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Abstract

In [ROF92] Rudin, Osher and Fatemi introduced a denoising algorithm using total

variation regularization. In this work we provide a parallel algorithm for this varia-

tional minimization problem. It is based on the primal-dualformulation and hence

leads to solve the saddle point problem for the primal and dual variable. For that

reason Newton's method with damping was used. The arising constraint for the

dual variable is approximated with a penalty method.

We apply domain decomposition methods to divide the original problem into several

subproblems. The transmission conditions arising at the interfaces of the subbo-

mains are handled via an overlapping decomposition and the well-known Schwarz

method.

To make the Message Passing Interface (MPI) available in MATLAB R
 we use Mat-

labMPI, a set of scripts provided by the MIT. The numerical results show a good

convergence behavior and an excellent speedup of computation.
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Notation

R R [ f + 1g [ f�1g

U� dual space ofU

Lp Lebesgue space, i.e. space ofp-power integrable functions

L1
loc space of local integrable functions

BV space of functions of bounded variation

W (1;1) Sobolew space of functions with weak derivatives inL1

C1
0 space of in�nity times di�erentiable functions with compact

support

Hdiv functions in L2 with weak divergence inL2

dJ(u; v) directional derivative of J at u in direction v

� K indicator function of the set K in terms of convex analysis,

i.e. � K (x) = 0 if x 2 K and 1 otherwise

1K indicator function of the set K, i.e. 1K (x) = 1 if x 2 K

and 0 otherwise

sgn(p) signum function

domJ e�ective domain of a functional J

J � convex conjugate of a functionalJ

J �� biconjugate of a functionalJ

uk * u weak convergence

uk * � u weak* convergence

j � j T V total variation norm

k � k2 L2 norm

k � klp natural norm of the sequence spacelp

� K (x) projection of x to K


 closure of the set 


@
 boundary of the set 


� direct sum

hu; vi duality product of u 2 U and v 2 U �

@J(u) subdi�erential of J at point u

O Landau notation
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Chapter 1

Introduction

The subject of this thesis is the parallelization of nonlinear imaging algorithms, par-

ticularly in the case of total variation minimization. We will limit ourselves to the

consideration of the ROF (Rudin-Osher-Fatemi) model, introduced in [ROF92], but

the concept might be easily adapted to other models based on convex variational

problems with gradient energies.

Since total variation regularization provides some advantageous properties, like pre-

serving edges, it is one of the most widely used denoising methods today [CS05].

It is, e.g. used in combination with the EM (Expectation Maximization) algorithm

[SBW+ 08], [BSW+ ] for reconstructing measured PET1- data.

Parallelization is getting more and more important in many applications. Especially

in imaging it is desirable to extend the existing 2D algorithms to the three dimen-

sional cases. But due to the enormous calculation e�ort, currently used workstations

reach their technical limitations. One expedient is to divide the original problem into

several subproblems, solve them independently on several CPU's and merge them

together to a solution of the complete problem (see Fig. 1.1 for an illustration).

This can be done in parallel and promises a speedup for the computation. More im-

portant, due to reduction of the problem size, restrictionsby technical requirements

(i.e. too low main memory) become negligible. Unfortunately data dependences may

arise between the subproblems necessitating a communication between the CPU's.

Neglecting these dependences results in undesirable e�ects at the interfaces of the

divisions. Hence parallel algorithms are needed to handle this issue and provide a

solution coinciding to the original one.

In Chapter 2 we are going to provide some de�nitions and results of the theory

of convexity, duality, and optimization which we will need for the analysis of the

1Positron emission tomography (PET) is a nuclear medicine imaging technique, where pairs of
gamma photon annihilations of an injected radioactive tracer isotope are measured.
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Chapter 1: Introduction

(a) Sequential (b) Parallel

Figure 1.1: Instead of computing the whole problem on one CPU (a), one candivide
it into several subproblems and solve each of them on a di�erent CPU (b). Probably
communication between the CPU's is necessary.

ROF model. The latter will be introduced in Chapter 3 where also the di�erent

formulations (primal, dual and primal-dual) will be discussed in detail. In Chapter

4 we will give an overview of existing solution methods for the ROF model and

subsequently discuss a primal-dual Newton method, which isthe basis of our parallel

algorithm.

A short introduction into domain decomposition and especially to the well-known

Schwarz methods will be presented in Chapter 5. Since we use the Message Passing

Interface (MPI) for the parallel implementation, we are going to illustrate the con-

cept of MPI and how it can be made available in MATLABR
 in Chapter 6. We will

also mention some aspects of parallelization and speedup.

The numerical realization of the proposed primal-dual algorithm will be explained

in Chapter 7 where also two similar parallel versions will bepresented. Finally in

Chapter 8 the convergence results as well as the attained speedup will be illustrated.

2



Chapter 2

Mathematical Preliminaries

In this chapter we will provide some mathematical background needed later in this

thesis. Since we are interested in �nding (unique) global minima of (strictly) convex

functionals we will state how these minima can be computed ifthey exist. Therefore

we will introduce the concept of derivatives and convexity as well as some important

properties of duality. We will mainly follow [Bur03].

2.1 Derivatives

Similar to functions in Rn we want to introduce a concept of derivatives for func-

tionals de�ned on Banach spaces.

De�nition 2.1. Let J : U ! V be a continuous nonlinear operator whereU; V are

Banach spaces. Thedirectional derivative of J at a point u in direction v is de�ned

as

dJ(u; v) := lim
t#0

J (u + tv) � J (u)
t

;

if the limit exists.

J is calledGâteaux-di�erentiable at u if dJ(u; v) exists for all v 2 U and dJ(u; :) is

called Gâteaux-derivative. If additionally dJ(u; :) : U ! V is continuous and linear,

J is calledFr�echet-di�erentiable with Fr�echet-derivative

J 0(u)v := dJ(u; v) 8v 2 U:

The second Fr�echet-derivativeis de�ned by

J 00(u)(v; w) := lim
t#0

J 0(u + tw)v � J 0(u)v
t

:

3



Chapter 2: Mathematical Preliminaries

In an analogous way higher derivatives can be de�ned inductively. The directional

derivation is also called�rst variation .

Remark 2.1. Note that the directional derivative dJ(u; v) equals � 0(t)j t=0 with

�( t) := J (u + tv).

Example 2.1. Let J : L2(
) ! R+ be de�ned by

J (u) :=
�
2

Z



(u � f )2 dx

with f 2 L2(
), � 2 R and 
 � Rn being open and bounded. We set

�( t) := J (u + tv) =
�
2

Z



(u + tv � f )2 dx

with an arbitrary v 2 L2(
). Di�erentiating leads to

� 0(t) =
�
2

d
dt

Z



(u + tv � f )2 dx

=
�
2

Z




d
dt

(u + tv � f )2 dx

= �
Z



(u + tv � f )v dx

and we obtain the �rst Gâteaux-derivative of J as

dJ(u; v) = � 0(0) = �
Z



(u � f )v dx = J 0(u)v:

SincedJ(u; :) is continuous and linear,J is Fr�echet-di�erentiable.

With ~�( t) := J 0(u + tw)v we can compute the second Fr�echet-derivative as

~� 0(t) j t=0 = �
Z



wv dx = J 00(u)(v; w):

2.2 Convexity

We will see that convex functionals provide some advantageous properties like the

concept of subdi�erentials or the uniqueness of global minima in the case of strict

convexity.

De�nition 2.2. A set C � U is calledconvex, if for all � 2 [0; 1] and u; v 2 C:

�u + (1 � � )v 2 C:

4



Chapter 2: Mathematical Preliminaries

Let U be a Banach space andC � U convex. A functional J : C ! R is called

convex, if for all � 2 [0; 1] and u; v 2 C:

J (�u + (1 � � )v) � �J (u) + (1 � � )J (v): (2.1)

If the inequality (2.1) holds strictly (except for u = v or � 2 f 0; 1g), J is called

strictly convex.

An optimization problem

J(u) ! min
u2C

is calledconvex, if J as well asC is convex.

Example 2.2. The indicator function of a convex setC is convex. Let

J (u) = � C(u) :=

8
<

:
0 if u 2 C

+ 1 else

then

�J (u) + (1 � � )J (v) =

8
<

:
0 if u; v 2 C

+ 1 else

and

J (�u + (1 � � )v) =

8
<

:

0 if �u + (1 � � )v 2 C

+ 1 else.

Therefore J (�u + (1 � � )v) > �J (u) + (1 � � )J (v) would only be possible in the

case whereu; v 2 C. But then �u + (1 � � )v 2 C, due to the convexity ofC and

hence

J (�u + (1 � � )v) = 0 = �J (u) + (1 � � )J (v):

Remark 2.2. Due to the fact that ~J de�ned by

~J (u) :=

8
<

:
J (u) if u 2 C

1 else

is convex if and only ifJ (u) and C are convex, we only need to consider functionals

5



Chapter 2: Mathematical Preliminaries

de�ned on the whole spaceU.

In order to generalize di�erentiability for non Fr�echet-di�erentiable convex function-

als, we introduce the concept of subgradients:

De�nition 2.3. Let U be a Banach space with dualU� and J : U ! R be convex.

Then the subdi�erential @J(u) at a point u is de�ned as:

@J(u) := f p 2 U � jJ (w) � J (u) + hp; w � ui ; 8 w 2 Ug: (2.2)

J is calledsubdi�erentiable at u if @J(u) is not empty.

An element p 2 @J(u) is called subgradientof J at point u.

Example 2.3. As an example we take a look at the Euclidean normf : Rn !

R; f (x) = jxj. Although it is not di�erentiable in x = 0, it is subdi�erentiable at

every x 2 Rn . The subdi�erential is given by

@f(x) =

8
<

:

f x̂ 2 Rn j jwj � h x̂; wi ; 8w 2 Rng if x = 0
x

jx j else.

Thus in x = 0 the subdi�erential consists of the whole Euclidean unit ball, for

instance the interval [� 1; 1] in the casen = 1.

Remark 2.3. It can easily be seen, that ifJ : U ! R is a convex Fr�echet-

di�erentiable functional then

@J(u) = f J 0(u)g

holds (see [Bur03, Proposition 3.6]). In general it is not true that @J(u) is a singleton,

as we have seen in Example 2.3.

We now want to state a criterion for strict convexity.

Theorem 2.1. Let C � U be open and convex and let the functionalJ : C ! R be

twice continuously Fr�echet-di�erentiable. Then, J
00
(u)(v; v) > 0 for all u 2 C and

v 2 Unf 0g implies strict convexity of J .

For a proof see [Bur03, Proposition 3.3].

One tremendous advantage of strictly convex functionals isthe uniqueness of a global

minimum.

Theorem 2.2. Let J : U ! R and

J (u) ! min
u2U

6



Chapter 2: Mathematical Preliminaries

be a strictly convex optimization problem. Then there exists at most one local

minimum, which is a global one.

Proof. Let u be a local minimum ofJ and assume that it is no global minimum.

Then there existsû 2 U with J (û) < J (u). Let us de�ne

u� := � û + (1 � � )u 2 U

for all � 2 [0; 1]. Due to (strict) convexity of J

J (u� ) � �J (û) + (1 � � )J (u) < J (u):

Sinceu� ! u as � ! 0, this is a contradiction to u being a local minimum. Hence

u is a global minimum.

Now let u, v be two global minima ofJ . For u 6= v this implies

J (�u + (1 � � )v) < �J (u) + (1 � � )J (v) = inf J ,

for � 2]0; 1[, which is a contradiction to the assumption.

2.3 Duality

The concept of duality is very important in the theory of optimization. Instead

of considering the given primal problem, one can deduce the complementary dual

problem, which may be easier to solve. Let us recall some de�nitions �rst.

De�nition 2.4. A functional J : U ! R is calledproper if

8u 2 U J(u) 6= �1

and 9u 2 U J(u) 6= + 1 :

The set

domJ := f u 2 U j J (u) < 1g

is called thee�ective domain of J .

In the following we consider proper functionals only. We arealso in the need for a

weaker concept of continuity:

De�nition 2.5. A functional J : U ! R is calledlower semi-continuousif

8u 2 U lim inf
v! u

J (v) � J (u):

7



Chapter 2: Mathematical Preliminaries

J is calledupper semi-continuousif � J is lower semi-continuous.

Obviously a functional is continuous at a pointu if and only if it is upper and lower

semi-continuous atu.

De�nition 2.6. Let J : U ! R (not necessarily convex), then theconvex conjugate

(or Legendre-Fenchel transform) J � : U� ! R is de�ned by

J � (p) := sup
u2U

fhu; pi � J (u)g:

Example 2.4. Consider again the indicator function of a convex setC:

J (u) = � C(u) :=

8
<

:
0 if u 2 C

+ 1 else.

Then

J � (v) = sup
u2U

fhu; vi � � C(u)g

= sup
u2C

fhu; vig :

As its name implies, the convex conjugate is always convex.

Lemma 2.1. Let U be a Banach space andJ : U ! R. Then J � is convex and

lower semi-continuous.

Proof. The convex conjugate ofJ is given by

J � (p) = sup
u2U

�
hu; pi � J (u)

�

= sup
u2 dom J

�
hu; pi � J (u)

�

i.e. J � is the point wise supremum of the family of continuous a�ne functions

hu; �i � J (u) with u 2 domJ

of U� into R and henceJ � is lower semi-continuous and convex [ET76, De�nition

4.1, p.17].

One may also build the biconjugateJ �� (as the convex conjugate of the convex

conjugate) and achieve the following result:

8



Chapter 2: Mathematical Preliminaries

Theorem 2.3. Let U be a re
exive Banach space (i.e.U = U�� ), J : U ! R and J ��

its biconjugate. ThenJ = J �� if and only if J is convex and lower semi-continuous.

Proof. Let J be convex and lower semi-continuous and �u 2 U arbitrary. We will

show that J �� (�u) = J (�u).

J �� (�u) = sup
p2U �

�
hp; �ui � J � (p)

�

= sup
p2U �

�
hp; �ui � sup

v2U

�
hp; vi ) � J (v)

� �

= sup
p2U �

inf
v2U

�
hp; �u � vi + J (v)

�

| {z }
�h p;�u� �ui + J (�u)= J (�u) 8 p

� J (�u)

Since J is proper their exists �a 2 R with �a < J (�u). Take such an �a arbitrary.

Furthermore, due to the convexity and lower semi-continuity, the epigraph of J

epiJ = f (u; a) 2 U � R j J (u) � ag

is a closed convex set (cf. [ET76, Proposition 2.1 and 2.3]) which does not contain the

point (�u; �a). Hence, applying the Hahn-Banach Theorem, we can strictlyseparate

the epigraph of J and the point (�u; �a) by a closed a�ne hyperplane H of U � R

given by

H = f (u; a) 2 U � R j hq; ui + �a = � g

with � ; � 2 R . We thus have:

hq;�ui + � �a < � (2.3)

hq; ui + �a > � 8(u; a) 2 epiJ: (2.4)

If J (�u) < 1 we can takeu = �u and a = J (�u) in (2.4) and achieve together with

(2.3):

hq;�ui + �J (�u) > � > hq;�ui + � �a:

This implies

�
�
J (�u) � �a

�

| {z }
> 0

> 0

and hence� > 0. When (2.4) is divided by� we can conclude

J (v) + h
q
�

; vi <
�
�

9



Chapter 2: Mathematical Preliminaries

and with p = � q
� we obtain:

J �� (�u) = sup
p2U �

inf
v2U

�
hp; �u � vi + J (v)

�

= sup
p2U �

inf
v2U

�
hp; �ui + J (v) � h p; vi

| {z }
> �

�

�

� sup
p2U �

inf
v2U

�
hp; �ui +

�
�

�

= sup
p2U �

�
�

1
�

hq; �ui +
�
�

�

(2.3)
� sup

p2U �

�
1
�

(� �a � � ) +
�
�

�

= �a:

HenceJ �� (�u) � �a for all �a < J (�u) which implies

J �� (�u) � J (�u):

If J (�u) = + 1 then, by letting �a tend to + 1 (resp. �a to �1 ) for � > 0 (� < 0),

(2.3) yields � = 0. Thus we have (cf. (2.3) and (2.4)):

hq; �ui < � (2.5)

hq; ui > � 8u 2 domJ: (2.6)

Now let

� � h q; ui = 
 < 0 (2.7)

and p = � cq, with 
 ; c 2 R. Then

J �� (�u) = sup
p2U �

inf
v2U

�
hp; �u � vi + J (v)

�

= sup
p2U �

inf
v2U

�
hp; �ui + J (v) � h p; vi

�

= sup
p2U �

inf
v2U

�
� chq; �ui
| {z }
2.5
> � c�

+ c hq; vi
| {z }
2.7
= � � 


+ J (v)
�

� sup
p2U �

inf
v2U

�
� c� + c� � c
 + J (v)

�

= sup
p2U �

� �
inf
v2U

J (v)
�

� c

�

10



Chapter 2: Mathematical Preliminaries

Since
 < 0, � c
 is tending to 1 for c ! 1 and hence

J �� (�u) � 1 = J (�u):

In turn assume J not to be convex and lower semi-continuous. Since Lemma 2.1

yields the convexity and lower semi-continuouity ofJ �� = ( J � )� , J can not equal

to J �� .

Example 2.5. In Example 2.4 we have computed the convex conjugate ofJ (u) =

� C(u) as J � (v) = supu2Cfhu; vig . With the convexity of J (u) (see Example 2.2) we

achieve

J �� (u) = J (u)

and hence the convex conjugate of supu2Cfhu; vig is given by � C(u).

Lemma 2.2. Let J : U ! R (not necessarily convex) andJ � : U� ! R its convex

conjugate, then

p 2 @J(u) ) u 2 @J� (p):

Proof. Let p 2 @J(u) then by de�nition

J (w) � J (u) + hp; w � ui (2.8)

holds for all w 2 U. Let v 2 U � be arbitrary, then

J � (p) + hu; v � pi = sup
w2U

�
hp; wi � J (w)

�
+ hu; v � pi

= sup
w2U

�
hp; w � ui � J (w)

�
+ hu; vi

(2.8)
� sup

w2 U

�
� J (u) + hu; vi

�

� sup
u2 U

�
� J (u) + hu; vi

�

= J � (v)

holds. Sincev was chosen arbitrarily we haveJ � (v) � J � (p) + hu; v � pi ; 8 v 2 U �

which is equivalent tou 2 @J� (p).

Note that if J is convex and lower semi-continuous, then in Lemma 2.2 equivalence

holds. This follows fromu 2 @J� (p) ) p 2 @J�� (u) and J = J �� .

11



Chapter 2: Mathematical Preliminaries

2.4 Optimization

To conclude this chapter we want to state how to obtain existence of a global mini-

mum and which optimality conditions have to be ful�lled for convex functionals.

The fundamental theorem of optimization provides the existence of a global mini-

mum from lower semi-continuity in combination with compactness.

Theorem 2.4. Let J : U ! R be a proper, lower semi-continuous functional and

let there exist a non-empty and compact level set

S := f u 2 U j J (u) � M g

for someM 2 R. Then

min
u2U

J (u)

attains a global minimum.

For a proof see [Bur03, Theorem 2.3].

In the case of in�nite-dimensional problems compactness isnot caused by bounded-

ness. Fortunately a similar property holds for (the dual of)Banach spaces. Therefore

let us recall the de�nition of weak and weak* convergence.

De�nition 2.7. Let U be an Banach space andU� its dual space. Then theweak

topology is de�ned as

uk * u :, h v; uk i ! h v; ui 8 v 2 U �

and the weak* topologyis de�ned

vk * � v :, h vk ; ui ! h v; ui 8 u 2 U:

The theorem of Banach-Alaoglu provides the compactness of the set f v 2 U � j

kvkU� � Cg , C 2 R+ in the weak*- topology.

Let U be a Banach space,C � U be convex, and

J : U ! R

be a functional. Since we are interested in solutions of a constrained minimization

problem

J(u) ! min
u2C

12



Chapter 2: Mathematical Preliminaries

we can also set~J : U ! R with

~J (u) =

8
<

:

J (u) if u 2 C

1 if u 2 U n C

and consider the following unconstrained minimization problem:

~J (u) ! min
u2U

:

It is obvious from De�nition 2.5 and Remark 2.2 that ~J is convex and lower semi-

continuous and hence without loss of generality we can assume J as a functional

J : U ! R de�ned on the whole spaceU.

Another advantage of convex functionals is that one has to consider only the �rst

derivative to characterize a minimum. For general functionals we have the following

necessary �rst-order condition:

Lemma 2.3. Let J : U ! R be Fr�echet-di�erentiable and let u be a local minimum

of J . Then J 0(u) = 0 holds.

For a proof see [Bur03, Proposition 2.8]

Also for non Fr�echet-di�erentiable convex functionals wecan state a necessary and

su�cient criterion for a minimum in the sense of subgradients:

Lemma 2.4. Let J : U ! R be a convex functional. Thenu 2 U is a minimum of

J if and only if 0 2 @J(u).

Proof. Let 0 2 @J(u) then we have with (2.2):

J (w) � J (u) + h0; w � ui
| {z }

= 0

8 w 2 U

So u is a global minimum ofJ . On the other hand let 062@J(u), then there exists

at least onew 2 U with

J (w) < J (u) + h0; w � ui
| {z }

= 0

which implies that u cannot be a minimum ofJ .

13



Chapter 3

Total Variation Regularization and

the ROF Model

In this chapter we want to give a brief introduction into total variation regulariza-

tion, in particular by means of the ROF model. We will specifythree di�erent kinds

of formulations (primal, dual and primal-dual) and their derivation. In the following


 � Rd will denote an open bounded set with Lipschitz boundary.

Let f : 
 � Rd ! R be a noisy version of a given imageu0 with noise variance given

by Z



(u0 � f )2 dx � � 2: (3.1)

The ROF (Rudin-Osher-Fatemi) model, �rst introduced in [ROF92], is based on

using the total variation as a regularization term to �nd a denoised image ^u. It is

de�ned by

û = arg min
u2 BV (
)

�
�
2

Z



(u � f )2 dx

| {z }
data �tting

+ jujT V

| {z }
regularization

�
(3.2)

where� is a positive parameter specifying the intensity of regularization, that should

be set depending on the noise variance� (i.e. � ! 1 for � ! 0). HerejujT V denotes

the so-called total variation ofu

jujT V := sup
' 2C1

0 (
) d

jj ' jj 1 � 1

Z



ur � ' dx: (3.3)

In the literature also the notation
R


 jDuj was used for the total variation ofu,

corresponding to the interpretation ofDu as a vector measure.

For u 2 W 1;1(
) we have

jujT V =
Z



jr uj dx: (3.4)

14



Chapter 3: Total Variation Regularization and the ROF Model

BV denotes the space of functions with bounded total variation

BV (
) =
�

u 2 L1(
) j jujT V < 1
	

which is a Banach space endowed with the norm

jjujjBV := jujT V + kukL 1 :

j � j T V is lower semi-continuous with respect to the strong topology in L1
loc(
)

([AFP00, Proposition 3.6]) and hence due to the embeddingL2(
) � L1(
), for

bounded 
 also with respect to L2(
).

Note that (3.3) is not unique for d > 1. Depending on the exact de�nition of the

supremum norm1

jjpjj 1 := ess sup
x2 


jjp(x)jj l r

we obtain a family of equivalent seminorms:

Z



jDuj ls = sup

' 2C1
0 (
) d

jj ' jj 1 � 1

Z



ur � ' dx

with 1 � s � 1 and its H•older conjugater (i.e. 1
s + 1

r = 1).

For example (cf. [Bur08]) we obtain the isotropic total variation (r = 2) which

coincides with

jujT V =
Z




s X

i

(ux i )2 8 u 2 C1

or a (cubicly) anisotropic total variation (r = 1 ) which coincides with

jujT V =
Z




X

i

jux i j 8 u 2 C1: (3.5)

According to expectations, the di�erent de�nitions have e�ects on the nature of

minimizers of (3.2). So in the case of the isotropic total variation, corners in the

edge set will not be allowed [Mey01], whereas orthogonal corners are favored by the

anisotropic variant [EO04]. See Figure 3.1 for an illustration.

Overall the aim is to minimize the following functional to obtain a denoised version

1ess supx 2 
 ju(x)j := inf f N � 
 j� (N ) = 0 gsupx 2 
 nN ju(x)j

15
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(a) Original image (b) Noisy image

(c) Isotropic TV (d) Anisotropic TV

Figure 3.1: Di�erent de�nitions of the supremum norm have e�ects on the n ature of
minimizers of (3.2). Images are taken from [BBD+ 06].

of the noisy imagef :

J (u) :=
�
2

Z



(u � f )2 dx

| {z }
:= Jd (u)

+ jujT V

| {z }
:= J r (u)

: (3.6)

This is a strictly convex optimization problem and hence provides the advantages

stated in Chapter 2.

Lemma 3.1. J as de�ned in (3.6) is strictly convex.

Proof. In Example 2.1 we have computed the second Fr�echet-derivative of the data

�tting term Jd(u) as J 00
d (u)(v; w) = �

R

 wv dx. Hence

J 00
d (u)(v; v) = �

Z



v2 dx

�> 0
> 0 8u 2 BV (
) and v 6= 0

and with Theorem 2.1 we achieve strict convexity ofJd.

16
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Furthermore jujT V is convex:

j�u + (1 � � )vjT V = sup
jj ' jj 1 � 1

Z



(�u + (1 � � )v)r � ' dx

� � sup
jj ' jj 1 � 1

Z



ur � ' dx

+(1 � � ) sup
jj ' jj 1 � 1

Z



vr � ' dx

= � jujT V + (1 � � )jvjT V :

All in all J (u) = Jd(u) + jujT V is strictly convex.

Due to the convexity of J (u) we can apply Lemma 2.4 and achieve an optimality

condition in terms of subgradients for a minimum as:

0 2 @J(u):

Jd and j � j T V are convex (see Lemma 3.1), lower semi-continuous and do nottake

the value �1 (actually both functionals are not negative). HenceJ is a lower semi-

continuous convex functional de�ned over a Banach space andthus continuous over

the interior of its e�ective domain (see [ET76, Corollary 2.5]). We thus can conclude

the existence of ~u 2 domJd \ domj � j T V where Jd is continuous and with ([ET76,

Proposition 5.6]) we have

@J(u) = @(Jd + j � j T V )(u)

= @Jd(u) + @jujT V :

Recall that Remark 2.3 gives us@Jd(u) = f J 0
d(u)g and hence the optimality condition

can be stated as

0 2 � (u � f ) + @jujT V : (3.7)

Remark 3.1. De�ning K as the closure of the convex set

fr � p j p 2 C1
0 (
) ; kpk1 � 1g

and using Example 2.5 we achieve the convex conjugate ofJr (u) = jujT V as

J �
r (v) = � K (v) :=

8
<

:
0 if v 2 K

+ 1 else.

17
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3.1 Primal Formulation

The primal formulation of the ROF model is given by

J (u) =
�
2

Z



(u � f )2 dx +

Z



jr uj dx (3.8)

for u su�ciently smooth, particularly u 2 W 1;1(
). To obtain the associated Euler-

Lagrange equation, we compute the �rst Gâteaux-derivative of J . For this purpose

we set

�( t) := J (u + tv) =
�
2

Z



(u + tv � f )2 dx +

Z



jr (u + tv)j dx

with an arbitrary v 2 BV (
). Derivating leads to (assuming jr (u + tv)j 6= 0)

� 0(t) = �
Z



(u + tv � f )v +

Z




r (u + tv)
jr (u + tv)j

� r v:

Hence (assumingjr uj 6= 0)

� 0(0) = �
Z



(u � f )v +

Z




r u
jr uj

� r v

= �
Z



(u � f )v �

Z



r �

r u
jr uj

v +
Z

@

v

r u
jr uj

� n ds:

Under the aspect thatv was chosen arbitrary and assuming homogeneous Neumann

boundary conditions foru, which is a natural choice for images, we obtain the Euler

Lagrange equation:

� (u � f ) � r �
�

r u
jr uj

�
= 0: (3.9)

To overcome the issue with the singularity atr u = 0 the TV norm often is perturbed

as follows:

jr uj � :=
p

jr uj2 + �; (3.10)

or in the anisotropic case:

jr uj � :=
X

i

p
jux i j2 + �; (3.11)

with a small positive parameter� . The choice of� is of great importance due to

the closeness to degeneration for a value chosen to small andundesirable smoothed

edges in the case of an overlarged� .
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3.2 Dual Formulation

Under the aspect that the regularization term in the primal formulation is not dif-

ferentiable we want to deduce another formulation for the TV-Minimization. As we

will see, we can achieve di�erentiability at the cost of getting side conditions. In the

following we write supkpk1 � 1 for the exact supp2C1
0 (
) d kpk1 � 1.

Let us start with the exact formulation of the TV regularization:

inf
u2 BV (
)

"
�
2

Z



(u � f )2 dx + sup

kpk1 � 1

Z



ur � p dx

#

: (3.12)

Bounded sets inBV (
) are weak* compact [AFP00, Proposition 3.13] and due to

[ET76, Corollary 2.2], j � j T V is lower semi-continuous with respect to the weak*-

topology. HenceJ (u) attains a minimum in BV [Zei85], which is a unique one (cf.

Theorem 2.2) and (3.12) can be rewritten as

min
u2 BV (
)

"
�
2

Z



(u � f )2 dx + sup

kpk1 � 1

Z



ur � p dx

#

: (3.13)

To allow a consideration inL2 we set

~J (u) =

8
<

:

J (u) if u 2 BV (
)

1 if u 2 L2(
) n BV (
) :

Setting A = L2(
) and B = f p 2 Hdiv (
) j jj pjj 1 � 1g we obtain

min
u2A

sup
p2B

�
�
2

Z



(u � f )2 dx +

Z



ur � p dx

�

| {z }
:= L (u;p)

: (3.14)

as an equivalent form of (3.13).

Lemma 3.2. With A , B and L(u; p) de�ned as above, the following four conditions

hold:

A and B are convex, closed and non-empty, (3.15)

8u 2 A p 7! L(u; p) is concave and upper semi-continuous, (3.16)

8p 2 B u 7! L(u; p) is convex and lower semi-continuous, (3.17)

9 p0 2 B such that limu2A ;jj ujj 2!1 L(u; p) = + 1 (coercivity): (3.18)

Proof. (3.15) is obviously ful�lled for A as well as the convexity (k � k1 is convex)
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and the non-emptiness ofB. The closedness ofB can be seen as follows:

For pk 2 B let the sequencepk converge top in Hdiv . Then pk ! p in L2 and hence

pk converges pointwise top almost everywhere (a.e.) and due tokpkk1 � 1:

jp(x)j = lim
pk (x)! p(x)

jpk(x)j � 1 a:e:

Thereforekpk1 � 1 and hencep 2 B.

L(u; p) is linear in p and therefore (3.16) holds.

We have shown the convexity of�2
R


 (u � f )2 in Lemma 3.1 and the lower semi

continuity is given by Remark I.2.2 [ET76]. Together with the fact that
R


 ur � p is

linear in u this yields (3.17).

To obtain (3.18) we choosep0 = 0.

Theorem 3.1. With A , B and L(u; p) de�ned as in (3.14) and the line before we

have

min
u2A

sup
p2B

L(u; p) = max
p2B

min
u2A

L(u; p):

Proof. Due to Lemma 3.2 all assumptions for [ET76, Proposition 2.3,p. 175] are

ful�lled and we achieve:

min u 2 A sup
p2B

L(u; p) = sup
p2B

inf
u2A

L(u; p): (3.19)

Let us take a look at the righthand side of (3.19):

sup
p2B

inf
u2A

�
�
2

Z



(u � f )2 dx +

Z



ur � p dx

�
:

The �rst order optimality condition for the in�mum leads to

� (u � f ) + r � p = 0

, u = f �
1
�

r � p: (3.20)

Sincef and r � p are in L2 we haveu 2 L2 and due to the strict convexity ofL(u; p),

u de�ned by (3.20) provides a unique minimum inL2.
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Reinserting into the righthand side of (3.19) yields:

sup
p2B

�
1

2�

Z



(r � p)2 dx +

Z



(f �

1
�

r � p)r � p dx
�

= sup
p2B

�
1

2�

Z



(r � p)2 dx +

Z



f r � p dx �

1
�

Z



(r � p)2 dx

�

= sup
p2B

�
�

1
� 2

Z



(r � p)2 dx +

2
�

Z



f r � p dx

�
:

By adding the constant term� f 2 (which does not a�ect the supremum) and com-

pleting the square, we achieve

sup
p2B

�
�

Z



(
1
�

r � p � f )2

�
: (3.21)

Instead of computing the supremum, we can minimize the negative term and obtain

inf
p2B

� Z



( 1

� r � p � f )2

�
= inf

p2B




 1

� r � p � f



 2

2| {z }
=: G(p)

: (3.22)

Now let us consider the sublevel setS := f p 2 B j k 1
� r � p � f k2

2 � k f k2
2g. There




 1

� r � p � f





2
� k f k2

holds and with the triangle inequality we have

kr � pk2 � 2� kf k2:

Furthermore kpk1 � 1 implies kpk2 �
p

j
 j and we obtain

kpkH div =
q

kr � pk2
2 + kpk2

2 � 2� kf k +
p

j
 j:

This gives us the boundedness of the sublevel setS in Hdiv (and obviously in L1 )

and with the theorem of Banach-Alaoglu, this implies the weak- compactness of the

sublevel set inHdiv and weak*- compactness inL1 .

Now let pk , kpkk1 � 1, be a sequence with




 1

� r � pk � f



 2

���!
k!1

inf
p




 1

� r � p � f



 2

:

Then for k su�ciently large, pk lies in the weak*- compact sublevel set S and hence
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there exists a subsequence ofpk , again denoted bypk , with

pk * p in Hdiv (3.23)

pk * � p in L1 : (3.24)

From [ET76, Corollary I.2.2] G, as de�ned in (3.22), is lower semi-continuous onS

for the weak topology ofHdiv and hence:

G(p) � lim inf
k!1

G(pk) = inf
p




 1

� r � p � f



 2

;

i.e. p is a solution of (3.22).

Also due to (3.24),

kpk1 = lim inf
k!1

kpkk1 � 1

is ful�lled (cf. proof of Lemma 3.2).

Summarizing we have shown

sup
p2B

inf
u2A

L(u; p) = max
p2B

min
u2A

L(u; p)

and together with (3.19) this proves the assertion.

Due to Theorem 3.1 we may consider the so called dual problem

min
p2B

k
1
�

r � p � f k2
2 (3.25)

and after solving (3.25) forp we obtain the solution for the primal variableu from

(3.20).

An alternative derivation using the convex conjugate (see De�nition 2.6) is presented

in [Cha04]. In the following we give a brief summary of this approach, adapted to

our problem:

We have stated the Euler equation for the TV- Regularization(3.6) in (3.7) as

0 2 � (u � f ) + @jujT V
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which is equivalent to

� (f � u) 2 @jujT V

Lem. 2.2, u 2 @J�r (� (f � u))

, 0 2 � u + @J�r (� (f � u))

, 0 2 � �u + �f � �f + �@J�
r (� (f � u))

, 0 2 � (f � u) � �f + �@J�
r (� (f � u)) :

This implies that w = � (u � f ) is a minimum of

1
2

Z



(w � �f )2 + �@J�

r (w):

Therefore (recalling the de�nition of J �
r as stated in Remark 3.1)w is the projection

of �f to K = fr � p j p 2 C1
0 (
) d ; jjpjj 1 � 1g, i.e

w = � K (�f ):

Sincew = � (u � f ) we achieve:

u = f �
w
�

= f �
� K (�f )

�
= f � � 1

� K (f ):

Computing this nonlinear projection amounts exactly in solving (3.25).

3.3 Primal-Dual Formulation

Another approach aims at solving directly the saddle point problem for u and p,

given by the exact formulation of the TV regularization:

inf
u2 BV (
)

sup
kpk1 � 1

�
�
2

Z



(u � f )2 dx +

Z



ur � p dx

�
:

| {z }
=: L (u;p)

(3.26)

For a saddle point we achieve the following optimality conditions

@L
@u

= � (u � f ) + r � p = 0 (3.27)
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and

L(u; p) � L(u; q) 8q ; kqk1 � 1; (3.28)

where (3.28) can be rewritten as

Z



u r � (p � q) � 0 8q ; kqk1 � 1: (3.29)

Hereafter we will see that the conditions (3.27) and (3.28) imply the optimality

condition (3.7).

Lemma 3.3. (3.29) implies that r � p 2 @jujT V .

Proof. Let w 2 BV (
) be arbitrary. We have

Z



u r � (p � q) � 0 8q ; kqk1 � 1:

Especially this inequality holds for the supremum ofq:

sup
kqk1 � 1

Z



u r � (p � q) � 0; (3.30)

which implies

sup
kqk1 � 1

Z



u r � (q � p) � 0: (3.31)

Obviously we have

sup
kqk1 � 1

Z
wr � q �

Z
wr � q 8q ; kqk1 � 1: (3.32)

In particular (3.32) is true for q = p and with (3.31) we achieve

sup
kqk1 � 1

Z
wr � q � sup

kqk1 � 1

Z



ur � (q � p)

| {z }
� 0

+
Z

wr � p

, sup
kqk1 � 1

Z
wr � q � sup

kqk1 � 1

Z



ur � q �

Z
ur � p +

Z
wr � p

, j wjT V � j ujT V + hr � p; w � ui : (3.33)

Since w was chosen arbitrarily (3.33) is equivalent tor � p 2 @jujT V (see Def.

2.2).
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Alternatively (3.29) implies that r u 2 @�(p) with

� (p) :=

8
<

:

0 if jjpjj 1 � 1

1 else:

This follows from Lemma 2.2 and the fact that� (p) = J � (p) for J = j � j T V .
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Chapter 4

Solution Methods

4.1 Primal Methods

For the primal formulation of the TV regularization (3.8) there already exist several

numerical solution methods. Most of them aim at solving the associated Euler-

Lagrange equation (3.9). In this section we will give a briefoverview, without

raising the claim of completeness.

4.1.1 Steepest Descent

Rudin et al. proposed in their original paper [ROF92] an arti�cial time marching

scheme to solve the Euler-Lagrange equation (3.9). Considering the image u as a

function of space and time, they seek the steady state of the parabolic equation

@u
@t

= r �
�

r u
jr uj �

�
� � (u � f )

with initial condition u0 = f at time t = 0. Here j � j � denotes the perturbed norm as

introduced in (3.10). Using an explicit forward Euler scheme for time discretization

one usually achieves slow convergence due to the Courant-Friedrich-Lewy (CFL)

condition, especially in regions wherejr uj � 0.

4.1.2 Fixed Point Iteration

In [VO96] Vogel and Oman suggested to use a lagged di�usivity�xed point iteration

scheme to solve the Euler-Lagrange equation (3.9) directly

r �
�

r uk+1

jr uk j �

�
� � (uk+1 � f ) = 0 ;
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leading to solve the linear system

�
� � r �

�
r

jr uk j �

��
uk+1 = �f

for each iteration k. In spite of only linear convergence, one obtains good results

after a few iterations.

4.1.3 Newton's Method

Vogel and Oman (cf. [VO96]) as well as Chan, Chan and Zhou (cf.[CZC95])

proposed to apply Newton's method:

uk+1 = uk � H � 1
� (uk)� (uk)

with � (u) := �u � r � r u
jr uj �

being the gradient ofJ and H � (u) its Hessian, given by

H � (u) = � � r �

 
1

jr uj �

 

I �
r ur ut

jr uj2�

!

r

!

:

So in each step one has to solve

 

� � r

 
1

jr uk j �

 

I �
r ukr uk t

jr uk j �

!

r

!!

�u = � � (uk) (4.1)

with an update �u : uk+1  uk + �u . We have locally quadratic convergence, but

especially in the case where� is small the domain of convergence turned out to be

minor. So alternatively one can use a continuation procedure for � , i.e starting with

a large value (where (4.1) is well de�ned) and successively decrease it to the favored

value (cf. [CZC95]).

4.2 Dual Methods

In [Cha04] Chambolle presents a duality based algorithm. Itamounts to solving the

following problem:



 1

� r � p � f



 2

! min
jpi;j j2 � 1� 0 8 i;j =1 ;:::;n

(4.2)
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which is just the discrete version of (3.25). Here the discrete divergence is given by

(r � p) i;j =

8
>>><

>>>:

p1
i;j � p1

i � 1;j if 1 < i < n

p1
i;j if i = 1

� p1
i � 1;j if i = n

+

8
>>><

>>>:

p2
i;j � p2

i;j � 1 if 1 < j < n

p2
i;j if j = 1

� p2
i;j � 1 if j = n

(4.3)

The Karush-Kuhn-Tucker conditions (cf. [Roc70], Theorem 28.3) yield the existence

of a Lagrange multiplier � i;j (the index indicates the a�nity to each constraint in

(4.2))

�
�
r

�
1
� r � p � g

��
i;j

+ � i;j pi;j = 0; (4.4)

with � i;j � 0 and � i;j (jpi;j j2 � 1) = 0. Hence, either � i;j > 0 and jpi;j j = 1 or

jpi;j j < 1 and � i;j > 0. In both cases this leads to

� i;j = j
�
r

�
1
� r � p � g

��
i;j

j:

Note that
�
r

�
1
� r � p � g

��
i;j

= 0 for � i;j = 0.

Thus (4.4) can be solved by a �xed point iteration:

pn+1
i;j = pn

i;j + � ((r (r � pn � �g )) i;j

�j (r (r � pn � �g )) i;j jpn+1
i;j )

with initial value p0 = 0 and � > 0. Rewriting leads to the following projection

algorithm:

pn+1
i;j =

pn
i;j + � ((r (r � pn � �g )) i;j

1 + j (r (r � pn � �g )) i;j j
:

Convergence is given for� � 1
8 although in practice the optimal choice for� appears

to be 1
4. Alternatively one can apply a simpler projection:

pn+1
i;j =

pn
i;j + � ((r (r � pn � �g )) i;j

maxf 1; jpn
i;j + � (r (r � pn � �g )) i;j jg

:

This algorithm simply projects pn back to the unit ball if the constraint jpn j � 1 is

violated. Stability is ensured up to� � 1
4 (cf. [Cha05]) and in practice the algorithm

also converges for that choice of� .
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4.3 Primal-dual Methods

For solving the primal-dual formulation we will use Newton's method with damping.

Before we will go into detail we have to approximate the constraint for p. kpk1 � 1

in (3.26) can be stated by adding the characteristic function � , de�ned by

� (p) :=

8
<

:
0 if kpk1 � 1

1 else

to L(u; p):

inf
u2 BV (
)

sup
p

�
�
2

Z



(u � f )2 dx +

Z



ur � p dx + � (p)

�
: (4.5)

Under the aspect that � is not di�erentiable (actually it is not a function in the

classical sense), we use an approximation instead. For thispurpose we will represent

two di�erent techniques in the next subsection.

4.3.1 Barrier and Penalty Method

In the following we specify two alternatives for the approximation. Instead of using

the exact formulation with � as in (4.5) we replaceL(u; p) by

L " (u; p) = L(u; p) �
1
"

F (kpk � 1) (4.6)

with " > 0 small and a termF penalizing if kpk � 1 > 0. A typical example forF

is:

F (s) =
1
2

maxf s;0g2: (4.7)

The so called Penalty approximation still allows violations of the constraint, alter-

natively barrier methods (also called "interior-point methods") can be used. Their

idea is to add a continuous barrier termG(p) to L such that G(p) = 1 , if the

constraint is violated. Since the constraintkpk � 1 is equivalent to kpk2 � 1 we

may replacekpk by its square to achieve di�erentiability:

L " (u; p) = L(u; p) � "G(kpk2 � 1): (4.8)

For example one can chooseG(s) = � log(� s).

The choice of approximation e�ects the shape of the solutionu of (4.5) which can be

seen well in the one dimensional case. Therefore we want to solve the saddle point
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problem (3.26) with either of the two methods on the given domain 
 = [ � 1; 1].

Example 4.1. (Penalty approximation)

Using Penalty approximation as introduced in (4.6), with F as de�ned in (4.7), we

achieve the saddle point problem

inf
u2 BV (
)

sup
p

�
�
2

Z



(u � f )2 dx +

Z



up0dx �

1
"

maxfj pj � 1; 0g2

�
:

| {z }
:= L P (u;p)

Therefore we have the following optimality conditions

@LP
@u

= � (u � f ) + p0 = 0

@LP
@p

= � u0 � g = 0;

with g de�ned by

g :=

8
<

:

1
" (jpj � 1)sign(p) if jpj � 1

0 else:

This leads to

u0 =

8
<

:

1
" (1 � j pj)sign(p) if jpj � 1

0 else
(4.9)

Example 4.2. (Barrier approximation)

Using Barrier approximation as introduced in (4.8), with G(s) = � log(� s), we

achieve the saddle point problem

inf
u2 BV (
)

sup
p

�
�
2

Z



(u � f )2 dx +

Z



up0dx + " log(� (jpj2 � 1))

�

| {z }
:= L B (u;p)

with optimality conditions

@LB
@u

= � (u � f ) + p0 = 0 (4.10)

@LB
@p

= � u0+ " 2p
jpj2 � 1 = 0; (4.11)
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leading to

u0 = "
2p

jpj2 � 1
: (4.12)

We can see that in the case of Penalty approximation (Example4.1) we haveu0 = 0

for jpj � 1. But we cannot really achieveu0 = �1 since 1
" (jpj � 1) sgn(p) ! �1 is

only ful�lled for jpj ! 1 and this was prevented by the penalty term. This leads

to the TV regularization typical stair casing e�ect but smoothed edges of order1"
(Fig. 4.1(a)).

In the case of the Barrier method (Example 4.2)u0 = 0 is only possible atp = 0.

However, we havep = 0 on an interval [a; b] � [� 1; 1] only if f = c on [a; b] with c

constant:

p = 0 on [a; b]

) p0 = 0 on [a; b]
(4.10)
, � (u � f ) = 0 on [a; b]

, f = u on [a; b]
u0=0, f = c on [a; b]

which is very unlikely for the noisy dataf .

Furthermore, for a minimum the Barrier term could be boundedby a constant c,

i.e.

� " log(� (jpj2 � 1)) � c (4.13)

, j pj2 � 1 � � e� c
" : (4.14)

Hencejpj2 � 1 might behave like� e� c
" in some points in which

ju0j �
"

e� c
"

= "e
c
" (4.15)

holds. As we can see the gradient ofu can possibly take very large values already

for a large " (e.g " = 0:1). Therefore we obtain sharp edges but no homogeneous

areas (Fig. 4.1(b)).

Remark 4.1. Note that if " is small enough (i.e. smaller than the step size) this

e�ect does not occur anymore (see Fig. 4.2).
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(a) Penalty method
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(b) Barrier method

Figure 4.1: Example for Barrier and Penalty method in the one dimensional case, with
step sizeh = 10 � 3 and " = 0 :1.
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(b) Barrier method

Figure 4.2: Example for Barrier and Penalty method in the one dimensional case, with
step sizeh = 10 � 3 and " = 10 � 5.

4.3.2 Newton Method with Damping

Using penalty approximation as introduced before we achieve the following optimal-

ity conditions for our problem:

@L"
@u

= � (u � f ) + r � p = 0

@L"
@p

= �r u � 2
" H (p) = 0

with H (p) being the derivative ofF (kpk � 1).

We linearize the non linear termH (p) via a �rst-order Taylor-approximation, i.e.

H (pk+1 ) � H (pk) + H 0(pk)(pk+1 � pk):
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Adding a damping term we have to solve the following linear system in each step:

� (uk+1 � f ) + r � pk+1 = 0

�r uk+1 � 2
" H 0(pk)(pk+1 � pk) � 2

" H (pk) � � k(pk+1 � pk) = 0 :
(4.16)

Here the parameter� k controls the damping. This linear system can be discretized

easily and is the basis of our parallel algorithm. To achievefast convergence we

choose" = " k # 0 during the iteration.

For better performance of the algorithm it is recommended tostart with a small

value of � and increase it during the iteration to avoid oscillations.

The starting values of� and " we have used, as well as their adaption process, are

chosen from some experimental runs of the algorithm. Certainly further research to

�nd optimal values for these parameters is needed.
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Domain Decomposition

As mentioned in the introduction one would like to divide theoriginal problem into

several subproblems to solve them in parallel. One idea is tosplit the given domain


 of the problem into subdomains 
 i ; i = 1; : : : ; S. This approach is called domain

decomposition and depending on the choice of subdomains oneachieves overlapping

or non overlapping decompositions. In the case that all unknowns of the problem

are coupled, a straightforward splitting and independent computation on each sub-

domain results in signi�cant errors across the interfaces.

5.1 Non Overlapping Decomposition

Let 
 � Rd. We split 
 into S subregions 
i such that

S[

i =1

�
 i = �
 with 
 i \ 
 j = ; for i 6= j:

For a better understanding let us restrict to the case of a decomposition into two

subdomains in the two dimensional case (cf. Fig. 5.1). As an example let us consider

the Poisson equation with homogeneous Dirichlet boundary conditions.

Example 5.1. Let 
 = [ � 1; 1]2 � R2

� � u = f in 


u = 0 on @


Then, with ui being the restriction of u to 
 i and ni the outward normal to 
 i
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 1 
 2

�

Figure 5.1: Non overlapping decomposition with S = 2 and d = 2. Here � := @
 1 \ @
 2

denotes the interfaces between the subdomains.

(i = 1; 2), this is equivalent to (cf. [TW05]):

� � u1 = f in 
 1

u1 = 0 on @
 1 n �

� � u2 = f in 
 2

u2 = 0 on @
 2 n �

u1 = u2 on �

@u1
@n1

= �
@u2
@n2

on �

As one can see, there are conditions on the interface �, so called transmission condi-

tions. If they are neglected (as it is the case for an ad hoc approach) there may arise

artifacts at the interface (see Fig 5.2 for an example). There are some algorithms to

avoid this issue (e.g. the Dirichlet-Neumann algorithm, orthe Neumann-Neumann

algorithm). We limit ourselves on a more detailed consideration of overlapping do-

main decompositions, so for further information see [TW05].

5.2 Overlapping Decomposition

To avoid the computation of the transmission conditions in the case of non- overlap-

ping methods one can apply overlapping partitions. At the cost of having redundant

degrees of freedom, and thus larger systems to solve, the update of the boundary

data can be easily obtained from exactly this redundancy. Expanding the 
 i from
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(a) Solution with a 1 � 2 decomposition

Figure 5.2: Poisson equation with f = 3x2 on 
 = [ � 1; 1]2 and homogeneous Dirichlet
boundary conditions. Neglecting the transmission conditions results in artifacts at the
interface (herex = 0).

the previous section to 
0i , such that

d(@
 0
i \ 
 j ; @
 0

j \ 
 i ) � � for i 6= j and @
 0
i \ 
 j 6= ;

whereby 
 0
i is truncated at the boundary of 
 we achieve an overlapping domain

decomposition. In the case of 
 being an uniform lattice withstep sizeh, � is given

by � = mh with m 2 N.


 1

 2

� 1 � 2


 0
1z }| {


 0
2z }| {

| {z }
�

Figure 5.3: Overlapping decomposition with S = 2 and d = 2. Here � 1 : @
 1 \ 
 2 and
� 2 := @
 2 \ 
 1 denotes the interfaces between the subdomains.
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5.3 Schwarz Iteration

One of the �rst approaches for domain decomposition was the multiplicative Schwarz

method, introduced in 1870 by H.A. Schwarz [Sch70]. The proof of convergence can

be obtained via a maximum principle (see, e.g., [Lio88]). A similar formulation leads

to the additive Schwarz method, and as we will see there existan a�nity to well

known techniques for solving linear equation systems.
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(d) After 28 iterations

Figure 5.4: Poisson equation with f = 3x2 on 
 = [ � 1; 1]2 and homogeneous Dirichlet
boundary conditions. The step size ish = 1=32 and the overlap� = 2.

5.3.1 Multiplicative Schwarz Method

The multiplicative Schwarz algorithm consists of two fractional steps: Letu(0) be

an initial function, then we subsequently solve

8
>>><

>>>:

Lu (k+1)
1 = f; in 
 1

u(k+1)
1 = u(k)

j� 1 ; on � 1

u(k+1)
1 = 0; on @
 1 n � 1

and

8
>>><

>>>:

Lu (k+1)
2 = f; in 
 2

u(k+1)
2 = u(k+1)

1 j� 2
; on � 2

u(k+1)
2 = 0; on @
 2 n � 2:
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The next step is computed by

u(k+1) (x) =

8
<

:
u(k+1)

2 (x); if x 2 
 2

u(k+1)
1 (x); if x 2 
 n 
 2:

For an example let us look again at the Poisson equation (cf. Example 5.1).

Example 5.2. Let 
 be a uniform lattice with step size h on [� 1; 1]2 � R2 and


 0
1, 
 0

2 a decomposition of 
 as in Figure 5.3. Choosing an overlap of� = 2 � h and

applying the multiplicative Schwarz Algorithm provides a good approximation for

the solution after a few iterations (see Fig. 5.4).

The multiplicative Schwarz method is related to the well-known Gauss-Seidel method

and at a �rst view this approach is not convenient for a parallel implementation due

to the need ofuk+1
1 for the computation of uk+1

2 . But dividing the domain 
 into

several subdomains and painting them in two colors (let us say black and white)

such that divisions of the same color do not overlap allows a parallel computation.

An easy example for such a colored division is shown in Figure5.5. First solving on

all black painted domains can be done in parallel and provides the boundary condi-

tions for the white domains, on which the solution can be computed afterwards also

in parallel. In the realization of the parallelization one would provide a domain of

each color in each processor.

Note that in the case of a two dimensional domain and a splitting in each direction

one would need four colors to obtain a decomposition as mentioned above (see Fig.

5.6).

Figure 5.5: Coloring with two colors in
the case of 1� 4 subdomains. The shaded
areas indicates the overlapping.

Figure 5.6: Coloring with four colors in
the case of 4� 4 subdomains (the overlap
is not indicated).
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5.3.2 Additive Schwarz Method

Alternatively one can use the additive Schwarz method, which provides a direct

application of parallelization:

8
>>><

>>>:

Lu (k+1)
1 = f; in 
 1

u(k+1)
1 = u(k)

j� 1 ; on � 1

u(k+1)
1 = 0; on @
 1 n � 1

and

8
>>><

>>>:

Lu (k+1)
2 = f; in 
 2

u(k+1)
2 = u(k)

1 j� 2
; on � 2

u(k+1)
2 = 0; on @
 2 n � 2:

The next step is computed by

u(k+1) (x) =

8
>>><

>>>:

u(k+1)
2 (x); if x 2 
 n 
 1

u(k+1)
1 (x); if x 2 
 n 
 2

u( k +1)
1 (x)+ u( k +1)

2 (x)
2 if x 2 
 1 \ 
 2:

As we can see there are no dependences between the subdomains. Hence all sub-

domains can be assigned to di�erent processors and computedin parallel without

further modi�cation. A coloring as used by the multiplicative Schwarz Method is

not necessary. Since in thek + 1 iteration the boundary values are taken from the

k step, this approach is akin to the well-known Jacobi method.

5.4 Application

Using domain decomposition methods for image processing was inspired by an ap-

proach of M. Fornasier and C.-B. Sch•onlieb (cf. [FS07],[For07]). In analogy to the

Schwarz multiplicative algorithm they present a subspace correction method to solve

the minimization problem (3.6) based on the following iteration procedure:

8
>>><

>>>:

u(k+1)
1 � arg minv12 V1

J (v1 + u(k)
2 )

u(k+1)
2 � arg minv22 V2

J (u(k+1)
1 + v2)

u(k+1) := u(k+1)
1 + u(k+1)

2

with initial condition u(0) = u(0)
1 + u(0)

2 2 V1 � V2 and V1; V2 a splitting of the original

space in two orthogonal subspaces.

The subspace minimizations are solved by oblique thresholding, where the projection

was computed by the algorithm proposed by Chambolle [Cha04](see also Section

4.2). They also provide a modi�cation for parallel computation.

Under appropriate assumptions convergence of the algorithm to the minimum of J

is ensured. But in general these conditions are not ful�lledand one only achieves
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convergence to a point whereJ is smaller then the initial choice. However the

numerical results are still promising.

The algorithm requires the computation of a �xed point� , which can be restricted to

a small strip around the interface. Unfortunately the widthof the strip is dependent

on the parameter� , in particular for � increasing (i.e. stronger smoothing) the strip

size decreases.

Since the primal-dual Newton method as introduced in Section 4.3.2 yields in solving

a linear system, we can apply the Schwarz approach directly (see Section 7.3) and

thus only need a overlap of one pixel, independent of the choice of� .
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Basic Parallel Principles

Traditionally, software has been written for sequential computation, which means

that the program runs on a single computer having a single CPU(Central Process-

ing Unit), whereas parallelization allows to run the programs on multiple CPUs.

The computing resource for a parallel computation can be a single computer with

multiple CPUs, a network of computers with single CPUs or a hybrid of both.

The aim of parallelization is to save computational time. More important, due to

the fact that some computations are limited by their memory requirements, they

become only computable by dividing the given data to severalprocessors.

Once we have decomposed our domain into several subdomains we want to divide

them on multiple tasks. Our choice of a parallel programmingmodel is the Message

Passing Model. It can be used on Shared Memory machines, Distributed Memory

machines as well as on hybrid architectures. Since modern computers, like our test

system ZIVHP1, employ both shared and distributed memory architectures this is

of great importance.

For the implementation of our algorithms we have used MATLABR
 2. In order to

make the Message Passing Interface (MPI) available in MATLAB R
 , we additionally

used MatlabMPI3 provided by the Lincoln Laboratory of the Massachusetts Institute

Of Technology (MIT). In this chapter we want to state what MPI is and why we

have used it for our problem. First we want to give a brief introduction to MPI.

6.1 MPI

The Message Passing Interface (MPI) standard in its �rst version was introduced
in 1994 by the MPI Forum. It supplies a set of C, C++ and Fortran functions for

writing parallel programs by using explicit communication between the tasks. Up to date

1see 8.2 for more derails
2The MathWorks

TM
, http://www.mathworks.com

3http://www.ll.mit.edu/mission/isr/matlabmpi/matlabm pi.html
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MPI is available in version 2.14.

The actual number of used processes is declared at startup. Processes that should com-

municate with each other are grouped in so-called communicators, where a priori all pro-

cesses belong to a prede�ned communicator calledMPI COMMWORLD, which is the only

one we will use. All processes are numbered increasingly starting at 0 (its rank), which

can be obtain during runtime with the function MPI Commrank . Analogously the size of

the communicator (i.e. the number of all processes) can be obtained via MPI Commsize .

Point-to-point communication (e.g. MPI Recv, MPI Send) as well as collective operations

(e.g. MPI Bcast ) are available.

Since we only use MatlabMPI, where just a few of the communication methods are imple-

mented, we restrict ourselves to a detailed consideration only for this methods.

6.1.1 MatlabMPI

MatlabMPI provides a set of MATLAB R
 scripts implementing some of the essential MPI

routines, in particular MPI Send, MPI Recvand MPI Bcast . One main di�erence to MPI is

the fact that MatlabMPI uses the MATLAB R
 standard I/O, i.e. the bu�er �les are saved

in .mat �les.

The MatlabMPI routines are structured as follows:

� MPI Send(dest,tag,comm,var1,var2,...)

where

dest rank of the destination task
tag unique tag for communication
comm a MPI communicator (typically MPTCOMMWORLD)
var1,var2,... variables to be send

� [var1,var2,...] = MPI Recv(source,tag,comm)

where

source rank of the source task
tag unique tag for communication
comm a MPI communicator (typically MPTCOMMWORLD)
var1,var2,... variables to be received

Note that MPI Sendis non-blocking in the sense of that the next statement can beexecuted

immediately after the message was saved in the.mat �le, whereas MPI Recvis blocking, i.e.

the program is suspended until the message was received. To make MatlabMPI available

4http://www.mpi-forum.org/
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in MATLAB R
 the src folder has to be added to the path de�nitions as well as the folder

the m-File is started from. One has to ensure that the path de�nitions are set a priori at

each start of a MATLAB R
 session.

A script using MatlabMPI can be run as follows:

eval(MPI Run(m-File, processes ,machines));

wherem-File is the script to be started, processes the number of processes andmachines

the machines that should be used. For running on local processors, machines is set as

fg , otherwise it contains the list of nodes which are then connected via SSH (resp. RSH).

Before running a script all �les created by MatlabMPI have to be removed using the

MatMPIDelete all command. For more detailed information see also the README �les

or the introduction given on the above mentioned homepage.

6.2 Speedup

To measure how much faster a parallel algorithm onp processors is in comparison to its

corresponding sequential version, one can look at the speedup, which is de�ned by

Sp :=
T1

Tp
:

Here T1 denotes the execution time of the sequential algorithm andTp the time needed

on p processors. One says that the speedup is linear or ideal ifSp = p. In most cases the

speedup is lower than linear (Sp < p ), which results from the overhead arising in parallel

programming. The overhead occurs i.e. due to the communication e�ort between the

processors, extra redundant computations, or a changed algorithm. Also, against the �rst

impression, a superlinear speedup (Sp > p ) is possible. A main reason for superlinear

speedup is the cache e�ect: Due to the smaller problem size oneach CPU the cache

swapping is reduced and the memory access time decreases sharply.
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Numerical Realization

In this chapter we specify the numerical realization of the primal-dual Newton method

with damping as introduced in Section 4.3.2. Since we apply the anisotropic total variation

(cf. (3.5)) we make use of a slightly changed penalty termF :

F (p1; p2) =
1
2

maxfj p1j � 1; 0g2 +
1
2

maxfj p2j � 1; 0g2

and hence

H (p) =

 
sgn(p1) � (jp1j � 1) � 1fj p1 j� 1g

sgn(p2) � (jp2j � 1) � 1fj p2 j� 1g

!

and its Hessian

H 0(p) =

 
1fj p1 j� 1g 0

0 1fj p2 j� 1g

!

: (7.1)

Note that we limit ourselves to the consideration of the two dimensional case, but an

adaption to higher dimensions can be easily done. First let us assumef 2 [0; 1]n� n being

a given noisy image. The aim is to �nd a denoised imageu by solving the linear system

(4.16).

Laying the degrees of freedom of the dual variablep in the center between the pixels ofu

allows us to compute the divergence ofp (using a single-sided di�erence quotient) e�ective

as a value in each pixel. (cf. Fig. 7.1). For our given issue this looks as follows:

De�ne a discrete gradient r u by

r u := (( r u)1; (r u)2)) (7.2)

with

(r u)1
i;j =

8
<

:

ui +1 ;j � ui;j if i < n

0 if i = n

(r u)2
i;j =

8
<

:

ui;j +1 � ui;j if i < n

0 if i = n

44



Chapter 7: Numerical Realization

� u11 � p2
11

� u12 � p2
12

: : : � p2
1n � 1

� u1n

� p1
11

� p1
12

: : : � p1
1n

� u21 � p2
21

� u22 � p2
22

: : : � p2
2n � 1

� u2n

� p1
21

� p1
22

: : : � p1
2n

...
...

. . .
...

� p1
n � 11

� p1
n � 12

: : : � p1
n � 1n

� un 1 � p2
n 1

� un 2 � p2
n 2

: : : � p2
nn � 1

� unn

Figure 7.1: The degrees of freedom of the vector �eldp = ( p1; p2) lay between the center
of the pixels of u, where u is represented by a (n � n) matrix. So p1 can be construed as
a (n � 1 � n) matrix and p2 as a (n � n � 1) matrix.

for i ; j = 1 ; : : : ; n:

Hence the discrete divergence as the negative adjoint operator of the gradient is given by

(r � p) i;j =

8
>>><

>>>:

p1
i;j � p1

i � 1;j if 1 < i < n

p1
i;j if i = 1

� p1
i � 1;j if i = n

+

8
>>><

>>>:

p2
i;j � p2

i;j � 1 if 1 < j < n

p2
i;j if j = 1

� p2
i;j � 1 if j = n:

(7.3)

7.1 Sequential Implementation

After having discretized the linear equation system (4.16), we describe the implementation

process in detail. We �rst want to construct a matrix A and a vector b such that under

an appropriate renumbering for u and p the following matrix equation

Ax = b (7.4)

is equivalent to the discretized linear system. For this purpose let us write u; p1 and p2

column wise in vectors:

~u =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

u11
...

un1

u12
...

un2
...

unn

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; ~p1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

p1
11
...

p1
n� 11

p1
12
...

p1
n� 12
...

p1
n� 1n

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; ~p2 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

p2
11
...

p2
n1

p2
12
...

p2
n2
...

p2
nn � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

We de�ne the matrices D1 and D2 to compute the gradient of u resp. the divergence ofp
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by:

D1 :=

n

8
>>>>>>><

>>>>>>>:

n� 1
z }| {

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

� 1
. . .
. . . 1

� 1

1

� 1
. . .
. . . 1

� 1
. . .

1

� 1
. . .
. . . 1

� 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

| {z }
N � n

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

N

and

D2 :=

n

8
>>>><

>>>>:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

0 1
...

. . .

0 1

� 1 1

� 1 0
. . .

...

� 1 0

� 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

| {z }
N � n

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

N

Note that the structure of these matrices arises from writing the matrices for u, p1 and

p2 column wise as vectors of sizeN = n2, resp. N � n. So (D1 D2)
� ~p1

~p2

�
computes the

divergence ofp and, recalling that the divergence is the negative adjoint of the gradient,

(D1 D2)t~u =
� D t

1
D t

2

�
~u computes the negative gradient ofu.
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Now we can construct our system matrixA as follows:

A =

N
z }| {

N � n
z }| {

N � n
z }| {

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

�
. . . D1 D2

�

D t
1 � 2

" M 1 � � I 0

D t
2 0 � 2

" M 2 � � I

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

9
>>>=

>>>;

N

9
>>>=

>>>;

N � n

9
>>>=

>>>;

N � n

with the ( N � n) � (N � n) identity matrix I and M 1, M 2 being diagonal matrices with

(M i ) j j = ( H 0(pi
j )) ii for i = 1 ; 2 and j = 1 ; : : : ; N � n:

Note that H 0(p) is a diagonal matrix (see 7.1).

Now let us write the primal and dual variables in one vector x:

x =

0

B
@

~u
~p1

~p2

1

C
A

	
N

	
N � n

	
N � n

With the righthand side

b =

0

B
B
B
B
B
B
B
@

�f 11
...

�f nn

� 2
" H 0( ~p1) ~p1 � � ~p1 + 2

" H ( ~p1)

� 2
" H 0( ~p2) ~p2 � � ~p2 + 2

" H ( ~p2)

1

C
C
C
C
C
C
C
A

9
>>>=

>>>;

N

	
N � n

	
N � n

we have to solve the linear equation systemAx = b. This is the sequential ad-hoc realiza-

tion of (4.16) and is implemented in TV primaldual sequential.m .

The matrix A is sparse and its shape provides some improvements for solving the equation

system, i.e with the Schur Complement.
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7.2 Schur Complement

We have to solve a linear equation system of the form

 
C D

D t B

!  
u

p

!

=

 
f

g

!

(7.5)

with diagonal matrices B and C. This can be written as

Cu + Dp = f (7.6)

D t u + Bp = g: (7.7)

Solving (7.7) for p gives us

p = B � 1(g � D t u): (7.8)

Reinserting this in (7.6) leads to

(C � DB � 1D t )u = f � DB � 1g: (7.9)

The Matrix S := ( C � D � 1B tD) is called Schur complement matrix. Computing the

inverse matrix B � 1 of B is quite easy sinceB is diagonal. After solving (7.9) one obtains

p with (7.8). So we have reduced our equation system from sizeO(N 3) to O(N ), however

there have to be computed several matrix products. Note thatB is only a diagonal matrix

in the case of the anisotropic norm we have used in all of our considerations. If one would

like to use other norms, one could alternatively eliminateu instead of p in (7.5). In this

case the size of the equation system is only reduced toO(N 2). Analogous to what we have

done before we achieve:

(B � D t C � 1D)p = g � D tC � 1f:

We then obtain u from

u = C � 1(f � Dp):

Again C is easy to invert due to its diagonal shape.

7.3 Parallel Implementation

In the style of the additive and multiplicative Schwarz meth od we present two parallel

implementations of the primal-dual Newton method with damping. For this sake we have
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to distribute the discrete domain 
 to several processors. We split the domain at the primal

variable u and hence need boundary values inp from the neighbor processors. Since this

values (so-called ghost cells) are not available a priori they have to be communicated in

each iteration step. Such a distribution is shown in Figure 7.3 in the case of an image

of size 5� 5 and a total number of four processors. The sequential version is shown in

Figure 7.2. For simpli�cation the primal variable u is denoted with � and the dual variable

p = ( p1; p2) with � , resp. j.

� � � � � � � � �
j j j j j
� � � � � � � � �
j j j j j
� � � � � � � � �
j j j j j
� � � � � � � � �
j j j j j
� � � � � � � � �

Figure 7.2: Sequential version: All values on one processor. The interface at which the
image will be split in a parallel version with four processors is marked in green.

Processor #1

� � � � � �
j j j
� � � � � �
j j j
� � � � � �
j j j

Processor #2

� � � � � �
j j j

� � � � � �
j j j

� � � � � �
j j j

Processor #3

j j j
� � � � � �
j j j
� � � � � �
j j j
� � � � � �

Processor #4

j j j
� � � � � �

j j j
� � � � � �

j j j
� � � � � �

Figure 7.3: Parallel version with four processors: Every processor gets its assigned values.
The ghost cells (here marked in red) have to be communicated after each iteration.
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7.3.1 Additive Version

For the mathematical background we limit ourselves to the consideration of a decomposi-

tion of 
 in two subdomains 
 1 an 
 2. The adaption to the general case is straight-forward.

Assuming homogeneous Neumann boundary conditions, the linear system (7.4) is given

by

A

 
u

p

!

= b in 


p = 0 on @
 :

Note that the Neumann boundary conditions for u turn into Dirichlet boundary conditions

for p. Similar to the additive Schwarz algorithm introduced in Section 5.3.2 we iteratively

solve

A j 
 1

 
u(k+1)

1

p(k+1)
1

!

= bj 
 1 in 
 1

p(k+1)
1 = p(k)

2 on � 1

p(k+1)
1 = 0 on @
 1 n � 1

and

A j 
 2

 
u(k+1)

2

p(k+1)
2

!

= bj 
 2 in 
 2

p(k+1)
2 = p(k)

1 on � 2

p(k+1)
2 = 0 on @
 2 n � 2:

Here A j 
 i
, for i = 1 ; 2, denotes the restriction of the system matrixA to the domain 
 i .

Analogous bj 
 i
denotes the restriction of the righthand sideb to 
 i .

Take notice of the notation p1 (resp. p2) here indicating the a�nity to 
 1 (resp. 
 2) and

not the componentsp1, p2 of the vector �eld p.

After m iterations we obtain the solution u as

u = u(m) =

8
>>><

>>>:

u(m)
1 in 
 1 n 
 2

u(m)
2 in 
 2 n 
 2

u( m )
1 + u( m )

2
2 in 
 1 \ 
 1

The additive algorithm is implemented in TV primaldual schur.m.
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7.3.2 Multiplicative Version

Alternatively we can take the multiplicative Schwarz algorithm as a basis with a coloring

as mentioned in Section 5.3.1. Recall that for a division in each direction we would need

four colors. Providing a domain of each color in each processor, the number of divisions

will be four times higher then the number of processors, which is undesirable because the

subdomains may become very small and the communication e�ort would be too high. We

have found that for a subdomain size lower than 256� 256 the communication slows down

the algorithm (for details see Chapter 8). Thus for an overlapping of � = 2, we suggest

to use only two colors and achieve a division similar to a checkerboard (Fig. 7.4). Also

there will be an overlapping of domains of same color, the overlapping is only one pixel

and hence is nearly neglectable. An additional advantage ofthis light version is the easier

implementation.

Figure 7.4: Division of a domain in colored subdomains, with color blackand white.
The overlapping pixels of same colored subdomains are marked in red.

The multiplicative algorithm is implemented in TVprimaldual checkerboard.m .

7.3.3 Remarks

Since the sequential algorithm is already iterative, one achieves in the parallel versions

two iteration procedures. The inner iteration solves the TV-minimization problem on

each subdomain and the outer iteration corresponds to the Schwarz iterations. Setting

the number of inner iterations to 1 leads to a well exchange ofthe boundary conditions

but a high communication e�ort. Otherwise, let the TV-minim ization converge on each

subdomain before communicating (i.e. setting only the convergence criterion as a limit for

the inner iteration) results in less outer iterations but a higher computation time. The best

solution may be a trade o� between both, but this would require a better understanding

of the choice of the parameters� and ".

In our algorithm only images of size 2n � 2m , with m; n 2 N are allowed. Particularly

with regard to a suitable load balancing, we want to obtain subdomains of the same size

(also this is easier to implement). Hence we duplicate the right and lower boundary and

with an overlapping of � = 2 we can divide the image in d = dx � dy subdomains of size�
2

n
dx + 1

�
�

�
2

m
dy + 1

�
.
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Results

Finally we present some results of the implemented algorithms. As we will see both parallel

algorithms seem to converge well. They also provide a superlinear speedup if the image

size is big enough. For all our test runs we have used the following stopping criterion:

kuk+1 � ukk2
F � �

where k � kF denotes the Frobenius matrix norm and� the error limit.

8.1 Convergence Results

First we show some iteration plots for a 512� 512 test image perturbed with Gaussian

noise (Fig. 8.1) computed on di�erent number of CPUs and compare them with the results

obtained by the sequential algorithm (Fig. 8.2).
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(b) Noisy

Figure 8.1: Original test image of size 512� 512 and noisy version with variance = 0.1.
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(a) After 1 iteration
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(b) After 2 iterations
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(c) After 3 iterations
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(d) After 13 iterations

Figure 8.2: Sequential Algorithm: � = 2, � = 10 � 2.

We can see that the multiplicative algorithm (Fig. 8.3 and 8.5) as well as the additive

version (Fig. 8.4 and 8.6) seem to converge well also when applied to a large number of

subdomains. The artifacts and displacements at the interfaces which can be observed in

the �rst iterations disappear completely after a su�cient n umber of iterations.

The algorithm preserves discontinuities crossing the interface as well as performs correctly

in areas where the solution is continuous. This is independent of the image size and even

when a small image is split in many subdivisions the results are still very good (see Figures

8.7 to 8.10).
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(a) After 1 iteration
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(b) After 2 iterations
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(c) After 3 iterations
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(d) After 13 iterations

Figure 8.3: Multiplicative version: � = 2, � = 10 � 2 running on two processors (i.e. four
domains).
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(a) After 1 iteration
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(c) After 3 iterations
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(d) After 13 iterations

Figure 8.4: Additive Version: � = 2 , � = 10 � 2 running on four processors.
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(a) After 1 iteration
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(c) After 3 iterations
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(d) After 14 iterations

Figure 8.5: multiplicative Version: � = 2, � = 10 � 2 running on 32 processors (i.e. 64
domains).
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(a) After 1 iteration
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(c) After 3 iterations

50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

500

(d) After 16 iterations

Figure 8.6: Additive Version: � = 2 , � = 10 � 2 running on 32 processors.
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(a) Original (b) Noisy

(c) 1 processor (d) 2 processors

(e) 4 processors (f) 8 processors

(g) 16 processors (h) 32 processors

Figure 8.7: Additive algorithm, image size 16� 16, noisy image with Gaussian noise of
variance 0:001, � = 2 ; " = 1000; � = 0 :001; � = 0 :0001.
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(a) Original (b) Noisy

(c) 1 processor (d) 2 processors

(e) 4 processors (f) 8 processors

(g) 16 processors (h) 32 processors

Figure 8.8: Multiplicative algorithm, image size 16 � 16, noisy image with Gaussian
noise of variance 0:001, � = 2 ; " = 1000; � = 0 :001; � = 0 :0001.
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(a) Original (b) Noisy

(c) 1 processor (d) 2 processors

(e) 4 processors (f) 8 processors

(g) 16 processors (h) 32 processors

Figure 8.9: Additive algorithm, image size 64� 64, noisy image with Gaussian noise of
variance 0:005, � = 2 ; " = 1000; � = 0 :001; � = 0 :0001.

58



Chapter 8: Results

(a) Original (b) Noisy

(c) 1 processor (d) 2 processors

(e) 4 processors (f) 8 processors

(g) 16 processors (h) 32 processors

Figure 8.10: Multiplicative algorithm, image size 64 � 64, noisy image with Gaussian
noise of variance 0:005, � = 2 ; " = 1000; � = 0 :001; � = 0 :0001.
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8.2 Computation Time and Speedup

Very important for an parallel algorithm is its scalability , i.e. its e�ciency when applied

to an increasing number of nodes. Hence we will measure the speedup (see Section 6.2)

depending on the the image size and the number of CPUs.

For this purpose we �rst specify the theoretical speedup onp processors. To simplify the

computation we assume the image to be square andp to be a square number.

Let n � n be the image size of the original problem. Then the dimensionof the system

matrix using Schur complement isn2 � n2 (cf. Section 7.2). Assuming that the equation

system is solved with Gaussian elimination leads to a complexity of O(n6).

Under the above assumptions the image size of the subproblems on each processor is
np
p � np

p and hence the matrix dimensions aren2

p � n2

p leading to a complexity of O( n6

p3 ).

The theoretical speedup can thus be computed as

Sp =
T1

Tp
=

O(n6)

O( n6

p3 )
= O(p3): (8.1)

Note that in this computation the overhead arising in parallelization (i.e. due to com-

munication between the CPUs) was neglected. It also should be mentioned that we have

actually used the mldivide command in MATLAB R
 which uses di�erent solvers depend-

ing on the structure of the matrix. Hence the computed speedup can not be applied for

comparison with the real speedup. However it indicates thatwe can expect a superlinear

speedup.

De�nitely the sequential algorithm is not optimal. One migh t decompose the image in

an analogous way to the parallel case and then solve the arising smaller subproblems one

after the other, but this concept can not be realized without all the mathematical theory

done before. In that case one obviously achieve at most linear speedup.

Sizen � n 1 CPU 2 CPUs 4 CPUs 8 CPUs 16 CPUs 32 CPUs
128� 128 1.1 4.2 4.6 6.5 13.7 46.6
256� 256 7.1 9.2 7.2 7.5 14 59.9
512� 512 47.1 36.4 18.5 11.9 14.7 56

1024� 1024 432 294 118 49 29 78
2048� 2048 5101 2518 718 388 225 130
4096� 4096 66777 24568 8429 4185 1658 1142

Table 8.1: Computation times for the additive algorithm.

All computations are done on the test system ZIVHPC, consisting of four IBM blades1

each equipped with two Intel Xeon Quadcore processors E5430with 2.66GHz, 12 MB L2-

Cache and 1333MHz FSB. The nodes are connected via a 10 Gigabit Ethernet and each

1Four HS21 XM blades (model nb. 7995G4G) in a IBM BladeCenter H88524XG. For more
details see www.ibm.com
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node provides a main memory of 32 GB.

We can see (cf. Table 8.1 and 8.2) that for an image size less then about 256� 256 a

parallel computation is useless. This is also true for a decomposition of larger images into

subimages less then the above mentioned size, e.g. for the computation of size 512� 512

on more then eight CPUs, or for 1024� 1024 on 16 CPUs.

Sizen � n 1 CPU 2 CPUs 4 CPUs 8 CPUs 16 CPUs 32 CPUs

128� 128 1.5 4.5 5.2 7.2 13.5 37.1
256� 256 9.1 9.4 8.4 9 14.4 62.1
512� 512 55.7 32.2 19.6 14.8 17.4 96.5

1024� 1024 449 185 87 45 35 95
2048� 2048 4696 1418 674 305 140 136
4096� 4096 47225 16712 6640 2567 1403 941

Table 8.2: Computation times for the additive algorithm.

The computation times are also visualized in Figure 8.11.
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(b) Image size 1024� 1024
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(c) Image size 2048� 2048
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Figure 8.11: Computation time

The speedup of both algorithms is superlinear (in the sense as mentioned above), although

it should be mentioned that the discrepancy should not be so large when applying other

solution methods for the linear system (e.g. preconditioned conjugate gradient methods).

However we have presented a parallel algorithm for total variation minimization which

needs only about 15 minutes for a 4096� 4096 image on 32 CPU's (or ca. 23 minutes on
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(c) Image size 2048� 2048
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Figure 8.12: Speedup for the parallel algorithms in compare to the sequential algorithm

16 CPU's). The image size is comparable with a good resolution 3D image and promises

similar good results when the algorithm is adapted to the three dimensional case.
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Conclusion

We have given a brief overview of total variation regularization and its solution methods.

With Theorem 3.1 we proved the opportunity to consider the dual problem, which leads

to a constrained but di�erentiable minimization problem.

We introduced a primal-dual Newton method with damping using penalty approximation

and illustrated its numerical realization. More important two parallel algorithms based

on the additive respectively the multiplicative Schwarz method are provided. Both seem

to converge well and provide a superlinear speedup.

The implementation was done in MATLAB R
 using MatlabMPI, making the Message Pass-

ing Interface available in MATLAB R
 . For an improvement of the algorithm there should

be done some research on the optimal choice of the parameters" and � as well as their

adaption process. Related to this problem is the optimal number of inner iterations, which

in our implementation is �xed to one.

The next step would be to extend the algorithm to the three dimensional case and rewrite

it in C R
 , where the whole routine library of MPI is available. Althou gh it should be

integrated in the EM-TV algorithm for which already a parall el implementation of the

EM part exists (cf. [SKG06]).
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