An error bound for the Born approximation

F. Natterer
Institut fur Numerische
und instrumentelle Mathematik
Westf. Wilhelms-Universit Minster
Einsteinstrasse 62, D-48149iMster, Germany
e-mail: nattere@math.uni-muenster.de

Abstract We derive an explicit error bound for the Born approximation for the
inverse scattering problem of the Helmholtz equation at fixed frequency.

1 Introduction
We consider the scattering problem

Au+K*(1+ flu=0 in R"
(1.1)
U = U; + Usg

whereu; = ¢**? is the incoming plane wave with wave numlier- 0 and direc-
tion of propagatior® € S"~! and f is a compactly supported functiofi(z) = 0

for |z| > p. u, is the scattered wave that fulfills the Sommerfeld radiation condi-
tion at infinity. It satisfies the equation

Aug + k*ug = =K fu . (1.2)

The Born approximatiom s to u, is obtained by replacing on the right hand
side of (1.2) byu,, obtaining

Aug + Kup = —k fu; .
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Making use of the Green’s function, i.e.

Go(e) = L Hykz)) (n=2)

4
ezk\x|
we find foru,, ug
u(@) =1 [ Gulw — ) fwuly)dy (L3)
lyl<p
up(a) =k [ Gile =y fwuy)dy (L4)
lyl<p

We also consider the inverse problem for (1.1). This problem calls for the deter-
mination of f from the functionu, on the hyperplanes - 0 = r, |r| > p, for a
sufficiently large class of directiorts Again the Born approximatioriz to f is
obtained by replacing in (1.2) byu;, i.e.

Aug + K*ug = —k* fau; |

and again we have an integral equation

ufa) = K [ Gule = y)faly)uiy)dy (L5)
lyl<p

onz -0 =r.

In the present paper we give explicit estimates|ffor uz| and||f — fz|| in the
norm of Ly(|z| < p). The former estimate follows immediately from estimates
of the norm of the operatd;, with kernelG(x — y) in Ly(|z| < p). The latter
estimate follows by a well known explicit formula (see (3.2)) for.

The literature on the Born approximation is enormous. We give only a few hints.
For the fundamentals see [3], [10], [12], [14]. The accuracy of the Born approxi-
mation has been studied in many papers, starting with heuristics [9], analytically
solvable cases [13], and the interpretation of the Born as single scattering approx-
imation [6]. Numerical studies have been done in [8], [7] and [4]. All these papers
find that for the Born approximation to be valid one needs a condition of the form

kp sup |f(z)| < 2me (1.6)

lz|<p



wherec is a “small” constant. For instance,= 0.16 in formula (24) of [4],

¢ = 0.25 in formula (24) of [15]. Condition (1.6) is made plausible in [8]: The
left hand side of (1.6) is a rough estimate for the phase shift of the totalfield
generated by the obje¢t This phase shift has to be much smaller than the wave-
length\ = 27 /k for the assumption underlying the Born approximation, namely
the similarity ofu andw;, to be valid. Our condition for the Born approxima-
tion to hold (see Theorem 4) is of the same type as (1.6), but with a constant
that is based on an exact mathematical theory and with an explicit estimate of the
ensuing error.

2 Estimate of operator norms

The goal of this section is an estimate for the norm of the operator
Gu)(@) = [ Gulw—y)uy)dy
lyl<p

in Lo(|z] < p).

Theorem 2.1 There exists a functiof, : (0, 00) — (0, co) such that

I

HngL2(|z\<p) = f)/n(kp> L

and¥,, = sup 7y, < 0.
(0,00)

Proof: It suffices to prove the theorem fpr= 1. The general case follows from
the relations

Gr(pr) = p"Giolz),
HngLQ(\zKp) = IOZHngHLQQIKU'

Forp = 1 the result is a special case of [2]. In that paper, the operator

(Tu)(w) = [ Gelw = y)ple, yuly)dy



is considered, withh € C§°(R"™ x R"™), and it is shown that there exists a positive
constant;,, < oo such that

1T oy < cn/k

(Theorem 2.1 of [2]).

In principle it is possible to get explicit upper bounds #grby making the con-
structive proofs in [2] or [1] more explicit. However, it is much easier to compute
~» numerically. We simply discretized;, in |x| < 1 and computed the largest
eigenvalue\; of G;G;.. Obviously,

1G] 1,1y = VA = 7alB) /-

Forn = 2 we obtained by the power method the following values:

k Ya(k)
1 0.63
1.5 0.71
2 0.74
2.5 0.72
3 0.68
4 0.64
8 0.63
16 0.63

Thus a numerically safe value for the numbeiis 0.8.

3 Error estimates

In the light of Theorem 2.1, the error bound fgg is almost obvious.



Theorem 3.1 Let
q =T,pk sup |f(z)] < 1.

lz|<p
Then,
lusll < 7.0kl £l
TPk
hull < 221
q
q _
s — < — k )
o —usll < 7, okl

Proof: The estimates fou g, u, follow immediately from (1.4), (1.3). Subtracting
(1.3), (1.4) yields

(s = up)() = K [ Gila—y)f (W)us(v)dy

hence
lus —usll < KNGkl e,y sUD [ @) lus]
lyl<p

= qlusll -

Note that the estimate an, implies

K

s — ug|| < (Vp™)'? -

with V,, the volume of the unit ball ifR", provided thayy < 1, and the estimate
is of second order ip. This corroborates the results quoted in section 1, claiming
thatkpsup | f(z)| is the decisive quantity for the Born approximation to be valid.

Now let|r| > p and letUs : Ly(|z| < p) — Lo(6+), 6+ the hyperplane perpen-
dicular tof, be the propagation operator

Uah)) = [ Gulrt+ 2 = y) fw)ui(y)dy ;

lyl<p



see Devaney [5]. For th@ — 1)-dimensional Fourier transford/, f)" in 6+ we
have with¢ € 6+

W) (©) = i[5 @0 o feaO) ~ k0 +O @Y

wheres = sgn(r) anda(¢) = v/k? — (2. This is, with a slight change of notation,
Theorem 3.1 in [11]. Combining (3.1) with (1.5) we see tfiatsatisfies

fo((ca(¢) = k) +¢) = —z‘\/z e a(¢)go(C) |
(3.2)
g9(2) = wus(rd+=z2) .

For || < k this determinedy in the ball of radiugk around 0.

Theorem 3.2 For ¢ € 6+, ¢ = +1 we have
(f = £)"((ea(C) — k)0 + ¢) = (usf)"(ea(C)0 + () -
Proof: With the help of the propagation operator we get from (1.3), (1.5)
=0 (21)
Subtracting’, f yields
s -0 (& 1)) -0 (59)

From (3.1) we get

(s = 120l =00+ 0) = (227) (cal6) ~ 1 +)

Since

<%f>A (5) — (Usfe_ike'l’)/\ (f) _ (qu)A(€+ ]{?(9)

U;
we obtain the result.



O

As ¢ varies ind+ andf in S*7, (ea(¢) — k)6 + ¢) runs through the ball of radius
2k. Hence Theorem 3.2 gives information in Fourier space only up to spatial
frequency2k. Therefore we introduce the functigi,. by

for(€) = { fe) . lel <2k,

0 , otherwise,

i.e. fyr is the low-pass filtered version gfwith cut-off frequency2k.

Theorem 3.3 Letq < 1. Then,

—-n 77’1 n
I = foell < 7PV P R P

Proof: We have
() N€) = (@) (& ~n) fm)
= m) 2 [ (e ) ) fmdn

Using Parseval’s relation we obtain

(wf)() = @m) ™2 [ e u (@) f(x)da

hence
(s f)NEN < 2m) " [lus 1] -

From Theorem 3.1 we obtain (remember thatlepends o®)

sup |(fs = f)"(§)] < sup sup [(usf)"[(€)

|€1<2k 0 |E|=k

< (QW)_"/zsngusHHfH

—nj2 Tnl"R
< (2m) /217_q||f||2-



It follows that

1/2
\fB — fal < ( / (fo)A(f)zdf)
€| <2k

~ ok
S Vn1/2(2k,)n/2(2ﬂ_>—n/2 an HfH2 )
—dq
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