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Abstract
For the simulation of transport processes in porous media effective parameters for the physical processes on the target scale are
required. Numerical upscaling, as well as multiscale approaches can help where experiments are not possible, or hard to conduct.
In 2009, Bastian and Engwer proposed an Unfitted Discontinuous Galerkin (UDG) method for solving PDEs in complex domains,
e.g. on the pore scale. We apply this method to a parabolic test problem. Convergence studies show the expected second order
convergence. As an application example solute transport in a porous medium at the pore scale is simulated.
Macroscopic breakthrough curves are computed using direct simulations. The method allows finite element meshes which are
significantly coarser then those required by standard conforming finite element approaches. Thus it is possible to obtain reliable
numerical results for macroscopic parameter already for a relatively coarse grid.
© 2010 IMACS. Published by Elsevier B.V. All rights reserved.
Keywords: Discontinuous Galerkin method; Higher order; Unfitted finite elements; Numerical upscaling; Flows in porous media;
Convection–diffusion-problems; Parabolic equations

1. Introduction
1.1. Motivation
The correct prediction of solute transport in porous media is important for many different applications like groundwater contamination and remediation. On the continuum scale solute transport is commonly simulated using the
convection–dispersion equation. Two major difficulties arise in this approach: (i) It is hard to determine the correct
dispersion coefficient, which depends not only on the solute itself but also on the porous medium and the flow velocity.
(ii) The convection–dispersion equation is only valid in the limit of travel distances which are large enough for the solute
to sample all the heterogeneities of the porous medium. On shorter travel distances one often experiences anomalous
dispersion with an earlier breakthrough and a long tailing [16,26].
Pore scale modeling of water and solute transport is a helpful tool to derive macroscopic parameters like the dispersion
coefficient as well as to study the anomalous dispersion. At the pore scale water transport is described by the (Navier)
Stokes equation, solute transport by the convection–diffusion equation. While a plausible microscopic structure was
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formerly often generated artificially it can be obtained nowadays with a sufficient resolution by high-resolution X-ray
tomography [25,19].
1.2. Pore scale simulations
In the last years different approaches have been developed to simulate water and solute transport at the pore scale.
Pore network models represent the pore space as a network of usually cylindrical pores (pore throats) which connect
spherical pore bodies. The network is generated to resemble the pore size distribution of the real porous medium and
therefore is only similar to the original porous medium. Transport in the pores is calculated from simplified flow models
like Hagen–Poiseuille. While the vast majority of pore network model applications is targeted at water transport, they
have also been used to simulate solute transport, see e.g. [8,24,1].
Lattice-Boltzmann methods (LBM) simulate water and solute transport as the movement and collision of a number
of discrete fictitious particles along a highly interconnected lattice. The collision operator is chosen to obtain a solution
of the partial differential equations. LBM were applied to a range of applications, like computation of dispersion tensors
[9,13,26], or reactive transport [14,15].
Another particle based but mesh-free method is smoothed-particle hydrodynamics, where the fluid is divided into
a set of discrete particles. The movement of each particle is simulated in a Lagrangian approach [27,23]. The method
is popular in computer graphics but requires a high number of particles to produce accurate results.
For fluid flow in porous media also simulation codes exist which implement Finite-Difference, Finite-Volume and
Finite-Element discretizations [22]. However, the generation of suitable grids for complex pore spaces can be quite
demanding and can result in a very high number of unknowns.
Manwart et al. [17] compared a Finite-Difference and a Lattice-Boltzmann model for the simulation of pore scale
transport to determine the effective permeability of porous media. They found that the computation time is similar
for both the Finite-Differences and the LBM, which needs more memory. A comparison of a Finite-Volume, FiniteElement and Lattice Boltzmann code by Geller et al. [12] showed that LBM can be rather inefficient for simulations
of laminar steady-state flow fields.
Handling the pore space domain in a numerical simulation is not easy. On the pore scale the solid phase forms a
complex shaped geometry. Within pore scale simulations a good approximation of the geometrical shape is crucial to
obtain reliable numerical results. Sharp edges in the geometry lead to singularities in the solution, which disturb the
whole solution due to the internal friction of the fluid. Obtaining a good approximation of the resulting domain usually
requires simulations on a very fine grid, while the interest on the other hand lies only in macroscopic parameters, which
could be calculated with a sufficient precision from a solution on a much coarser mesh.
In [6], Bastian and Engwer proposed an Unfitted Discontinuous Galerkin (UDG) method for PDEs on domains with
a complicated geometric shape. It combines the Unfitted Finite Elements Method [3] with a Discontinuous Galerkin
(DG) discretization and allows to construct the finite element mesh independently of the geometry. In [6], the UDG
method was presented for elliptic problems. An application to pore scale simulations, i.e. numerical upscaling for the
stationary Stokes equation, is published in [11].
In this paper the UDG approach is applied to a time dependent problem on complicated geometries, as they can be
found in pore scale simulations. It is implemented on top of the DUNE software framework [5,4] and is available as
a separate DUNE Module. In the following section we state our parabolic model problem. Then the space and time
discretization, and especially the employed UDG scheme, will be described. In Section 4 convergence studies and
application on a simplified pore space geometry are presented.
2. Model problem
We consider the convection–diffusion equation as a model problem for parabolic partial differential equations. We
will refer to it as the “transport equation”
∂t c + ∇ · j = 0
j = uc − D∇c,

in 

(1a)

in 

(1b)
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and we consider Dirichlet, Neumann and outflow boundary conditions
j · n = (uc − D∇c) · n

on

O = ∂ where u · n > 0

(1c)

c = c0

on

D ⊆ ∂ \ O

(1d)

j·n=F

on

N ⊆ ∂ \ (O ∪ D )

(1e)

where u denotes the velocity of the solvent, c is the concentration of the solute and n the outer normal to . The
transport of c is described by the flux j, which consists of two parts. The first one is molecular diffusion, proportional to
the gradient ∇c and parameterized by the diffusion coefficient D. The second part is convection which is proportional
to a given velocity u. We assume that the system is convection dominated.
Dirichlet boundary conditions specify a concentration c0 on the boundary, for Neumann boundaries a flux F
is prescribed. The special case F = 0 of the Neumann boundary condition is known as the “no-flux condition”. The
outflow boundary condition is applied where the velocity is pointing outwards. It is essentially a “do-nothing” boundary
condition and allows the solute to leave the domain freely.
3. Numerical simulation
For the simulation of time dependent problems we use method of lines to handle time and space derivatives separately.
For the time derivative one of the common implicit time stepping schemes is used. Space discretization is done using
the Unfitted Discontinuous Galerkin method.
In the following subsection the Unfitted Discontinuous Galerkin Method (UDG) will be explained. Then we discuss
the particular time and space discretizations chosen for the model problem.
3.1. The Unﬁtted Discontinuous Galerkin method
In 1987 [3] presented a conforming finite element method on an unfitted mesh, i.e. the finite element mesh did not
resolve the geometry. Boundary conditions along the geometry were enforced weakly using Nitsche’s method [18].
This method is known as the Unfitted Finite Element Method. However the method itself does only allow first order trial
and test functions. The Unfitted Discontinuous Galerkin method [6] extends this idea by using Discontinuous Galerkin
methods instead of Nitsche’s method for the handling of essential boundary conditions. This does allow the use of
higher order trial and test functions. For problems described by a conservation equation DG methods are especially
attractive as many DG formulations are locally mass conservative and therefore able to accurately describe fluxes over
element boundaries. For a thorough discussion of the DG method we refer to [2].
Given a domain  ⊆ Rd , G describes a disjoint partitioning into N sub-domains


(2)
G() = (0) , . . . , (N−1) .
The partitioning G is usually based on geometrical properties obtained from experiments or previous simulations.
The boundaries ∂(i) may have a complex shape.
The finite element mesh for a sub-domain (i) is based on a fundamental mesh
T() = {E0 , . . . , EM−1 }
of the whole domain .
Based on (3) the triangulation




T((i) ) = En(i) = (i) ∩ En En(i) =
/ ∅

(3)

(4)

is defined as the intersection of (i) and the fundamental mesh, see Fig. 1. Note that the elements En(i) can be arbitrarily
(i)
shaped and in general will not be convex. For each triangulation the internal skeleton is named int , with



(i)
(i) 
(i)
(i)
/ Ef and |γef | > 0 .
(5)
int = γef = ∂Ee(i) ∩ ∂Ef  Ee(i) , Ef ∈ T((i) ), Ee(i) =
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Fig. 1. Construction of the partitions T((i) ) given the partitions G and T of the domain .

Correspondingly, the external skeleton is denoted by




(i)
ext = γe = ∂Ee(i) ∩ ∂(i) Ee(i) ∈ T((i) )and|γe | > 0 .

(6)

On the fundamental element En , ϕn,j ∈ Pk denotes a polynomial, where Pk is the space of polynomial functions of
(i)
degree k. The shape functions ϕn,j are given by polynomials ϕn,j ∈ Pk with their support restricted to En(i) ∈ T((i) ).
The resulting finite element space is defined by




(i)
Vk = v ∈ L2 ((i) ) v|E(i) ∈ Pk
(7)
n

(i)

(i)

and is discontinuous on the internal skeleton int . The discontinuity of a function x ∈ Vk evaluated on the interface
(i) is denoted by
between two adjacent elements En(i) and Em
冀 x 冁 = x|∂E(i) nE(i) + x|∂E(i) nE(i) .
n

n

m

(8)

m

(i)

On the boundary ∂(i) we define 冀 x 冁 to be 冀 x 冁 = xnE(i) . The average of x ∈ Vk on the interface is
{x} =


1
x|∂E(i) + x|∂E(i) .
n
m
2

n

(9)

On ∂(i) the average is defined as {x} = x.
Assembling the local stiffness matrix in a DG approach requires integration over the volume of each element En(i) and
its surface ∂En(i) . Mesh elements obtained by the UDG method might exhibit very complicated shapes, thus quadrature
rules based on interpolation functions are not directly applicable.
In order to guarantee accurate evaluation of integrals in an efficient way we construct quadrature rules for irregular
(i)
shaped elements using a local triangulation of En(i) . To do so, En(i) is subdivided into a disjoint set {En,k } of simple
geometric objects, i.e. simplices and hypercubes, where each of these can be integrated using efficient Gaussian type
quadrature rules. How exactly the local triangulation is constructed, depends on the way the geometry is represented.
3.2. Representation of the domain geometry
The partition G() describes the geometrical information. In [6] two different approaches for a representation of
the geometric information are described. The geometry can either be given explicitly, e.g. as CAD primitives, or it can
be given implicitly.
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In this paper we use an implicit description of the geometry as an iso-surface of a scalar function . This representation is well suited for geometric information obtained as image or voxel data, or for interfaces given by level-set or
phase-field methods. The partition G only contains two sub-domains the void space (0) and the bulk material (1) .
The scalar function  is given as a piecewise linear function on a structured mesh of mesh width hG and the domain
interface (0,1) = ∂(0) ∩ ∂(1) is described by the zero iso-surface. As  is piecewise linear the boundary of (i)
must be of polygonal shape.
For the geometry representation using a scalar function, the local triangulation is based on a modified Marching
Cubes algorithm, which was developed to give a reconstruction of an iso-surface of a scalar function (for details see
[10]).
3.3. Discretization of the model problem
The space discretization uses the new UDG approach. The DG discretization of the transport equation follows
the formulation in [7]. For the elliptic part −∇ · D(u)∇c the OBB scheme is chosen, which allows higher-order
discretization and fulfills the discrete local mass conservation. This scheme uses a penalty term for stabilization. The
hyperbolic part ∇ · uc is discretized using a flux based Upwind scheme and does not need additional stabilization.
Second order trial and test functions are used. For the OBB scheme we obtain a scheme which is second order accurate
in L2 - and H 1 -norm.
For time discretization the implicit θ-scheme is used, depending on the choice of θ the scheme is either a first or a
second order method.
Note that for the UDG scheme the size of a single element is not bounded from below. The size hT of most elements
will be equal to the mesh width of the fundamental mesh, but the size of some elements can be several orders of
magnitude smaller. Explicit time discretization schemes have to fulfill a stability condition, which makes the time step
depend on the smallest hT in the mesh, thus they are not suitable in such a setup.
3.4. θ-Scheme time discretization
Given a linear ordinary differential equation
d
x = L(t, x),
dt

(10)

and an initial value x(0) = x0 , the solution x on the time interval [0, T ] is requested. The interval is subdivided into
0 = t 0 < t 1 < · · · < t M = T with t n = t n+1 − t n . The approximation of xn+1 by the one-step-θ-scheme is given as
xn+1 −

t n θL(t n+1 , xn+1 ) = xn +

t n (1 − θ)L(t n , xn ).

(11)

The one-step-θ-scheme is parameterized by the coefficient θ ∈ [0, 1]. For θ = 0 the explicit Euler scheme is obtained,
for θ = 1 the scheme is identical to implicit Euler. The scheme with θ = 1/2 is known as Crank–Nicolson and is second
order accurate.
In order to benefit from the higher order discretization in space we use in the following computation θ = 1/2, i.e.
Crank–Nicolson. Although the method is unconditionally stable it must be noted that it is not reasonable to take very
large time steps as the approximation error increases. Thus the time step is chosen such that u t < hT is fulfilled on
the fundamental mesh. This corresponds to a Courant number of 1 on the fundamental mesh.
3.5. Discontinuous Galerkin discretization of the transport equation
The underlying DG discretization of the transport equation uses the formulation described in [7].
The velocity u is either given explicitly or obtained from previous computations. On the skeleton (0) of (0) the
velocity is defined as the average
u|γ = {u},

γ ∈ (0) .

(12)
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The concentration c is given element-wise. The solution c|γ on the skeleton is chosen as the upwind solution c∗ .
(0)
For γef ∈ int c∗ is given as

c|e (x) if u|γef · ne > 0
∗
(13)
c|γef = c (x) =
c|f (x) else,
(0)

where e and f denote the two elements sharing γef . For γ ∈ D the upwind solution is

c(x) if u|γ · n > 0
∗
c|γ = c (x) =
c0 (x) else.

(14)

The space discretized problem reads: Find c such that
∂t m(c, v) + a(c, v) = l(v)

(0)

∀v ∈ Vk ,

(15)

with the bilinear forms a and m, and the linear form l. Contributions to a(c, v) and to l(v) origin in the elliptic (a1 , l1 )
as well as the hyperbolic part (a2 , l2 ). The time derivative term is denoted by m(·, ·).
The elliptic part is discretized using the OBB scheme. The discretization yields


a1 (c, v) =
D∇c · ∇v dx −
冀 c 冁 · {D∇v} ds
(0)
(0)
(0) \N


(16)
冀 v 冁 · {D∇c} ds −
vD∇c · n ds.
+
(0)

(0)

(0) \N

D

The contribution of the elliptic part to the right hand side is


l1 (v) =
qv dx +
c0 D∇v · n ds .
(0)

(0)

(17)

D

The discretization of the hyperbolic part is obtained straight forward. Applying integration by parts and substituting
c|γ and u|γ according to (13), (14), and (12) yields


a2 (c, v) = −
u c ∇v dx +
冀 v 冁 · {u} c∗ ds.
(18)
(0)

(0)

(0) \N

The Neumann boundary condition contributes to the right hand side

l2 (v) = −
Fv ds.
(0)

(19)

N

4. Results and discussion
The discretization is first applied to two test problems with known analytic solution. Both problems are tested
in 2D and 3D and the convergence of the L2 -error is studied. Then we investigate a setup similar to ones used in
experiments. Simulations then yield a macroscopic breakthrough curve. In all examples second order shape functions
and the Crank–Nicholson time stepping scheme are used.
To investigate grid convergence we look at the experimental order of convergence (EOC). Given two triangulations
T1 and T2 with distinct mesh widths hT1 and hT2 and corresponding solutions with errors e1 and e2 the EOC between
those meshes is given as
EOC =

log e1 − log e2
.
log hT1 − log hT2

(20)

Since the employed method is second order accurate, the expected order of convergence is EOC = 2.
For the computation of the L2 -error a reference solution is needed to compare with. For the first two test cases
analytic solutions are available which can be used as the reference solution.
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Fig. 2. The “circular channel” setup in 2D. A circular channel with inner diameter 0.6 and outer diameter 1. No-flux boundary conditions are
imposed.

4.1. Test problems with analytical solution
The two test setups are a Gaussian peak rotating in a circular channel (Fig. 2), and a Gaussian pulse moving along
a tilted channel (Fig. 4). For both setups the domain  is the unit square in 2D, respectively the unit cube in 3D.
4.1.1. Circular channel
In 2D the circular channel has an outer diameter of 1 and an inner diameter of 0.6. No-flux boundary conditions are
imposed on all boundaries, the velocity field is pointing clockwise along the channel and its magnitude is proportional
to the distance from the center, i.e. the angular velocity is constant. At t = 0 the concentration forms a Gauss pulse
with a width of σ0 = 0.05 in the left side of the channel. For 3D the domain is simply extended into the z direction. In
this direction the Gaussian pulse is located at z = 0.5.
We only consider the pure hyperbolic case without diffusion. At t = π/4 the pulse is transported exactly to the top of
the domain and the error is measured in the L2 -norm. The element size for the different meshes ranges from hT = 1/2
to hT = 1/1024 in 2D and to hT = 1/64 in 3D. The geometry of the channel is described on a grid with hG = hT /4.
Note that in this case the geometry is not represented exactly as the scalar function  is piecewise linear.
Circular Channel
2.5
2D
3D

EOC

2.0

1.5

1.0

0.5

0.0
4

16

64

256

1024

1/hT
Fig. 3. Experimental order of convergence of the L2 -error for the 2D and 3D pure-convection problem in “circular channel” (Fig. 2). Theoretically
expected convergence rates are obtained.
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Fig. 4. The “tilted channel” setup in 2D. The lower right and upper left corners of the unit square are cut of. Boundary conditions are no-flux on the
cut boundaries, outflow on the top and right boundaries, and Dirichlet (c0 = 0) on the bottom and left boundaries.

The obtained convergence rates are shown in Fig. 3. For both cases, 2D and 3D, second order convergence is
obtained for sufficiently small hT .
4.1.2. Tilted channel
In 2D the tilted channel is a unit square, where the lower right and upper left corners are cut of, leaving a channel
of width 0.5. Boundary conditions are no-flux on the cut boundaries, outflow on the top and right boundaries, and
Dirichlet
on the bottom and left boundaries. The diffusion coefficient is D = 10−3 , the velocity vector is
√ (c0 = 0)
T
u = 1/2 (1, 1) and the initial concentration is a Gaussian pulse perpendicular to the velocity vector at a distance of
0.25 from the center. The 3D domain is again simply the extension into the third dimension.
The element size for the different meshes ranges from hT = 1/2 to hT = 1/1024 in 2D and hT = 1/128 in 3D.
Like in the circular channel setup, the geometry is described on a mesh with hG = hT /4, here the representation of the
domain is exact.
At t = 0.5 the pulse has moved a distance of 0.5 and the L2 -error is evaluated. The resulting convergence rates are
shown in Fig. 5. Again the predicted convergence rates of EOC = 2 are obtained.
4.2. Example application: solute transport in a porous medium
Breakthrough curves of a tracer are a macroscopic property often measured during experiments. As a more realistic
example we compute this property using direct simulation of the pore scale convection–diffusion problem. The tracer
flux is measured at the outlet and plotted over the time to obtain the breakthrough curve.
The domain considered here is a channel of size 2 × 1 × 1 partially filled with randomly packed spheres, see Fig. 6.
100 spheres with a radius of 0.095 are randomly packed in the in the central region 0.5  x  1.5. Similar setups are
also used in experiments, e.g. [21], but usually they contain a lot more spheres.
Boundary conditions are Dirichlet (c0 = 0) on the left boundary, outflow (no boundary condition) on the right
boundary and no-flux (F = 0) on all other boundaries, including the surface of the spheres. The velocity field is given
as the solution of the Stokes equations on the pore scale domain. For the discretization of the Stokes problem we are
using the UDG [11] method on a mesh with hu = 1/64, the DG formulation follows the one described in [20]. In
the Stokes problem a macroscopic pressure gradient is pointing from left to right. Initial condition for the transport
problem is c = 1 in the region [0.125, 0.375] × [0.25, 0.75]2 and c = 0 else. The diffusion coefficient is D = 10−5 .
If the geometry would be obtained from an imaging process, e.g. X-ray tomography, it makes sense to use always
a representation of the geometry on the finest mesh. We describe the spheres by a signed distance function on a fine
mesh with hG = 1/64 for all values of hT . The obtained geometry is assumed to be the exact geometry.
Simulations are carried out for different mesh sizes, varying from hT = 1/8 to hT = 1/64. In the last case the
fundamental mesh T is the same as the mesh for the geometry. All simulations use the same velocity field. The linear
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Tilted Channel
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4

16

64
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1024

1/hT
Fig. 5. Experimental order of convergence of the L2 -error for the 2D and 3D transport problem with diffusion D = 10−3 in a “tilted channel”
(Fig. 4). Theoretically expected convergence rates are obtained.

system was solved using a BiCG-STAB solver with a reduction of 10−10 and an ILU preconditioner. The number of
degrees of freedom for the different mesh sizes is given in Table 1. For hT = 1/64 the number of iterations for the
solver ranges from 9 to 14.
Breakthrough curves of the total concentration flow are computed and plotted in Fig. 7. Numerically the breakthrough
values are evaluated as
∗
A {u} · n c (t) dx
,
(21)
A {u} · n dx
where A is a plane perpendicular to the x-axis at x = 1.75, and n its normal vector.
These curves are then used to calculate the L2 -error and the EOC in Table 1, using the result from the mesh with
the smallest elements (hT = 1/64) as a the reference solution. Also for this example without analytic solution, the
predicted convergence rate of EOC = 2 is obtained. It should be noted that important qualitative features like the
tailing can be captured already with a very coarse discretization. The results show further that error in the simulation
with hT = 1/32 compared to the highest resolution of hT = 1/64 is not visible and a lot smaller than the expected
measurement errors. Already with the very coarse discretization of hT = 1/16 the method gives reliable, good quality
y

noflux F = 0

outflow

Dirichlet c0 = 0
z

noflux F = 0

x

Fig. 6. Setup with an artificial porous medium. The domain has size 2 × 1 × 1. The spheres in the central region approximate the porous medium.
Boundary conditions are Dirichlet (c0 = 0) on the left boundary, outflow on the right boundary and no-flux (F = 0) on all other boundaries, including
the surface of the spheres. Flow is from left to right. The checkered plane to the right indicates where breakthrough curves are obtained.

2060

P. Bastian et al. / Mathematics and Computers in Simulation 81 (2011) 2051–2061

relative flow through slice

Breakthrough for slice at x=1.75
0.12
hT=1/8
hT=1/16
hT=1/32
hT=1/64

0.10
0.08
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0.02
0.00
0
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1000
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2000
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3000

t

Fig. 7. Breakthrough curves obtained according to (21) for a plane at x = 1.75 (checkered plane in Fig. 6). The curves for hT = 1/32 and hT = 1/64
are so much alike that it is very difficult to distinguish them.
Table 1
Number of degrees of freedom, grid Péclet number and experimental order of convergence for the breakthrough curves from Fig. 7. For the L2 -error
the breakthrough curve from the finest mesh (hT = 1/64) is used as the reference solution. The last column shows the EOC between the previous
and the current row.
1/ hT

#dofs

Pegrid

L2 -error

EOC

8
16
32
64

10240
81920
655360
5242880

13.6
6.79
3.39
1.70

0.173
0.0500
0.0127
–

–
1.79
1.98
–

results. The breakthrough curves show a non-Gaussian shape and a noticeable tailing thus the solute transport is still
in the range of anomalous dispersion.
5. Conclusions
In this paper we presented an Unfitted Discontinuous Galerkin (UDG) method for the convection–diffusion equation.
It allows the direct simulation of transport processes on the pore scale, using state of the art numerical methods. A
second order accurate Discontinuous Galerkin scheme is used for the spatial discretization. As the size hT of the
smallest element in a UDG mesh is not bounded from below explicit time stepping schemes are not suitable and the
implicit Crank–Nicholson scheme is employed.
The implementation is based on the DUNE framework [5,4]. For 2D and 3D second order convergence of the L2 error was observed for two test problems with full regularity, analytically given velocity fields, and known solutions.
Detailed simulations on the pore scale as well as measurements of macroscopic quantities like breakthrough curves
are possible. As an application example breakthrough curves were computed from full 3D pore scale simulations on
an artificial pore structure. Grid convergence for this macroscopic property is observed.
These results show the ability of the UDG method to give reliable numerical results for macroscopic parameters
already for a relatively coarse grid. The computation of macroscopic quantities allows comparison with experiments
and thus can aid in the verification of macroscopic models.
Computation of parameters for multiphase flow are planned for future work. Using experimentally obtained pore
space domains and evolving surfaces will increase the computational demands. Thus the parallelization of the UDG
assembler and the coupling with modern domain decomposition methods is the next logical step.
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