + K2(1+ My) e, )|
yields (2.9).
O

The estimate of Theorem 2 makes sense only if u — u, is small in some sense.
In the next theorem we show that this is in fact the case for the scattered wave

w from (1.1) with § = (?) For w we have the Lippmann-Schwinger equation
= [ Hulhle = 2D

with the Hankel function of the first kind Hy. Taking the Fourier transform with
respect to ¥y we obtain

w(&r, x2)
B ‘wiﬁ’*/ [ [ atie e =272 + 22— sty

(™72 w(a), 2h)) (), ¢h)ddely .

The #, integral can be evaluated as follows. With a(&) = \/k? — &2 we have

Ho(kvu? 4+ v?) = ;—;/6 ula(®)+ve) ac(lg) :

see e.g. [9], p. 123. Hence

/Ho (k’\/(l‘l —xt)?— (22 + x’z)z) e~y = // i(|lra—abla(€)+(v1—a))€)—1

i (|x2 x2| &)- 15)6
7 €-& -

_ b ilramablaten)—rie) L
2 a(&)
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It follows that
w(gla $2)

k? . , , o
[ i(lze—wyla(ér)—w161) ik, / ’ , , d /d , .
8a(€1) //e (6 +w(l‘1,x2)) f($1,$2) T dxy

Now assume that the straight line %, = 25 misses supp(f) by the quantity £ > 0
and & > k. Then,

2 e
——l
8\/E2 — k?

Hence we have for arbitrary 6:

(&1, 22)| < (14 [lwlloo) 1111 -

Theorem 3. Let w be the scattered wave for incident direction 6, and let L be a
straight line perpendicular to 8 which misses the support of f. Then, the Fourier
transform of w along L decays exponentially beyond k.

We shall apply Theorem 2 with m; negative but close to zero (typically
my = —0.01). Then, Theorem 2 requires x to be slightly smaller than &, while,
according to Theorem 3, v — u, in Theorem 2 is small if & is slightly bigger
than k. In practice this conflict did not cause any problems. With & = 0.99% we
observed both stability and accuracy.

3 The inversion method

We consider the case n = 2. Assume that 2 is the ball of radius p centered at
the origin. Let the scattered field w; be measured on 942 for p directions 6;. We
first extend w; to the exterior of {2. Since w; satisfies there the homogeneous
Helmholtz equation Aw; + k*w; = 0, this is easily done by expanding w;(z) for
j2] > p as
w;(rcosy, rsing) = Z coe'™ Ho(kr)
‘

with H, the first kind Hankel function of order £. The coefficients ¢; are readily
obtained from the data by

27

1 .
e = W wji(pcos g, psinp)de .
0

Now let Q; be the square circumscribed to §2, two of its edges, named I}, parallel
to 0;. The other edges are denoted by I}, Fj"' with ¢; pointing from ;" to Fj‘".
We define an operator R; : Ly(£2) — LQ(F]'-I—) by solving the initial value problem

Aw+ k(14 flrw = —k*fe ™% in Q; ,
810 3wj

W= w; == on [y, w=w; on [}

T o ov
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and putting R;(f) = w on Fj‘". We also put g; = wj|F+.
Now we have to solve the nonlinear system ’

Ri(fy=9;, 7=1,...,p

for f. We do this by an ART type algorithm.
With f° an initial approximation to f we compute a new approximation f*

by

fO :fo 3
fi=Ffa Ry (fic)(g; — Ri(fiz1)), G=1,...,p
fl :fp~

~ is a relaxation parameter.

R}* can be evaluated by solving an initial value problem with initial values
on I'F. This can done by the usual five point finite difference star, combined
with filtering along the grid lines perpendicular to §;. For details see [12].

4 Numerical experiment

We did reconstructions from data obtained from a computer generated breast
phantom which has been patterned after a phantom created by Borup et al. [1].
With ¢ the sound speed in the breast tissue, co = 15007 the sound speed in
the surrounding water, and « the attenuation coefficient in the breast tissue we
have ) )
c; 2acy

I= 2 L= ke
The phantom is made up of four different kinds of tissue: fat, glandular tissue,
tumor, and cyst. The values of ¢ and « (at IMHZ) are

w=cpk . (4.1)

tissue cZ)a[L]| Ref| Imf
fat 14581 41 | 0.058] —9.4/k
glandular tissue| 1519| 80 |—0.025|—18.4/k
tumor 1564 | 118 |—0.080|—27.2/k
cyst 1568 | 10 |—0.084| —2.3/k

The value of o in column 2 have to be converted to those in formula (4.1) by
dividing with the factor 20log;y(e), yielding o in units [L]. Therefore, & in
column 4 is in units of [-1], too.

We generated data by solving the forward problem with the initial value
method, assuming the backscatter to be zero. We worked on a 128 x 128 grid,
using p = 128 equally spaced directions in [0, 27). The frequency of the irradi-
ating plane waves was IMHZ, i.e. w = 27 - 10% sec™!, hence k = 4189m 1.

The condition for the Born approximation to hold 1s

2

R|f| <« T
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where R is the Radon transform. This is a slight generalisation of the condition
given by Kak and Slaney [7]. Tt is obviously far from being satisfied. As has been
discussed in [12], we can’t use 0 as initial approximation in this case. We used
the reconstruction for the smaller value £ = 1000 m~! instead which can be
computed starting out from 0. A smoothed version of the initial approximation
thus obtained is shown in Fig. 2.

The reconstruction after 6 sweeps is shown in Fig. 3. The total computation
time on a SPARC 20 was 5 minutes. The value of v has been chosen in the
following way. First we determined in [11] the asymptotic value 1/(pk?) of the
operator (R}(O)R}* (0))~! for large k. Then we put y = +'/(pk?) where, in agree-
ment with the convergence properties of the Kaczmarz procedure, 0 < v < 2.

We used v/ = 0.5.
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Figure captions

Fig. 1 (top) : Breast phantom. Real part left, imaginary part right.
Since the imaginary part is much smaller than the
real part 1t has been scaled. The location of the
3 tumors and 2 cysts is clear from the real part,
while they can be distinguished by looking at the
imaginary part.

Fig. 2 (middle) : Initial approximation which has been computed from
data corresponding to k = 1000 m~?! using 0
as initial approximation.

Fig. 3 (bottom) : Reconstruction after 6 sweeps with v = 0.5.
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