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Abstract We derive an explicit error bound for the Born approximation for the
inverse scattering problem of the Helmholtz equation at fixed frequency.

1 Introduction

We consider the scattering problem

∆u + k2(1 + f)u = 0 in IRn

(1.1)
u = ui + us

whereui = eikx·θ is the incoming plane wave with wave numberk > 0 and direc-
tion of propagationθ ∈ Sn−1 andf is a compactly supported function,f(x) = 0
for |x| > ρ. us is the scattered wave that fulfills the Sommerfeld radiation condi-
tion at infinity. It satisfies the equation

∆us + k2us = −k2fu . (1.2)

The Born approximationuB to us is obtained by replacingu on the right hand
side of (1.2) byui, obtaining

∆uB + k2uB = −k2fui .
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Making use of the Green’s function, i.e.

Gk(x) =
i

4
H0(k|x|) (n = 2)

Gk(x) =
eik|x|

4π|x| (n = 3)

we find forus, uB

us(x) = k2
∫

|y|<ρ

Gk(x− y)f(y)u(y)dy , (1.3)

uB(x) = k2
∫

|y|<ρ

Gk(x− y)f(y)ui(y)dy . (1.4)

We also consider the inverse problem for (1.1). This problem calls for the deter-
mination off from the functionus on the hyperplanesx · θ = r, |r| > ρ, for a
sufficiently large class of directionsθ. Again the Born approximationfB to f is
obtained by replacingu in (1.2) byui, i.e.

∆us + k2us = −k2fBui ,

and again we have an integral equation

us(x) = k2
∫

|y|<ρ

Gk(x− y)fB(y)ui(y)dy (1.5)

onx · θ = r.

In the present paper we give explicit estimates for‖u− uB‖ and‖f − fB‖ in the
norm ofL2(|x| < ρ). The former estimate follows immediately from estimates
of the norm of the operatorGk with kernelGk(x − y) in L2(|x| < ρ). The latter
estimate follows by a well known explicit formula (see (3.2)) forfB.

The literature on the Born approximation is enormous. We give only a few hints.
For the fundamentals see [3], [10], [12], [14]. The accuracy of the Born approxi-
mation has been studied in many papers, starting with heuristics [9], analytically
solvable cases [13], and the interpretation of the Born as single scattering approx-
imation [6]. Numerical studies have been done in [8], [7] and [4]. All these papers
find that for the Born approximation to be valid one needs a condition of the form

kρ sup
|x|<ρ

|f(x)| < 2πc (1.6)
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wherec is a “small” constant. For instance,c = 0.16 in formula (24) of [4],
c = 0.25 in formula (24) of [15]. Condition (1.6) is made plausible in [8]: The
left hand side of (1.6) is a rough estimate for the phase shift of the total fieldu
generated by the objectf . This phase shift has to be much smaller than the wave-
lengthλ = 2π/k for the assumption underlying the Born approximation, namely
the similarity ofu andui, to be valid. Our condition for the Born approxima-
tion to hold (see Theorem 4) is of the same type as (1.6), but with a constantc
that is based on an exact mathematical theory and with an explicit estimate of the
ensuing error.

2 Estimate of operator norms

The goal of this section is an estimate for the norm of the operator

(Gku)(x) =
∫

|y|<ρ

Gk(x− y)u(y)dy

in L2(|x| < ρ).

Theorem 2.1 There exists a functionγn : (0,∞) → (0,∞) such that

‖Gk‖L2(|x|<ρ)
= γn(kρ)

ρ

k

andγn = sup
(0,∞)

γn < ∞.

Proof: It suffices to prove the theorem forρ = 1. The general case follows from
the relations

Gk(ρx) = ρ2−nGkρ(x) ,

‖Gk‖L2(|x|<ρ)
= ρ2‖Gρk‖L2(|x|<1)

.

Forρ = 1 the result is a special case of [2]. In that paper, the operator

(Tu)(x) =
∫

Gk(x− y)p(x, y)u(y)dy
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is considered, withp ∈ C∞
0 (IRn× IRn), and it is shown that there exists a positive

constantcn < ∞ such that

‖T‖L2(IRn) ≤ cn/k

(Theorem 2.1 of [2]).
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In principle it is possible to get explicit upper bounds forγn by making the con-
structive proofs in [2] or [1] more explicit. However, it is much easier to compute
γn numerically. We simply discretizedGk in |x| < 1 and computed the largest
eigenvalueλk of G∗kGk. Obviously,

‖Gk‖L2(|x|<1)
=

√
λk = γn(k)/k .

Forn = 2 we obtained by the power method the following values:

k γ2(k)

1 0.63
1.5 0.71

2 0.74
2.5 0.72

3 0.68
4 0.64
8 0.63

16 0.63

Thus a numerically safe value for the numberγ2 is 0.8.

3 Error estimates

In the light of Theorem 2.1, the error bound foruB is almost obvious.
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Theorem 3.1 Let
q = γnρk sup

|x|<ρ
|f(x)| < 1 .

Then,

‖uB‖ ≤ γnρk‖f‖ ,

‖us‖ ≤ γnρk

1− q
‖f‖ ,

‖us − uB‖ ≤ q

1− q
γn ρk‖f‖ .

Proof: The estimates foruB, us follow immediately from (1.4), (1.3). Subtracting
(1.3), (1.4) yields

(us − uB)(x) = k2
∫

|y|<ρ

Gk(x− y)f(y)us(y)dy

hence

‖us − uB‖ ≤ k2‖Gk‖L2(|x|<ρ)
sup
|y|<ρ

|f(y)|‖us‖

= q‖us‖ .

2

Note that the estimate onus implies

‖us − uB‖ ≤ (Vnρ
n)1/2 q2

1− q

with Vn the volume of the unit ball inIRn, provided thatq < 1, and the estimate
is of second order inq. This corroborates the results quoted in section 1, claiming
thatkρ sup |f(x)| is the decisive quantity for the Born approximation to be valid.

Now let |r| > ρ and letUθ : L2(|x| < ρ) → L2(θ
⊥), θ⊥ the hyperplane perpen-

dicular toθ, be the propagation operator

(Uθf)(z) =
∫

|y|<ρ

Gk(rθ + z − y)f(y)ui(y)dy ;
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see Devaney [5]. For the(n− 1)-dimensional Fourier transform(Uθf)∧ in θ⊥ we
have withζ ∈ θ⊥

(Uθf)∧(ζ) = i

√
π

2
ei|r|a(ζ) 1

a(ζ)
f̂((εa(ζ)− k)θ + ζ) (3.1)

whereε = sgn(r) anda(ζ) =
√

k2 − ζ2. This is, with a slight change of notation,
Theorem 3.1 in [11]. Combining (3.1) with (1.5) we see thatfB satisfies

f̂B((εa(ζ)− k)θ + ζ) = −i

√
2

π
e−i|r|a(ζ)a(ζ)ĝθ(ζ) ,

(3.2)
gθ(z) = us(rθ + z) .

For |ζ| ≤ k this determineŝf3 in the ball of radius2k around 0.

Theorem 3.2 For ζ ∈ θ⊥, ε = ±1 we have

(fB − f)∧((εa(ζ)− k)θ + ζ) = (usf)∧(εa(ζ)θ + ζ) .

Proof: With the help of the propagation operator we get from (1.3), (1.5)

UθfIB = Uθ

(
u

ui

f
)

.

SubtractingUθf yields

Uθ(fB − f) = Uθ

((
u

ui

− 1
)

f
)

= Uθ

(
us

ui

f
)

.

From (3.1) we get

(fB − f)∧((εa(ζ)− k)θ + ζ) =
(

us

ui

f
)∧

((εa(ζ)− k)θ + ζ) .

Since (
us

ui

f
)∧

(ξ) =
(
usfe−ikθ·x)∧

(ξ) = (usf)∧(ξ + kθ)

we obtain the result.
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As ζ varies inθ⊥ andθ in Sn−1, (εa(ζ)− k)θ + ζ) runs through the ball of radius
2k. Hence Theorem 3.2 gives information in Fourier space only up to spatial
frequency2k. Therefore we introduce the functionf2k by

f̂2k(ξ) =

{
f̂(ξ) , |ξ| ≤ 2k ,

0 , otherwise,

i.e. f2k is the low-pass filtered version off with cut-off frequency2k.

Theorem 3.3 Let q < 1. Then,

‖fB − f2k‖ ≤ π−n/2V 1/2
n

γnρ

1− q
k1+n/2‖f‖2 .

Proof: We have

(usf)∧(ξ) = (2π)−n/2
∫

ûs(ξ − η)f̂(η)dη

= (2π)−n/2
∫ (

e−iξ·xus

)∼
(η)f̂(η)dη .

Using Parseval’s relation we obtain

(usf)∧(ξ) = (2π)−n/2
∫

e−iξ·xus(x)f(x)dx ,

hence
‖(usf)∧(ξ)‖ ≤ (2π)−n/2‖us‖‖f‖ .

From Theorem 3.1 we obtain (remember thatus depends onθ)

sup
|ξ|≤2k

|(fB − f)∧(ξ)| ≤ sup
θ

sup
|ξ|=k

|(usf)∧|(ξ)

≤ (2π)−n/2 sup
θ
‖us‖‖f‖

≤ (2π)−n/2 γnρnk

1− q
‖f‖2 .
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It follows that

‖fB − f2k‖ ≤



∫

|ξ|≤2k

|(fB − f)∧(ξ)|2dξ




1/2

≤ V 1/2
n (2k)n/2(2π)−n/2 γnρ

nk

1− q
‖f‖2 .
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