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Abstract In this paper we refer to the reconstruction formulas given in An-
dersson’©n the determination of a function from spherical averagésch

are often used in applications such as $ARd SONAR. We demonstrate

that the first one of these formulas does not converge given physically rea-
sonable assumptions. An alternative is proposed and it is shown that the
second reconstruction formula is well-defined but might be difficult to com-
pute numerically.

1 Introduction

The determination of a function from spherical averages is a problem often
encountered in physical applications such as SAR and SONAR. The work
related to this topic, which has lead to a great amount of insight and refinement
today, began with the proposal of a reconstruction formula by Fawcett [1]. The
mathematical analysis of the problem was later improved [2] and two refined
reconstruction formulas were derived. This sparked a host of activity that
branched to several areas [3], [4], [5], [6], [7] so that most of today’s research is
based on Anderssons’s ideas.

In [2] two reconstruction formulas were derived from the fourier inversion for-
mula. But it was neglected to examine whether they are properly defined. In the
following it will be shown that one of these is useless, if the function to be re-
constructed has physically sensible properties, because of a divergent integral in
this case. An alternative will be presented and it will be shown that the the other
reconstruction formula is well defined but might me difficult to compute numeri-
cally.

At first, for the benefit of the reader, some results from [2] will be recalled. Note
that besides the aforementioned problems, a few minor errors occurred, which do

ISAR: Synthetic Aperture Radar
2SONAR: SOund NAvigation and Ranging



not essentially obscure the results in [2]. For a detailed analysis of these errors see

[8].

1.1 DEFINITION
Letn € N. Then

1. .Z(R™*1) is the Schwartz Space.
2. S(R") ={p € S(R") : p(z, —y) = ¢(z,y), Yz € R",y € R}.
3. L (R" x R") := {p € S(R* )|V orthonormal transformations

U:R"™ — R"vz e R", 2 € R"™ @ ¢(x, 2) = p(z,U=2)}.

4. Z!(R™) and /(R™ x R™*!) are the dual spaces of,(R""!) and
S (R™ x R™"1) respectively.

5. Letf € .7,(R"*!). Then the operataR is defined by

Rf(x,r) == ﬁ / F(x 4 €, rn) dSa(€, ).
Sn

6. S™ denotes the unit sphere !,

For simplicity in the following sometimes only’, .., etc. is written instead of
S (R, (R, etc.

1.2 REMARK )
Itis easily seen that € .7, andg € .7, if f € ., andg € .¥,., respectively.

The essential result in [2] is the (Fourier-) inversion formula:

1.3 THEOREM
If 7, (R"") is given the topology of”’(R"*1), the mapping

R: Z(R™") - Z/(R" x R™)

is continuous and can, by continuity, be extended to a mapping
R:Z/(R") — Z/(R" x R™™).

The range of this extended mappifRgs the closed subspace

I eone(R" x ™) = {g € Z/(R" x ™) : suppg € {(&,) « Il > [I¢][}}-

T,cone
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R is one-to-one and the inverse mapping

RY:. 7 (R" x R"™) — Z/(R")

r,cone

is continuous. Moreover, if = Rf and if f(£,7) or (¢, n) are integrable forg,
in some open set, then

2 f(&V/1Inl* —I€]P?)

sten) =1 e e
0 for 0 < [lnl < [i¢]
or .
Fi&m) = s g I 377 a6 VTG ),
respectively.
Proof:

[2, Theorem 2.1]

O
In this theorem the operatd® describes in the case of SAR and SONAR the
measurement of the reflectivity functigithat represents the ground reflectivity.
The measurement is modelled a&-Bnpulse wave that propagates as concentric
spheres. The ground is approximated as a plane. The single scatter approximation
for the wave hitting the ground results in integrals over circles. The Fourier trans-
form ¢ of the datag can under certain conditions be used to extract the Fourier-
transformf of the reflectivity functionf.

1.4 REMARK

Let f € 7. (R"™). Thenforg = Rf € #/(R" x R"™!), z € R"andr > 0in

the followingg(z, ) is sometimes written with abuse of notation. This is justified
because depends only radially on the last+ 1 variables.

1.5 DEFINITION
Letg € 7. (R™ x R™™). Then

Rg(r.9) = [ gt vIo = olF+ 3P d
Rn
In [2] two reformulations of this formula were proposed, of which the first was
already essentially given in [1].

1.6 COROLLARY

With ¢,, = @@ two reformulations of the inversion formula are possible:
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1. Forg € .,
a n—1
f=cH,—NA7 R'g
) ay
with the Hilbert transform iry, H,, and the Laplace-Operatdx = A, +
59—:2. This formula is essentially also given by Fawcett [1].

2. Forg € S} cone = {9 € 7, :suppg C {(5777) : HHH > ng}}
f=c,R"Kg

with the pseudodifferential operatoi’ defined by f/(\g(f,n) =

VIl = Il Inl=*a (&, n).

Proof:
[2, Section 3]
Il
The corollary states that under certain restrictions it is possible to reconstruct the
reflectivity function f directly from the data without taking the detour through
the Fourier space.

1.7 REMARK

Note that the essential restriction of this formulation of the corollary in compari-
sonto [2] is that the datahas to be in,. or S, ... respectively. This is necessary,
because otherwise the application®f to ¢ in the first case is undefined or the
application ofR* to K¢ in the second case.

Unfortunatelyg = Rf is usually not in,. Therefore the two reformulations of
the inversion formula are only valid in the distributional sense with an appropri-
ately definedR*.

For example a physically reasonalfle .7, f : R? — [0, 0o) with f(xg,yo) > 0

for somexg, yo € R yields f(z,y) > ¢ > 0 forall (z,y) € K.(zo,yo) With ap-
propriatec, e > 0.

Moreover
1
2g(z,\/(z — )+ y?) = / f(z+r1,7m9)do(r)
(z —x)?+y?
=~/ (z—z)2+y?

with r = (r1,73). Fory/(z — x¢)? + y2 > € we obtain with a simple geometrical
consideration:

€C

2 (Z—$0)2+y8.

21g(z,/ (2 — w0)? + 43) >



= ok gleo, ) = [ o ( (o —z0)2 + ya) -
R

€c 1
> — / dz = oo.
2 (2 — 20)* + 43
V (z—x0)24y3 >e

Therefore the reconstruction of a non-negative funcfiomith f(zq,y,) > 0 for
some(zg, yo) € R? is impossible using the first reconstruction formula.

This result is in accordance with a result from Nessibi, Rachdi and Trimeche [9].
They gave reconstruction formulas for functighsvith

(e 9]

/P(r)f(r, x)dr =0

0

for all z € R™ and for all one-variable polynomial3.

2 Properties of the functiong = Rf

Before showing an important property of the data funcgiea R f, which will be
necessary for the derivation of the new reconstruction formula, some definitions
and a result from [2] will be needed.

2.1 DEFINITION
Letn € N. Then

1. (R .= C(RM).
2. 2.(R"Y) :={p € 2(R"™) : o(z,—y) = p(z,y),Vz € R",y € R}.

2.2 COROLLARY
If fe . 7.(R"),theng = Rf € .7/(R" x R"™).

Proof:
[2, Section 2]

O
2.3 PROPOSITION
If fe.7,(R"), theng=Rf € C™,
Proof:
The change of differentiation and integration is justified, becguse, (R"*1).
O



2.4 THEOREM .
If f e 7 (R"), theng = Rf € L'(R"™ x R"*1).

Proof:
With f € .7, alsof € .# C L. Theorem 1.3 implies that

T 77){<27T)" 2 SENIIE D for 1y > gy,

1S™ Inll»=23/TnlI? = T1€]12 _
0 otherwise.

£ Inl> = TETP)

(I tVA /] el 13

2
» [l dsan = enr
Rn xR+l =1l

The substitution’ = ||5|| results in

2 [ f

R™ o' 2]l

oI é — [|€]|?
Hél!2

dgdp’

The substitutionp = o' + ||£|| leads to

/1/ (o + 11EINF (& /P2 + 20]1€]) ddp

2
L) Vo 20l

fisin.7, therefore

Clp+1I€l)
2(2 ded
Wu//h p? + 2pll€]I(1 +wMﬂP+p+QMKW“35p

o o + €l .
) //\/ T STl + el + e

C

2 déd
) //W T apTal+ el o

R’IL

and the integral
C

dédp
R[ / VR 2OIEN(L+ (] + )
converges. So only the integral
C
dédp
/ / VP24 2plIElI(L + (€] + p)nt

R"™ 0<p<1

d&dn



remains to be examined.
C

/ / Vo2 + 2p[€l[ (14 (€] + p)n+?

R" 0<p<1

dedp

C
< déd
<[/ ATET(L+ e

R" 0<p<1

:/ 2C de
PARVA T[S 1 i

The integral
2C

/ VIENQ + gl

ll€l=>1
converges. For the proof it therefore suffices to show the existence of

2C de:
Hgfgl VieTa-e

dg

J/ 20 )
llell<1 €111 + [|€]])m+2
20
- —=d¢.
) / e

l1€l1<1
The substitution = ||£]| yields

1
=2C ‘S”_l‘ /7‘”_% dr < oo,
0
because: > 1.

2.5 REMARK
An analogous proof shows) € L.

3 Modifications to Andersson’s first inversion for-
mula

3.1 Definition and properties of a modifiedR*

Now a modified version of the operat®* is introduced and its properties are
discussed.



3.1 DEFINITION
Forf € Z.andg = Rf € C*(R" x R""!) we define

(Rig)(w.0) = | a%g<z, S de.

This slight modification by an additional derivation turns out to ensure the conver-
gence of the integral applied by the operakjy under the minor and physically
feasible constraint that is in Z.. Thereby the formulation of a mathematically
exact reconstruction formula is possible.

3.2 COROLLARY
R} g is well-defined.

Proof:
Letx € R, y € R. Then

(Rsg)(z,9)| = L/;ygu, Iz AP+ ) d

_|[f2 L — 5 e
B L[aysnszf(“rf\/ﬂi 22+ g2 /Il — 2l + y?) dS, (€, n)d=

f € 2. and therefore it is possible to exchange differentiation and integration.

1 0
) L/S/ 51+ €/Te =P + 7y Te = 2l +7) S, (€ iz
n Sn

i et
LS Ve = 2P+ \n

) (V) + Ve =2 /T = 2P + 4) dSa(€, m)d=

IV A eV llz = 212 + 32,03/ [lx — 212 +y2)|| dSu(€, n)dz.

§/|51n\/ Iy\2 :
S le—Prv
With r = (£, 1)/ ||z — z||? + »? this is

1 vl
- 1(V)((2,0) + 7)|| do(r)d=.
/\5”! / T — 2|2 + 42 )ntl
R Irll=/lle—2I2+5? Wi IF+%)



fe 2= |(Ryg)(x,y)|

Y] _
- max (|[V £]]) diam(suppf) dz < oo
/ (Vlz = z||? + y? )n*! (V£ m( )
Rn
O
3.3 COROLLARY
FOI’f S @6 andg = Rf’ R?}g c y/.
Proof:
This is guaranteed by the estimate in Corollary 3.2.
O

3.4 DEFINITION
Let f € ./(R") andy € .(R"). Then

< f,¢ >smn:= flp)

is the functionalf applied to the test functiop. Here the subscript’(R") is a
reminder of the space of the test function

Now analogously to [2] an expression tég\g is derived.

3.5 THEOREM -
Letf € Z.andg = Rf. ThenR;g(S, n) = g (&, IEI1° + %)

Proof:
Letp € .7, f € Y. andg = Rf. Then

< R39, ¢ > gmnxr)=< B39, p > ®nxr)= / (Ryg) (", y)o(a', y) da'dy
R»xR

/ / gg(z’ Vil = 2| + y?) dzp(a’, y) da'dy.
R7»xR R"™ 4
As R3g € " andy € ., Fubini’s theorem implies

0 o ,
:/ / a—yg(z, \/Hx’ — 2P+ ) @2, y) do'dydz.

R™” R*"xR

Substitutingr = 2’ + z we obtain

[ ] Lo VI e+ 2y ety

R™ R*xR



Lety(z,y, z) := o(x+ z,y). Theny(x,y, z) € (R" x R x R"™) and this leads
to

/ / 2,7 VIzl? + y2)e(x,y, 2) dedydz

R™” R*"xR

ER .
=< 8_yg’¢ > (R xRxR?) =< 6—971/1 > g (RrxRxR) =< 117, Y > 9(RrxRxR")

/ /mg( VIENI2 + n?)w fUC d¢d&dn

R"xR R™

= [ [ VIEFTR) [ [ ny e i ey oy, ) dudydzdgded

R"»xRR"® R™” R*"xR

/ / ind(¢, VIEE +7P) / / (2m) A <) o 0y 2 ) dadydzdCdéd,

R"»xR R"™ R” R*"xR

Asng € L' andp € .7, Fubini’s theorem gives

N / / / / ing(C, VIIEI? + n?) (2m) 72t SH Tt G (0t 2, y) dCdédnddydz.,
R?® R"xR R*xR R"”

The substitution’ = x — 2 yields

= / / / /mg(g’ H§H2 + 772)(Qﬂ_)72n—1ei(<m/’£>+y77+<z,<f§>)@(x/, y) dCdfd?]d:C/dydz

R™ R*xR R®»xR R"™

= [ [ [ imatc. VIEFF P em) e gl dcdein
R™ R"xR R"™
Continuing in the distributional sense we obtain

R"»xR R"™

= / ing(&, V€117 +n?)e(€,n) dédn

R"»xR
=<1Ng1, ¥ > (R xR) -
Heregi(&,n) := g(&, v/]|€]|* + n?) and with this definitionj; € ./ (R"™ x R).
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3.2 A modified inversion formula

With the results of the preceding sections a well-defined reconstruction formula is
attainable also for physically meaningful reflectivity functions.

3.6 THEOREM
Letf € 9. andg = Rf. Thenf = ¢,H,A"z Rjg with the constant;, :=

R 1%l and the Hilbert-transfornt,.

Proof:
Let f € Z,. It follows from Theorem 2.4 and Theorem 1.3 that

f =7 = callnl(llEl? +n?) ™ gy

= co(—isgn(n)([€]1> + %) T ing):.
Theorem 3.5 yields

= cu(—isgn(n) (€] +n*)"F Rygy

= co(—i sgn(n) (AT Ryg)y

= cn((HyA 2 Rig)T
= anyA%Rgg.

O

4 \Well-definedness of Andersson’s second inversion
formula

In the following it is shown that the second reformulation of the inversion formula
in [2] is well-defined. To this end at first some propertiedsaf are derived.

4.1 PROPOSITION -

Let f € ./, andg = Rf. ThenKg € L?(R™ x R""!) for all p > 0. In general

is only in C*> and not for example ii.?. Thereforej has to be computed in the
distributional sense.

Proof:
Theorem 1.3 implies that

> (e /TP~ TEP)
A 21" f :
Q(M){w Sl e

0 otherwise
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2 .
FE A IIml2 = 11El?) for inll > [£]l

o~ 27T n )
= [Rytem| =3 s
0 otherwise

2 2n+2
27 )" 2 2NV for >
< (2m) ,Sn‘( + [lInll* = I€1I*]) Il > 1€l
0 otherwise
n 2 _2nt2
<) (@) | n‘(lﬂlnll) v for |l > I€]l,
0 otherwise

2 _2n42
”| ] (1 + max(||g]], [In]])~>

4.2 COROLLARY
Let f € 2. with f(0,0) # 0andg = Rf. Theng, § & L*(R™ x R"*1).

Proof:
Theorem 1.3 yields

%m{%VQf@”W_K%fmn>€,

1S™ Inll»=23/Tnll? = 1€]12 _
0 otherwise

4 (/TP —TE)
2dd— 2n d€dn.
- [ “'f"(>|m2/iw%ww—mm5”

R™xR"+1 InlI=[I€]]

The substitution|n|| = p’ results in

e FTERE
dédp'.
// Q\MZ “dp

R" 'zl

The substitution’ = p + ||£|| leads to

2-n| f 2 2
4mﬁ%//@ﬂm>u@p+mwﬂwm

p? =+ 2pl¢]|
R™ p>0
We consider
(o + 1€ F (&, \/p® + 2plIE]D [
5 d&dp
P2+ 2pll€]|
l€l<i 0<p<t
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and assume without loss of generalﬁ& VP2 +2plE]]) = 1for ||€|| < % <

p<i
(o + €l

dédp.

/ / "2+ 20l B

I€lI<5 0<p<3

With the substitution- = ||£|| we obtain

nnl
— 5™ 1|/ / lo+1)° drdp.
P>+ 2pr

0<r<i0<p<i

Forn = 1 thisis

/ / drdp > / / idrdp:oo
p> +2pr 2p

1 1 1
0<r<lo<p<l 0<r<3o0<p<i

Forn > 2 this results in
> g
rdp = oo.
- p? + 2pr P
O

4.3 REMARK

Unfortunately f(0,0) # 0 for a reflectivity functionf with physically feasible
properties. Moreoveg is not continuous and therefore¢ L', so it might be
difficult to computeg numerically with sufficient accuracy.

4.4 THEOREM -
Letf € ¥, andg = Rf. ThenR*Kg is well-defined witly computed in the
distributional sense. Further

RKg(&,n) = Kg(&, VIEI? + n2).

Proof:
It follows from Proposition 4.1 tha@ € L' N L% Therefore

Kg(& VIEI?+n?)
:/ g i<tz> / e (ST (2 /||| + y2) dady | dz

R R"»xR
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= [ e [ e gy, AP ) ddy | s

n R"xR

— / /e—i<§,z>e—i(<§,x/—z>+77y)Kg(Z’ \/”$/ _ ZHQ + yz) dzda:’dy

R7» xR R™
= [ e [y /o= 2 ) ds da'dy
R?»xR R™ .
:R*l?g(x’,y)
= R*Kg(§,n)

and the change in the order of integration and the existenégisi\fg is justified
by Fubini’s Theorem.
O

With this result it can be shown that the second reformulation of the inversion
formula in [2] is well-defined.

4.5 COROLLARY
Let f € ., andg = Rf. Thenf(z,y) = ¢, R*Kg(z,y) with a constant,.

Proof:
Theorem 1.3 implies that

F&m) = ealnl (€12 + 72" a6, VIIEN? + n?)

with a constant,,.

= f(&,n) = caKg(&,VIEN? + 172

=c, R*Kg(&,n).

This completes the proof, becaugés in S..
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