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We describe some operator theoretical features of equivariant stable homo-
topy. We pursue mainly three groups of targets in this. First, we give geometrical
meaning to our theory by describing its cocycles. Second, we pursue the de-
velopement of an Index theory which compares these constructions, having the
hope of applications as a secondary, though important goal. Finally, we allow
by these means the study of more general group actions, which are relevant in
other fields of Mathematics.

Our ideas can be traced back to several sources. On the one side, index the-
oretical results by Dold [Dol74], but also the almost unknown but foundational
work of A. S. Schwartz [Sva64] in nonlinear functional analysis can be considered
as special cases of the situation described here. More recently, Stefan Bauer and
Mikio Furuta used related methods to define invariants of four manifolds, which
initially motivated our interest in these questions. Some results, in particular
proposition 11, are just parametrized versions of results in [BF04]. The third
source of our interest is the work of N.C Phillips on equivariant K-theory for
proper actions, mainly in [Phi89]. We use his construction in a crucial way.

We begin by describing cocycles for equivariant cohomotopy. They are de-
fined in terms of certain nonlinear operators on real G-Hilbert bundles, so we
briefly recall first some well known facts in linear functional analysis parametrized
over a space. A comprehensive treatment of them is given in the book [Phi89).
For matters of reality and functional analysis we refer to the text [Sch93], in
particular to connections with Kasparov theory.

We point out that these constructions require proper actions of locally com-
pact, second countable groups as an input. In the first part of this work we
restrict our attention to proper actions of lie groups, though we also explain the
possibility of modifying Phillips’ slightly more general arguments to this setting.

0.1 Cocycles for equivariant cohomotopy
We recall first some basic definitions and technical facts of equivariant topology.

Definition 1. Let G be a second countable, locally compact Hausdorff group.
Recall that a G-space is proper if the map
GxX—-XxX
6

X
(g,@)—(2,92)
is proper.

The notion of a G-CW complex [Liic89], p. 8 will be of relevance in this
work. Recall that a G-CW complex structure on the pair (X, A) consists of a
filtration of the G-space X = U_;<,X,, beginning mit A and for which every
space is inductively obtained from the previous one by attaching cells in pushout
diagrams of the type

Hi Sn—l X G/Hz —>an1

| |
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We say that a proper G-CW complex is finite if it consists of a finite number of
cells G/H x D™.

The following result enumnerates some facts which we will need in this work,
which are proven in chapter one of [Liic89]:

Proposition 1. Let (X, A) be a proper G-CW pair
1. The inclusion A — X is a closed cofibration.

2. A is a neighborhood G-deformation retract, in the sense that there exists
a neighborhood A C U, which is a G-equivariant deformation retract. The
neighborhood can be chosen to be closed or open.

Some equivariant Hilbert bundles are the main objects on which our con-
structions begin. Let us recall basic terminology of [Phi89], which works in a
slightly more general context.

Definition 2. Let X be a locally compact, Hausdorff proper G-space. A Banach
bundle over X is a locally trivial fiber bundle FE with fiber on a Banach space
H, whose structure group is the set of all isometric linear bijections of H with
the strong topology.

If H is a (real) Hilbert space, we will speak of a Hilbert bundle. A G-Hilbert
bundle is a map p : E — X such that there is a continuous action of the locally
compact group G in the total space, the map p -called the projection- is assumed
to be G-equivariant and the action on the total space is given by fiberwise linear
isometries.

Let £ and F' be hilbert bundles over X. A linear morphism from E to F' is
an equivariant, continuous function ¢ : E — F' covering the identity on X, and
for which the fiberwise adjoint ¢* defined by < t*z,y >=< z,ty > is continuous.
The support of a morphism ¢ is the set {x € X | tx # 0}

A linear morphism ¢ : E — F is a compact morphism if it is fiberwise
compact in the usual sense (that is, for every z, t,.E, — F, maps bounded
sets to conditionally compact sets) and in adition, for every point « € X, there
exist local trivializations a : F |[y— U X Eg, b : F |y— U x F, such that
bta= : U x E, — U x F, is given by an expression (y,z) — (y,%(x)) for a norm
continuous map ¢ : U — L(E,, F,) into the bounded linear maps between the
fibers over .

A linear morphism ¢ : E — F is said to be Fredholm if there exists a
morphism s : F' — FE such that st — 1 and ts — 1 are compact morphisms with
compact supports. A Fredholm morphism is said to be essentially unitary if
one can take t = s* in the definition. We recall the existence of G-invariant
riemannian metrics on vector bundles over proper G-spaces, which is proved for
instance in [Pal61] as consecuence of the slice theorem.

Remark 1. 1. By a theorem of Kuiper, all Hilbert bundles with separable
infinite dimensional fibers are trivial. However, we will not use this fact.

2. Note that we choose the structure group of our bundles to be the isometric
bijections with the strong operator topology. Other choices, like the weak
topology would not give enough vector bundles, as pointed out by Phillips
in [Phi89], chapter 9.



3. Note that we forced the existence of adjoints for our morphisms. This is
technically convenient.

4. Well known facts from functional analysis go trough “fibrewise”. For
instance, a Fredholm morphism has always fiberwise finite dimensional
kernel and cokernel, and the index is a virtual G-vector bundle of finite
dimension.

We now ennumerate a collection of facts on linear morphisms and G-Hilbert
Bundles which we will use later.

Proposition 2 (Proper stabilization theorem). Let E be a G-Hilbert bundle
over a proper G-space. Denote by H the numerable Hilbert space consisting of
the numerable sum of the space of square integrable functions in G, in symbols
H =@, L*(G). Let H x X be the associated trivial Hilbert G-bundle. There
exists an equivariant linear isomorphism of vector bundles

FOHXxX=HxX

Proof. Theorem 2.9, p. 29 of [Phi89], Theorem 2.1.4 , p. 58 of [Sch93]. We
point out that Phillips realizes this isomorphism to be an adjointable morphism
between the G-Co(X)-Hilbert modules I'(E) ® ¢, (x) H x X and H® Co(X). The
identification of such a morphism with an isomorphism of G-Hilbert bundles is
consequence of lemma 1.9 in [Phi89). O

Recall N.C. Phillip’s definition of equivariant K-theory for proper actions of
locally compact groups, [Phi89).

Definition 3. K§(X) is represented by cocycles (E, F,1), where E and F are
G-Hilbert bundles and [ : E — F' is a fiberwise linear Fredholm morphism. A
cocycle is said to be trivial if [ is fibrewise unitary. Two cocycles (E;, F;, l;)i=0,1
are equivalent if there exists a trivial cocycle 7 such that lo &7 = [ § 7 is
homotopic to a trivial morphism.

There exists at least one equivalent approach to the definition of equivariant
K-theory in this context. We just recall one of them as it is needed as a technical
modification in one of our arguments.

e K§(X) can be realized as the set of essentially unitary fredholm linear
morphisms. Two such cocycles are said to be equivalent if they become
homotopic via an essentially unitary homotopy after adding a trivial co-
cycle(Theorem 4.7, page 56 in [Phi89].)

We now enumerate two consequences of the proper stabilization theorem,
which are fundamental for veryfing excision in Phillips’ construction of equiv-
ariant K-theory.

Proposition 3. Let i : U — X be the inclusion of a G-invariant, open subset
of X. Let (F, F,t) be a linear cocycle over U such that ¢ is fibrewise bounded
and has a bounded fredholm inverse. Then, there exists a linear cocycle (X X
H,X x H,r) i*(r) and t agree after adding a unitary linear cocycle.
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Proof. Proposition 5.9, p. 74 in [Phi89]. We recall that the constructed classes
agree after application of the proper stabilization theorem.
O

Proposition 4. Let X be a proper G-CW complex and ¢ : £ — E be a
fibrewise fredholm operator defined on the space X x I. Denote by ¢q : Ey — Ejy
the restriction to X x {0}. Then:

1. There exists a unitary cocycle p between (E, F, @) and (Eg, Ey, @o). More-
over, the isomorphism can be taken to be unitary over a fixed, invariant
subspace A C X.

2. Let A C X be a G-subcomplex and I : F' |4— E |4 be a bounded mor-
phism. Then, there exists a linear cocycle (l,, E, F), defined over X such
that *(1) and ! are equivalent .

3. Let A C X be a G-invariant closed subset and U C X an open neighbor-
hood of which A is a deformation retract. Suppose that (U x K,U x K, 1)
is an essentially unitary cocycle over U, where K is a strong unitary G-
representation in a hilbert space. Then, there exists an essentially unitary
cocycle (X x H, X x H, F) such that i*(F) = L.

Proof. 1. As the involved bundles are locally trivial, the total space of E
carries the weak topology with respect to the set p~!(X;), where X; is
an element of the filtration in the basis G-CW complex structure cfr.
lemma 1.26 in [Liic89]. Hence, the statement reduces to the case where
(X,A) = (G/HxD",G/H x S"~1) and E has the form G§H7 for a given

strong, unitary and continuous H-representation H in a separable hilbert
space. Let U.(H) be the subspace of the H-equivariant, unitary operators
u in H, for which the conjugation with an arbitrary element h~tuh is a
continuous operator (recall that this is a contractible space after results
of Segal, it is an ANR). Giving an isomorphism p as described above
amounts to give a map p € Map(D™ x I,U.(H)) which is the identity
on G/H x S" ! x {0}. There is no obstruction for doing this because
the inclusion G/H x S"™! — G/H x D™ is a cofibration and U, (H) is
contractible.

O

Remark 2. Note the technical difficulties arising in the extension of linear
morphisms over arbitrary spaces. As explained in point 3, we are only able to
extend morphisms which are defined on globally trivial hilbert bundles. The
attempt to overcome this difficulty by extending a section of a bundle instead
of a morphisms breaks down essentially because the morphisms as defined here
are the sections of a bundle whose fiber is the space of operators L(H;, H2) with
the x-strong topology, which is not even a Banach bundle.

The second ingredient for our construction of cocycles for stable cohomo-
topy are some basic notions of nonlinear functional analysis. This is a complete
subject itself, whose developements are certainly less known by ortodoxe ho-
motopy theorists. More or less encyclopedical references to this topic are the
books [Ber77] and [Dei85]. The reader interested in its relationship to Hopf
bifurcation problems should read [Ize05].



Relying on our interests, we shall change between two equivalent approaches
to this. One of them , the “no -zeros on the boundary- picture” will be useful
in applications and has its origin in the theory of partial differential equations.
For our purposes in algebraic topology, we shall give the following, technically
more convenient

Definition 4. Supose that k : H — H is a (possibly nonlinear) compact map
in a (real) Hilbert space, in the sense that k sends bounded sets into relatively
compact sets. A map f =t+ k : H — H is a compact perturbation of the
selfadjoint fredholm linear map f if the preimages of bounded sets under f are
bounded. Let ¢t : E — F be a fredholm morphism between the G-hilbert bundles
over the proper G- space X. A compact perturbation of ¢ is a continuous,
equivariant map f : E — F, which has fibrewise the form t 4+ k for a compact
perturbation of f.

Definition 5. Let X be a locally compact, proper G-space and let G be a
locally compact group. Let (E,F,l) be a linear, real cocycle in the sense of
Phillips.

A cocycle for the equivariant Fix-theory of X, File(X ) is a four-tuple
(E, F,l,c) where

e I, F are real G- Hilbert bundles over X, with a linear, selfadjoint Fred-
holm morphism [ : E — F', which is equivalent to [ in the sense of Phillips.

e A compact perturbation of I, ¢, such that the map [ + ¢ is proper and
extends to a map between one-point compactification bundles.

Two cocycles FE, F,l,c and E/,F/,l/,c/ are equivalent if there is a linear,
unitary cocycle (H, H',k) such that E® H F @ Hl® k and E' @ H ,F &
H'l' @k are isomorphic as linear cocycles, by an isomorphism which preserves
the compact perturbations.

Two cocycles E, F,l,cand E, F, 1, ¢ are homotopic if there exists a homotopy
H:SF x I — ST, pointed over every fiber and relative to I

such that H |o=1+¢, H |1=1+4¢.

The set Fix,(X) is called the equivariant Fix-theory of X in degree [.

Remark 3 (The “no-zeros in the boundary” -picture). Let X be a locally
compact, Hausdorff proper G-space. Let E and F' be real G- Hilbert bundles
over X. Let t : E — F be a Fredholm morphism between them. A compact
perturbation of ¢ is a continuous equivariant map which is fibrewise of the form
t+k, where k is a non necessary linear, compact fibrewise map (it maps fibrewise
bounded sets to relatively compact subsets) defined on the unitary disk D(F) =
{z € E'| |z| < 1}. We introduce the notation C;(D, F') for the set of compact
perturbations of the fredholm operator ¢, with the topology which is given by the
supremum norm, and obviate the corresponding fibrewise definition. Moreover,
we shall restrict us to the subspace Cf O(D,F ) consisting of those compact
perturbations for which ¢z = 0 has no solutions on the boundary of the disk D.
It is known that all (Fréchet) smooth maps f € C’ZﬁO(D, F) are proper, as it is
proven as a consequence of the implicit function theorem in [Sma65].

Let f =t+ k be a compact perturbation of a fredholm map, as given in the
definition. Then f extends to a map of one point compactifications of the Hilbert
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space f : S — SH_ Moreover, homotopy classes of pointed nonlinear maps
are in correspondence with nonzero compact homotopy classes of perturbations
defined on the unitary disk. The same holds parametrized and equivariant over
a proper G-space.

This is essentially due to the fact that the maps defined in the previuos
construction amount to maps of pairs (D(H),0D(H)) — (H,H — {0}), which
are equivalent via excision and homotopy equivalence to (S¥,{occ}), via the
intermediary pairs (S¥, H—{0}) and (S*,S# —IntD(H)). Note that the point
at infinity in the pointed picture is identified with the point (0, 1) in the no-zeros
on the boundary picture, if we identify the pair D(H) C H © R in the usual
way, and everything holds fibrewise and equivariant over a proper G-space.

We describe now an additive structure in equivariant Fix-theory.

Let (Eq, Fylo, co) and (E1, F1l1, C1) be cocycles in the equivariant Fix-theory
of a given degree [.

Let us suppose without loss of generality that we have representatives of the
form (Ey, Fo,1,co) and (Eg, Fo,l,c1). Let X x R — X x R be the trivial bundle
and . Denote by S® the one point compactification bundle. Define the pinching
map S® — S® v SR as the obvius extension of the map which sends the positive
ray under the map In(x) and —In(—z) in the negative ray.

The sum of two cocycles is represented by the cocycle (Eg@R, Fo®R, Idid, ¢),
where [ @ id + ¢ : SFoOR —, GFoOR jg given as the following composition

d o~ 1®id+co) A x (IPid+
SEO/\XSR I /B)(v SEO/\XSR\/XSR = SEO@R\/XsEQGBR (i CO)_)>(( id+c1) SF()EB]R

The zero element is represented by a cocycle (E @R, F ® R, [, ¢) such that ¢
extends to a map sending fibrewise S¥ to the point at infinity. .
The inverse of an element (E, F, [, ¢) is represented by the element (E, F, [, —c).

Proposition 5. The operations described above turn the equivariant Fix-
theory in degree [ into an abelian group.

There is a relative version for pairs (X, A) of proper G-CW complexes. An
element in Fix; is represented by a compact perturbation of a fibrewise pertur-
bation of a fredholm operator ¢ + ¢ : E — F, which extends to the one-point
compactification bundles beeing constant over the subspace A, with the value
at infinity. Note that this is consistent with the usual identification of X with
the pair (X, ¢).

Alternatively, in the “no-zeros in the boundary”-picture, a cocycle for the
equivariant Fix-theory can be chosen to be a conpact perturbation of a fredholm
map ¢ +c: DE — F whithout zeros on the boundary, which is constant over A
with value (0, 1) . We now construct a multiplicative structure on the equivariant
Fix-theory.

U: Fixy x Fixg — Fix3 T (X, 4, U Ap)

Consider for this representing elements u; = @; + ¢; € Fixg(X , A1) for
i € {1,2}, where ¢; is a compact map accepting fibrewise an extension to the
one-point compactification, constant over A; with the value at infinity. u; U us
is the cocycle defined as (E7 @ FEa, p1 @ @2, C) where the map C is such that
C : (e1,e2) — (c1(e1),c2(e2)). Note that this map allows an extension to the
one-point compactification.



Proposition 6. Let (X, A) be a proper G-CW pair. There exists a natural
sequence

Fix; (X, A) % Fixy(X) 2 Fix(A)

which is exact in the middle, where p and ¢ denote the inclusion of A into X
and X into (X, A), respectively.

Proof. That i* o p* = 0 is clear form the definitions. Let now ¢ +c: E — F be
a cocycle for which ¢*([p + ¢]) is compactly homotopic to the trivial morphism
over A.

In view of proposition 2, we can choose a representative (which we denote
by the same symbols) for which both E and F' are the trivial G-Hilbert bundle
H x X — X and c is constant over A with value co. Using proposition 3, we
can assume up to equivalence that the Fredholm linear operator extends to a
onoe ¢ in all of X.

Suppose that there is a homotopy hy : i*SF x I — i*S¥ defined over A which
begins with i*[p 4 ¢] and ends with a map ¢ + ¢ which sends the space E to the
base point at infinity. As X — A is build up of a finite number of equivariant
cells, one can argue inductively to extend h to a map H : S¥ — S¥, defined on
all X such that h |axr= h. H determines a homotopy between certain element
p*(¢ + ¢) defined over X and ¢ + c.

O

Proposition 7. Let (X, B) be a proper, finite G-CW pair obtained as the
pushout with respect to the cellular map (f, F) : (Xo,A) — (X, B) as in the
following diagram:

A

X

then the map (f, F)* : Fix, (X, B) — Fix,(Xo, A) induces a natural isomor-
phism.

|

Proof. Let (E,Fp + C) € Fix, (X, A). Due to propositon 3, it is possible to
assume that there exists a linear morphism ¢ : £ ®E — F®E defined oxer X
such that F*(¢) and ¢ differ by addition of an unitary cocycle. As ¢ |a= oo, it is
posible to extend ¢ to a map ¢ defined on X for which ¢ |p= oo.Then (F*, f*) :
Fix(, (X, B) — Fix(Xo, A) sends @ + ¢ to ¢ + ¢. This proves surjectivity. To
prove injectivity, recall that if ¢ + hy : E x I — E is a nullhomotopy starting
with (F™*, f*)(¢ + ¢), ending with the constant oo. As before, as ¢ is constant
over B and (F™*, f*)(c) is trivial over A, it is possible to extend the map h; to
a homotopy hy defined over X which is trivial over B and which begins with
( + ¢, ends with a constant map. this shows that the map is injective. [l

The induction structure is defined as follows. To illustrate the proof and
avoid technicalities, we restrict ourselves to the case where G is a Lie group.

Proposition 8. Let a : H — G be a lie group homomorphism. Then there
exists a group homomorphisn

FixG*(ind, (X, A)) — Fix} (X, A)
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satisfying

1. Bijectivity. If ker(a) acts freely on (X, A), then the map is an isomor-
phism.

2. Compatibility with the boundary homomorphisms. 07 oInd, = ind, 0 6.

3. Functoriality. If 8 : G — K is a group homomorphism, then the diagram
commutes:

4. Compatibility with conjugation.For any g € G , the homomorphism

indC(g):GHGFng (Xu A) - leg (ind)c(g):GﬂG (X7 A))

agrees with the map 7¢(f2), where f2 : (X, A) — ind.(y).¢—q sends z to
(1,97 'z) and c(g) is the conjugation isomorphism in G

Proof. 1. Let ¢ + ¢ : E — E be a compact perturbation over the space
(indp X, A). The mapi: X — indy(X) (z — (1g,X) induces a group ho-
momorphism Fix(;(inda X, A) — Fix}; (X, A). An inverse is given by the
map which associates to a linear cocycle (E, F, ¢) the cocycle (E/H, F/H,o/H).
It is easy to show that this is the case for the perturbation and that this
still satisfies the boundedness condition. We point out that this only
makes sense for lie groups, and cannot be generalized to the more general
context of locally compact groups, see remark below.

2. Follows from the naturality of the induced bundle construcctions.
3. Follows from the functoriality of the induced vector bundle construction.

4. Compatibility with conjugation. Follows from element chasing in the dia-
gram

indc(g)

Fixl; (ind () (X, A)) — Fix, (X, A)

Fix{; (ind, ) (X, A))

where fy : (X, A) — ind., (X, A) is given by z — (1,9~ '2) and ¢(g)(g) =
11
999 -
O

Remark 4. N.C. Phillips proves in [Phi89], Theorem 8.1 , p. 123-132 a more
general result, allowing proper actions of locally compact groups as input, in-
stead of only lie groups. It is certainly plausible to try to generalize them,
though we prefer to keep the arguments in this note as easy as possible. The

main point in this is that we cannot guarantee the local triviality of bundles
E/H — X/H unless H is lie, see [Pal61].

We now prove following properties which turn the equivariant Fix-theory
into a G-cohomology theory, the first of which is
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Proposition 9 (homotopy invariance). Let fo, f1 : (X, 4) — (Y, B) be two
G-maps of pairs of proper G-CW complexes. If they are homotopic, then
Fixg(f1) = Fixg(f2)-

Proof. in view if the naturality of the construction, this amounts to prove that
Fixg(h) = id for the map h: (X, A) x I — (X, A) x I given by (z,t) — (x,0).
Let (E, F,l, c) be a nonlinear cocycle representing an element in Fixg, (X, A x I).
In the notation of proposition 4, there exist unitary morphisms u : £ — h*(E),
v: F — h*(F) covering the identity X x I — X x I such that the restrictions to

—1
Ey, Fy are the respective identities. Note that the composition f = h*(E) e

-1
B P h*(F') is homotopic to h*(¢ + ¢) relative to h*(p). After checking
out the conditions for the definition of Fix{;, one has that the equivalence classes
Fix{ (h) (¢ + ¢) = [f] = [p + c] agree. O

We now construct a suspension isomorphism o754 : 7(X, A) — 74 (X, A)x
(1,{0,1})). Given ¢ + ¢ : E — F € 7%4((X, A), form the bundle E' = E & R,
denote by p the fibrewise projection on E' — E and define the map o,(p+c) :
DE' x I — E' x I defined as (e,t) — p o ¢ + (log(t) — (log(1)))(c(p(v)). By
this means, we obtain a compact map which extends to the fibrewise one-point
compactifications, beeing trivial on the required subspace. Given an element
o+ c e 5T (X, A) x 1,{0,1}), consider a unitary, fibrewise linear cocycle
u:FE — FyxIwv:F — Fy covering the identity X x I — X x I, which
restricted over the subspace A x I U X x {0,1} is the identity map. The map
constructed as Fg x I u;l E Ry Fy x I determines an inverse for 0, X, A).

A coboundary map is defined as the composition

Fix (A) €% Fix™ (4 x 1, A x {0,1})
Fixg (i) ~*
—

Fixg ™ (X Uasqop Ax ILX A x {1})

Fix2 1 (i2)

C P FixET (X Uawqoy Ax I, A x {1})

Fix?;rl (pry)~ 1

Fix;t (X, A)

Where the map Fix(s"' (i1) is bijective by excision and Fixs"!(pr;) is bijective
because of homotopy invariance.

Several approaches have been proposed towards the definition of equivariant
cohomotopy theory for proper actions. The recent work of Liick [Liic05] using
finite dimensional bundles deals with the difficulties appearing in the case where
a discrete group acts on a finite G-CW complex. We briefly recal this approach

Fix an equivariant, proper G-CW complex. Form the category SPHB® (X))
having as objects the G-sphere bundles over X. A morphism from £ : E — X
to u : F — X is a bundle map S¢ — S* covering the identity in X, which
preserves fiberwise the basic points. A homotopy between the morphisms uy,
uy is a G-bundle map h : S¢ x[0,1] — S* from the bundle S¢ x[0,1] — [0,1] x X
to the bundle S* covering the projection X x [0,1] — X and preserving the
base points on every fiber such that its restriction to X x {i} is u; for i = 0, 1.
Let R™ be the trivial vector bundle over X, which is furnished with the trivial



0.1. COCYCLES FOR EQUIVARIANT COHOMOTOPY 11

action of G. Two morphisms of the form
Sﬁi@&ki _ S&@M
are said to be equivalent if there are objects p; in SPHB® (X)) and an isomor-

phism of vector bundles v : ug @ £ = py @ & such that the following diagram
of morphisms in SPHB®(X) commutes up to homotopy

idAxu n
SMO@Rkl Ax Sﬁo@Rko x70 SMO@Rkl Ax Sﬁo@Rk°+
o1 g2
S#o@éo@Rk0+kl S#o@éo@Rk0+k1+"
Su@id Su@id
S#l@fl@Rk0+kl S#1®§1®Rk°+kl+"
o3 04

@R0 oRFL @RF0 @RFLT?
SHIBRZO A SE1eR™L Eyy— SHIBRZ A GE1eRTLT™

where the isomorphisms ¢; are determined by the fiberwise defined homeo-
morphism SVEW ~ SV A SW and the associativity of smash products, which
holds for every pair of representations V,IW.

Definition 6. Let X be a G-CW complex. We define its n-th G-equivariant
stable cohomotopy group, 7 (X) as the set of homotopy clases of equivalence
classes of morphisms u : S$¥&% — §EEE™™ y1nder the above mentioned relation.
For a G-CW pair, (X, A) we define 7% (X, A) as the equivalence classes of mor-
phisms which are trivial over A, i.e. those which are given by a representative
w o SEBRE  GEBRMT" which satisfies that over every point a € A, the map
Ug 1 SEOR" 5 GEBR™™ ¢ constant with value the base point. For a pair of
bundle morphisms u : SEPRS — GESRET™ o, sEeRr _, Sﬁ/@M, the sum is
defined as the homotopy class of the morphism

w: SEOE ORY )\ GRINXY gead R A\ (GR\ GRY) %

geos GRM™ [\ GR

where o3 is the canonical isomorphism given by the fiberwise distributivity
and associativity isomorphisms and V denotes the pinching map S® — S®v SR,
The relative version for elements lying in the group of a pair, 7 (X, A) translates
word by word when one sets all sphere bundles and morphisms to be trivial over

A.

Our approach extends this notion and solves the principal problem of this
construction, namely: the the lack of finite dimensional G-vector bundles to
represent excisive G-cohomology theories. The crucial result in this is the con-
struction of an index theory in the context of parametrized nonlinear analysis.
The immediate goal is
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Theorem 1. Let G be a discrete group acting on a G-CW pair (X, A). Denote
by [ a selfadjoint fredholm morphism whose fibrewise index is a trivial virtual
vector bundle of dimension p. The parametrized Schwartz index defines an
isomorphism

Fixk (X, A) — 75(X, A)

We give two proofs of theorem 1, relying in the two approaches to nonlinear
analysis: the no-zeros on the boundary and the proper maps one. Because of its
simplicity, we give now the proof relying on the first one. We point out that the
techniques in the first case can only be used for fredholm operators of positive
fredholm index, whereas the second one is valid more generally, at the price of
technicalities. In both cases, the initial point is an approximation lemma for
compact perturbation of fredholm maps, which takes the following form:

Proposition 10. Suppose that U C FE is a locally trivial bundle with fiber a
bounded subset of the hilbert bundle E. Suppose that ¢ : U — F is a bounded,
fibrewise compact map with target on a G-Banach bundle. Given € > 0, there
exist a continuous , bounded fibrewise mapping t. : U — Z, such that

e 7 is a subset of a finite dimensional subspace of F.

o | tex — tx |< € on every fiber andSet the image of f. is contained in the
convex hull of f(U).

Proof. Tt is essentially proved in page 89 of [Ber77] in the non- equivariant and
non parametrized case, so we just sketch the modification we need. First of
all, we assume the existence of an invariant riemannian metric on F, which can
be done since the action on the basis space is proper and the group is locally
compact.

Since the closure of the image of U under c is compact, the image over every
point can be covered by a finite union of balls of radius € and centers y1,...yn.
Moreover, in presence of the invariant riemannian metric, this can be done
fibrewise over X. Let Z. be the G-subbundle of Y which is fibrewise spanned
by the y;. We now construct an invariant partition of unity on U as follows.
Over a point in X, define for 0 > i < kand z € U p;(z) = max{0,e— | cx—y; |}
We note that this is a G-invariant function since the norm is it. Put \; = <%

Spg
and notice that ¥\; = 1. Define ¢.(x) = X;\;y;. This defines an equivariant

map because of the linear action of the group on every fiber. Now, notice that

| cx — cex |=| Tidi(x)(cx —y;) [S Bz | cx —y; [< e
O

Another notion which will be of capital importance is that of a compact
homotopy of deformations. This is the right notion to study deformations of
nonlinear operators in Hilbert spaces (and bundles).

Definition 7. Let f be a fixed continuous, equivariant map between G-Banach
spaces X and Y. Suppose that S is a closed subset of X. Then gy and g1
are compactly homotopic to f in S (relative to f) if there exists a compact
map h:sxI — Y with go = f+ h(z, )and g1 = f+h( ,1). We shall
denote the compact homotopy classes of perturbations relative to f in S by
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C#(S,Y)/ ~, and we write ijo (S,Y) for the subset consisting of the homotopy
classes of nonzero perturbations in the strong sense, namely, there exist no point
in S on which the compact perturbation vanishes. in the following, we will fix
our attention in the set S = D defined by the vectors of lenght at most 1. We
Obviate the use of an invariant riemannian metric to make sense of these notions
fibrewise in a G-Hilbert bundle.

We are now able to state our main result in this section, whose unparametrized
and non-equivariant version can be found in [Sva64] or [Ber77], p. 257 for a
modern reference in english.

Theorem 2. Let X be a finite proper G-CW complex with G a discrete group.
Suppose that [ is a linear Fredholm operator on the Hilbert bundle E such that
the index Ker(t) — Coker(t) is a finite dimensional, trivial vector bundle (of
virtual dimension p ). There exist a bijective correspondence between the set
of compact homotopy classes of compact perturbations of [ which are nonzero
in the boundary of D(F) and the p-th equivariant cohomotopy group of Liick:

Cc7(D, E)/ ~— m(X)

Before we begin with the proof, we point out that the equivariant coho-
motopy groups for discrete groups and finite G-CW complexes were defined in
[Liic05] as certain equivalence classes of morphisms between one-point compact-
ifications of finite dimensional vector bundles. By technical reasons which will
become clear in the proof of the theorem, we find it easier to handle this groups
as equivalence classes of spherical bundles inside finite dimensional vector bun-
dles with a G-invariant, riemannian metric.

Proof. 1. Step 1. Let f € CfO(D,E). We can assume that f = L + C,
where C has a finite dimensional range contained in a finite dimensional
subbundle l,,41 of dimension » + 1 in E, and L is fiberwise surjective
(n>p+1).

2. Since L is fiberwise Fredholm with index p, we may write £ = KerL & X;
, where the Kernel is a finite dimensional vector bundle £ of dimension
pand L : X; — FE is a fibrewise linear bounded homeomorphism with
inverse L1,

3. Restrict now f to 0D, p,N{Kerl®L~1(l,11)}. Note that since f is nonzero
in the boundary and compact, there exists a > 0 such that inf,cop fr >
on every fiber. This follows because a compact perturbation of a fredholm
operator is locally proper, see [Sma65], theorem 1.6. So we can consider

the spherical morphism f : §6®in+1 — §lnt1 which is fibrewise given as

This does not depend on the choices of subspaces containing the image‘f(l)f
oD, for if I, and l,,, are finite dimensional bundles containing C'(9D), and
f and g are the spherical morphisms obtained by the previous procedure,
they can be seen to be of the form hA,id,,, : ShnNlm®nn _, Gln respectively
h Ay id,,, @ St0tm®mm — Gl wwhere the morphism h : 9D N {KerL N
L=Y(1,Nly)} — S'Nbm is obtained by the normalization procedure. (That
is, f and g are suspensions of the same mapping by certain vector bundles).
This is well defined at the level of compact homotopy classes, for a compact
homotopy h = [ + C joining fy and fi; can be always be choosen to



14

have a fixed finite dimensional range for all ¢ € I. The restriction to
the corresponding finite dimensional bundle gives a fibrewise homotopy
between the spherical morphisms associated to fo and fi.

4. To finish the proof, we verify that two perturbations fy, fi with the same
associated spherical morphism are homotopic. We can assume, both the
range of fo —1 and f; — [ are defined in the same finite dimensional bundle
[. We use the homotopy h between the spherical morphisms to produce a
fibrewise compact homotopy H = L+h : S'®¢ x I — S between fy and f;.
We have to extend the compact homotopy on the finite dimensional sphere
to a compact homotopy in dD. For this, we use a fibrewise and equiv-
ariant extension theorem. We begin with the equivariant (not fiberwise!)
extension theorem of Antonyan [Ant85]. Let z € X and consider the map
defined on the fibre of h, : S!®¢ — E,. Note that S!®¢ x I is a closed
invariant subset of the metrizable G-space 0D, where of course, the metric
is determined by an invariant scalar product on the hilbert space F,. As
E, is alocally convex space, the main theorem of [Ant85] applies and gives
an extension H : D x I — E; such that supyp ;| H |= supgear | A |.
This gives a compact homotopy between fy, and go,. We use now a G-
invariant partition of unity over X to glue the homotopies together and
we get the fibrewise compact homotopy.

O

This finishes the firs proof of theorem 1. In the second case, the process of
normalizing is replaced by the following retraction lemma:

Lemma 1. Let 7 C E be a finite dimensional G- vector bundle over the proper
G-space X. Let | : E — FE be a linear fredholm morphism. Denote by S™" the
fiber bundle which is determined by the unit sphere in the orthogonal comple-

ment of 7. Then, there exists a fibrewise retraction p, : I71(7) — S¥ — 7+

Proof. O
The approximation lemma is now as follows:

Proposition 11. Let f =1+ c: F — E be a fibrewise compact perturbation
of the linear fredholm morphism [ defined in a G- hilbert bundle E over the
proper G-space X. Then, there exist finite dimensional G-vector bundles £ C E
such that

o ¢BI(E)XE.

e Given a fibrewise inclusion as orthogonal summand in a finite dimensional
vector bundle £ — 7, £®( = 7, the restricted map f : SUN© — S gends
the unit sphere S to the orthogonal complement of {. The map pe(f)
has image in a

e The maps p; f |;-1(r) and id¢ Ax pe are G-homotopic over X.

Proof. 1. Denote by D the unit ball bundle in E. Due to the boundedness
condition, the map f~!(D,) is bounded over any point x € X. Hence,
the closure C,, of its image under the compact map c is fibrewise compact.
Cover C,, with a finite number of balls of radius ¢, < % centered at points
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v;,. Construct the vector bundle n which is fibrewise spanned by these
vectors. Form the finite dimensional G-vector bundle ¢ = n @ I(E)*. It is
clear that ¢ ® I(F) 2 E.

2. If w, € ST is in the image of f lgi-1(ry» then f~1(wy)) NI71(7) will be
mapped under f |;-1 to a subspace of 7, + C,. So, w, will be contained in
57N T2 + C5, which is not possible, because the distance between these
subspaces is greater than 1 — ¢, > %.

3. In view of the slice theorem and the local triviality of the G-hilbert bundles
involved, we can cover the space X with invariant neighborhoods for which
there is a map U, — G/H, and the bundle over U, is the pullback of the
bundle G I>§ E, — G/H. , where E, is some strong, norm continuous

representation of H in a hilbert space. Hence, we can restrict ourselves
to bundles over an orbit. In the notation of part 2, there is a retraction
pry 2 STe — SFe — 57, and consider the isomorphism I7Hre) 2 6 @
1=1(&,) given by w,, — (Lo (1 — prl—l(gm)w/x,prl—l(gz)w;). We claim that
after this isomorphism, the maps id¢, pe, (f [i-1¢e,)) and f |gi-1(r,) are
homotopic. Consider for this a ball D C E which contains the inverse
image f~1(D1(0)) of the unitary ball We define the homotopy h : D x I —

SE _ S as follows

)

3

I+ (1 =3t)idg, + (3t)pre, Joc t €10,
h(wz,t) = l + prgm [¢] C[(2 — 3t)idl—1(5z) + (3t — 1)pI'[71(£m)] t S [%
pre, oL+ [(3 —3t)pre, + (3t —2)pc, o (I +c)oprjie,)] tE€ 2

Since S — D N1t is contractible, the homotopy above can be extended
to a homotopy SN [ §E 57" ~ S7, as needed.
O

Definition 8. Let GG be a discrete group acting on the proper G-CW complex
X. Denote by (E, F,l, k) a non-linear cocycle for the equivariant Fix-theory over
the proper G-space X, where [ is a linear morphism whose index bundle is trivial
of dimension p. Let £ be a finite dimensional G-vector bundle as constructed in
proposition 11. The parametrized Schwartz index is the element.

—1

el +E) [-1¢g)] = 81 © — SHET € zind(1)(X)

in the equivariant cohomotopy group as, introduced by Liick in [Liic05]. This
construction is well defined as consequence of part 3 of proposition 11. and gives
an isomorphism of both theories,

This finishes the second proof of theorem 1

Remark 5 (The spectral sequence). Let X be a proper G-CW complex. There
is an equivariant Atiyah-Hirzebruch spectral sequence which converges to 73 (X)
and whose E2-term is given in terms of Bredon cohomology

By = H%OrG(X7 77‘?)

— oo WI-
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Applied to the universal proper G-space EG:

p,q __ P q
EE = HY s eni (BG, 70)

where 79 is the contravariant coefficient system H +— 7.

. . . . . O O ~1; 0
There is a canonical identification Hy g,z o (EG, 7)) =lm . T

The edge homomorphism of the spectral sequence defines a map edgeG
& (EG) — Ainy(G). Several known results of the spectral sequence go trough.
Among them, as in case of discrete groups, the edge homomorphism is a rational
isomorphism.

Definition 9 (An operator theoretical Burnside Ring). Let G be a locally
compact group. The operator theoretical burnside ring of G, A°P(G) is the
0-dimensional equivariant Fix-theory of the classifying space of proper actions
EG. In symbols

A%P(G) = Fixy (EG)

Example 1 (The group SI3(R)). Recall that the group Si3(R) is defined to
be the group of real 2 x 2-matrices with determinant 1. It is a Lie group of
dimension 3 and has one connected component. The maximal compact subgroup
is S1 = SO,.

As Si3(R) is almost connected, a model for EcoarSle is Sla(R)/SOy =
R2, which can be handled as the upper-half plane model for the 2-dimensional
hyperbolic space. Note that this is a zero-dimensional proper C'W-complex.
From the equivariant Atiyah- Hirzebruch Spectral Sequence follows that the
edge homomorphism

dgeS2®) . 70 EGSIy(R li t
edge T 515(r) (EGSIa( ))_’ianec(olAH}qszz(R))”H(p)

is an isomorphism. On the other hand, since S! is a final object in the category
of compact subgroups of Sl3(R), we have

A%P(S13(R)) = A(S")

is a well known fact.

0.2 Examples in the topology of four manifolds.

We present an application of our work. Instead of expecting striking results out
of them, the author would like to modestly put the ideas involved in the con-
structions into the contexts they first appeared, in an attempt to be respectful
and grateful toward other fields of mathematics.

The first one is an extension of results due to Markus Szymik (not yet pub-
lished) and Stephan Bauer [BF04] in the context of gauge theory. The author is
deeply grateful to the Gauge theoretical community in Germany, in particular
Markus Szymik and Raphael Zentner, who were always hilfsbereit and shared
their knowledge with him. An introduction to this topic are for instance the
work of Moore [Moo01], the book [Nic00] and the notes [Tel].
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We recall briefly that in the context of smooth, riemannian oriented mani-
folds, the existence of a Spin°(4)-structure is always guaranteed. This amounts
to a map from a Spin® principal bundle @) together with a bundle map Q — P
to the frame bundle of the tangential bundle. The identification of the group
Spin‘(4) with the sugroup {uy,u— | u_,uy € U(2),det(uy) = det(u_)} allows

to define positive, respectively, negative spinor bundles S*,5~ = Q x C?,
Pt
where py _ : Spin® — U(2) are the respective projections. Using quaternionic

multiplication, it is posible to furnish S := S+ ® S~ with the structure of a mod-

ule over the Clifford algebra of the cotangential bundle 7*(X) x St~ — S+,

Clifford identities give a linear map p : A> — Endc(ST) whose kernel is the

bundle of anti-selfdual 2-forms and whose image is the bundle of trace free skew

hermintian endomorphisms. For any spin®-connection A, define the associated

Dirac operator D as the composition I'(ST) o D(SH)@ AN (T*M) 5 T(S™),
A+ta

where 7 denotes Clifford multiplication.

The monopole map fi is defined for four-tuples (4, ¢, a, f) of a Spin® connec-
tion A, a positive spinor ¢, a 1-form a and a locally constant function f on M
as

p: ConnxT(STQ (M)@HO(M) — ConnxT'(S7)@QH (M)@Q*(M)oH' (M)
(A, ¢,a, [) = (A, Davad, Fiy, — 0(9),d*(a) + f, aharm)

where o is the tracefree endomorphism (—i)(¢ ® ¢*) — 1 | ¢ |? id. Given a
point in M, the based gauge group G, is the kernel of the evaluation map at x.
map(X,S*) — S!. The subspace A + ker(d) is invariant under the free action
of the based Gauge group. The quotient is isomorphic to the Picard torus,
Pic(X) = H'(X,R)/H'(X,Z). Let A and B be the quotients

a+kerdxT'(ST) @ QY(X)® H'(X,R)/G,

respectively

a+kerd xT'(S7)d QT (X)® Q" (X,R)® H'(X,R)/G,

the quotient map p : /G, : A — B has by definition a presentatioon as a
fibrewise compact perturbation of a fredholm operator. It is proper after a
result of Bauer and Furuta, [BF04], which essentially uses estimates determined
by the Weitzenbock formula. This gives rise to a cocycle. A,B,Da + d +
d*,c = F{ +a- ¢+ o(¢), where o is the selfdual tracefree endomorphism

¢ (—ip@¢" — 5] 8])

Example 2 (A generalized Bauer-Furuta invariant for proper actions on 4-man-
ifolds). Suppose G is a (possibly noncompact) Lie group acting properly and
cocompactly on the smooth Spin®- manifold M. assume furthermore, that the
group preserves the orientation and by means of isomorphisms of complex spin
structures, and respecting the connection. As the action is proper, it can be
assumed that G preserves the metric. Let G be the group of pairs (¢, u), where
@ is a G-equivariant diffeomorphism which preserves both the metric and the
orientation and u : f*(opr) — o is an isomorphism of the spin-c principal bun-
dle. In particular, this gives a description of G in the middle of the following
exact sequence
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18" -G—-G—1

In this situation, the class of is denoted by m¢g(X,0x) € Fixgd()‘) (Pic(X))

and is called the parametrized Bauer-Furuta invariant. The restriction map
res? Fixig® (PBie(X)) — Fixit® (Pic(X) 2 7 (Pic(X)

maps mg to the S'-equivariant cohomotopical Bauer-Furuta invariant defined
in [BF04]. If, moreover, vector bundles do suffice to represent the equivariant
K O-theory of the Picard torus, the element A can be identified after choice of an
invariant riemannian metric on the manifold with the difference of the complex
virtual index bundle of the dirac operator and the trivial bundle of the space of
selfdual harmonic two-forms.
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