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we introduce an approach for multiple bases onadaptive parameter domain partitions. Due to the
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1 Introduction

Many modern numerical simulation scenarios are characterized by high dimensionality in the solution
variable. Frequently, further dimensions of complexity are added by time-dependence, where theso-
lution variable can considerably vary over time, or by parameter-dependence, where the problem and
therefore the solution is changing for each newly given parameter. This is the motivation of increased
e�orts in research directions for model order reduction (MOR), where low dimensionalsubstitute mod-
els are created based on high dimensional and therefore computationally expensive simulation models.
In particular, Reduced Basis (RB) methods [13, 14] are increasingly popular methods for complexity
reduction in problems, where parametrized partial di�erential equations (PDEs) or dynamical systems
are to be solved repeatedly for varying parameters� 2 P from some compact parameter domain
P � Rp. Examples for such simulation scenarios are multi-query or real-time settings, such as design,
control, optimization, or inverse modelling based on PDEs. Instead of repeated computation of expen-
sive detailed solutionsu(� ) 2 X from a high dimensional spaceX for varying parameter vector � , a
problem-speci�c, typically low dimensional, subspaceX N � X is constructed in a preprocessing step,
which approximates the solution under parameter changes. Based on this reduced basis space, a reduced
model is devised by Galerkin projection which inexpensively computes approximations uN (� ) 2 X N
of the unknown solution for any (and typically many) new choices of the parameter. We refrain from
further details on RB-methods for parametrized partial di�erential equations but ref er to [14] for an
overview for elliptic problems, or [10] for evolution equations.

Recently, the reduced basis approach was also formulated in the context of dynamical systems [11]
of the form

d
dt

x(t) = A (� )x(t) + B (� )u(t);

x(0) = x0(� )

with parameter dependent system matricesA (� ) 2 Rn � n ; B (� ) 2 Rn � m and initial values x0(� ) 2
Rn on the time interval t 2 [0; T]. The expensive solutionsu(� ) 2 X are given by the continuous
trajectories, e.g. u(� ) := x(�; � ) 2 X = C([0; T]; Rn ). A reduced basis � can be identi�ed with a
pair of biorthogonal projection matrices (V ; W ) 2 Rn � N ; N << n; W T V = I N such that the reduced
system is given as

d
dt

x̂ (t) = Â (� )x̂ (t) + B̂ (� )u(t);

x̂ (0) = x̂0(� )

with reduced matrices Â (� ) = W T A (� )V , B̂ (� ) = W T B (� ) and initial data x̂0(� ) = W T x0(� ).
The inexpensive approximationsuN (� ) 2 X N are thus given as the reduced trajectoriesuN (� ) :=
V x̂(�; � ) 2 X N � X . See [11] for an extension by an output equation. Given an arbitrary positive
de�nite symmetric matrix G 2 Rn � n , which de�nes an inner product on state space byhx1; x2i G =
xT

1 Gx 2, and a computable upper boundC1(� ) � supt kexp(A (� )t)kG an a-posteriori error bound is
derived as supt 2 [0;T ] kx(t) � V x̂ (t)kG � � (� ; � ) with a-posteriori error estimator

� (� ; � ) := C1(� )

 

ke(0; � )kG +
Z T

0
kR (� ; � )kG d�

!

:

The initial error is thereby de�ned as e(0; � ) := x(0; � ) � V x̂ (0; � ) and the residual is given as
R (t; � ) := A (t; � )V x̂ (t; � ) + B (t; � )u(t) � V d

dt x̂ (t; � ): All of these parameter dependent quantities
can be computed e�ciently during the reduced simulation by a proper o�ine-online decomposit ion as
described in [11].

The crucial ingredient for all reduced basis methods is the choice of areduced basis� the span of
which yields the reduced basis spaceX N . Methods for reduced basis construction typically are based
on snapshots, i.e. f u(� i )g

N
i =1 for certain selected parameter vectorsf � i g

N
i =1 . Such snapshots can be

used directly as basis vectors (after recommended orthonormalization) giving a Lagrangian Reduced
Basis. Another possibility is to apply Proper Orthogonal Decomposition (POD) techniques as a data
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compression step for large sets of snapshots (in particular for time-sequences).In certain cases, the
selection of snapshots is possible by solving an optimization problem, c.f.[2] for optimal parameter
selection or [17] for an optimal choice of snapshots in time. In some simple cases optimal snapshot
locations are known a-priori [13]. These approaches though are not yet available for more complex
scenarios, which is the reason, why general-purpose algorithmical basis generation procedures need to
be devised. In case of availability of a-posteriori error estimators, awell established approach is the
greedyprocedure [7, 13, 16], which accumulatively determines snapshots based on a (typically large) set
of training parameters M train . We will recall details in Sec. 2. An extension of this approach for time-
dependent problems is thePOD-greedy procedure introduced in [10] and successfully used in further
applications [12].

In this presentation we propose extensions of these greedy and POD-greedy procedures, which are
based on adaptive grids in parameter space, steered by a-posteriori error estimators or other indicators.
The �rst approach is based on adaptive training set extension, which results in a reduction of the
basis generation time (o�ine). The second approach gives explicit control of the reduced simulation
time (online) by generating multiple bases with limited dimensionality on adaptive partitions of the
parameter domain.

We brie
y mention several further existing approaches, which are related to our proposals. The idea
of a multistage greedy algorithm can be found in [15], which makes use of a sequential decomposition of
a large training set. We will comment on this in Sec. 3. Further, the idea of parameter domain partition
was inspired by similar approaches for stationary elliptic [4] and instationary parabolic approaches
[3, 5]. In contrast to these references, which use Voronoi-type bisections leadingto unstructured meshes
with possibly degenerated elements, we apply adaptive hexaedral meshes of arbitrarydimension.

The structure of the presentation is as follows. In Sec. 2 we introduce the basicnotation and brie
y
recall the meanwhile standard approaches for parameter selection in reduced basis generation. Section
3 presents an approach for adaptive extension of the training set and Sec. 4 a multiple bases approach
using an adaptive parameter space partitioning. Experiments in Sec. 5 investigate the bene�ts of the
training set extension and parameter domain partitioning separately and in a combined fashion. We
conclude in Sec. 6 with a summary and comments on possible future improvements.

2 Notation

We introduce the (few) required notation:

{ P � Rp compact parameter domain; without loss of generality a hypercube, as any compact
parameter set can be covered by such.

{ M a non-conform adaptive hexaedral grid in the p-dimensional parameter domain with sets of
leaf-elementsE(M ) and vertices V (M ). The centroid of an elemente 2 E(M ) will be denoted with
c(e).

{ X space ofdetailed solutions, this can be X = H 1
0 (
 ) as a solution space of elliptic PDEs, or

X = C([0; T]; Rn ) as the space of continuous trajectories in state spaceRn of a dynamical system,
etc.

{ A detailed solution scheme, which can produce adetailed solution u(� ) 2 X for any admissible
parameter � 2 P .

{ � = f ' 1; : : : ; ' N (� ) g a reduced basisof sizeN (� ), i.e. N (� ) being the reduced dimension.
{ X N � X the reduced solution spacebased on� , i.e. X N := span(� ) for stationary problems, or

X N := C([0; T]; span(� )) for time-dependent problems.
{ a reduced solutionscheme, which can produce areduced solutionuN (� ) 2 X N for any admissible

parameter � 2 P .
{ � N (� ) an error indicator , measuring the error between the detailed and reduced solutions, or

between outputs of these, i.e.ku(� ) � uN (� )k � � N (� ) for suitable norm on X .

In particular, the error indicators � N (� ) can be anya-posteriori error estimators used in RB-methods
[10, 14]. If such estimators are not available, also the true error can be used, in which case, the
evaluation of this quantity is expensive as it involves the computation of a detailed solution, but
still may be feasible in view of our adaptive approach. Further, we deliberately do not di�er between
stationary or instationary problems. As the reduced solutions and error estimators depend on the
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reduced basis that is used, we occasionally emphasize this dependency by the basis as additional
argument uN (� ; � ); � N (� ; � ).

The standard greedyprocedure [7, 13, 16] for the construction of a reduced basis� is based on a
�nite training set of parameters M train � P , a given desired error tolerance" tol > 0 and optionally an
initial choice of basis � 0, which is to be extended. It is an accumulative basis construction procedure.
It consecutively determines the� � 2 M train that is worst resolved with the current reduced basis (as
measured by the chosen error indicator� (� ; � )), performs a detailed simulation u(� � ) and uses this for
extension of the basis� , until the error over M train is less than" tol . For stationary problems, the step
of basis extension is a simple inclusion of the solution snapshotu(� ) into the basis. For instationary
problems, this extension-step must extract a few vectors from the detailed solutiontrajectory. This
can either be based on residual increment criteria [6] or on orthogonal projections of the trajectory
combined with temporal compression techniques [10]. The latter in particular turned out to be quite
successful and is meanwhile standard and denotedPOD-greedyprocedure.

Despite the wide applicability of the (POD-)greedy algorithm, some problems remain, which will
be adressed in the subsequent exposition:

1. Over�tting: In case of too small training set, the error on M train may be nicely decreasing or can
ideally be reduced to 0 with growing basis dimension, but the error for independent test parameters
remains large.

2. Training times: In case of too large training set, the training time can be exorbitant, in particular
in instationary scenarios without or with merely expensive error estimators.

3. Basis size: The (POD-)greedy algorithm will produce a basis satisfying the desired error threshold
" tol on the training set. But the resulting basis size may be much too large, resulting in too high
online simulation times.
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Fig. 1 Illustration of over�tting for the model from [10]. The maximum error e stimator on a random test set
is plotted over the dimension N of the reduced basis space for thePOD-greedy algorithm with a �xed training
set corresponding to the vertices of a uniform Cartesian parameter gri d with 4 3 , 63 , and 103 nodes.

3 Adaptive Training Set Extension

We now elaborate on a method that has been brie
y explained in [9], adressing the �rsttwo issues
raised above: \over�tting" and \training times". Fig. 1 gives some typica l results of the (POD-)greedy
basis generation procedure with the model problem from [10]. In particular, we choose 3 di�erent sizes
of (�xed) training parameter sets, generate bases with the POD-greedy procedure and monitor the
maximum test error estimator over an independently drawn test parameter set. Each curve corresponds
to one of the training sets. We see that in these cases the convergence rate of the test error estimator



Basis Generation for Parametrized Model Reduction Based on Adaptive Gr ids in Parameter Space 5

EarlyStoppingGreedy (� 0 ; M train ; " tol ; M val ; � tol ; Nmax )
1 � := � 0
2 repeat
3 � � := arg max � 2 M train � (� ; � )
4 if � (� � ) > " tol
5 then
6 ' := ONBasisExt (u(� � ); � )
7 � := � [ f ' g
8 " := max � 2 M train � (� ; � )
9 � := max � 2 M val � (� ; � )="

10 until " � " tol or � � � tol or j� j � Nmax
11 return �; "

Fig. 2 The early-stopping (POD-)greedy search algorithm, for � tol = 1 ; Nmax = 1 recovering the standard
(POD-)greedy procedure.

breaks down if N increases, while (not shown) the training error estimator is nicely decreasing with
growing basis size. This indicates, that the (POD-)greedy algorithm tends to over�t if the training set
is kept �xed and is too small.

On the other hand, if larger training sets are chosen, the breakdown of the convergence rate can be
shifted towards larger values ofN . Unfortunately, such a procedure usually comes with an immense
increase in computational costs.

The underlying reason for both over�tting and too long training times is the unknow n ideal size
and distribution of the training set. Hence, the main component of our �rst approach is an adaptive
training set extension procedure to adapt the number and location of the training parameters to the
given problem.

In detail, we propose an extension of the (POD-)greedy algorithm byearly stopping, which is a
technique used in machine learning to prevent over�tting of iterative learning procedures. In particular,
we enable the (POD-)greedy algorithm with additional input arguments as indicated in Fig. 2: an
additional validation set M val of parameters, an additional tolerance level� tol and a maximum target
basis sizeNmax . Note that by setting � tol = Nmax = 1 the algorithm is the traditional (POD-)greedy
procedure. The validation set M val is used to monitor an additional validation error of the current
basis. If the ratio of the validation error and the training error exceeds the tolerance � tol > 0, we
conclude that the basis construction process is over�tting on the training set and the early stopping
of the (POD-)greedy procedure is initiated. Such cases of detected over�tting indicate thatM train is
too small for the desired model accuracy. For use in later approaches, the early stopping can also be
induced by further criteria, in particular the basis construction procedure is stopped, if the maximum
number of basis vectorsNmax is exceeded. However, in this section we setNmax = 1 and hence do
not pose a bound on the basis sizej� j. The role of Nmax will be crucial in the next section.

Our adaptive approach illustrated in Fig. 3 is based on an adaptive gridM covering the parameter
set, i.e. P =

S
e2E (M ) e, the vertices of which are taken as training set of the (POD-)greedy algorithm,

M train := V (M ). In case of detected over�tting by early stopping, we conclude a necessary re�nement
of the parameter grid. In the spirit of local grid adaptation in �nite element m ethods, element indicators
� (e) are computed, which are related to the model-error on these parameter cells. A marking and
re�nement strategy results in uniform or local grid re�nement. A subsequent restart of the greedy
search over the now extended set of grid-vertices is performed, using the previously obtained basis
as new initial basis, until the desired accuracy" tol is obtained. This completes the description of the
adaptive training set extension procedurefor the case of uniform global re�nement. For the case of
local re�nement, the de�nition of the element indicators and the re�nement rule need to be speci�ed.
We �rst de�ne preliminary element indicators ~� (e) for elements e 2 E(M ) of the parameter mesh by
taking the maximum of the error estimator values in the vertices� 2 V (e) and the barycenter � = c(e)
of an elemente, i.e.

~� (e) :=
�

max
� 2 V (e) [f c(e)g

� (� ; � )
�

:

As it is well known for adaptive methods, such an indicator may have problems todetect local maxima
of the error in cases where the starting parameter mesh is too coarse to resolve some detailed structures.
It may happen, that the error indicator of a coarse cell is small or zero, and hence, the element is
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AdaptiveTrainExtension (� 0 ; M 0 ; " tol ; M val ; � tol ; Nmax )
1 � := � 0 ; M := M 0
2 repeat
3 M train := V (M )
4 [�; " ] := EarlyStoppingGreedy (�; M train ; " tol ; M val ; � tol ; Nmax )
5 if " > " tol
6 then
7 � = ElementIndicators (M ; �; " )
8 M := Mark (M ; � )
9 M := Refine (M )

10 until " � " tol or j� j � Nmax
11 return �; "

Fig. 3 The adaptive training set extension procedure based on an adaptive grid in parameter space.

never re�ned in the re�nement process. In order to circumvent such stalling problems we add some
penalization term, which penalizes elements with long non-re�nement history. We therefore de�ne the
�nal element indicators � (e) as

� (e) := 
 (e)s(e) + ~� (e)=";

where 
 (e) > 0 denotes a weighting parameter depending on the local mesh size,s(e) counts the
number of precedent re�nement steps that did not lead to a re�nement of element e and " is the
maximum error estimator on V(M ). Thus, elements that are not detected by the point evaluation
of the estimator, are penalized from one re�nement step to the next, which asymptotically leads to
a re�nement of all elements. In each re�nement step a �xed fraction � 2 (0; 1] of the elements are
re�ned, where the elements with the highest estimator value� (e) are chosen. Experiments with this
adaptive training set extension algorithm are presented in Section 5.

We conclude this section with a comment on the relation to the multistage greedy used in [15].
Similar to our approach the training times are reduced, as a basis on a coarser training set can already
be su�cient for a �ner set or ultimatively the complete parameter space. The approach, however, does
not o�er a local adaptation of the training set or means for over�tting preventio n.

4 Adaptive Parameter Domain Partition

We now turn to point (3), \basis size", listed in Sec. 2. The following problem is frequently observed:
For high dimensional or extensive parameter domains { even more expressed in instationary problems
with large time-intervals { the solution variations can be very large. Of course, the (POD-)greedy
algorithm will produce a global basis with the desired accuracy" tol . But this may only be obtained
by a large reduced basis, e.g. sizeN = 1000 � 10000. This basis size may be prohibitive, as the online
simulation of the reduced model requires operations withfull matrices of this size. This may infer
higher online computational cost than the original detailed model based on possiblymuch larger but
usually sparsematrices. Hence, in addition to a guaranteed accuracy target" tol , a basis generation
algorithm also should allow a limitation of the online-complexity. This can be obtained by directly
limiting the reduced basis size by an upper boundNmax .

The key for realizing simultaneously accuracy and limited online-complexity, is a partition of the
parameter space into several subdomains with small reduced bases for each of the subdomains. The
method is a slight modi�cation of similar approaches [3{5], now using structured meshes.

Being agnoscent of the future parameters, multiple reduced bases for all subdomains must be
generated in the o�ine phase. Then, in the online phase the correct basis is selected for anygiven new
parameter, and the reduced simulation can be performed. The partition of the parameter space can
simply be �xed a-priori and the standard (POD-)greedy algorithm be run on each part. This may give
smaller bases per subdomain, but by re-applying the above argumentation, the bases still can happen
to be too large as we do not have a size control. Therefore, we now propose anadaptive partition
approach for sub-dividing the parameter domain based on adaptive grids in the parameter domain.

The adaptive parameter domain partition procedure is now as follows, c.f. Fig. 4: Given a target
accuracy " tol and maximum basis sizeNmax , we start with a coarse grid M , which de�nes an initial



Basis Generation for Parametrized Model Reduction Based on Adaptive Gr ids in Parameter Space 7

AdaptiveParamPartition (M 0 ; " tol ; Nmax )
1 M := M 0 ; � (e) := ; for e 2 E(M )
2 repeat
3 for e 2 E(M ) with � (e) = ;
4 do � 0 := InitBasis (e)
5 M train := Mtrain (e)
6 � (e) := 0
7 [� (e); " (e)] := EarlyStoppingGreedy (�; M train ; " tol ; ; ; 1 ; Nmax )
8 if " (e) > " tol
9 then � (e) := 1 ; � (e) := ;

10 � max := max e2E ( M ) � (e)
11 if � max > 0
12 then M := Mark (M ; � )
13 M := Refine (M )
14 until � max = 0
15 return M ; f � (e); " (e)ge2E ( M )

Fig. 4 The adaptive parameter domain decomposition procedure producing an adaptive grid in parameter
domain and corresponding sequence of reduced bases.

parameter domain partition by its leaf elements. For each leaf element of the grid we initiate a stan-
dard (POD-)greedy (or any other) basis construction process. Now, an early stopping on the current
element/subdomain is induced ifNmax is exceeded. If this happens, it indicates that the corresponding
parameter subdomain inhibits a too complex solution variety, which cannot be covered by a small
basis. Consequently the element is re�ned into several parameter subdomains and the basis generation
per subdomain is restarted. The algorithm ends with possibly many subdomains, but each subdomain
basis satisfying both theprescribed accuracy and the basis size constraints. Hence, we obtain simulta-
neous control over the online accuracy and online complexity by accepting higher o�ine computation
cost and o�ine data storage.

We emphasize that this parameter domain partition approach is not related to the training set
extension approach of the previous section, although both can be bene�cially combined, as will be
demonstrated later.

Overall, compared to a (POD-)greedy procedure on the complete parameter domain, the approach
is characterized by increased o�ine computation and storage requirements, as nowmany bases must be
computed and stored and several computations are discarded during the re�nement process. However,
we obtain control over the online complexity. Note that, as also remarked in [3, 5], for time-dependent
problems " tol and Nmax cannot be independently chosen arbitrary small. For a given" tol > 0 a POD
of a solution trajectory for any �xed � � 2 P will result in a required basis size ofNP OD (� � ; " tol ) 2 N
basis vectors for approximating the trajectory with accurary " tol . Then, the requirement of choosing
Nmax > sup� 2P NP OD (� ; " tol ) will imply that a su�ciently re�ned mesh M will result in a partition
with bases satisfying the accuracy requirement. On the contrary, ifNmax is �xed and too small, the
re�nement process will in general not terminate with a set of bases satisfying the accuracy constraint.

We remark, that there are some computational methods for considerably speeding up theo�ine
basis construction process. First, the calculation of the detailed solutions, can be bene�cially cached
during the basis-generation of the di�erent subdomains. Due to many shared edges/faces, basis gen-
eration on di�erent subdomains requires computation of many identical trajectories. These can be
computed once and stored for later use. A second aspect concerns the early stopping: The required
computation of Nmax basis vectors for deciding the failed accuracy and required re�nement of a given
element is very expensive and super
uous, as this basis is discarded in the re�nement process. Hence,
methods are desired, which allow to decide earlier, whether a re�nement will be required. A simple
approach consists of extrapolation of the training error convergence in the (POD-)greedy algorithm:
Frequently an exponential decrease of the training error can be observed in the (POD-)greedy proce-
dure. Hence, a suitable extrapolation of the error convergence curve towardsNmax can be peformed
during basis construction. By this, at an early stageN << N max the decision of failing accuracy and
required re�nement could be taken.

We conclude with some comments on comparison with thehp-adaptive RB approach from [3{
5]. Conceptionally the approaches are very similar and we do not expect large practical di�erences.
We only see some conceptional di�erences. We have a larger grid-management overhead compared to
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the binary bisections of the given references and cannot yet provide rigorous theoretical statements. In
contrast, we maintain control over position, shape and size of the elements/subdomains, while arbitrary
bisections can lead to degenerate elements. This property in particular simpli�es a combination of our
partition approach with the adaptive training set extension, as demonstrated in Sec. 5 below.

5 Experiments

We consider applications of the approaches on dynamic, i.e. instationary time-dependent problems
based on the RB-methods for linear evolution schemes [10] and linear dynamical systems [11]. In the
following two subsections we separately present results on the adaptive trainingset extension and
adaptive parameter domain partition approaches. In the last subsection we illustrate experiments,
where both approaches are combined. The experiments are based on our software-package RBmatlab.
In particular the library provides an adaptive hypercube grid implementation for arbitrary dimensions
p 2 N. The grid re�nement is based on isotropic re�nement, i.e. every hypercube is divided into 2p

children.

5.1 Adaptive Training Set Extension

We report in more detail on the results from numerical experiments of [8]. In particular, we apply the
basis construction methods to a parametrized partial di�erential equation. We choose the model prob-
lem described in [10, Sec. 7] for our numerical experiments concerning the basis enrichment. The model
represents an instationary advection-di�usion problem in the gas-di�usion layer of a fuel-cell. The ve-
locity �eld is precomputed and the detailed discretization u(� ) is obtained by an implicit/explicit �nite
volume scheme of �rst order in space and time. The problem is characterized by a three-dimensional
parameter space modeled by� = ( cinit ; �; � )T 2 P = [0 ; 1] � [0; 5 � 10� 8] � [0; 1]. The �rst parameter
cinit is the amplitude of a sinus-shaped initial-data distribution, � is the global di�usion coe�cient on
the domain, and � , 1� � model the concentrations at the boundary of two gas-inlets. As error measure
� (� ; � ) we choose anL 2 a-posteriori error estimator, for details we refer to [10].

We generate reduced bases with three approaches (not considering parameter domain partition-
ing). First, the vertices of a uniform �xed Cartesian grid are chosen as the training set M train without
any adaptive re�nement (uniform-�xed). Second, a uniform Cartesian grid is used with global uni-
form re�nement during the basis-construction (uniform-re�ned) and third, a Cartesian gri d with local
adaptive re�nement (adaptive-re�ned) is applied. For an initial experiment we use a restricted two-
dimensional parameter spaceP = [0 ; 1] � [0; 5 � 10� 8] for the parameters � = ( �; � ) and �x cinit = 1.
The resulting errors � (� ; � ) over the 2D parameter space are visualized logarithmically in Fig. 5.
The �xed grid approach in a) clearly demonstrates over�tting with respect to the g rid-vertices and
error values varying over several orders of magnitude. In particular, it has a low error in the upper
(high di�usivity) and very high errors in the lower part (low di�usivity) o f the parameter domain.
The uniformly re�ned approach in b) is slightly advantageous concerning these aspects. The locally
re�ned grid in c) demonstrates considerable improvements concerning equal distribution ofthe error
and the prevention of over�tting. A very notable aspect here, is the agreement with physics: From the
problem setting, we know, that the parameters�; 1 � � are Dirichlet boundary values. Hence, largest
error reduction is expected for low and high values of� . Similarly, for small values of the di�usivity
parameter � the solution structure is maintained over time. Hence, more di�cult approximati on is
expected for such small di�usivities as is re
ected by many required snapshots in these regions. These
expectations are perfectly full�lled by the locally re�ned grid.

Quantitative results are illustrated in Fig. 6 for the full 3D parameter s paceP and di�erent initial
grid sizes (vertex numbers ranging from 23 to 53). In Fig. 6 a) we illustrate the model-error (measured
as maximum error estimator over a randomly generated test set) for the re�ned approaches and the
�xed grid setting. We clearly see, that the model-error is reduced for the uniformly re�ned approach
and even more expressed for the locally re�ned approach. The over�tting indeed seems to be prevented
as is expected from the motivation and construction of the adaptive training set extension approach.
Fig. 6 b) quanti�es the improvement of the error-distribution by monitoring the ratio of maximum to
minimum test error. We see, that the local re�ned approach guarantees a nice equi-distribution of the
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model-error over the parameter domain in contrast to the other approaches, where theminimum and
maximum error values vary over some orders of magnitude. Finally, in Fig. 6c) the maximum test
error decrease of a) is related to the corresponding training time, i.e. the CPU time for the overall basis
construction. With respect to this last criterion, the local re�nement approach is consistently superior
to the non-adaptive and adaptive approaches using uniform grids.

a) b)

c)

Fig. 5 Demonstration of the over�tting phenomenon for a basis of size N = 130 in two-dimensional parameter
space� = ( �; � ) 2 P = [0 ; 1] � [0; 5 � 10� 8 ] with a) the uniform-�xed, b) the uniform-re�ned and c) the local
adaptive-re�ned grid approach.

5.2 Adaptive Parameter Domain Partitioning

We apply the multiple bases approach with adaptive parameter domain partitioning (not considering
training set adaptivity) to a dynamical system describing an advection problem taken from [11]. The
problem is de�ned on a rectangular domain
 = [0 ; 2]� [0; 1] and time interval [0; T]; T = 1. The initial
condition u0(�; � ) is equal to zero on the whole domain
 except for the region around the coordinate
xC = (0 :75; 1) on the top edge, where a cone with centerxC and amplitude � 0 2 [0; 1] is placed. The
velocity �eld on the domain is chosen as a weighted superposition of two divergence free parabolic
velocity �elds in x1� and x2� direction. By the free weighting parameter � 1 2 [0; 1] the strength of
the velocity �eld in x1-direction can be set. This allows to choose between a 
ow inx2-direction only
for � 1 = 0 and a mixture of both 
ow directions for � 1 > 0. For � 1 = 0 :5 the velocity �elds in both
directions are equally strong. The overall parametrization is given by� = ( � 0; � 1)T 2 P = [0 ; 1]� [0; 1].
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Fig. 6 Quantitative comparison of the basis-generation approaches with respect to a) maximum test error, b)
ratio of maximum to minimum test error and c) maximum test error over t raining time.
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Fig. 7 Demonstration of di�erent basis generation approaches using the standard (POD-)greedy procedure
on each subdomain. The colors indicate the test error over the parameter domain. a) No parameter domain
partition ( " < " tol ,N very large), b) uniform parameter domain partition ( " � " tol ,N large), c) adaptive
parameter domain partition ( " � " tol ,N � Nmax ).

For comparison, we generate reduced bases for the problem using three di�erent approaches. The
�rst approach is a standard (POD-)greedy approach using no parameter domain partitioning. The
second approach uses a �xed parameter domain partitioning, dividing the parameter domain into four
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equally spaced subdomains and generating bases for each of the parts. The third approach consists of
generating multiple bases on an adaptive parameter domain partitioning. For all three basis generation
methods the training set M train consists of the vertices of a uniform �xed Cartesian grid over the
domain or subdomain. To ensure comparability, the target training error is " tol = 1 � 10� 4 in all three
cases.

In Fig. 7 we see the experimental results. The parameter domainP = [0 ; 1] � [0; 1] is plotted with
its partitions indicated by blue lines. The red dotted lines represent the grid providing the parameters
in M train . Blue dots mark the vertices used for basis generation. The numbers in the parametergrid
subdomains show the resulting basis size of the (POD-)greedy algorithm while the colors indicate
the estimated error on the domain. The standard (POD-)greedy algorithm in a) produces a rather
large basis of 172 vectors to obtain a training set error smaller than� tol . The �xed parameter domain
partition in b) reaches the same training set error with signi�cantly small er bases of sizes between 95
and 113 basis vectors. Furthermore, the colors in the plot show that in comparison to a) the maximal
error on the domain is kept almost constant on a value of about 0.1. Finally, our adaptive parameter
domain partition approach in c) produces an adaptive partitioning of the domain. The size of each of
the bases in the partitions is limited by N = 100 while simultaneously the prescribed accuracy of the
solution is reached. Furthermore, we see that the approximation error on the whole domain is smaller.
In Fig. 7 we nicely see, that the physical meaning of parameters and their in
uence on the solution is
re
ected in the distribution of the basis sizes in b) and the repartition of subdomains in c). The higher
the value of the parameter� 1, the higher the velocity in x1-direction, the more volatile is the evolution
of the solution. Hence, more basis vectors are required for an approximation of the solution. The
parameter � 0 scales the solution by varying the amplitude of the initial cone, hence larger maximum
errors are obtained at the upper limit of the � 0 interval. However, it is hard to compare the above
reduced models, as the �nal training set accuracy, which is the stopping criterion for thetraining
algorithms, is heavily depending on the training set size. This quantity is in general not predictive
for the �nal test behaviour as argued earlier. Therefore, we now address the test errorestimator as
reasonable quality measure of a basis. For this, we randomly draw 500 parameter samplesM test from
the parameter space and determine the maximum test error estimator" test;max := max � 2 M test � (� ; � )
and the average test error estimator" test;av := 1

jM test j

P
� 2 M test

� (� ; � ). The second relevant quality
criterion is the reduced online simulation time, as this was the original motivation for the current
approach. As the basis dimension now is varying for the parameters, the online simulation time similarly
is non-constant. Therefore, we also compute the average online-simulation time over M test as runtime
measure. Fig. 8 shows the results of these measurements for various reduced bases. Whendemanding
an accurate model over the entire parameter domain using a standard approach, we seethat we have
to pay the price of high online-simulation times due to large sizes of the bases. Theonline simulation
time rises exponentially with increasing demands on the model-error. In contrast, using a multiple
bases approach, the online-simulation time can be kept on a low level while providing approximations
with a high accuracy.
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Fig. 8 Comparison of di�erent basis generation approaches regarding the maximal te st error on the domain
versus �nal (average) online-simulation time.
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" test;max " test;av �tsim;reduced

no parameter domain partition 1:08 � 10� 1 1:17 � 10� 2 1.31 s
�xed parameter domain partition 1:01 � 10� 1 1:44 � 10� 2 0.804 s
adaptive parameter domain partition 4:85 � 10� 2 4:62 � 10� 3 0.804 s
adaptive p-domain partition + training set 2:06 � 10� 4 7:90 � 10� 5 0.756 s

Table 1 Results of the test error calculation for the bases generated during the experiments. The table shows
the maximal error on the parameter domain, the average error over the domain and the average time for an
online simulation of the reduced model. The errors were calculated using a sample of 500 randomly chosen
parameter vectors. The bases were generated with the same training error " tol = 0 :0001 and the adaptive bases
had a limited size of Nmax = 100.

5.3 Combination of Both Adaptive Approaches

As the building block of the parameter domain partition algorithm is a basis generation algorithm
producing a basis on a subdomain of the parameter domain, we can also apply the adaptive training
set extension algorithm of Sec. 3 instead of the standard (POD-)greedy. Hence, on each adaptively
determined subdomain ofP an adaptive training set extension is performed to construct a basis. The
results are illustrated in Fig. 9. The adaptive training set extension algorithm successfully identi�es
regions of high model error and induces a re�nement of the parameter domain partitions inthese
regions. The model error { especially in the lower part of the domain { is reduced signi�cantly.
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Fig. 9 Demonstration of the adaptive parameter domain partition approach using the local adaptive training
set extension method on each sub-domain. In a) the basis size was limited to Nmax = 120 and in b) the limit
was Nmax = 100. We see that for the same training error of " tol = 0 :0001 a smaller basis size limit leads to a
�ner partition of the parameter domain.

For this approach we conducted the same error analysis and online runtime measurement as in
Sec. 5.2, which is based on 500 randomly chosen parameter samples. The results forthe methods of
Fig. 7 a),b),c) and 9 b) are given in Tab. 1. In the �rst three lines we present quantitative support
for Fig. 8. We again see that even though the size of the basis is limited in the adaptive parameter
domain partition approach, the maximal test error as well as the average test error on the domain
are considerably smaller compared to the approach without partition. From the last line in Tab. 1 it
can be seen that the combination of both adaptive approaches outperforms all other approaches by
far. While the online simulation time of the combined approach is comparable to the pure parameter
domain partititon approach, the error on the test set is reduced by two orders of magnitude.

Note that for this example, a non-isotropic adaptive grid would be bene�cial. As the � samples
with maximum error are always located at the right border of the parameter domain, we would only
need re�nement in this parameter direction. This would result in fewer number of subdomainsand
hence overall reduced o�ine computation time and storage. A further acceleration of theo�ine-phase
could be achieved by applying the early stopping algorithm, which extrapolatesthe error convergence
curve of the (POD-)greedy algorithm during basis-generation, as explained in Sec. 4.
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6 Conclusions and Outlook

We addressed the task of reduced basis construction based on snapshots and presented two di�erent
approaches that use adaptive grids in the parameter domain. The approaches are applicable to time-
dependent and stationary problems, for PDEs or state-space dynamical systems, aslong as an error
indicator is available. In particular, as error indicator both a-posterior i error estimators or true errors
can be chosen. Furthermore, the error can be considered for the �eld-variable, the state-vector or even
for output functionals.

The main aspect of the �rst approach, the adaptive training set extension procedure, isthe \right
guess" of the training set size and the location of its points. This is obtained by applying over�tting
control and adaptive training set extension based on adaptive grids in the parameter space. The
procedure prevents phenomena of standard methods, where over�tting for too small training sets and
high training times for too large training sets can be observed. In comparison to �xed training set
approaches, the adaptive training set extension produces reduced bases with better model accuracy
and more uniform distribution of the model-error over the parameter space. The basiscomputation
time for equal accuracy is reduced.

The second approach, the multiple bases approach on adaptive parameter domain partitions, is a
method to handle large parameter domains, where single-basis approaches for the reduced model would
not be feasible. The partition and computation of many separate bases clearly comes with increased
o�ine computation and storage costs. However, by the rigorous control of the maximum basis size, an
explicit mean for online simulation time control is obtained. In particular, the numerical experiments
demonstrate that by comparing models with equal test error, the adaptive parameter domain partition
approach indeed results in models with smaller online-runtime.

Overall, the adaptive training set extension procedure is a method yielding e�cient o�ine econo-
mization of the basis generation, while the adaptive parameter domain partition approach guarantees
an e�cient online phase. Both methods can be combined to obtain the bene�ts of both approaches.

There are several perspectives for improvement of the proposed algorithms. First, the application
to the choice of interpolation points in interpolatory MOR [1] approa ches seems straightforward. Also
there, the location and number of interpolation points is an open question,which can very likely be
addressed and solved by adaptive approaches. The parameter space dimensions were still quite de-
cent. Higher parameter dimensions may be solved by similar approaches using adaptive random point
sets or sparse grids. The parameter domain partition approach allows several aspects for further de-
velopment. One point would be to realize adaptive non-isotropic re�nement of a parameter domain
partition grid. By respecting di�erent parameter ranges, di�erent parameter in
uences, et c. problem
speci�c directions for re�nement can be identi�ed. A further open issue is the redundancy in di�erent
subdomain bases: The single bases of di�erent subdomains are developed independently. They may
contain identical or similar basis vectors. This seems a clear possibilityfor memory savings by suitable
shared basis-vectors or sub-bases. A further aspect of improvement is the reuse of oldbases. In its gen-
erality, the parameter domain partition approach performs a restart of the basis generation procedure
on re�ned elements. Thus, previously computed bases of coarser parameter subdomains aredismissed.
Here we see room for improvement by reusing information throughout the re�nement process.
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