Chapter 2

Random walks and stopping times:
classifications and preliminary results

Our motivating examples have shown that renewal theory is typically concerned
with sums of iid nonnegative random variables, i.e. renewal processes, the goal be-
ing to describe the implications of their regenerative properties. On the other hand,
it then appears to be quite natural and useful to choose a more general framework
by considering also sums of iid real-valued random variables, called random walks.
Doing so, the regenerative structure remains unchanged while monotonicity is lost.
However, this will be overcome by providing the concept of ladder variables, there-
fore introduced and studied in Subsection 2.2.3. The more general idea behind this
concept is to sample a random walk along a sequence of stopping times that renders
a renewal process as a subsequence. This in turn is based on an even more gen-
eral result which, roughly speaking, states that any finite stopping time for a random
walk may be formally copied indefinitely over time and thus always leads to another
imbedded random walk. The exact result is stated as Theorem 2.2.3 in Subsection
2.2.2. Further preliminary results besides some basic terminology and classification
include the (topological) recurrence of random walks with zero-mean increments,
some basic properties of renewal measures of random walks with positive drift, the
connection of the renewal measure with certain first passage times including ladder
epochs, and the definition of the stationary delay distribution.

2.1 Preliminaries and classification of random walks

2.1.1 Lattice-type of random walks

As already mentioned, any sequence (S,),>0 of real-valued random variables with
iid increments X, X, ... and initial value Sy independent of these is called random
walk (RW) hereafter, and Sy its delay. If u := EX; exists, then u is called the drift
of (S,)n>0. In the case where all X, as well as Sy are nonnegative and  is positive
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30 2 Random walks and stopping times: classifications and preliminary results

(possibly infinite), (S,),>0 is also called a renewal process (RP). Finally, a RW or
RP (Sp)n>0 is called zero-delayed if Sy = 0 a.s., and delayed otherwise.

An important characteristic of a RW (S,,),>0 in the context of renewal theory is
its lattice-type. Let F' denote the distribution of the X, and Fj the distribution of Sy.
Since (Sy)n>0 forms an additive sequence with state space G := R, and since Gg
has closed subgroups G, :=dZ := {dn :n € Z} for d € R and G.. := {0}, it is
natural to ask for the smallest closed subgroup on which the RW is concentrated.
Namely, if all the X, as well as Sy take only values in a proper closed subgroup G of
R, that is, F(G) = Fo(G) = 1, then the same holds true for all S,, and its accumula-
tion points. The following classifications of F and (S, ),>0 reflect this observation.

Definition 2.1.1. For a distribution F on R, its lattice-span d(F) is defined as
d(F) := sup{d € [0,00] : F(G4) = 1}.

Let {F, : x € R} denote the translation family associated with F, i.e., Fy(B) :=
F(x+ B) for all Borel subsets B of R. Then F is called

— nonarithmetic, if d(F) =0 and thus F(G,) < 1 for alld > 0.
— completely nonarithmetic, if d(F,) =0 for all x € R.
— d-arithmetic, ifdeR. andd(F) =d.

— completely d-arithmetic, ifd € Ry and d(F;) =d for all x € Gy.

If X denotes any random variable with distribution F, thus X —x 4 F, for each
x € R, then the previous attributes are also used for X, and we also write d(X)
instead of d(F') and call it the lattice-span of X.

For our convenience, a nonarithmetic distribution is sometimes also called 0-
arithmetic hereafter. A random variable X is nonarithmetic iff it is not a.s. taking
values only in a lattice G4, and it is completely nonarithmetic if this is not the case
for any shifted lattice x + Gy, i.e. any affine closed subgroup of R, either. As an
example of a nonarithmetic, but not completely nonarithmetic random variable we
mention X = 7+ Y with a standard Poisson variable Y. Then d(X — ) =d(Y) = 1.
IfX = %+Y, then d(X) = % and d(X — %) = 1. In this case, X is %—arithmetic, but
not completely %-arithmetic. The following simple lemma provides the essential
property of a completely d-arithmetic random variable (d > 0).

Lemma 2.1.2. Let X, Y be two iid random variables with lattice-span d. Then
d < d(X —Y) with equality holding iff X is completely non- (d = 0) or d-
arithmetic (d > 0).

Proof. Let F denote the distribution of X,Y. The inequality d < d(X —Y) is trivial,
and since (X +2z) — (Y +2z) =X —Y, we also have d(X +z) <d(X —Y) for all
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z € R. Suppose X is not completely non- or d-arithmetic. Then d(X +z) > d for
some z € G, and hence also ¢ := d(X —Y) > d. Conversely, if the last inequality
holds true, then

| = PX—Y€G,) = /G P(X —y € G.) F(dy)

implies
P(X—-yeG,) =1 forall F-almostally € Gy

and thus d(X —y) > ¢ > d for F-almost all y € G,. Therefore, X cannot be com-
pletely non- or d arithmetic. a

We continue with a classification of RW’s based on Definition 2.1.1.

Definition 2.1.3. A RW (S,),>0 with increments X, X5, ... is called

— (completely) nonarithmetic  if X; is (completely) nonarithmetic.
— (completely) d-arithmetic ifd >0, P(So € Gy) =1, and X; is (com-
pletely) d-arithmetic.

Furthermore, the lattice-span of X; is also called the lattice-span of (S,),>¢ in
any of these cases.

The additional condition on the delay in the d-arithmetic case, which may be
restated as d(So) = kd for some k € NU {eo}, is needed to ensure that (S,),>¢ is
really concentrated on the lattice G,4. The unconsidered case where (S,),>0 has d-
arithmetic increments but non- or c-arithmetic delay for some ¢ ¢ G4 U {e} will not
play any role in our subsequent analysis.

2.1.2 Making life easier: the standard model of a random walk

Quite common in the theory of Markov chains and also possible and useful here in
various situations (as any RW is also a Markov chain with state space R) is the use
of a standard model for a RW (S,),>0 with a given increment distribution. In such a
model we may vary the delay (initial) distribution by only changing the underlying
probability measure and not the delay or the whole sequence itself.

Definition 2.1.4. Let &?(R) be the set of all probability distributions on R.
We say that a RW (S,),>0 is given in a standard model

(9721’ (PA)AGW(R)a (Sn))
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if each S, is defined on (£,2l) and, for each IP;, has delay (initial) distribution
A and increment distribution F, that is P (S, € -) = A x F*" for each n € Ny.
If A = O, we also write P, for P .

A standard model always exists: Let #(R) denote the Borel o-field over R and
fix any distribution F on R. By choosing the coordinate space Q := RYo with co-
ordinate mappings So,Xi,X>, ..., infinite product Borel o-field A = Z(R)o and
product measure P; = A ® FN for A € 2(R), we see that (S,,),>0 forms a RW
with delay distribution A and increment distribution F under each P, and is thus
indeed given in a standard model, called canonical or coordinate model.

2.1.3 Classification of renewal processes: persistence vs.
termination

Some applications of renewal theory lead to RP’s having an increment distribution
that puts mass on co. This has been encountered in Section 1.3 when defining the se-
quence of successive hitting times of a transient state of a finite Markov chain. From
an abstract point of view, this means nothing but to consider sums of iid random vari-
ables taking values in the extended semigroup R U {eo}. Following FELLER[!F
[14, footnote on p. 115]], any distribution F on this set with F({eo}) > 0 and thus
limy_e F(x) < 1 is called defective. A classification of RP’s that accounts for this
possibility is next.

Definition 2.1.5. A RP (S,),>0 with a.s. finite delay Sp and increments
X1,X>, ... having distribution F and mean y is called

— proper (or persistent, or recurrent)  if F is nondefective, i.e. F({eo}) = 0.
— terminating (or transient) if F is defective.

In the proper case, (Sy),>0 is further called

— strongly persistent (or positive recurrent)  if I < oo.
— weakly persistent (or null recurrent) if 4 = oo.

Clearly, the terms “recurrent” and “transience” reflect the idea that any renewal
process may be interpreted as sequence of occurrence epochs for a certain event
which is then recurrent in the first, and transient in the second case. In the transient
case, all S,, have a defective distribution and

P(S, <o) = P(X] <eoo,..., Xy <o) = P(X] <o)" forallneN.
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Moreover, there is a last renewal epoch, defined as St with
T:= sup{n>0:8, <} 2.1

giving the number of finite renewal epochs. For the latter variable the distribution is
easily determined.

Lemma 2.1.6. Let (S,),>0 be a terminating renewal process with increment
distribution F. Then the number of finite renewal epochs T has a geometric
distribution with parameter p := F({e}), that is, P(T =n) = p(1 — p)" for
n € Np.

Proof. This follows immediately from P(T = 0) = P(X; = o) = p and
]P)(T = n) = P(Xl < 007"'7XV£ < oo’Xn_H :oo) — (1 _p)np

forall n € N. O

2.1.4 Random walk and renewal measure: the point process view

Although this is not a text on point processes, we will briefly adopt this viewpoint
because it appears to be quite natural, in particular for a general definition of the
renewal measure of a RW to be presented below. So let (S,),>0 be a RW given in a
standard model and consider the associated random counting measure on (R, (R))

N = 255,,

n>0

which more explicitly means that

N(®,B) := Y 8,(w)(B) foralloc Q and B € A(R).

n>0

By endowing the set .# of counting measures on (R, Z(R)) with the smallest o-
field 91 that renders measurability of all projection mappings

mp: M — NoU{eo}, p— pu(B),

ie. M:= o(np : B € B(R)), we have that N : (Q,2,Py) — (#,0M) defines a
measurable map and thus a random element in ., called point process. For each
B € #(R), N(B) is an ordinary random variable which counts the number of points
S, in the set B. Taking expectations we arrive at the so-called intensity measure of
the point process N under PP, , namely
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U, (B) := EyN(B) = Y P)(S,€B) forBe A(R).

n>0

The following definition extends those already given in the Introduction to general
RW?’s on the real line.

Definition 2.1.7. Given a RW (S,,),>0 in a standard model, the intensity mea-
sure U of the associated point process N under P, is called renewal measure
of (Su)n>0 under Py and

Uy (1) := Uy((—ooyr]) forreR

the pertinent renewal function. If A = &, for some x € R, we write U, for
Us, . Finally, the stochastic process (N());cr defined by N() := N((—ce,1])
is called renewal counting process of (Sp)n>0-

A detail we should comment on at this point is the following: In all examples of
the Introduction we have defined the renewal measure on the basis of the epochs S,
for n > 1, whereas here we also account for Sy even if Sg = 0. The reason is that both
definitions have their advantages. On the other hand, the general definition above
forces us from now on to clearly state that U is the renewal measure of (S,),>; and
not (S,),>0 in those instances where Sy is not to be accounted for. Fortunately, this
will only be necessary occasionally, one example being the Poisson process which
by definition has N(0) = 0.

Owing to the fact that Py = A « F*" foreachn > 0and A € & (R), where F is as
usual the distribution of the X, and F*0 := &, we have that

Up = Y AxF" = 2% Y F" = AUy forall A € Z(R). (2.2)

n>0 n>0

Natural questions on U, to be investigated are:

Q1) IsUy locally finite, i.e. Uy (B) < oo for all bounded B € #(R)?
(Q2) IsU,(r) <oeoforallt € Rif S, — o0 as.?

For a RP (Sy)n>0, the two questions are equivalent as Uy () = 0 for < 0, and we
have already given a positive answer in Section 1.1 [¥ Prop. 1.1.1]. In the situation
of a RW, it may therefore take by surprise that the answer to both questions is not
positive in general.

2.2 Random walks and stopping times: the basic stuff

This section is devoted to some fundamental results on RW’s and stopping times
including the important concept of ladder variables that will allow us to study RW’s
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with the help of embedded RP’s. Since stopping often involves more than just a
given RW (S,,),>0, due to additionally observed processes or randomizations, it is
reasonable to consider stopping times with respect to filtrations that are larger than
the one generated by (S, ),>0 itself.

2.2.1 Filtrations, stopping times and some fundamental results

In the following, let (S,),>0 be a RW in a standard model with increments X;,X>, ...
and increment distribution F. For convenience, it may take values in any R, d > 1.
We will use P for probabilities that do not depend on the distribution of Sp. Let
further (.%,)n>0 be a filtration such that

(F1)  (Sn)n>o0 is adapted to (%) x>0, i.€., 6(So,...,Sn) C F, for all n € N.
(F2) %, is independent of (X, )i>1 for each n € Ny.

Let also .%. be the smallest o-field containing all .%,. Condition (F2) ensures that
(Sn)n>0 is a temporally homogeneous Markov chain with respect to (.%,),>0, Viz.

P(Sy11 € BlZ,) = P(S,1 €B|S,) = F(B—S,) Pj-as.

for all n € No, 2 € 2(R?) and B € Z(R?). A more general, but in fact equivalent
statement is that

P((Snti)k=0 € C|Fn) = P((Snik)iz0 € C|Sn) = P(Sy,C) Pp-as.
foralln € Ng, A € Z(R) and C € Z(R?)No, where
P(x,C) := Po((St)iz0 € C) = Po((St)s=0 € C—x) forx e RY.

Let us recall that, if T is any stopping time with respect to (.%,),>0, also called
(Z,)-time hereafter, then

Fr = {A€e Fo:AN{t<n} e Z, foralln e Ny},

and the random vector (7,Sy, ..., S¢) 1{;<c} is Fr-measurable. The following basic
result combines the strong Markov property and temporal homogeneity of (S,),>0
as a Markov chain with its additional spatial homogeneity owing to its iid incre-
ments.

Proposition 2.2.1. Under the stated assumptions, let T be a (%,)-time. Then,
forall A € P (RY), the following equalities hold Pj -a.s. on {T < =}:
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P((St4n — St)nz0 € | Fr) = P((Sn — S0)n=0 € -) = Po((Su)nz0 € ). (2.3)
P((Xf+n)n21 € |§T) = P((Xn)nzl € ) (2.4)

IfP) (T < o) = 1, then furthermore (under Py )

(@)  (Stin—St)n>0 and F; are independent.

d
(b) (S‘H—n - S‘L’)nZO = (Sn - SO)nZO~
(¢) Xi+1,X742,... are iid with the same distribution as X;.

Proof. 1t suffices to prove (2.4) for which we pick any k € Ng, n € N, By,...,B, €
B(RY) and A € F;. Using AN {1 =k} € F; and (F2), it follows for each A €
2(RY) that

PA(AO{T = kan—Fl € B17~-~7Xk+n S Bn})

= PA(AN{T = k})P(Xk+1 €By, ... Xptn EB,,)
= ]P’A(Aﬂ{f = k})P(Xl €By,...X, € Bn),

and this clearly yields the desired conclusion. ad

Assuming Sy = 0 hereafter, let us now turn to the concept of formally copying a
stopping time 7 for (S, ),>1. The latter means that there exist B, € Z(R"™) forn > 1
such that

T =inf{n>1:(S,...,8:) € By}, (2.5)
where as usual inf() := oo. With the help of the B,, we can copy this stopping rule to
the post-T process (S¢4n — St)n>1 if T < co. For this purpose put S, 4 := S,k — Sn,

Sn,k = (Sn+1_Sn7---7Sn+k_Sn) = (Smlv--wsn,k) and
Xn,k = (Xn+17~'~7Xn+k)

for k € Nand n € Ny.

Definition 2.2.2. Let T be a stopping time for (Sy,),>1 as in (2.5). Then the
sequences (T,),>1 and (0,),>0, defined by op := 0 and

n
and o, == )
=1

R inf{k >1: So'n—l:k € By}, ifo,_ <o
" 0, ifO, =1

for n > 1 (thus 7; = 7) are called the sequence of formal copies of T and its
associated sequence of copy sums, respectively.
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The following theorem summarizes the most important properties of the 7,, 6,
and Sgnl{chx,}.

Theorem 2.2.3. Given the previous notation, put further 3 :=P(T < o) and
Z, = (12,Xs, ,,3,) for n € N. Then the following assertions hold true:

(a) 0Oy, O1,... are stopping times for (Sy)n>0-

(b) T, is a stopping time with respect to (Fgs,  4i)k>0 and Fg, -
measurable for each n € N.

(c) P(t,€-|Fs, ) =P(t <o) a.s. on{0,_1 <oo} for eachn € N.

(d) P(1, <) =P(0, <o) =p"forallneN.

(e) P(Zy€- 1 <oo|Fs |)=P(Z €71 <) as. on{0,_1 < oo} for
alln e N.

(f)  Given 0, < o, the random vectors L1, ..., L, are conditionally iid with
the same distribution as Z conditioned upon T < oo.

(g) IfG:=P((1,5;) € -|T < ), then P((0,,Ss,) € :|0y < ) = G a.s.
foralln € N.

In the case where T is a.s. finite (f = 1), this implies further:

(h) Z,and F, | are independent for each n € N.
(i) Z,,Z,,... are iid.
(j)  (On,So, )n>0 forms a zero-delayed RW taking values in Ny x R,

Proof. The simple proof of (a) and (b) is left to the reader. Assertion (c) and (e)
follow from (2.3) when observing that, on {G,_ < oo},

k

T = Zl{Tn>k} = Z lB(/:(SO'n—laJI) and an{‘c,,<00}
k>0 k>0 j=1

are measurable functions of (Sg, | «)k>0. Since P(7, < 0o) =P(7) < o0,..., T, < o0),
we infer (d) by an induction over n and use of (c). Another induction in combination
with (d) gives assertion (f) once we have proved that

P((Zla"'7Zn) eAn7Zn+] 6B7Gn+l < oo)
= P(Zy,...,2,) EAy, 0, <)P(Z) € B,T <o)

for all n € N and A, B from the o-fields obviously to be chosen here. But with the
help of (e), this is inferred as follows:
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P((Z17~-~7Zn) GAmZnJrl €B,0,+1 < °°)
= P((Z],...,Zn) €An,ZLyt1 €B,0; <00, Ty11 < °°)

]P(Zn+1 €EB, T+ < °°|jo—n) dP

I
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N
N
N

M
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8

Assertion (g) is a direct consequence of (f), and the remaining assertion (h),(i) and
(j) in the case B = 1 are just the specializations of (e),(f) and (g) to this case. a

Notice that, for a finite Markov chain, any sequence (7,(i)),>0 of successive
return times to a recurrent state i forms a sequence of copy sums, namely the one
associated with 77 (i), and it provides us with a cyclic decomposition of the chain
as demonstrated in Section 1.3. For a RW (S,),>0 even more is true owing to its
temporal and spatial homogeneity, namely, that every finite stopping time 7 and its
associated sequence of copy sums leads to a cyclic decomposition. This allows us
to analyze intrinsic features of the RW by choosing 7 in an appropriate manner.

2.2.2 Wald’s identities for stopped random walks

Returning to the situation where (S,),>0 is a real-valued zero-delayed random walk,
the purpose of this section is to provide two very useful identities originally due to
A. WALD [28] for the first and second moment of stopped sums S; for finite mean
stopping times 7.

Theorem 2.2.4. [Wald’s identity] Le? (S,),>0 be a zero-delayed RW adapted
to a filtration (%,)n>0 satisfying (F1) and (F2). Let further T be an a.s. finite
(Fn)-time and | := EX;. Then

ES; = uEz

provided that either the X, are a.s. nonnegative, or X\ and T both have finite
mean.

Proof. Since 7 is a.s. finite, we have that

St = Y Xplyesyy  as. (2.6)

n>1

Observe that, by (F2), X,, and {t > n} € .%,_ are independent for all n € N. Hence,
if the X}, are nonnegative, we infer

ES; = Y EX,1{>n = EX; ) P(t>n) = uEr

n>1 n>1
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as claimed. If both, X and 7, have finite mean we see that so does S;. Consequently,
under the latter assumption we get the assertion for real-valued X, as well when
observing that S; =Y X, —Yr_ X| . g

A little more difficult, though based on the same formula (2.6) for Sz, is the
derivation of Wald’s second identity for E(S; — ut)2.

Theorem 2.2.5. [Wald’s second identity] Let (Sy,.-%,)n>0 be as in Theorem
2.2.4 and suppose that the X,, have finite variance *. Then (with . as before)

E(S; —ut)? = 6°Et

Sor any (F,)-time T with finite mean.

Proof. W.lo.g.let u = 0. By (2.6), we have Scr, = Y| Xk 1{7>¢} and therefore

2
n n n
Sern = <2Xk1{r>k}> = Y X+ Y XiSio1 1o
k=1 k=1 k=1

for each n € N. Now use the independence of X and Sy_1,1(r>) together with
t = 0 to infer EX; Sy 11753 = 0 and EX7 154 = 0°P(T > k) which provides us
with

ES2,, = 6*E(tAn) forallneN.

As Szpn — St a.s., it follows with Fatou’s lemma that
ES? < 1131(3@3%”, = 0’Et < oo. 2.7)

This proves integrability of S; and hence uniform integrability of the Doob-type
martingale (E(S2|.%;x,)n>0. Moreover,

E(Sﬂyr/\n) _S%/\n = E(S% _S%/\n|yf/\n)
E((ST - ST/\n) (ST + Sr/\n) |<755‘E/\n)
= 28cpn B(St = Senn Fran) + E((St = Sean)*| Fern)
>0 a.s.,

because E(S; — Stan| Fran) =0 ass. for all € N [B¥° Lemma A.1.3]. But this implies
that (52,,)n>0 is also uniformly integrable and thus equality must hold in (2.7). O

We remark for the interested reader that the proof just given differs slightly
from the one usually found in the literature [ e.g. GUT [16]] which shows that
(Stan)n>0 forms a Cauchy sequence in the space of square integrable random vari-
ables and thus converges in L, to S;. Let us further note that Wald-type identities
for higher integral moments of S; may also be given. We refer to [6].
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2.2.3 Ladder variables, a fundamental trichotomy, and the
Chung-Fuchs theorem

We will now define the most prominent sequences of copy sums in the theory of
RW’s which are obtained by looking at the record epochs and record values of a
RW (S,,)n>0, or its reflection (—Sy,)n>0.

Definition 2.2.6. Given a zero-delayed RW (S, ),>0, the stopping times

6™ :=inf{n>1:5,>0}, o=:=inf{n>1:8,>0},
c<:=inf{n>1:8,<0}, o=:=inf{n>1:8,<0},

are called first strictly ascending, weakly ascending, strictly descending and
weakly descending ladder epoch, respectively, and

Sl> = S6>1{G><w}, SIZ = SO'ZI{GZ<00}7
ST :=S5<l{g<co}y ST :=Spligccm)

their respective ladder heights. The associated sequences of copy sums
(6, )10 (62)n>0, (0, )n>0 and (0,5 ),>0 are called sequences of strictly as-
cending, weakly ascending, strictly descending and weakly descending ladder
epochs, respectively, and

Sy =Sz Loz <o}y 120, S5 =81 n>0,

{oi <o}

Sy = Soligg e}y 120, S5 :=8:<1 n>0

{0 <o}

the respective sequences of ladder heights.

Plainly, if (S, ),>0 has nonnegative (positive) increments, then 6= =n (o, = n)
for all n € N. Moreover, 6~ = 0, and 6~ = 0, a.s. for all n € N in the case where
the increment distribution is continuous, for then P(S,, = S,,) = 0 for all m,n € N.

The following proposition provides some basic information on the ladder vari-
ables and is a consequence of the SLLN and Thm. 2.2.3.

Proposition 2.2.7. Let (S,),>0 be a zero-delayed RW such that P(X; =0) < 1.
Then the following assertions are equivalent:

(a) (GI;X’S"»?‘)WO is a zero-delayed RW taking values in No X R for any
ac{>>} (resp. {<,<}).

(b) o%*<was. forac{>>} (resp.{<,<}).
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(c) limsup,_ .S, =oa.s. (resp.liminf, .S, =—a.s.)

Proof. Tt clearly suffices to prove equivalence of the assertions not in parenthe-
ses. The implications “(a)=-(b)” and “(c)=-(b)” are trivial, while “(b)=-(a)” follows
from Thm. 2.2.3(j). This leaves us with a proof of “(a),(b)=-(c)”. But ES” > 0 in
combination with the SLLN applied to (S ),>0 implies

limsupS, > lim S, = a.s.
N—so0

n—oo

and thus the assertion. O

Sn

Fig. 2.1 Path of a RW with strictly ascending ladder epochs 6" = 3, 6;” =4 and 65 = 10, and
strictly descending ladder epochs 6;~ = 1, 65" = 5 and 05 = 12.

If EX; > 0 (resp. < 0) we thus have that 67,62 (resp. 6<,0°) are a.s. finite
whence the associated sequences of ladder epochs and ladder heights each consti-
tute nondecreasing (resp. nonincreasing) zero-delayed RW’s. Much deeper informa-
tion, however, is provided by the next result disclosing a quite unexpected duality
between ascending and descending ladder epochs that will enable us to derive a
further classification of RW’s as to their asymptotic behavior including the Chung-
Fuchs theorem on the asymptotic behavior of a RW with drift zero.
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Theorem 2.2.8. Given a zero-delayed RW (S,)n>0 with first ladder epochs
02,067,05,0%, the following assertions hold true:

1 1
Eo2 = — E6o = — 2.
(o] P(o< = o) and (o] P(oS — o)’ (2.8)
P(6==w) = (1-K)P(0< =oo), 29)
where
K — ZP(SI >0,...,8,.1>0,8,=0) = Z]P’(GS :n,SlS =0).

n>1 n>1

Proof. Define

Anl = {Sl §S27"'7S1 Ssn}v
Ank = {Sl >Sk7"'7Sk—1 >Sk,Sk§Sk+1,-.-,Sk§Sn} fOI'ZSkSI’l—l
and Ay = {S1>Sn,..;Sh—1 > Sn}.

. d d
Usmg (Sk — S,’)15,'<k = (Skfi)1§i<k and (Sj _Sk)k<j§n = (Sj)lgjgnfk for each 1 <

k < n, we then obtain
P(Ag) = P(Si—S; < 0,1 <i<k,S;—S>0,k<j<n)
= P(S—Si<0,1 <i<k)P(S;— S >0,k< j<n) 210
=P(S;<0,1 <i<k)P(S;>0,1<j<n—k) (2.10)
(

= P(6= >k)P(c~ >n—k),

and a similar result for k = 1 and k = n. It follows for all n > 2

M:

1 = Z (6= >k) G>n—k)2]P’(G<:oo)iIP(622k).

k=1

and thereupon by letting n tend to e (o0 =0-1:=0).

P(0° =)Ec” = P(6° =) Y P(c” >k
k>1
Hence P(0< = o) > 0 entails E0= < .
Assuming conversely EG= < oo, we infer with the help of (2.10)

1< Y P >kP(c">n—k) + ) P(c= >k),
k=1 k=m
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and then upon letting n tend to oo

1 < P(6< =) iIP’(O'Z >k) + Y P(c” >k).
k=1

k>m
By finally taking the limit m — oo, we arrive at
1 < P(6° =w)Ec=

which proves the equivalence of E6= < o and P(0< = o) > 0, and also the first
part of (2.8). But the second part follows analogously when replacing each “>" with
“>” and each “<” with “<” in the definition of theA,. For the proof of (2.9), we
note that

P(6= =) —P(0= =) = P(6° =,05 < =)

= ZP(Sl > Oa"'vsnfl > 07Sn :O7Sj Z 07.] > n)
n>1

= Y P(51>0,....8,-1>0,8, =0)P(S; >0,j > 1)
n>1
= P(0° =) } P(S1>0,....5,-1 > 0,5, =0)

n>1
= KP(c% =),

which obviously gives the desired result. a

By considering (—S,),>0 in the previous result, the relations (2.8) and (2.9) with
the roles of 6~,0= and 6<,0= are immediate consequences. This in turn justifies
to call each of (67,6=) and (6~,02) a dual pair.

The previous result also leads to the following trichotomy that is fundamental for
a deeper analysis of RW’s.

Theorem 2.2.9. Let (Sy,),>0 be a zero-delayed RW such that P(X; = 0) < 1.
Then exactly one of the following three cases hold true:

(i) ©5,0° are both defective and Ec=,Ec™ both finite.

(ii) 02,0 are both defective and Ec<,Ec< both finite.

(iii) ©62,067,065,0° are all a.s. finite with infinite expectation.

In terms of the asymptotic behavior of S, as n — oo, these three alternatives

are characterized as follows:

(i) lim;, 0 S, = > a.s.
(ii) lim,_,S, = —c0 a.s.
(iii) liminf, ... S, = —o and limsup,,_,., S, = = a.s.
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Finally, if i := EX) exists, thus EXT < o or EX~ < oo, then (i), (ii), and (iii)
are equivalent to 1 > 0, i < 0, and p = 0, respectively.

Proof. Notice first that P(X; = 0) < 1 is equivalent to k¥ < 1, whence (2.9) ensures
that 6,62 as well as 6<,0= are always defective simultaneously in which case
the respective dual ladder epochs have finite expectation by (2.8). Hence, if neither
(a) nor (b) holds true, the only remaining alternative is that all four ladder epochs
are a.s. finite with infinite expectation. By combining the three alternatives for the
ladder epochs just proved with Prop. 2.2.7, the respective characterizations of the
behavior of S, for n — oo are immediate.

Suppose now that u = EX) exists. In view of Prop. 2.2.7 it then only remains to
verify that (iii) holds true in the case y = 0. But any of the alternatives (i) or (ii)
would lead to the existence of a ladder epoch ¢ such that Ec < o and S5 is a.s.
positive or negative. On the hand, ES; = uEc = 0 would follow by an appeal to
Wald’s identity 2.2.4 which is impossible. Hence y = 0 entails (iii). a

The previous result calls for a further definition that classifies a RW (S,,),>0 with
regard to the three alternatives (i), (ii) and (iii).

Definition 2.2.10. A RW (S,,),>0 is called

— positive divergent  if lim,_. S, = o a.s.

— negative divergent  if lim,_,., S, = —co a.s.

— oscillating if liminf,_,.. S, = —c0 and limsup,,_,., S, = o a.s.
— trivial if X; =0a.s.

While for nontrivial RW’s with finite drift Theorem 2.2.9 provides a satisfactory
answer in terms of a simple condition on the increment distribution as to when
each of the three alternatives occurs, this is not possible for general RW’s. The
case of zero mean increments is the Chung-Fuchs theorem and stated as a corollary
below. Another simple criterion for being in the oscillating case is obviously that the
increment distribution is symmetric, for then 6~ and o< are identically distributed
and hence both a.s. finite.

Corollary 2.2.11. (Chung-Fuchs theorem) Any nontrivial RW (S,,),>0 with
drift zero is oscillating.
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2.3 Recurence and transience of random walks

Every nontrivial arithmetic RW (S,,),>o with lattice-span d is also a discrete Markov
chain on G, = dZ. 1t is therefore natural to ask under which condition on the incre-
ment distribution it also recurrent, i.e.

P(S, = x infinitely often) =1 for all x € G,. (2.11)

Plainly, this is possible only in the oscillating case, but the question remains whether
this is already sufficient. Moreover, the same question may be posed for the case
d =0, i.e. nonarithmetic (S,),>0, however, with the adjustment that condition (2.11)
must weakened to

P(|S, — x| < € infinitely often) =1 for all x € G, and € > 0, (2.12)

because otherwise continuous RW’s satisfying P(S, = x) = 0 for all n € N and
x € R would be excluded right away. The more general condition (2.12) is called
topological recurrence because it means that open neighborhoods of any x € G are
visited infinitely often. The purpose of this section, which follows the presentation in
[4], is to show that any RW (S,,),>¢ satisfying n~1S, Lois topologically recurrent
[==" Thm. 2.3.5]. We start by defining topological recurrence for individual states.

Definition 2.3.1. Given a sequence (Sy),>0 of real-valued random variables,
a state x € R is called (topologically) recurrent for (S,),>0 if

P(|S, — x| < € infinitely often) =1 forall € >0

and transient otherwise. If sup,,~oP(|S, — x| < €) > 0 for all € > 0, then the
state x is called possible.

Plainly, every recurrent state is possible, and in the case where (S,),>0 is con-
centrated on a lattice dZ we may take € = 0 in the definition of a recurrent state thus
leading to the usual one also used for discrete Markov chains.

In the following, let (S,),>0 be a nontrivial zero-delayed RW,

# = {x € R:xisrecurrent for (Sy)n>0}

its recurrence set and & its set of possible states. If (S,),>0 is d-arithmetic, then
naturally Z C & C dZ holds true. In fact, if (S, ),>0 has lattice-span d > 0, then Gy
is the smallest closed subgroup of R containing & as one can easily verify. Further
information on the structure of % is provided by the next proposition.
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Proposition 2.3.2. The recurrence set % of a nontrivial zero-delayed RW
(Sn)n>0 is either empty or a closed subgroup of R. In the latter case, Z = G4
if (Sn)n>0 i (Sn)n>0 has lattice-span d, thus % = R in the nonarithmetic case
and % = dZ. in the d-arithmetic case.

Proof. Suppose that Z # 0. Let (x;)r>1 be a sequence in % with limit x and pick
m € N such that |x,, — x| < € for any fixed € > 0. Then

P(|S, — x| < 2¢ infinitely often) > P|S, — x,,| < € infinitely often) = 1.

Hence x € Z, i.e., Z is closed. The next step is to verify that x —y € % whenever
x€Z and y € &. To this end, fix any € > 0 and choose m € N such that P(|S,, — y| <
€) > 0. Then

P(|Sn —y| < €)P(|S, — (x —y)| < 2¢ finitely often)
= P(|Sm—y| < & |Sm+n —Sm — (x—y)| < € finitely often)
< (]S, — x| < € finitely often) = 0

showing P(|S, — (x —y)| < 2¢ finitely often) = 0 and thus x — y € Z. In particluar,
x—y € Z for x,y € Z so that Z is a closed additive subgroup of R. Moreover,
X =8, for 0 € Z,x € & implies —x = 0—x € Z and thus x € Z. By what has
been pointed out before this proposition, we finally conclude Z = & = G, if d is
the lattice-span of (Sy)n>0- O

Although Prop. 2.3.2 provides complete information about the structure of the
recurrence set % of a RW (S,,),>0, the more difficult problem of finding sufficient
conditions ensuring % # (0 remains. A crucial step in this direction is to relate the
problem to the behavior of the renewal measure U of (S,),>0 which in the present
context should be viewed as an occupation measure. Notice that x € Z implies
N(I) = ¥,501;(Sn) = oo, in particular U(/) = EN(I) = oo for any open interval /
containing x. That the converse is also true, will be shown next.

Proposition 2.3.3. Let (S, )n>0 be a nontrivial zero-delayed RW. If there exists
an open interval I such that

0< Y P(Syiel) =T < o,

n>0

then (Sp)n>0 is transient, that is % = 0. Conversely, if U(I) = oo for some
bounded interval I, then (Sy,),>0 is recurrent.

Proof. Clearly, U(I) > 0 implies I # 0, while U(J) < oo in combination with the
Borel-Cantelli lemma implies P(S, € I infintely often) = 0 and thus I C %° as [ is



2.3 Recurence and transience of random walks 47

open. Consequently, Z = 0 if the RW is nonarithmetic. In the d-arithmetic case, the
same follows from I NdZ # 0 which in turn is a consequence of U(I) > 0.

Now suppose that U(I) = o for some bounded and w.l.o.g. open interval I. It
suffices to prove 0 € Z. Fix an arbitrary € > 0. Since I may be covered by finitely
many intervals of length 2¢, we have U(J) = oo for some J = (x — €,x+€). Let

T(J) :=sup{n>1:5,€J} [supd:=0].

denote the last time > 1 where the RW visits J and put A, := {T'(J) = n} for n € No.
It follows that

{S, € J finitely often} = {T(J) < oo} = ZAk
>0

and, furthermore,
Ar D {Sk €J,|Skin—Sk| >2¢eforalln>1} forall k € Ny.

Consequently, by using the independence of S; and (Si, — Sk)n>0 in combination

with (Skin — Sk)n>0 4 (Sn)n>0, we infer
P(Ay) > P(Sp € J)P(|Sy| >2¢eforalln>1) forallk € Ny
and thereby via summation over k > 0
P(S, € J finitely often) > P(|S,| > 2¢ for all n > 1) U(J)

which shows
P(|S,| >2¢foralln>1)=0, (2.13)

because U(J) = oo. Notice that this holds for any € > 0.
Defining J5 := (—6,8), J := Jp and A, := {T'(J) = n} for n € Ny, we have

P(A) = lﬁi%lgﬂP’(Sk € Js,Spsn & J foralln >1) forall ke N.

Now, (2.13) implies
P(Ag) = P(S, ¢ Jforalln>1) = 0
andfork>1,6 <¢

P(Sk € Jg,Spsn € J foralln > 1)
< P(Sk €T3, |Skan— S| > €—8 foralln > 1)
< P(Sg € J5)P(|Skin— S| > e—8 foralln>1) = 0

so that P(gk) = 0 for all kK € Ng. We have thus proved that
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P(|S,| < € finitely often) = P(T(J) =) = Y P(A;) = 0

forall € > 0, thatis 0 € Z. O

The following equivalences are direct consequences of the result just shown.

Corollary 2.3.4. Given a nontrivial zero-delayed RW (Sy,)n>0, the following
assertions are equivalent:

(a)  (Su)n>0 is recurrent.

(b) N(I) =0 a.s. for all open intervals I such that INR # 0.
(¢) U(I) = oo for all open intervals I such that INR # 0.

(d) U(I) = oo for some finite interval I.

By contraposition, equivalence of

(e) (Su)n>0 is transient.

(f) N(I) < oo P-f.s. for all finite intervals I.

(g) U(I) < oo for all finite intervals I.

(h) 0<U(I) < oo for some finite open interval I.

holds true.

We are now ready to prove the main result of this section.

Theorem 2.3.5. Any nontrivial zero-delayed RW (Sp)n>0 which satisfies the

_ P .. . .
WLLN n~ 'S, = 0 or, a fortiori, has drift zero is recurrent.

Proof. In view of the previous result it suffices to show U([—1,1]) = . Define
7(x) :==inf{n >0:S, € [x,x+ 1]} for x € R. Since 7 is a stopping time for (S,),>0,
we infer with the help of Prop. 2.2.1 that

U(pr,x+ 1 :/ 111 (Sein) dP

(et = [Tt
< 11 11(Sean —Se) dP
= /{T(x><m},§) -1)(Se4n = 50) (2.14)
= P(t(x) <o) Y P(S, €[-1,1))

n>0

B(1(x) < ) U([~1,1]).

Therefore
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U([-n,n]) < ni:l U([k,k+1]) < 2nU([—1,1]) forallne N. (2.15)
k=—n

Fix now any € > 0 and choose m € N so large that P(|S,| < €k) > 1 for all k > m,

Lo . . qo P
which is possible by our assumption n~ 'S, — 0. As a consequence,

P(|Sk| <n) > forallm < k <

N =
(R

and therefore

U([-n,n]) = ), P(S<n) >

m<k<n/e

N —
7~
(RN
|
3
|
—_
~—

This yields in combination with (2.15)

U(-11) 2 5o Ulema) 2 50—

1 in foralln e N

so that, by letting n tend to infinity, we finally obtain

1 1
—1,1])) > 1 — — > —
U(=1,1]) = Timsup o U(—mn]) > o

which gives the desired conclusion, for € > 0 was arbitrary. a

Remark 2.3.6. (a) Since any recurrent RW is oscillating, the previous result partic-
ularly provides an extension of the Chung-Fuchs theorem in that EX; = 0 may be

. . P
replaced with the weaker condition n~'S,, — 0.

(b) All previous results are easily extended to the case of arbitrary delay distribu-
tion A as long as A(G,) = 1 in the d-arithmetic case. In fact, assuming a standard
model (2,2, (P;)1co(r), (Sn)n>0) and letting (A ) denote the recurrence set of
(Sn)n>0 under Py, it suffices to observe for Z(A) = %Z(d) that

Py (|Sn — x| < € infinitely often) = / Po(|S, — (x—y)| < € infinitely often) A (dy)
G’d

holds true if A(G,;) = 1. For a transient RW the local finiteness of the renewal
measure U as stated in Cor. 2.3.4 for A = & even extends to all initial distributions
A as is readily seen.

(¢) In connection with recurrence of RW’s as Markov chains it is worth men-
tioning that Lebesgue measure A in the nonarithmetic case and d times counting
measure A, on G in the d-arithmetic case provides a stationary measure for a RW
(Sn)n>0, no matter whether it is recurrent or not. This follows from
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Pr,(Sh€B) i= [ Bi(S, € B) Ag(d)
d

- / Po(S, € B—x) Ay(ds)
= / 15(x+5) Ay(dx) Po(S, € ds)
_ /Z&d(B—S) Po(S, € ds) = Ay(B) forall Be A(R)

where the translation invariance of A, on G, has been utilized.

(d) The condition 1S, LA 0 in Thm. 2.3.5 is not sharp for the recurrence. Inde-
pendent work by ORNSTEIN [24] and STONE [26] showed that, if R(z) denotes the
real part of a complex number z and ¢ is the Fourier transform of the increments of

the RW, then
3 1
R —— | dt =
/. (1—<p(z>> ‘

provides a necessary and sufficient condition for the recurrence of (S,),>0. We will

(e) In view of the fact that any recurrent RW is oscillating, it might be tempting
to believe that these two properties are actually equivalent. However, this holds true
only if EX; exists [®¥ final part of Thm. 2.2.9]. In the case where EX;” = IEXI+ =00
the RW may be oscillating , so that every finite interval is crossed infinitely often,
and yet be transient. KESTEN [17] further showed the following trichotomy which
is stated here without proof.

Theorem 2.3.7. (Kesten) Given a RW (Sy,)n>0 with EX; = EX|" = oo, exactly
one of the following three cases holds true:

(a) lim,_ n'S, = a.s.
(b) limy_en 'S, = —coa.s.
(c) liminf, .on~'S, = —co andlimsup,_,.n"'S, = as.

2.4 The renewal measure in the transient case: cyclic
decompositions and basic properties

As shown in the previous section, the renewal measure U of a transient RW (S,,),,>0
is locally finite for any initial distribution A [¥° Cor. 2.3.4 and Rem. 2.3.6(b)].
This section is devoted to further investigations in the transient case that are also
in preparation of one of the principal results in renewal theory, viz. Blackwell’s
renewal theorem to be derived in the next chapter.
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2.4.1 Uniform local boundedness

We have seen in the Introduction that the renewal measure of a RW with exponential
increments with mean u equals exactly u~! times Lebesgue measure if the initial
distribution is the same as for the increments. In view of this result and also intu-
itively, it is quite plausibel that for a general RW with drift i and renewal measure
U, the behavior of the renewal measure should at least be of a similar kind in the

sense that
Ao(1)
u

for any bounded interval I and any initial distribution 4. What is indeed shown next
is uniform local boundedness of U .

UA(I) 7

Lemma 2.4.1. Let (S,)n>0 be a transient RW in a standard model. Then

fgﬂng(N([t,Ha]) >n) < Po(N([-a,d]) = n) (2.16)

foralla> 0, n € Ngand L € Z(R). In particular,

sup Uy (1,1 +a]) < Uo([—a,a)) @.17)
teR

and {N([t,t +a]) : t € R} is uniformly integrable under each ) for all a > 0.

Proof. 1f (2.16) holds true, then the uniform integrability of {N([¢,t+a]):t € R} isa
direct consequence, while (2.17) follows by summation over n. So (2.16) is the only
assertion to be proved. Fix t € R, a > 0, and define 7 :=inf{n > 0:S, € [t,t +d]}.
Then

N([t t+a]) _ Zkzol[t,t+a](sf+k)a ifT<°°7
’ 0, otherwise.

The desired estimate now follows by a similar argument as in (2.14), viz.

Pr(N([r,1 +d]) 2 n) = Py (T <0, ) g (Seak) > n)
k>0

<P (T < oo Z 1[—a,a] (S‘H-k 751’) > n)

k>0
= Py (7 <o) Py(N([~a,a]) = n)

foralln € No and A € Z(R). O
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2.4.2 A useful connection with first passage times

In the case of a RP (S,),>0, there is a very useful connection between its renewal
function ¢ +— Uy (¢) and the first passage times

7(t) = inf{n>0:S, >t} forreRs.
These are clearly stopping times for (S,),>0, arise in many applications and will be

foreach n € Ng and r € R> (put S_; :=0), we see that

(1) = Y 154(Sn) = N(t) forallz € R, (2.18)

n>0

that is, (7(r));>0 also equals the renewal counting process associated with (S, ),>0.

Lemma 2.4.2. Let (S,),>0 be a RP in a standard model. Then its renewal
function satisfies

U, () = Eyt(t) forallt € R>gand A € Z(R).

Proof. The crucial observation is that a RP has a.s. nondecreasing trajectories, for
this implies

{z(t) >n} = {max Sk<t} = {S, <t}

0<k<n

and then further

Ext(t) = Y Pa(z(t) >n) = Y Pa(Sy<1) = Up(r)

n>0 n>0

forall € R> and A € Z(R>) as claimed. O

Provided further that (S,),>0 has finite drift u, the previous result may be com-
bined with Wald’s identity 2.2.4 to infer

1 t Eo(Sep —1)
o > Uy(t) = Egt(t) = —EpS = -+ — 2.19
oft) 0T(t) o BoSt = 4 r (2.19)

for all r € R>, the finiteness of Uy(¢) following from Prop. 1.1.1 or Cor. 2.3.4. The
nonnegative random variable

R(t):= Sy —t forteR>

provides the amount by which the RP exceeds the level ¢ at the first passage epoch
7(t) [=¥ Fig. 2.2]. It plays an important role in renewal theory and has been given
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Sn
A

R(t) fort =4

Fig. 2.2 Path of a RP with first pasage time 7(4) = 5 and associated overshoot R(4).

a number of different names, depending on the context in which it is discussed:
overshoot, excess (over the boundary), forward recurrence time, or residual waiting
time. Clearly, the first two names express the afore-mentioned exceedance property
of R(¢), whereas the last two names refer to its meaning in a renewal scheme of
being the residual time at # one has to wait until the next renewal will occur. The
crucial question with regard to (2.19) is now about the asymptotic behavior of R(z)
under Py and its expectation EqR(t) as t — oo. Since R(t) < X;(,) and the X,, are
identically distributed with finite mean, it seems plausible that R(r) converges in
distribution and that sup,~,EoR(¢) is finite. We will see already soon that the first
assertion is indeed correct (modulo an adjustment in the arithmetic case), whereas
the second one requires the nonobvious additional condition that the X, have finite
variances.

For general A € Z(R>) use Uy = A« Uy [=¥ (2.2)] to obtain
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U (1)

Up(t—x) A(dx) = Eot(r —x) A(dx)
J[0.] J10.]
1 3
u Joa (t—x+EoR(t —x)) A(dx)

(2.20)

A combination of (2.19) and (2.20) now leads to the following result, called elemen-
tary renewal theorem, which complements Prop. 1.1.2 in Section 1.1 and completes
the answer to question (Q2) posed there.

Theorem 2.4.3. (Elementary renewal theorem) Let (S,),>0 be a RP in a
standard model. Then

limw = l (2.21)
t—o0 t .LL
0 1

d lim—— = — Pj-a.s. 2.22

an tgg ; i 2,-a.S. ( )

forall A € Z(R>).

Strictly speaking, the elementary renewal theorem is just (2.21), but we have
included (2.22) because it can be viewed as its pathwise analog and also provides
the extension of Prop. 1.1.2 to arbitrary initial distributions A when recalling from
(2.18) that 7(r) = N(z) for all t € R>.

Proof. Since (Sy)n>0 satisfies the SLLN under each P; and Sy <1t < Sy,
Doob’s argument used in the proof of Prop. 1.1.2 works here as well to give (2.22).
Left with the proof of (2.21), we infer from (2.20) with the help of Fatou’s lemma

0] 1 /. . [(t—x 1
htn_l)glf - > m 11trgglf Tl[oﬁt](x) Adx) = s

for any A € Z(R>). For the reverse inequality we must work a little harder and
consider the RP (Sc,n)nzo with truncated increments X, A ¢ for some ¢ > 0. Denote
by 7.(t) the corresponding first passage time and note that S, < S, for all n € Ny
implies 7(#) < 7.(f) and that R.(t) := S, 1 () —t < ¢ for all # € R>. Consequently,
by another appeal to (2.19),

t+EoR (1 t
Eot(t) < Eot.(t) = + Ij (?) < :C forall € R>
C C

where [, := E(X; Ac). By using this in (2.20), the dominated convergence theorem
ensures that, for any A € Z(R>),

t—o0

limsup U%(I) < [1im (t;chCl[O’t](x)) Aldx) = i’

t—o0 c c
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and since this is true for all ¢ > 0 and lim,_,.. 4. = U, we finally obtain
<

Uy (2 1
limsup ﬂ < —
—o0 [ IJ,
which completes the proof. a

It is to be emphasized that all results and identities in this subsection have been
obtained only for the case of RP’s, that is for RW’s with nonnegative positive mean
increments. This may also be taken as a transitional remark so as to motivate the
consideration of general RW’s (S,),>0 with a.s. finite ladder epoch 6~ in the next
subsection, the main focus being on the case where the RW has positive drift.

2.4.3 Cyclic decomposition via ladder epochs

Here we consider a nontrivial zero-delayed RW (S,),>0 with renewal measure U.
Let o be any a.s. finite stopping time for (S,),>0 with associated sequence (G;),>0
of copy sums. Denote by U(®) the renewal measure of the RW (S, ),>0 and define
the pre-o occupation measure of (S,)n>0 by

o—1
V@A) = E (Z lA(S,,)> for A € A(R), (2.23)
n=0

which has total mass ||V(°)|| = Ec and is hence finite if ¢ has finite mean. The next
lemma provides us with a useful relation between U and U(®), V(%)

Lemma 2.4.4. Under the stated assumptions,
U = v u©

for any a.s. finite stopping time G for (Sp)n>0-
Proof. Using cyclic decomposition with the help of the ,,, we obtain

Opy1—1
E{Y 148 ] = YE[ Y 1a(S0)
k>0 n>0 k=0,

On+1 —1

-y /R VO (A —x) P(S, € dx)

n>0

U(A)

Ss, x) P(Ss, € dx)

= V@ %U©)(A) forall A c B(R),
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where (2.3) of Prop. 2.2.1 has been utilized in the penultimate line. O

Now, if (S,)u>0 has a.s. finite ladder epoch ¢ = 6% for some o € {>,>,<, <},
we write U% and V* for U(®) and V(%) respectively. Note that U? is the renewal
measure of the ladder height process (S¥),>0. As a trivial but important conse-
quence of the previous lemma, we note that

U = V%U* ifP(6% <o) =1. (2.24)

In the case where 6~ < o a.s. (and thus also 6= < oo a.s.), we thus have a convolu-
tion formula for the renewal measure U that involves the renewal measure of a RP,
namely U> or U=. This will allow us in various places to reduce a problem for RW’s
with positive drift to those that have a.s. nonnegative or even positive increments.

If (S,)n>0, given in a standard model, has arbitrary initial distribution A, then
Lemma 2.4.4 in combination with U) = A « Uy immediately implies

Uy = 2xVO510© = v ,pl® (2.25)

where V(%) U(°) are defined as before under Py.
Returning to the zero-delayed situation, let us finally note that a simple compu-
tation shows that
Vv = Y P(o>nS,€), (2.26)

n>0

and that, for any real- or complex-valued function f

o—1
dvie) = S)dP = E S, 227
[ DI Y ():ﬂ >) @2)

n=0

whenever one of the three expressions exist.

2.5 The stationary delay distribution

2.5.1 What are we looking for and why?

In order to motivate the derivation of what is called the stationary delay distribu-
tion of a RP (Sp)n>0, let us first dwell on some heuristic considerations that embark
on the results in Section 1.2. We saw there that, if (S,),>0 has exponential incre-
ment distribution with parameter 6 and the same holds true for Sp, then the renewal
measure U equals 64y on R> which means that U([¢,# + 4]) for any fixed & is
temporally invariant. In fact, we further found that the associated renewal counting
process N := (N(t)),>0 is a homogeneous Poisson process and as such a stationary
point process in the sense that
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ON = (N(s+1)—N(s))0 £ N foralls € Rs. (2.28)

This follows immediately from the fact that a Poisson process has stationary and
independent increments [ Thm. 1.2.2]. Cleary, N is a functional of the renewal

Sp Seiaren =4
} R(4) = Sy4)—4
4 I I —>
0 1 2 3
| | | | | | | | N
I I I I I I I I ~ n
1 2 3 4 <4 6 1 8

Fig. 2.3 Path of a RP with first pasage time 7(4) = 5 and associated overshoot R(4).

process (S,)u>0 or, equivalently, of So,Xj, ..., i.e. N = h(Sp, X, ...) for some mea-
surable function 4. For the same reason

ON = /’Z(ST<S) _str(s)+l7m) = h(R(S)7XT(S>+],...) for alls€R27

where R(s) is the overshoot at s [see Fig. 2.3]. After this observation, the validity
of (2.28) can be explained as follows. Even without providing a rigorous argument,
the memoryless property of the exponential distribution is readily seen to imply that
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R(s) 4 Exp(0) for all s € R>. By Prop. 2.2.1, R(s) is further independent of the iid
sequence (Xz(s)1y)n>1 With Xp )41 4 X1. But this is all it takes to conclude (2.28).

Now let us turn to the general case, the question being whether an appropriate
choice of the delay distribution F* of a RP (S,),>0 with increment distribution F

renders R(t) 2 ps for all t € R>. If yes then by the same reasoning as before we
should obtain a stationary associated renewal counting process N = (N(¢));>0 under
Pps in the sense of (2.28) and in particular a translation invariant renewal measure
Urs on R. But the translation invariance entails that Ugs equals 64y on R> for
some 6 > 0, while the elementary renewal theorem 2.4.3 gives 6 = 1/EX;. It will

for which F?, if it exists, forms a stationary distribution. However, the way F* is
derived hereafter, does not use this fact.

The question not addressed so far is why we should strive for F**. The short reply
is that its existence provides strong evidence that for arbitrary delay distributions
A the behavior of ®;N under P, and particularly of Uy ([t,7 + h]) is expected to be
the same as in the stationary situation if ¢ tends to infinity. However, what we are
really hoping for and in fact going to deliver later is to turn this into a rigorous result
by a suitable construction of two RP’s on the same probability space with the same
increment distribution but different delay distributions A and F*, such that their
renewal counting processes N and N, say, are asymptotically equal in the sense
that lim, . p(O;N,O,;N’) = 0, where p denotes a suitable distance function. The
technique behind this idea is well-known under the name coupling in the theory of
stochastic processes.

2.5.2 The derivation

If A denotes any measure on R, let AT := A (-NR> ) be its restriction to R~ hereafter
in the sense that its mass on R< has been removed. Having outlined what we are
looking for, let us now turn to the derivation of the stationary delay distribution F*
for a RP (S),)n>0 with increment distribution F, finite mean p and given as usual in
a standard model. The first thing to note is that U, = A x Uy satisfies the convolution
equation

U, = A+ FxU, foralll e ZR>)

which in terms of the renewal function becomes a renewal equation as encountered
in Section 1.4, namely

U, () = A(t) + 0 }F(t—x) U, (dx) forallA € Z(R>) (2.29)

The goal is to find a A such that Uy (1) = p~ 't for all # € R (thus Uy = p~'Af)
and we will now do so by simply plugging the result into (2.29) and solving for
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A(t). Then, with F :=1—F

t 1 /!
Ao = - ﬁ/o Flt —x) dx

1 [ 1 [
—/F(tfx)dx = —/F(x)dx forallt > 0.
uJo HJo

We thus see that there is only one A, now called F*, that gives the desired property
of Uy, viz.

! t
F(t) == l/f(x) dx = l/ P(X; > x)dx forallz >0,
uJo HJo

which is continuous and requires that u is finite. To all those who prematurely lean
back now let is be said that this is not yet the end of the story because there are
questions still open like “What about the infinite mean case?” and “Is this really the
answer we are looking for if the RP is arithmetic?”

If (S,)n>0 is d-arithmetic, w.l.0.g. suppose d = 1, then indeed a continuous delay
distribution gives a continuous renewal measure which is in sharp contrast to the
zero-delayed situation where the renewal measure is concentrated on Ny. The point
to be made here is that an appropriate definition of stationarity of the associated
renewal counting process N must be restricted to those times at which renewals
naturally occur in the 1-arithmetic case, namely integer epochs. In other words, the
stationary delay distribution F** to be defined must now be concentrated on N, but
only give (2.28) for t € Ny under Pgs. This particularly implies U}’s = ,u’lﬂf and
thus Uf(n) = Ups ({1,...,n}) = u~'n for n € N, where A, is counting measure on
the set of integers Z. By pursuing the same argument as above, but for ¢ € Ny only,
we then find that F* must satisfy

) 1 &
Fi(n) = = — Y F(n—k) forallneN
u H =
and therefore
lnfli 1 &
F'(n) = — Y F(k)dx = — Y P(X; >k) forallneN
Mo H S

as the unique solution among all distributions concentrated on N. We summarize
our findings as follows.

Proposition 2.5.1. Let (S,),>0 be a RP in a standard model with finite drift |1
and lattice-span d € {0, 1}. Define its stationary delay distribution F* on R>

by
L ifd =
Fi() {H JoP(X1 > x) dx, ifd =0, S

ﬁZZ:1 P(Xl > k) 1[n,n+1)(t)7 ifd=1
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— -1t
fort € R>. Then Ups = u=' A

Now observe that the integral equation (2.29) remains valid if A is any locally
finite measure on R> and Uy is still defined as A x Uy. This follows because (2.29)
is a linear in A. Hence, if we drop the normalization /.L_l in the definition of F*, we
obtain without further ado the following extension of the previous proposition.

Corollary 2.5.2. Let (S,)n>0 be a RP in a standard model with lattice-span
d € {0,1}. Define the locally finite measure & on R> by
'P(X; > x) dx, ifd=0,
E(r) = fo,, (%1 > x) U 2.31)
Yio i Py 2 k) 1) (1), ifd =1

fort € R>. Then Ug = A,

2.5.3 The infinite mean case: restricting to finite horizons

There is no stationary delay distribution if (Sy),>0 has infinite mean u, but Cor.
2.5.2 helps us to provide a family of delay distributions for which stationarity still
yields when restricting to finite horizons, that is to time sets [0,a] for a € R~. As
a further ingredient we need the observation that the renewal epochs in [0,a] of
(Sn)n>0 and (Sqn)n>0, Where Sq , := So + Y}, (Xx Aa), are the same. As a trivial
consequence they also have the same renewal measure on [0, a|, whatever the delay
distribution is. But by choosing the latter appropriately, we also have a domination
result on (a, o) as the next result shows.

Proposition 2.5.3. Let (S,),>0 be a RP in a standard model with drift L =
oo and lattice-span d € {0,1}. With & given by (2.31) and for a > 0, define
distributions F;; on R> by

FS(t) = ég(ﬁ)‘l) fort € R=. 2.32)

Then, for all a € R, Uy < &(a)~' A} with equality holding on [0,a.

Proof. Noting that F; can be written as FS = & (a) '€ — A4, where A, € Z(Rs) is
given by
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£ —Ean) _
E(a)

we infer with the help of Cor. 2.5.2 that

Aa(t) = forallt € R>,

Ups = &(a) 'Ue =2+ Up < &(a) 'Ug = E(a)'Ay onR>

as claimed. O

2.5.4 And finally random walks with positive drift via ladder epochs

A combination of the previous results with a cyclic decomposition via ladder epochs
allows us to further extend these results to the situation where (S,),>0 is a RW
with positive drift 4 and lattice-span d € {0,1} and thus may also take on negative
values. This is accomplished by considering F*, F} and & as defined before, but for
the associated ladder height RP (S ),>0. Hence we put

n

. o
£() { JAP(ST > x) dx, if d =0, 233

ZZ:IP(ST Zk)l[n,n+l)(t)7 ifd=1

for r € R> and then again F; by (2.32) for a € R.. If ST has finite mean u~ and
hence €& is finite, then let F* be its normalization, i.e. F* = (u>)~'&. In order to be
able to use the results from the previous section we must first verify that ST and X;
are of the same lattice-type.

Lemma 2.5.4. Let (S,),>0 be a nontrivial zero-delayed RW and o an a.s.
finite first ladder epoch. Then d(X;) = d(S¢).

Proof. If X is nonarithmetic the assertion follows directly from the obvious in-
equality d(Ss) < d(X;) = 0. Hence it suffices to consider the case when d(X;) > 0.
W.l.o.g. suppose d(Ss) = 1 and 6 = 67, so that d(X;) = 1 must be verified. If
d(X;) < 1, then p := P(X; = ¢) > 0 for some ¢ ¢ Z. Define W, := S, — S for
n € Ny, clearly a copy of (S,),>0 and independent of X;. Then, with 7(¢) := inf{n >
0:W, >r}, we have

ST = Xilyx, 01 + (X1 + We(—x))x, <0}

Consequently, if ¢ > 0, then P(S7 = ¢) > p > 0 which is clearly impossible as ¢ & Z.
If ¢ <0, then use that W) is a strictly ascending ladder height for (Wy)n>0 and thus
integer-valued for any ¢ € R> to infer that

P(Sl> €c+7Z) > pP(C—FWr(_C) €c+Z) = pP(WT(_C) €Z) >0
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which again contradicts our assumption d(S7) = 1, for (c+Z)NZ = 0. O

Proposition 2.5.5. Let (S,)n>0 be a RW in a standard model with positive drift
U and lattice-span d € {0,1}. Then the following assertions hold with &, F}
and F* as defined in (2.33) and thereafter.

(a) Ug =Eo~ 2?1.;;.

(b) Uf < &(a) 'Eo” &) foralla € R..

(c) If wis finite, then Uf, = u~'&.

Proof. First note that y > 0 implies EG~ < oo [(¥° Thm. 2.2.9] and u~ = ES] =
puEc~ by Wald’s identity. By (2.25), Uy = V= xU; for any distribution A, where

c”—1

V7 (A) = IE0< Y IA(S,1)> for A € Z(R)
n=0

is the pre-6~ occupation measure and thus concentrated on R< with ||[V=|| =Eoc~.
Of course, (2.25) extends to arbitrary locally finite measures A. Therefore,

Ug(4) = V>« UZ (4) = /R<UE(A7x) V> (dx)

:/R AT(A—x) V7 (dx) = V7 (R<) &) (A)

<

= Eo~ &(A) forallA e #B(R>)

where Cor. 2.5.2, the translation invariance of A; and A —x C R> for all x € R< have
been utilized. Hence assertion (a) is proved. As (b) and (c) are shown in a similar
manner, we omit supplying the details again and only note for (c) that, if < oo,
Uf, = (u”)'Ec~ &) really equals 4~ '} because u~ = Ec™ as mentioned
above. a

Remark 2.5.6. (a) Replacing the strictly ascending ladder height 7 with the weakly
ascending one Sl2 in the definition (2.33) of & leads to Ug =EoZ A, and thus to a

proportional, but different result if ST and Sl2 are different. On the other hand, it is
clear that, for some 3 € (0, 1],

P(ST ) = (1-B)d + BP(ST € ) (2.34)

where u= = Bp> gives B = u=/p>. Consequently, a substitution of 7" for ST in
(2.33) changes & merely by a factor and thus has the same normalization in the case
U < oo, namely F*. In other words, the stationary delay distributions of (S ),>0 and
(87 )n>0 are identical.
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(b) Given a RP (S,),>0 with finite drift 1, we have already mentioned that the
forward recurrence times R(¢) form a continuous time Markov process with station-
ary distribution 7(dt) := p~'P(X; > t)dt, and we have found that Uy = pu~ 1A,
no matter what the lattice-type of (S,),>0 is. On the other hand, if the latter is 1-
arithmetic, then the stationary delay distribution F* that gives Ups = u’lﬁf is dis-
crete and thus differs from 7. In terms of the forward recurrence times this can
be explained as follows: The Markov process (R(¢));>o has continuous state space
R regardless of the lattice-type of the underlying RP and as such the continu-
ous stationary distribution 7. As a consequence, its subsequence (R(n)),>o forms a
Markov chain with the same state space and the same stationary distribution. How-
ever, in the 1-arithmetic case N forms a closed subclass of states in the sense that
P(R, € Nforalln > 0) =1 if P(Ry € N) = 1. Hence (R(n)),>0 may also be con-
sidered as a discrete Markov chain on N and as such has stationary distribution F*.

(c) The positive forward recurrence time R(t) = Sy(;) —t, T(t) = inf{n: S, >t}
has been used in the previous derivations so as to motivate the stationary de-
lay distribution. As an alternative, one may also consider the nonnegative variant
V(t) := Sy —t with v(¢) := inf{n : S, > t}. In the nonarithmetic case, this does
not lead to anything different because stopping on the boundary, i.e. V(¢) = 0, has
asymptotic probability zero. However, if (S,,),>0 is 1-arithmetic, then the stationary
delay distribution on R> instead of R is obtained, namely

~ 1 &
F5(t) = e Y P(ST > k)1p 1y (t) forz e R
k=0

As a consequence, Up, equals u~'A; on R instead of R-. only. Similar adjust-
ments apply to the definitions of & and F$ when dealing with V (¢), but we refrain
from a further discussion.





