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Abstract

In this work, we are concerned with the convergence of the multiscale finite element
method (MsFEM) for elliptic homogenization problems, where we do not presume a certain
periodic or stochastic structure, but an averaging assumption which in particular covers
periodic and ergodic stochastic coefficients. We also give a result on the convergence in
the case of an arbitrary coupling between € and grid size H. The findings of this work are
based on the homogenization results obtained in [B. Schweizer and M. Veneroni, The needle
problem approach to non-periodic homogenization, Netw. Heterog. Media (2011)].

1 Introduction

This contribution is dedicated to the numerical analysis of the multiscale finite element method
(MSFEM) for elliptic homogenization problems. This method, originally developed by Hou and
Wu [31], is constructed to solve partial differential equations, where the coefficient functions are
rapidly oscillating. Typically, standard methods fail to directly solve such types of equations,
since resolving the oscillatory structure requires a tremendous computational demand. Therefore
it is necessary to propose alternative methods, so called multiscale methods, which are capable
of determining the average effect of the micro-structure on the effective macroscopic behavior,
without resolving all the fine-scale details. One example for a multiscale method is the hetero-
geneous multiscale finite element method (HMM) introduced by E and Engquist [11], where the
fine scale behavior of the solution is reconstructed in small cells around quadrature points to pass
an averaged information to a discrete coarse-scale problem (c.f. [11, 12, 4, 13, 3, 44, 26, 27]).
Another example is the variational multiscale method (VMM), based on the works of Hughes et
al. [33, 34]. Here, the solution space is splitted into a direct sum of a coarse scale space and a fine
scale space. Then fine scale equations are formally solved in dependency of the residual of the
coarse scale solution (c.f. [35, 36, 43, 42, 37, 38]). Another approach, based on the construction
of a suitable two-scale finite element space, is the two-scale finite element method by Matache
and Schwab [40, 41, 45] or the Sparse Multiscale FEM by Hoang and Schwab [29, 28] that is
based on a discretization of a multiscale homogenized equation by means of sparse grids.

As already mentioned, this work is dedicated to the multiscale finite element method (Ms-
FEM), whose central idea is to determine a set of fine-scale finite element basis functions, which
are obtained by solving suitable fine-scale problems for every grid element of a given triangula-
tion. These basis functions incorporate the required information about the micro-structure of
the problem, so that the remaining (discrete) global problem is low dimensional, but still yields
accurate approximations of the exact solution of the original equation. Lately, the MsFEM was
proposed for a large variety of applications, such as for two phase flow in porous media [14],
for stochastic porous media flow [1] and applications to uncertainty quantification [10], for solv-
ing optimal control problems governed by elliptic homogenization problems [39], for mechanical
problems of heterogeneous materials in elasticity [47], for elliptic interface problems with high
contrast coefficients [8] and for solving high-contrast problems using local spectral basis functions
[20]. Mixed multiscale finite element methods using limited global information were proposed
by Aarnes, Efendiev and Jiang [2]. A detailed survey on the topic of MSFEM is given in the
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book by Efendiev and Hou [21]. In the following we are concerned with the numerical analysis
of MsFEM approximations for linear elliptic problems, i.e., find u¢ € H'(Q), such that

-V - (AVu,) = f in Q.

Here, € is a parameter which characterises the fine scale of the problem, i.e. the smaller ¢, the
faster the micro-scale oscillations.

There are several contributions dealing with the convergence of MsFEM approximations for
this type of problems. First a-priori error estimates in the L? and in the H'-norm were obtained
by Hou, Wu and Cai [31, 32] in the periodic setting. The convergence of a nonconforming
multiscale finite element method in the periodic setting was investigated in [23]. The mentioned
work also includes the analysis of an oversampling technique to reduce the resonance error which
appears when there is a mismatch between the mesh-size and the wavelength of the fine-scale
oscillations. The resonance error becomes apparent in the derived a-priori estimates, which
contain terms of order 7, where H denotes the grid size. The convergence of the MSFEM for
nonlinear elliptic problems was treated by Efendiev, Hou and Ginting [15] and by Chen and
Savchuk [7], again, under the assumption of periodicity. An analysis for the MsFEM for random
homogenization problems was also given by Chen and Savchuk [7]. The case of a multiscale finite
element method with nonconforming elements for elliptic (random and periodic) homogenization
problems was treated by Chen, Cui, Savchuk and Yu [6].

There are also several works by Efendiev and Pankov in which they can show convergence (up
to a subsequence) of the coarse scale part of MSFEM approximations to the homogenized solu-
tion. Nonlinear elliptic homogenization problems are treated in [22, 16] and nonlinear parabolic
homogenization problems in [17, 18, 19]. These contributions are in the general setting of G-
convergence, however, the proof of corrector convergence (i.e. an accurate approximation of the
solution gradient) still requires the assumption of ergodic stochastic coefficients.

In this work we present a convergence study for MSFEM approximations (including the con-
vergence to the correct solution gradient) in a general setting which does not presume a certain
periodic or ergodic stochastic structure as required in previous works. Still, these cases are in-
cluded in the analysis. Furthermore, we also treat the case of an arbitrary coupling of ¢ and
mesh size H. The finding is, that for the 1-d case, any sequence of MsFEM approximations
with (H,e) — 0 is convergent to the correct solution. Even resonance errors average out by
an intrinsic homogenization process, once ¢ and H become small enough. This case has not
yet been studied to the best of our knowledge. We also find out, that the mentioned 1d re-
sult does not hold for any other space dimension. The analysis in this contribution is based
on the homogenization theory presented by Schweizer and Veneroni [46] under the assumption
that the family of coefficients A€ allows averaging. For the subsequent work, this is the only
assumption that we make on the type of the fine-scale structure of A¢. Since we are working
in a general framework, it is not possible to state explicit orders for the speed of convergence in e.

Outline: In Section 2 we introduce the setting of this paper and we state the definition of
the MSFEM for elliptic homogenization problems. In Section 3 we state the major assumption
on the structure of our elliptic multiscale problem and we state the associated homogenization
results obtained by Schweizer and Veneroni [46]. Furthermore, we present the two main results
of this contribution concerning the convergence of the MSFEM. A discussion and the proofs of
these two theorems are given in Section 4 for the 2d and 3d case and in Section 5 for the 1d case.



2 Setting and definitions

The following definitions and assumption are presumed for all the subsequent sections.  C R?
denotes a d-dimensional, bounded Lipschitz-domain with polygonal boundary and with d &
{1,2,3}. In the following we assume that (A).~o € L°°(Q,R%*?) is a family of coefficient
functions which is uniformly elliptic in €, i.e. there exist constants «, 5 € R+, such that:

aly? < A%x)y -y < Bly|> Vv € R and almost everywhere in €.

For the source term f, we demand f € L%(£2). Furthermore, we define for simplicity:

(D, T) = /

A (2)VO(z) - VI (x) dz and F(P) := / f(z)®(x) da.
Q Q
In the following, we consider the problem to find u¢ € H Q) with
AS(uf, ®) = F(®) Vd e H'(Q). (1)
In particular, we are interested in the case of € becoming extremely small.
For discretizing the problem, let T (Q2) be a regular simplicial partition of Q. The elements
of T () are denoted by T and the barycenter of T € Ty () is denoted by . For the diameter

of an element 7' € Ty (Q2) we use Hy :=diam(7') and H := suprer, (o) Hr. The usual finite
element space of continuous, piecewise linear functions is given by

Vi(Q) = {®geH(Q)NCQ) |[Op, € PYT) VT € Tu(Q)}.

Let N denote the dimension of V() and let {®;| 1 < < N} denote the usual Lagrange
basis of Vi (). We define the MSFEM solution space by

VE(Q) :=span{®§| 1 <i < N},

where for every T € Ty, ®¢ € H'(Q) is the solution of
[ a@ve@) vow =0 voe D),
T

and with ®; = ®; on JI'. Due to continuity, this yields a conforming set of basis functions,
ie. V5(Q) Cc HY(Q) (c.f. the book of Efendiev and Hou [21]). Now, we can define the MsFEM
solution u%:

DEFINITION 2.1 (MsFEM). The MsFEM approzimation ug, € V5 () of u® solves

/ A (2) Vil - VS, () dar = / F(@)®% (2) do
Q Q

for all ®%; € V5(Q). We note that u$; is a H'-approzimation of u®.

3 Homogenization and main results

In this section we introduce the homogenization result obtained by Schweizer and Veneroni [46]
under the assumption that the family of coefficients A€ allows averaging, which is defined below.
On the basis of this result, we are concerned with the convergence of a sequence of MsFEM
approximations. The corresponding main results are presented at the end of this section.

We start with the following assumption, initially introduced in [46] for the needle problem ap-
proach to non-periodic homogenization:



AssuMPTION 3.1. We assume that A¢ allows averaging of the constitutive relation with the
matrix A € R¥¥4 j.e. for every simplex T C Q, every € € R%, every b € R we have

lim f A°Vo© = A% (2)

e—=0 Jp

where v¢ € HY(T) defines the solution of
/ A (z)Vos(z) - Vo(z) =0 Vo e HY(T)
T

and with v<(x) =&-x +b on OT.

For instance, this assumption covers the periodic setting (i.e. A°(z) = A(%), with a [0, 1]4-
periodic matrix A) or the case of ergodic stochastic coefficients. In the periodic case, the con-
vergence in (2) is directly obtained via weak convergence of A°Vv¢ and in the case of ergodic

stochastic coefficients, we refer to the appendix of [46].

The following homogenization result was obtained by Schweizer and Veneroni [46]:

THEOREM 3.2. Let u¢ € H(Q) denote the solution of equation (1). Under the general as-
sumptions of Section 2 and if A¢ allows averaging of the constitutive relation with the matriz
A% € R™™ we obtain that the sequence (u€). of solutions satisfies:

ut —u®  weakly in H' (),
AVuE — A°Vu®  weakly in L*(Q),

where u® € HY(Q) is the solution of
/ A'Vul . Ve = / f® voe HY(Q) (3)
Q Q

REMARK 3.3. In [/6], Theorem 8.2 is only stated for d = 2,3. However, it is easy to verify, that
it also holds for d = 1. In this case, the existence of a homogenized matriz A* and a homogenized
solution u* can be obtained in the very general setting of G-convergence. To verify A* = A°, we
can use that the G-limit A* is equal to the inverse of the weak-+ L*-limit of (A€)~L. A simple
computation yields that is identical to A°. The same argument is also used in Section 5, where
it 1s elaborated with more details.

DEFINITION 3.4. We define u%o € Vi (Q), the coarse scale part of ug, by

where (®;); denotes the Lagrange basis of Vi (Q) and af € RN denotes the coefficient vector of
N

ufy i VE(Q), ie. uy =1, asPs.

Now, we can state the main results of this contribution. The first theorem treats the case
d = 2,3 and it in particular shows that, under the given assumptions, the sequence of Ms-
FEM approximations captures the fine-scale oscillations of the exact solution u€, i.e. we have

lim lim||u® — uj =0:
Jim lim [lu® — ufy[| o) =0



THEOREM 3.5 (Convergence in 2- and 3-d). Letd = 2,3 and let u® € Hl(Q) denote the solution of
equation (1) and let u$; denote the MsFEM solution from Definition 2.1. If Q2 is a convexr domain
and if A allows averaging in the sense of Assumption 3.1, we obtain the following estimates:

lim sup [u® — u$y|gio) < CH  and  lim |ju® — ufy||p2) < CH?,
e—0 e—0

. 0, . 0,
151(1) W’ — i) < CH and ggr(l) [u® — upl|p2) < CH?.
Here, C' denotes a constant independent of € and H.

In general, i.e. if Q is possibly not convex, there exists some s € [%, 2], where u° € Hl(Q) N
H*(Q), and we get:

lim sup [u® — u$y|gio) < CH®™' and  lim |[uf — w2 < CH®,
e—0 e—0

li_r)r(l) |u® — u%’ﬂHl(Q) < CH*' and ll_r% f|lu® — u?f”Lz(Q) < CH

For instance, if n = 2, we have s =1+ T, where w > m denotes the largest interior angle of an
opening (i.e. of a re-entrant corner).

The proof of this theorem is given in Section 4.

For completeness, we also state a well known result which holds for any space dimension and
which guarantees convergence for H — 0. For convenience of the reader it is also proved in
Section 4 (see Proposition 4.16):

REMARK 3.6. Let u¢ € H*(Q) denote the solution equation (1) and let ugy denote the MsFEM
solution from Definition 2.1, then we also have

lim [Ju® — u$ —0.
H}I_T}OHU ul |l o) =0

In the following theorem, the case d = 1 is treated. Here we observe that, independently of
how we couple ¢ — 0 and H — 0, we get convergence for any sequence of MsFEM approximations
u%y to the same limit. The reason for this is that the MsFEM-problem is homogenized, once €
and H get sufficiently small. In Section 5, we go into detail. In the following theorem, we also
note the interesting case of 0 < % =const< 1, which typically yields a rapidly oscillating coarse

0,
scale part uy;".

THEOREM 3.7. Assume d = 1, let u¢ € H'(Q) denote the solution of (1) and uS, the MsFEM
approzimation from Definition 2.1. If we assume that A€ allows averaging in the sense of As-
sumption 3.1, we get the following convergence for any sequence H(e) with H(e) — 0 for e — 0:

li & —uf =0.
6g%HUH u| L2
The theorem is a conclusion from Theorem 5.4, which is proved in Section 5.

REMARK 3.8. Note that Theorem 3.7 does not hold for higher dimensions. If we couple H and
€ by a fired ratio, we might obtain convergence to a wrong approzimation. Even if  =r < 1,
there might be always a (possibly extremely small) reminder. This is also discussed at the end of
Section 4.



4 Convergence of the MsFEM for d = 2,3

In this section, we are essentially concerned with proving Theorem 3.5. We therefore presume
d=2,3.

We start this section with introducing a new formulation of the MsFEM problem, which is
more convenient for our purposes. First, we define the discrete multiscale operator R® which
transforms a basis function into a multiscale basis function.

DEFINITION 4.1 (Discrete Multiscale Operator). For ® € H(1), we_define the multiscale cor-
rection Q°(®) € H () piecewise for every T € Ty by: find Q°(®) € H(T) with:
| A@va @@ vole) = - [ x@ve@ vow) e i)
T T
and we furthermore define RE(®) := ®+Q(®). Note that R*(®) € H(Q), since Q<(®) € H(T)
for all T € T (Q2).
REMARK 4.2. Observe that we have the relation RS(®;) = ®f, since for every i, for every
T € Tu(R) and every ¢ € HY(T):
[ A@VRe @) (@) - To(a) do
T

= /TAE(.’L‘)VQG((I)Z')(SC) -Vo(x)de + / A (2)VO;(z) - Vo(z)dx =0

T
and RE(®;) = Q°(®;) + ©, = ©; on IT, which is exactly the definition of ®f.
Next, we define the MsFEM biliniearform and the MsFEM right hand side functional:

DEFINITION 4.3. To describe the MsFEM, we define the multiscale biliniearform A% on Vi () X
Vi () by:

A (B, U o= /Q A (@) VR () () - VR (W51 () da.

and the associated right hand side functional by:
Fiu(®y) = /Qf(x)Re(@H)(x) dx  for @y € Vg (Q).
The following is a direct conclusion from the preceding definition and from Remark 4.2:
CONCLUSION 4.4 (Reformulation of the MSFEM). If u% € Vi (Q) solves
Ay (i, ®u) = Fiy (D) (4)

for all @ € Vi (), then we have u$; = R (uY), where us; denotes the MsFEM solution. In
particular, we obtain

/T A(@)Vusy () - Vo) =0 Vo e H'(T). (5)

The next theorem proves that A%; is a coercive biliniearform:



THEOREM 4.5 (Ellipticity of AS;). The bilinearform AS; is uniformly coercive on Vi () x Vi (£2),
i.e. there exists a constant ay > 0 (independent of €), such that

an|| @i < Ax(®r, Pu).
Proof. Let vg(z) := z-£, where £ € RY. For fixed T € Ty (£2), we define the function Fr : RY — R
by

][ Z%% Re(v.,)() - VR (v, ) () da.

3,j=1

Due to ellipticity of A€, we immediately have:

Pr() > o  [VR () @) do.

From the structure of R (from which we get the condition VR (v,) = V(x - y) = 7) it is clear,
that only for v = 0 we obtain R°(y) = 0 and VR*(y) = 0 a.e. in T. Therefore:

Fr(y) >0 for all v € R? with |y| # 0.

In particular, since Fr is continuous in v, since K := By(0) \ B1(0) is a compact set and since
every continuous function takes a minimum on such a compact set, we obtain that there exists
some ar € R so that

Fr(y) > ar forall ve K.

This implies, for arbitrary v # 0:

][ Z Yi 7] VRE(Ue,>(lU) . VRE(Uej)(.T) dr = FT(ﬁV) 2 ar.

= Il I'yl

So we get

][ Z%%AE )V R (ve,) () - VR (ve, ) () d > a2

,j=1

and with v = V®g(z7) = VO®g(z) for all z € T, we obtain:
/ A(2)VR (®p)(x) - VR (Pp)(x) dx > ar|T||VOx (xr)* = ar|®ulF 1)
T

Defining ag := (1+¢;) ™" -min{ar| T €T (Q)}, where ¢, denotes the constant from the Poincaré-
inequality, we finally get:

Ay (@, @) = /QAE(SC)VRe((I)H)(I) VR (®p)(z) dx > aHH<I>H||§{1(Q).

The next lemma shows boundedness of the coarse scale part of u;:



LEMMA 4.6. Let ag denote the constant from Theorem 4.5 and let u(;f denote the solution of

problem (4), then we have:
0,¢ Cp
4 < R .
lug ) < 4/ o [RAIFEIES)

Here, c, denotes the constant from the Poincaré-inequality.

Proof. From

/ A¢(z)Vugy - Vuy(z) de = / f@)uy(z) de.
Q Q
We immediately have:

C.
lugllz2) < cplufylm o) < Epr”LZ(Q)-

Using Theorem 4.5 we get:

0, O,e 0, 0,
ap|lugin o) < Af(upS up®) = Firlup®) < | flle2@llugli2 o)

Combining these two inequalities we obtain the result:

‘p
oo

€ 1 €
lugi i 0y < EHJIHLQ(Q)HUHHL’-’(Q) < 111720

O

Before we can deal with the H'-convergence of a sequence of MsFEM approximations, we
require a stabilization result and a compensated compactness result, both obtained by Schweizer
and Veneroni in [46]. Furthermore, we need some additional definitions to state the mentioned
results properly. We start with the stabilization:

LEMMA 4.7 (Stabilization). Suppose that the general assumptions of this section are fulfilled. In
particular, we assume that A€ € L (2, R4 allows averaging with the matriz A° according to
Assumption 3.1. Let T € Tg(Q2), £ € RY and b € R, then a sequence (v¢). C HY(T) of weak
solutions of

/T A (z)Vo(z) - Vo(z) =0 Vo e HY(T)

and with v¢(x) =& -x + b on IT, then the sequence satisfies the following relations:

ve = weakly in H(T) and
AVve — A°v  weakly in L*(T,RY),
where v is linear with Vv = &.
The proof of this Lemma can be found in [46], Proposition 3.2.
CONCLUSION 4.8. Let R¢ denote the multiscale operator of Definition 4.1. Then we have for

every @y € Vi (Q) and every ¢ € HY(T):

/ AVR(®p) - Vo = / A (VQ (Py) + VPy) - Vo =0
T T



and R (Pp)(z) = Py (x) = Py(xr) + (v — 27) - VOg(21) on OT. Therefore, using Lemma 4.7
(which yields an affine weak limit vy ) and the above boundary condition, we obtain

R (®y) — Py weakly in HY(T) and
AVR () — AVOy  weakly in L*(T,R?).

In the next step, we show ellipticity of the homogenized matrix A°. The proof is similar to
the proof of Theorem 4.5, but we need a little more tools, in particular the already mentioned
compensated compactness. For this purpose, we need to introduce some definitions, which can
be also found in [46].

DEFINITION 4.9 (Points of typical average). Let (ex)ren denote a sequence with € — 0. Then,
x € Q is called a a point with typical averages for u¢ and (e)ren, if there exists a subsequence
(ex,)ien of (€x)ken, real numbers ¢, and M, such that:

]l |Vu ()2 dLi(z) < M, VIeEN, (6)
kal(a:)
1
][ u(2) dLY(2) — ¢ for | — oo. (7)
Bk_l (z)

1

Here, kal (z) denotes the ball of radius k; ' and with center x and L? denotes the n-dimensional

Lebesgue meassure. A subsequence (ex,)ien of (€x)ren is called a good sequence for the point x if
(6) and (7) are fulfilled for this sequence.

DEFINITION 4.10 (Typical segments). Let Q C R? denote a domain, (u¢). a bounded sequence
in HY(Q) and (ex)ren a sequence with e — 0. T = [x,y] is called a typical segment if x and y
are points of typical average and if there exists a subsequence (eg,)ien of (€x)ken and a positive
real number Mr with

6k’l Ekl
|

i 22y + Vo 2y < Mr.

and where (ex,)ien s a good subsequence for x and y. A subsequence with these properties is
called a good subsequence for the segment T.

For the sake of simplicity, we restrict ourselves to presenting the definition of an adapted grid
only for the case d = 2. In higher dimensions, additional definitions are required which we leave
out for the convenience of the reader. For further details we refer to the work of Schweizer and
Veneroni [46].

DEFINITION 4.11 (Adapted grid for d = 2). Let Q C R? denote a bounded Lipschitz domain,
(u€)e a bounded sequence in H*(Q) and (ex)ren a sequence with €, — 0. For fized h > 0, we call
a family Ty, of simplices an adapted grid for ((uf))e if the boundaries of all these simplices are
typical segments and if there is one subsequence (ex,)ien of (€x)ren that is a good subsequence
for all the segments.

Now, we are finally prepared to state the compensated compactness result, which is given in
[46], Theorem 4.8.

THEOREM 4.12. Assume that we have space dimension 2 or 3. Let Q@ C R? be a bounded
Lipschitz-domain with polygonal boundary and (u€). a bounded sequence in H'(Q). Then, for
any h > 0 there exists a triangulation T, of Q (i.e. the mazimum diameter of a grid element is
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less than h) that is an adapted grid for (u¢).. Furthermore, if u¢ — u weakly in H'(Q) and if
(q%)c is a sequence in L?(Q;R?) with the following properties:

¢ — q weakly in L*(Q);
V-q¢ = b strongly in H-'(S), forall S € Ty,

then the following result holds true:

!i_r}r(l) o q“(z) - Vus(z) dz = /Qq(x) - Vu(z) de.

Proving the ellipticity of the homogenized matrix is possible now:

THEOREM 4.13. The homogenized matriz A° € R*™< introduced in Theorem 8.2 is elliptic with
some constant ag > 0, i.e.:

Ay .y > a0|7|2 Yy e RL

Proof. Let v € R, T (Q) an arbitrary triangulation of Q and 7' and arbitrary element of the
triangulation. We define v§ € H'(T) by:

/TAﬁ(x)vu;(x) Vo(z)=0  Voe HY(T)

and with v¢(z) = v -z on 9T. With Lemma 4.7 we get:
vl = weakly in H'(T) and
ANV, — Ay weakly in L?(T,R%),

here v is an affine function with Vv = ~. Now we apply Theorem 4.12 with @ = T to obtain an
adapted grid 7, (T) of T'. Let us define ¢¢ := A“VvS which is a sequence in L*(T, RY) with weak
limit A%y. For V - ¢¢ we obtain for every S € T, (T)

(V- ¢) (¢):/SAEVU§-V¢:O Vo € HY(S).

So V-¢°=0¢€ H1(S) for all e. We therefore have that the assumptions of Theorem 4.12 are

fulfilled and we get:
/qE-VU;ﬂ))/AOW-W.
T T

This gives us:

1
A%y = Tim = [ AV - Vot >

€2 d
=0 ‘T| - vy = |T‘ |v'y|H1(T) >0 VVGR ) |’7| 750

Now, we can proceed in analogy to the proof of Theorem 4.5 to obtain, that there exists some
o with

Ay >ag
for all v € R? with |y| = 1. Therefore:

11
Aomv- ok >ap Yy eR? |y #0,

which is the desired result. O
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Now, we can prove H'-convergence of the coarse scale part of u$; to the homogenized solution

ul:

THEOREM 4.14. Let u% € Vi (Q) denote the finite element approzimation of the homogenized
solution of problem (3), i.e. u% solves

/ AVl Vo = / fon
Q Q

for all @y € Vg (Q). If furthermore u(l)f € Vu(Q) denotes the coarse scale part of the MsFEM

. 0
solution uSy, i.e. if uy solves (4), then we have:

ud — uy strongly in H' ().

Proof. Using Lemma 4.6, we see that (u(;f)e is a bounded sequence in the finite dimensional
Hilbert space Vi (§2). Therefore, there exists a subsequence (u?f’“)keN of (u%) and a function
@9 € Vi (Q), so that

k—oo

||U?fk _a(}{”Hl(Q) — 0.

Due to the definitions of Qe(ui’,o) e HY(T) and Q“(ay) € H'(T), we get

/T AVQ (ug) -V (Qus) - Qi) ) = — /T AV -V (Q () - ()
and

€ €/~0 e/ €0 e/~0 _ ex7~0 e/ €0 e/~0
[ avQea) - v (Q i) - Q) = - [ AV -V (Q i) - Q ()

T T

Combining this and using the ellipticity of A€, we get
alQ(gy) — Q“(ui ) cry < Blgy — iyl r)-

And therefore:

R (@) — R (ufy ) ery < 1Q* () — Q (uffy ) mr(ry + @Gy — ufy”

H(T)

This yields the following strong convergence:
€k [~ € €ks k
|R* (@) — B* (ufy )| ) = 0. (8)
Furthermore, by means of Conclusion 4.8:
AVR (1Y) — A°Vay weakly in L*(T,R%). (9)

Now, we can identify the limit equation that is fulfilled by @%. First we observe
/ A (x)Vugy(z) - VRS (Pp)(x) da
T
:/ A (x)Vugy(x) - VQ (P pr)(x) da +/ Af(2)Vuy(x) - Py (z) do
T T

- /T A%(2) Vil (2) - @ (2) da,
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due to (5) with Q<(®y) € H(T). Therefore

/ A (x)Vugy(x) - VR (Ppg)(x) de = / A (x)Vugy(x) - Vg (z) dz
Q Q

for all @y € V(). Together with the definition of the MSFEM this gives us:
0= [ A*Vu} - VR™(®y) —/ fR*(®g)
Q

Q Q

- / A (R (uiy ) — R (i) - Vg + / ASVR™ () - Yy / FR* (@)
Q Q Q
o / AV, - By — / foy.
Q Q
Here we used (8), (9) and Conclusion 4.8. Note that
/ A€ (VRe(ujg,O) - Re(a‘}q)) Vo —0
Q
because of
/ A% (VR (ugy®) = R (a) ) - Vou
Q
< BIR* () — R*(u5y ) (o | () — O

So @Y € Vi () solves

/AOVQ?{-éH—/f(I)H:O V& € Vg (Q).
Q Q

Because of Theorem 4.13, we know that the problem above yields a unique solution. Due to
this uniqueness, we obtain that any subsequence must converge to the same limit. So we have
convergence of the whole sequence (u(;f)e and in particular @9 = uY;. O

CONCLUSION 4.15. From the last theorem, we conclude:
uS; — R(uly) — 0 strongly in H'(Q).
Proof. We have

|ufr — Re(u%)”Hl(Q) < (L +ep)luy — RE(U(I)LI>|H1(SZ)

[MES

= ( > (1) R (u) — Re(ﬂ%)?mT))

TeETu

1

3

0,¢

< ( E (14 ¢p) B2 uy; _u%l%ﬁll(T)>
TETu

€ e—0
= (1 —|—cp)ﬁ|u(})} —u(}q|H1(Q) — 0.
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Finally, we can deal with the proof of the first main result, namely Theorem 3.5:

Proof of Theorem 3.5. Let d = 2,3 and let u% denote the FEM-approximation of the homoge-
nized solution u°. If we split the MsFEM-error into

[u = |y < [lu = R (uly) o) + 1R (uly) — ull (o),

it remains to estimate [[u® — R(ul;)| g1 (q), since we already have ||R®(ul;) — uf | g1 (o) — 0 by
Conclusion 4.15.

We start with the L?-norm. First, we recall that u¢ converges to u’ weakly in H(Q) (by
Theorem 3.2) and R¢(uY) converges to u? also weakly in H'(Q) (by Conclusion 4.8). Since {2

has a Lipschitz-boundary we can use the Sobolev embedding theorem to see that both sequences
must converge strongly in L?(Q2). This gives us:

lim [ — || p20) = lim Ju® = R (up)|l22(e) = [u” = ulyl|z2(@). (10)

Next, we treat the H'-seminorm, which requires the compensated compactness result that
we already used for the proof of Theorem 4.13. We estimate:

alu” = R (ul) iy < [ A°(V0" = VRY(ul) - (V0" = VR (ufy)
/AEVu - Vu® —/AEVu VR (uy)
/ AVER (2, - Vs + / AVER(u2,) - VR (1))
:/fuer/AfVRf( 0) . VR (ul)

Q

/AGVRE( %) - Vue —/ AV - VR (ud)).
Q Q

Now, we let € — 0 in the various parts of the right hand side. Due to u¢ — u° in H'(Q), we have

| @ [ san

For the second summand we can use Assumption 3.1, which says that A€ allows averaging:
[ AVR ) - (Valy + VQ ()
Q
/ AR () - Vuly
Q

-y (/TAEVRE(u‘},)) - Vuyy (x7)

TeT

—>T; (/Tonu(}q> -Vl (x7)

/ AVl - VUl
TETH

:/ AVl - VU de
Q
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For the remaining two terms we use the compensated compactness result of Theorem 4.12.

In analogy to the the proof of Theorem 4.13, we get with ¢¢ = A*Vu*©:
/ AVu - VR (uY) — / A"V - Vb
T

This yields:

/Aew VR (ugy) = Y /AEVU VR (uY)

@ TETH

—-—2 Z /AOVu VY = /AOVUO~VU%.
TET Q

For the last summand we use ¢¢ = A°VR(uY%). With Conclusion 4.8, we have
Re(uYy) — u¥ weakly in H'(T).

Let T, (T) be an adapted grid for T, then we also have from the definition of R¢:
/ AVR(uy) -V = / AVR(uY) -V =0
for all S € T, (T) and for all ¢ € H! (S). So Theorem 4.12 applies again and we get:

/ AVER (uy => / ATVR (ufy) - Vus
Q

TeTu

—2Z/AOVU -V —/AOVU -Vl

TeTu

Combining the various parts yields:

lim sup |u® — uH|H1 @ = lim sup |u® — RG(UH)|H1 ()

e—0 e—0
< —/ A" (VU — Vuy) - (VU — V)
aJa
Bio o0
< E|U — up (o)

In summary, what we have shown is the following:
lim [|[u® — uy||p2(0) = ||u0—u?q||Lz(Q) and  lim sup [u® — ufy| g1 (q) < Clu’ qu|H1
e—0 e—0

But 4% denotes the FEM approximation of the homogenized solution u°

so we can use standard

estimates to control [[u® — u%y || gm(qy, for m = 0,1. If u® € H'(Q) N H*(Q), with 1 < 59 < 2,

we get with standard interpolation estimates:

[u® — ulllp2@) < CH®  and  |u’ — uly|pgio) < CH™ '

Since € is a bounded polygonal domain and since A° is constant, we even know that % <s9<2

(c.f. [25], e.g. chapter 6) and therefore at least:

3 1
||’u0 — u?‘—[”LQ(Q) <CH?2 and |u0 — u(I)—I|H1(Q) < CH-=.
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In the case of n = 2, sg can specified by means of the largest interior angle of an opening. Here
we have so = 1+ I, where w > 7 denotes the largest angle of a re-entrant corner (c.f. [5]).
Finally, if  is a convex domain, we obtain full H?-regularity for u® (c.f. [24], chapter 3.2) and
therefore an optimal second order convergence for the L?-error and linear convergence for the
H'-error.

The remaining estimates for ||u® — ugﬂ r2(0) and |u® — U(;_}E|H1(Q) are obtained in the same way,
using Theorem 4.14 which immediately yields

. 0,
lg% [|u® — g o) = Ju® — U(I)LI”Hl(Q)'

This ends the proof. O

In Remark 3.6 we already mentioned the H'({2)-convergence of the MsSFEM approximations

in H, ie u®—ufy =00 strongly in H!. This is a known result which can be for instance found
in the book of Efendiev and Hou, [21]. For the sake of completeness, we also state and prove the
result in our framework:

PROPOSITION 4.16. Let u¢ € HY(Q) denote the solution equation (1) and let u§; denote the
MsFEM solution from Definition 2.1, then the error is bounded independent of H and e:

[uf — uf | m10) < Cllfllrz0),
furthermore, the limits in € and the limits in H are both equal to zero. In particular, we have:

lim sup |[u® — uf|g10) < CH and
e—0

[u® —uylm o) < Clu’ — In(u)|m ) + CH| fllL2(0),

Iy : Hl(Q) — Vu(Q) defines an arbitrary interpolation operator. Note that the quality of the
second estimate depends on the reqularity of u¢, whereas the first estimate is independent of the
reqularity.

Proof. The first part of the proposition follows directly from the previous results. It remains to
derive the estimate

€ —us <C inf c— CH 11
[u® — uf| 1) < q)HEH‘l/H(Q)ﬂU almo) )+ 1fllz2 ), (11)

where we can use a suitable interpolation operator Iy : H'(Q) — Vi (Q) to put ®5 = I (uc).

Now, to derive (11), let @5 € Vg (£2). Since we have the equality [, AVR(®y)- VR (Py) =
J7 AVR(®p) - V@p, we have

/TAEV (g — R () -V (®x — RY(®n))

:/TAEV@H—RE((I)H)%V(I)H*/

AV®y - VR (Dp) +/ AVDy - Vg
T

T

= | AV®y -V (®g — R(Pg)))

= A€V((I)H—u€)V(@H—RG(CI)H)))-F/T]C(‘PH—RS((DH))
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With the coercivity of A and with
H(I)HL?(T) < CH|‘I)|H1(T) Vo e ]ofl(T)
we get:

[P — R (Pr)llL2(r)
@ — R (®w)| (1)
< Cley —ulmi(r)y + CH||f| L2

g — R (®Pm)|m (1) < Cl®r — gy + Cllfllz2()

Summing up and with the Céa-Lemma, we get for all &y € Vi ():

|u® — ufy|mr(q) < Clu® — R(®u )| ()
< C|u€ — (I)H‘Hl(Q) —|—C|(I>H - Re((I)H)|H1(Q)
<Ol = ulm) + CH|| fl20)-
O

The estimates above suggest to ask for convergence if we choose a coupling such as & =~ const.
The answer is, that we cannot formulate general results, since the sequence of MsFEM approxi-
mations is still convergent, but typically not to the correct approximation. In the following, we
give an easy example with scalar diffusion, where A€ is constant in one direction and periodic in
the other direction:

Model Problem. Let 2 :=]2, 2[%. Find u° € HY(Q) with
V- - (AVu)=1 1in Q.
and where A°(x) := A(%2) is given by A(y1,y2) := (1.01 + cos(27y:))Id.
In this special case it is easy to compute that the homogenized matrix is given by
1 -1 -1
0 (fo (1.01 + cos(27y)) dy) 0
0 1.01

(see for instance the book of Cioranescu and Donato [9]).

Now let us define the '"MsFEM Matrix’ A%€ by
A?f(:c) = ]é A(e; +VQ (v;)) -ej for x €T
and where v;(x) := e; - x. We easily see
/ AVR(uS) - VR (®py) = / A%V Vg
Q Q

Now, let us assume we start with a triangulation Ty, (2) that separates €2 into two right triangles.
Then we create Ty, (€2) by two uniform refinements of Tz, (), so that H;41 = Zi. For Ty,, ¢
shall be equal to the diameter of the circumcircle of an element of Ty, (). With this strategy,
we get a coupling of H; and ¢;. But due to cos(2w(1 — x1)) = cos(2mr1), we get that A% takes

the same value on every triangle T and for every of the above triangulations Tz, (£2). So we get




17

Table 1: In the table we can see a stagnation of the error for a coupling of H and € by the fixed

ratio 7 = 1.28. The local problems for computing the multiscale basis functions are solved with

sufficient accuracy (h = 2-%Hy for a triangulation T, (T) of T).

L e | H [l |
0.256 0.2 0.01685
0.128 | 0.2-27 T 0.01493
0.064 | 0.2-272 0.01318
0.032 | 0.2-273 0.01296
0.016 | 0.2-271 0.01294
0.008 | 0.2-275 0.01293
0.004 | 0.2-27F 0.01293
0.002 | 0.2-277 0.01293

AVei(x) = A for some matrix A € R%*?  for every x and every ¢;. This implies that u;{o is
independent of ¢; and H;. An easy computation yields

- (0667 0 o _ (0144 0
A’“( 0 1.01)’ whereas 4 ’“( 0 1.01)

which is why ||u§;0 — ug|| is constant and does not converge. Also if H does not hit the period e
and if we do not construct a constant matrix A%€, we can still observe a stagnation of the error
as depicted in Table 1.

However, it can be shown for periodic (c.f. [32]) or some cases of random homogenization
problems (c.f. [7]) that we have the following a-priori error estimate:

0, 0€p . < i%
I = i aaey < € (H+ ()

This at least yields smallness of the error if € < H, but we still might only deal with convergence
to the homogenized solution, up to a small reminder of size v/§, where § = 77- Note that, due
to our very general assumptions (which say nothing about the speed of convergence in (2)), we
can not derive a-priori error estimates with explicit orders in € in our framework. However, in
comparison to d > 1, it is possible to give a clear answer to the question of convergence of the
MsFEM solutions for H(e) — 0 for the 1d case. This is done in the subsequent section.

5 Convergence of the MsFEM for d =1

In this section, we are concerned with the convergence of a sequence of MsFEM approximations
in one space dimension. Here, it is possible to partially generalize the results from the preceding
section, in the sense that we can show L2-convergence without any restriction on the way of
coupling H and e. In particular we do neither assume £ — 0 nor 5 — 0. The proof is
accomplished be deriving explicit formulas for computing the MsFEM approximations. It turns
out that there occurs a homogenization process for the MsFEM solutions within the original
homogenization process in €. Now, we introduce the setting of this section:

DEFINITION 5.1. In this section, I := [a,b] C R denotes an interval with partition a = xo < x1 <
To < ... < xny = b, where N € Nsg. Furthermore, we define the mesh size by H; := x;41 — x;
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and the mazimum by H := maz{H;|1 < i < N}. In this spirit, Ta(I) corresponds with this
triangulation. The MsFEM approximation uyy is given by Definition 2.1 and the multiscale
correction operator Q¢ by Definition 4.1.

We start with a lemma that is required for computing Q¢(id):
LEMMA 5.2. Let [co,c1] C I be an interval and w € H(cy,c3) the solution of
(&3] (&3] N
/ Aw' ¢ = —/ A9’ Yo € H (co,c1).
[e) Co

Then we have

where

_ [T AY) - A() _ [T A(e)
v(z) = /CO BT — dy and g(z):= dy.

In particular, we get

A(z)(w'(z) + 1) = (]{01 A%(y) dy) i

Proof. 1t is easy to verify that w is the unique solution of the above problem. For the last
statement, we calculate:

' A1) Af(er) v(er)
w'(z) +1= Ac(x)  A<(x) g(c1)
_ Aa)  A(er) fccol IZZ(((Z)) dy — (c1 — co)
I (O CE
_ (c1 — co) 1
P —
Multiplying this term with A¢(z) gives the desired result. O

By means of Lemma 5.2, we can restate the MsFEM in a more explicit way:

CONCLUSION 5.3. In one space dimension (d = 1), we have explicit formulas for the description

of the MsFEM problem to determine the approzimation us; € Vi (I). In particular, we have that
0,€ . .

uy € Vu(I) is the solution of

N-1 Ty q -1
> H? / ——dy ) (W) (xipr) Pylriga) = / for Yoy e Vy(l),
n=0 X A6<y) 2 2 I

where x; 1 = 27 (41 + x;). Furthermore, to compute ugy = u?f + Q° (u%’,e), we have

1
2

Q(Py)(z) = Q5(x) - Py (x) for x € [, iz1] and &y € Vy(I),

where Q;(LU) = qﬁ(l’) _ ge(x) v§(Tip1) and

? g5 (zit1)

e(r) e [ A@i) A ey [T A @)
vi(z) = /zl A7) dy and g§(x): A dy.
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Proof. This conclusion is a direct consequence of Lemma 5.2. We have:

7.+1
/A€VRE VR (®y) = Z/ AS(VUS + VQ (us)) - Vo g

i=
N-1

-1

)
)
o}

Tit+1 Tit+1 0
< A1+ VQ° (zd))) Vuy - Voy

i+1 Ti41 -1
Vul© Vo
Ae H H
Zq
i+1

A%VuY Vg,

-
I

2

~.
[}

2

I
=

3

where we defined

T 1 —1
A%< (z) = (][ () dy) for x € [z, xiy1).
O

Using the previous results, we are prepared to formulate the main result of this section,
namely the independency of the L2-limit of the MSFEM solution on the choice of how to couple
e and H. Again we note that the following result does not hold for d > 1 as discussed in the
previous section.

THEOREM 5.4. Let d = 1. If we assume that A€ allows averaging in the sense of Assumption
3.1, we get that the L%-limit of u$; is independent of the coupling of € and H. This means, for
any sequence of tuples (H,,€,) with H, — 0 and €, — 0, we have

0,en

||u6 — \|L2(1)—|—||u —uOHLz(I) =0  for n = oo,

where u® denotes the homogenized solution introduced in problem (3). Note the special case
H=r ¢, withr € Ryy.

Proof. Let H and € be coupled in an arbitrary way with ’H — 0 < € — 0’. We start in the spirit
of Conclusion 5.3 and define A%¢(z) := (

, -1
f;f“A}(y) ) for z € [z;,z;41). Let us consider the
problem to find u%¢ € H'(I) with

/onﬁvuo»e.v<1> = /f(I) v® e H'(I).
I I

We can regard this as a new homogenization problem with a sequence of positive L (I)-
coefficients A%€ (this is possible since H = H(¢)). In the setting of G-convergence, we obtain
that there exists a subsequence (for simplicity still denoted by A%€) with associated G-limit A*.
This limit is identical to the inverse of the weak-* L>-limit of (A%€)~! (c.f. Hornung [30]). In
particular, we get

lim [ (A%)"1p = /IA*¢ Yo € LY(I). (12)

e—0 I
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Now, let Iy = [ag, by] denote an arbitrary subinterval of I and let w € H 1(10) denote the solution
of

Aw'¢! = — | AY Vo e H'(I).
Io Ig

By choosing ¢ as the indicator function of Iy = [ag, bp] in (12), we get with Lemma 5.2:

-1
[ 0= (i [ ()
Io e—0 Io
Tit1 ]

(i S e (f g W) +ow0

[zi,xi11]Clo

, 1 B (o (o
= lim ( AW dy) =lim [ A°(y)(w'(y) +1)dy

e—0
= |IO|AO’

where we used Assumption 3.1 in the last step. Since Iy was arbitrary, we get A* = A° and we
obtain:

[u®€ —u®|| 2y = 0 for € — 0.

Note that the above subsequence can be replaced by the whole sequence in €, since A* is unique.
Finally we obtain:

B
s — w®ll 2y < [lu®€ = udrery + [u® — w2y < CEH + [[u® = w2y — 0.

The convergence of |lug, — u| r2(;y — 0 is an easy conclusion, where we use |[u€ — u®||z2;) — 0

and [Jul —us|| r2(ry — 0. Here, the second part can be obtained by a simple computation using
Q| < CH,. O

The above result in Theorem 5.4 can be illustrated in a numerical experiment. Let us therefore
consider the following model problem:

Model Problem. Find u¢ € H(0,1) with

d% (Ae(x);;ue(a:)> 1 i = (0,1)

and where A¢(z) := A(%) is given by A(y) := (2 + cos(27my)) L.

€

In the above problem, we have explicit formulas for A°, u° and u¢. In particular, we get
A =271 ug(z) =z — 2% and

1+ 1= (1 — cos(2x)

€

2+ o=sin(2%)

2 2
ut(x) =2z — 2% — Lf?cos(%r%) + 46? - (Qx + %sin(%r%))

For the problem above, it is possible to derive exact formulas for computing the MsFEM
approximations u$; and u(}f. Using these results we can compute the L2-error between u° and
u%’f for fixed H = 0.1 but various values of e. The errors are depicted in Table 2. First of all, we
see that the typical resonance error becomes significant even for very small discrepancies between
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Table 2: In this table, we can see the error between homogenized solution and MsFEM approxi-
mation for H = 0.1, but for different values of €. For e = H, we get the best approzimation, for
€ # H we are dealing with a significant resonance error. Here, we denote the relative error by

0,e

0 rel . HUO*“[}-}EHLQ(I)
[[u® — uy

(1) T HUOHLQ(I)

’ € ‘ H ‘ [u® — ul [
0.1 0.1 3.1-10™
0.099 | 0.1 2.2-1072

el(l) |

0.09 | 0.1 2.6-1072
0.08 | 0.1 1.9-1072
0.07 | 0.1 1.8-1072

Table 3: Depiction of various errors. In this table we can see that effects of a resonance error
start to average out, once € and H become small enough. Here, we denote ||u® — uH ||T5l

0
[l u® —uf; Nz rel flu’ 7uHHL2(I)

Tz, o v —ullis = e,
¢ H HUO_UGHLQ(I) ||U _ u HTel ||U _ ’LLO €||rel ||UE —u Hrel
T2 ) H L2 H L2 HIlL2(1)

7-1071 1 1.34-1071 2.42.1072 1.24 1071 6.08 - 102
7-1002 10T | 2.09-10"2 1.83-10°2 1.36-10"2 9.94-107%
7-1073 11072 ] 1.85-1073 1.56-1073 1.40-1073 1.08-107°
7-100* 11073 | 1.46-1071 1.08-107 % 1.41-107*% 3.67-10~7
7-107° [ 107% | 2.12-107° 1.88 1075 1.40-1075 4.56-10°8
7-107%1107° | 1.86-107° 1.58 - 106 1.40-10°F 1.41-1078

eand H. For (H,¢) = (0.1,0.099) the error is a thousand times larger than for (H,€) = (0.1,0.1).
However, Theorem 5.4 predicts that the effects of the resonance error are homogenized’, if H(e)
becomes small enough. In fact, this is exactly what we can see in Table 3, where we observe a
nice linear convergence. This is complementary to the 2d-case example at the end of Section 4.
This might be also relevant for applications, in which there is no explicit knowledge about the
size of e.

6 Conclusion

In this work we dealt with the convergence of the H'-error between MsFEM approximations and
the exact solution of an elliptic homogenization problem. This was established without assuming
a certain periodic or stochastic structure of the problem. Furthermore, we were in particular
dealing with the case of 1d-problems, to observe that the convergence does not depend on the
coupling between € and the grid size H, whereas the result cannot be generalized to other
dimensions. Numerical experiments were given to emphasize our results.
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