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Abstract. We extend previous work on the Hierarchical Model Reduction-Reduced
Basis (HMR-RB) approach to an advection-diffusion-reaction problem. In comparison to
the Boussinesq approach we do not neglect the dependency on the vertical direction but
enhance the solution for the horizontal direction with appropriately chosen basis functions
living on the vertical one. This is done by a combination of the frameworks of hierarchical
model reduction [4] and the reduced basis methods [3]. We derive a new a posteriori error
estimate and demonstrate in numerical experiments that few basis functions suffice to get
good approximations.

1 INTRODUCTION

Many phenomena in fluid dynamics, as for example groundwater, river, and blood
flow, have dominant spatial directions along which the essential dynamics occur. Along
the other, transverse direction the velocity of the fluid varies often only slightly. Hence
in the Boussinesq approach the velocity of the fluid is assumed to be constant in this
direction and the dimension of the model is reduced by at least one full dimension. How-
ever there are many situations, e.g. a bridge pier in the river or a strong rainfall event
in the context of groundwater flow, where this assumption is not true. So, the idea is to
reduce the model not by a full dimension but rather step by step. This can be done by
the Hierarchical Model Reduction (HMR) approach, which was introduced by Vogelius
and Babuska in [5] and generalized by Perotto, Ern, and Veneziani in [4]. Here the solu-
tion p of an elliptic problem is approximated by py,(x,y) = >/, Dr(x) ¢r(y), where the
{¢x(y) }r are orthonormal basis functions, living on the transverse direction. Of course
the central question is how to choose the functions {¢.(y)}x. In [4] sine functions are a
priori chosen. The idea of the HMR-RB approach, introduced in [2], is to choose the basis



functions a posteriori, adapted to the problem at hand. Therefore a parameter dependent
1D problem is derived from the original one, where the variable x and the behavior of the
solution in z direction are considered as parameters. To find the optimal parameters, we
adapt methods common in the framework of the reduced basis (RB) method [3|, having
been developed to tackle parameter dependent problems efficiently.

The contribution of this work is the extension of the HMR-~-RB approach to advection-
diffusion-reaction problems and the presentation of a new a posteriori error estimator.
In the next section we briefly recall the HMR approach. Afterwards we describe the
HMR-RB approach consisting of the derivation of the parameter dependent 1D problem
and the presentation of the algorithm adapt-HMR-~POD for the construction of the basis
functions. In section 4 we derive a new efficient and reliable a posteriori error estimator.
Then we present numerical examples and finally close with concluding remarks. But first
we would like to specify the problem we deal with.

We consider an advection-diffusion-reaction problem. Let Q C R? be the computational
domain with Lipschitz boundary 02 and outer normal n. Let ¥y, Xp C 0 be two
relatively open, pairwise disjoint one-dimensional Lipschitz manifolds, such that 9 =
Yr UXp. Here Xy is the Robin and Yp is the Dirichlet boundary. We assume for the
sake of simplicity |Xp| > 0 and homogeneous Dirichlet boundary conditions. See [2] for
the treatment of nonhomogeneous Dirichlet boundary conditions. So, we consider the
following problem for p

—V-(kVp—bp)+dp = f in €,
p =0 on Xp, (1)
—(kVp—bp)-n = gr(p) on Xg.

To guarantee well-posedness of the problem we assume k € L>®(Q) with 0 < ¢; < k < ¢
for constants ¢;,c; € RY, b € [HY®(Q)]?, d € L=(Q), f € L*(Q) and d+ 1/2V -b > 0
and b-n <0 on Xg. The Robin boundary conditions are assumed to be affine in p by

QR(p) =9Rr1P — gRr2

where gr1 € L®(Xg) and gro € L*(Xg). Let furthermore be V = {v € H'"?(Q)| v =
0 on Xp}. Then we define for v,w € V the bilinear form

a(w,v) ::/ kaVv—/ waU—i-/ dwv—l—/ R WU (2)
Q Q Q YR

and the linear functional
f(v) ::/ fv+/ JR2 V. (3)
Q Sr

So, the corresponding weak formulation of (1) is: Find p € V' so that there holds
a(p,v) = f(v) YveV. (4)
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Figure 1: The mapping ¥ : Q — Q, [4]

2 THE HIERARCHICAL MODEL REDUCTION APPROACH

We use the hierarchical model reduction framework introduced by Perotto, Ern, and
Veneziani [4], which is briefly described in this section — cf. |2, 4] for details. Let us
assume that ) can be described as a two-dimensional fiber bundle

Q= U {z} X v,

IEQlD

with €;p being the dominant direction and ~, the transverse fiber associated with = €
Oy p. For the sake of simplicity, we suppose Q1p =|zg, x1[. For any = € Q;p we define the
mapping
Vot =Y

between the fiber 7, and a reference fiber 4 with 4 =|yo, yl[ Then a point z = (x,y) €
is mapped on z = (z,9) € Q via the mapping ¥ : Q — Q with § = ¢, (y) for y € 7,
as shown in Fig. 1. We assume that 1), is a C'-diffeomorphism, that the mapping ¥ is
differentiable relative to z and that 0 € ~, for all x. Finally we introduce the notations

Di(2) = 0phy, and Dy(z) = Oyt

Now we carry this splitting of the space over to a splitting of the functions. Therefore
we initially define the two spaces

Vip = {v e H**(Qp)|v=0 on Ypsidey and Vi:={ve H“(3)|v =0 on XD top}-

Then we introduce a set of basis functions {¢y ey € V3, which are orthonormal with
respect to the L?(#)-inner product. Combining them with V;p defines the reduced space

V.- { = ") ¢r(¥a(y)), with () € Vip, 2 € Qip, y €% } ()

k=1



where m € N is the model order. Our reduced problem reads: Find p,, € V,, so that for
all v, € V,,, there holds

/kvl)mvvm_/ bpmvvm+/ dpmvm+/ gR,lmem—/ fvm+/ 9JR,2 Um.
Q Q Q YR Q XRr

We can rewrite py, as py(x,y) = Y o, Bi(x) ¢1(¥2(y)). The test functions vy(z,y) are
chosen as vg(z,y) = v(x) ¢r(V:(y)), k = 1,...,m, with v(z) being an arbitrary function
in Vip. Transforming Q to € via ¥ we get the following problem (cf. [2,4] for detailed
computations): Find p;(z) € Vip for [ = 1,...,m so that for all v(x) € Vip and ¢, (y) with
k =1,...,m there holds

Z/Q Alk(ﬁ)dlel;x) dz(;) + Ble(iﬂ)dﬁ;l;x)v(x) + B27lk(55)]_91(96)d1;;x) + Dy.(z)py(x)v(x)dx

+ Guulo) pr(ao)vlo) = / Fu(e) () + Galzo),
with
A(a) = / ke, 02 (0) @) (0)|Dy (. 6 (3)) i,
By (z) = / k(2,0 (9)01(9) 83, (9) Di(, 0, (9)) Dy (45 (9))] dg,
Panto) = [ [ux,w;@)wz@wk@) Dy(z, 42 (3))
by (5)4u(3) <>] Dy (o, (3))] di.
D) = [ [ite, o @)et @6k (5) { [ Pr(o, vz 1<y>>] + [Dale, @]}
R OIIN iy
)

(e, 07 () i)o <>}|D Yo, (3))] dg
g (90)Au0)n ()| Dy (@, 02 (o))l
Gielo) = / g (0, U2 (5))61(3)64(3) Dy (0, ¥ (9))] .

Fu@) = [ (£ 6] 105 0 )] d
+9r2(, 5 (90)) o (Yo) | Dy (, 00, (o)),
Gy (o) = / 92 (20, 651 (9))64(0)| Dy (20,05 ()] .

4
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For the numerical computation of p,,(x,y) we introduce a partition 7y on ;p with
elements 7; = (z;_1, x;) of width H; = x; —z;_; and maximal step size H := maxy, H; and
a suitable conforming Finite Element space Vi, C Vip, such that dim(V/f}) = Ny < oco.
Then the discrete reduced space V¥ can then be defined as

=1

Let ¢ui(x), 1 <i < Ng be a basis of V. Then the solution pZ of our discrete reduced
problem can be written as pZ(z,y) = >, (Zf\]}{ i ¢ui(2)) d1(2(y)) and the discrete
reduced problem reads: Find pl € VI 5o that for all v there holds

/kVpZVUfZ—/ bpﬁVUﬁ—%/ dpmvm—l—/ gR,lngfZ:/ fvf;ﬁ—/ gRQUg. (6)
Q Q YR Q 2R

After all the question remains, how the basis functions {¢x}ren can be chosen. An
option are a priori chosen functions [4] as sine functions or Legendre polynomials or
functions being adjusted to the original problem, as it is done in the next section.

3 THE HMR-RB APPROACH

The central idea of the HMR-RB approach is to use basis functions adapted to the
problem at hand. A 1D problem is derived from the original problem by considering the
variable x and the behavior of the solution in x direction as parameters. In order to
find the optimal basis functions, techniques common in the framework of reduced basis
methods are combined to derive the adapt-HMR-POD algorithm. In this section we firstly
derive the 1D problem for the advection-diffusion-reaction problem and after this briefly
outline the adapt-HMR-POD algorithm, being described in [2] in detail.

3.1 Formulation of a parameter dependent 1D problem

To realize the dimensional splitting we use test functions v of the form v(z,9) =
q(2)-v(g), where the mapping W is included in the test function. That is why we solve our
original problem (4) in the space X; = {01(2,9) =v(9) - e1(2), 0(g) € Vs, & € Qup, § €
4}, leading to a reduced problem for pi(z,y). Rewriting pi (¥ (2)) = B(9) - e1(2) yields
the reduced problem: Find p(y) € V; so that for all o(y) € V5 there holds

/A(@)a p() 050(9) + B1(9) 05 p(9) v(9) + Ba2(9) B(9) 95 0(9) + D(9) B(9) v(3) dij

T G (yo)Plyo)o(y0) = / F(5)5(5) di + Galyo) T(wo): (7)



A(g) = / ke, 03 () (e (2))° [D3 (o, 95 ()) + DR ()] 1Dy (o 05 (9)) | di
Bi) = [ Ko (0)) 0 () e4(a) Dy, (9) 1D (0,0 (0] do
Ba(j) = / k(e 05 (9)) 0 2 (2) () D (2,45 (9))

—b(a, 6,1 (9)) (er(2)? (gﬁi e

x

N 1ot (s
) 125z )l
D) = [ [kt @) @uer()* = bl v () Boes () ex(o) + 7 (0)) cn(o))]

)
= @) dz + gra(zo, vz, (9)) (e1(20))* Dy (z0, Uz ()],

' |D51 (l’, ¢
G (o) = / g (2, 07 () (e2(2))? [Py (0 (30)) di,

F(§) = / F(. 071 ()) e1(2)| Dy @, 05 (3)) | da

1D

+ gr2(zo, ¥y, (9)) e1(xo) | Dy (wo, ¥y, ()],
G2(Z/0)=/Q gr2(2, 0, (o)) e (x) [ Dy (2, 00, (yo))| de.

To get a 1D problem in y we approximate the integrals over €2,p by a quadrature rule.
The simplest one is a one point quadrature rule, where we evaluate the integrand in
a quadrature point x¢ and multiply it by the measure of €2;p. The crucial question is
how to choose the quadrature point(s), or, in other words, for which points do we in-
clude global information from the data. To find the optimal quadrature points z!, we
perceive ] as components of a parameter p in the framework of reduced basis meth-
ods. We would like to recall that we assumed for the derivation of the 1D problem that
p(T~1(2)) = () - e1(2), implying that e;(x) stands for the behavior of the solution in
direction. As this behavior is unknown, we regard the evaluations of e;(z) and 0; e;(x)
in ! and optionally the values of e; on the left and right side of the boundary e;(zo)
and eq(z;) as the other part of the parameter p. So the parameter p has the form
= (x1,e1(xy), Over(x}), ..., 2%, e1(x), Oper(x), e1(xg), e1(x1)). The parameter space D,
containing all feasible parameter values of p, is chosen as D = [Ql p X I % ]g}n x I x Iy
for Iy, I, C R. Then for each parameter vector u € D C R” and all 5() € V5 p,(7) is the



solution of the parameter dependent 1D advection-diffusion-reaction problem
/ A(G; 1) 95 2,(9) 05 0(9) + Ba(5 1) 95 D, (5) 0(9) + Ba(9; 1) Du(9) 95 0(9) (8)
4

+ D(5; 1) D,(9) 0(9) d + G1(yo; 1)D,(0)0(yo) = / F(g; 1) 0(9) di + Ga(yos 1) 7(vo),

5

where the coefficient functions are defined as above. To compute p, () numerically we
introduce a partition 75, of 4 with elements 7; = (9;_1,7;) of width h; = g; — y,_1 and
maximal step size h := max,, h;. Moreover let \Qh C V5 be a conforming Finite Element
space with dim(V2") = ny, < oo and ¢,;(7), 1 < j < ny, a basis of V. Then Pl(9) denotes
the solution of the discrete parameter dependent 1D problem. As we cannot compute
g‘)Z(gj) for all parameter values p € D, we define a finite dimensional surrogate Z.4in C D
for whose parameters pu we compute the discrete solutions.

3.2 Construction of the basis functions — the adapt-HMR-POD algorithm

One goal of this subsection is to find a basis {¢}r, 1 < k < m, with m as small as
possible and ||p — pZ|| m12) < o for a given tolerance 4. The other goal is to do
this construction as cheap as possible. This results in the central question: How can we
compute the optimal basis in the most efficient way. Most algorithms use either a Proper
Orthogonal Decomposition (POD) and/or a Greedy approach for the generation of the ba-
sis. In short a POD determines the principal components of a given set of functions. The
Greedy approach proceeds iteratively, enhancing in each loop the basis by the function
which is worst approximated by the already chosen ones (cf. [3] for further details on the
two approaches). In our proposed algorithm adapt-HMR-POD we use a combination of
adjusted versions of those two approaches, exploiting the advantages of both. Obviously
the computational costs accelerate with the increase of the sample size npqin, for which
reason we want to be =i, as small as possible. This can be done by adaptively refining
the parameter space, which was introduced in [1]. As in [1] we use a hexaedral mesh,
but in spite of choosing the vertices of the grid as the parameter values, we use randomly
generated training sets in each element of the grid.

For the description of the algorithm we need some notations. M shall be a hexaedral,
possibly non-conforming grid in the parameter space D, e an element of M and N,; the
number of elements in M. Moreover let =, be the randomly generated training set of an
element e and nz the sample size of =., which is identical for all elements. =, denotes
the union of the training sets of all elements and 7., the sample size of =),. Inspired
by [1] we use a

SOLVE — ESTIMATE — MARK — REFINE

strategy. Let AEMR(M) estimate the error between p and pZ in an appropriate norm,
where AHMR (1)) 'is derived in the next section. Then the element indicator 7(e) is defined

7



Algorithm 1: adapt-para(M, =y, s(M), m, {¢p}7", iter, o)

foreach element e € M do
Compute 7(e) , (e) and p, .
end
for i = I:ter do
M := MARK(n(M),£(M), o)
(M, Zy) := REFINE(M, =)
S(M\M)=s(M\M)+1
Compute n(M), (M) and py
end

as
: HMR
n(e) = min AHMR ().
HEZe
Now we fix § € (0,1] and during each iteration the 6 - Nj; elements with the smallest
indicators n(e) are refined. To guarantee that local structures in the data are resolved,
we use an additional criterion in the marking strategy. We define

where ~y(e) depends on diam(e) and s(e) counts the number of loops during which e has
not been refined, since his last refinement. If {(e) > o, where ¢ has been fixed, the element
e is refined. During the refinement step all elements marked for refinement are bisected in
every direction. In each new element as many new randomly generated parameter values
are added as needed to attain the sample size nz. Before completing the description of
Algorithm 1 adapt-para we still need some notations. iter denotes the number of refine-
ment steps per basis function. n(M), £(M), and s(M) contain the respective values for
all elements of M. p, . is the set of solutions of the parameter dependent 1D problem
belonging to the parameter values of =,.

As AEMR(M) estimates the error between p and pZ | it depends on m basis functions.
That is why the algorithm adapt-para is run repeatedly in the Algorithm 2 adapt-HMR-
POD. But for financial reasons adapt-para is only applied until a given maximal model
order my,y. The numerical experiments in [2]| show that small values like My, = 2 are
sufficient. In the end, we use a POD to determine the L?-orthonormal basis functions,

; m m R Ntrain k k ;
demanding that ey < ePgp, Where efiop == /D "% Apop and Apgp are the eigenvalues

of the eigenvalue problem equivalent to the POD. This completes the outline of the adapt-
HMR-POD algorithm.



Algorithm 2: adapt-HMR-POD(My, Z¢ ur, iter, Mumax, Etol, 0)

for m=1:m,,, do
py.m =adapt-para(M, =y, s(M), m, (6 iter, o)
{or}7 := POD(pyar, m)

end

{#r},TOP := POD(py.a1, Etol), 50 that epgoP < gil.

4 A POSTERIORI ERROR ESTIMATION

The goal of this section is to derive an error estimator estimating the error between
the discrete reduced solution pZ and a solution pp;, computed using 2D FEM in an
appropriate norm. First we need a FE space which is suitable for this comparison. We
introduce a partition P := Ty X 75, of Q) induced by the partitions 7y on €;p and 73, on
4 with elements 7}; := 7; x 7;, 1 <@ < Ny, 1 < j < nj. Next we define a set of basis
functions

(,Oij(l',g> = Qorl(x)(pyj(g>7 1 SZSNHvl S] < np. (9)

For the sake of simplicity we restrict ourself to the case where both ¢,;(z) and ¢,;(7)
are piecewise linear. This implies that their product ¢;;(z,9) is a standard bilinear
quadrilateral element on Tj;. For this reason we introduce the space Q% := {u(z,9) =
> 0<inek Cln 2 4"} Now we can introduce a FE space

Vign i= {v € CO(Q) S, € Q! and viar,; € ]P’l},

which coincides with the standard bilinear Finite Element space. Next we need a suitable
norm. Let a,(w,v) := 3 (a(w,v)+a(v,w)) denote the symmetric part of the bilinear form
a(w,v), specified in (2) for all w, v € Viyj. Based on that we define a Vi ,-inner product
and the induced Vi ,-norm

('7 ')VHxh = GS('7 ')7 H ) HVHxh = ('7 )
Then the error e := pyj, — pl! satisfies the equation
a(e,UHxh) = Tﬁ‘xh(vmh) Vvgxn € Vixn,

where
P Wiren) == f(ursn) — a(pit, vaxn)  for v, € Virkn,

with f(v) specified in (3). Now we introduce the Riesz representation of rgyn(vVixn),
denoted as R,, € Vg, fulfilling the identity

(Rons Vi) vigon = THxn(Vaxn) Y Orxh € Vi,

9
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Figure 2: In comparison from left to right and top to bottom: the 2D FEM solution and the approximating
solution for 5, 7 and 10 basis functions

And finally we define our error estimator

AR = | Ronlvig -

Efficiency and reliability of this estimator can be proved.

5 NUMERICAL EXPERIMENTS

As we are aiming at the application of the HMR-RB approach to unsaturated ground-
water flow, we consider a test case quite similar to this situation. The diffusion coeffi-
cient exhibits an interface imitating the macroscopic interface between dry and wet soil
in groundwater flow and the x-dependent advection coefficient points downwards like the
gravitation term in the Richards equation. So we solve problem (4) on © = (0,2) x (0,0.5)
with a diffusion coefficient

;

1 0<z<0.75
—2x 425 0.75<x<125
L0 else
(27 — 15 075 <z <125
1 125 <2 <2

0 else

\

. ki(y)

) ka (y)

(

1

-9y +1.9
(0.1

(1
—9y 4+ 3.7
(0.1

k(z,y) = ki(x)ki(y) + ka(2)k2(y),
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Figure 3: Comparison of A%}, (dash), the Figure 4: Adaptive refinement of the parameter
computed H'2-error (solid), and epop (dash- space; distribution of the parameter values in
dot) for increasing model order [0,2] — the x direction

an advection coefficient b = (0, 10x + 25)" and a zero source term. We prescribe
Dirichlet boundary conditions gp(z,y;) = 0 on the top and gp(x,yy) = 1 on the bottom
and homogeneous Neumann boundary conditions on the left and right side of the domain.
Typically the solution manifold, containing the solutions of the parameter dependent
1D problem (7) for all parameters p € D, is of very low dimension. However, due to
the presence of the advection term and the interface in the diffusion coefficient we cannot
expect that. To validate the proposed HMR-RB approach for this setting we first compare
the isolines of the 2D FE solution using bilinear finite elements and the approximating
solutions for five, seven, and ten basis functions in Fig. 2. Here we have used equidistant
grids in z- and y-direction of mesh size H = 0.005 and h = 0.0025 both for the 2D FEM
and the HMR-RB approach. We observe a perfect matching between the 2D FE solution
and the approximating solution using ten basis functions. Also the solution produced by
seven basis functions approximates the 2D FE solution quite well. This is a first hint that
the approach seems also applicable to problems with advection. Moreover, we see in Fig. 3
that both the error estimator A7,/ - (dash), the computed H'?-error (solid), and the POD
error €8, (dash-dot) show an exponential convergence rate of order 2=™/2 (dot) for an
increasing model order m. This convergence rate is not as good as in smooth examples
without interfaces (see [2]), but of course we could not have expected that. Furthermore,
comparing the behavior of the error estimator A%, and the computed H'?-error in Fig. 3
demonstrates that the error estimator is both reliable and efficient. At last we discuss
the refinement of the parameter space. We have chosen D = [0,2] x [0,4] x [—10,10],
nz =7, Mmax = 2, iter = 3(2) for the iteration for the first (second) basis function, and
0 = 0.25. A sample size of n.;, = 1680 is obtained. In Fig. 4 we can see where additional
parameter values are put successively in the interval [0,2], meaning in the z-direction.
What we see is that especially the interval [0.75, 1] is refined, which is reasonable owing
to the kink that the coefficient function exhibits here. So, we can say that the algorithm

11



adapt-HMR-POD refines the right regions in x-direction.

6

Conclusions

We have extended the HMR-RB approach to advection-diffusion-reaction problems.

The numerical results show that the method is applicable to problems with advection. The
next steps would be to study problems with a more dominant advection and also problems
on more complex domains €2, as the geometry strengthens the advective contribution.
Furthermore we presented a new error estimator. As its computation is very expensive,
its application is especially interesting in the case of parameter dependent problems where
the construction of the basis functions can be done in a possibly costly offline phase.
Here both the reliability and the efficiency of the error estimator will probably lead to a
reduction of the model order m, which in turn reduces the online costs considerably.
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