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{y [ f(») # 0}; observe that ¥ is not in the support of f if and only if y
has a nbd on which f vanishes identically.

4.1 Definition Let Y be a Hausdorff space. A family {k, | « € .2/} of
continuous maps «,: ¥ — [ is called a partition of unity on Y if:

(1). The supports of the «, form a nbd-finjte closed covering of Y.
(2). z xy) =1 for each ye ¥V (this sum is well-defined

because each y lies in the support of at most finitely many
Ky)-
It {Uy|Be B} is a given open covering of Y, we say that a
partition {x, | B8 € %} of unity is subordinated to {Us} if the support
of each «, lies in the corresponding U,.

Clearly, every space has a partition of unity subordinated to the covering
by the single set itself.

4.2 Theorem Let Y be paracompact. Then for each open covering
{Uy | @€} of Y there is a partition of unity subordinated to

{Ua}-

Proof: Shrink a precise nbd-finite refinement of {U,} to get a nbd-
finite open covering {Va} with 7, C U, for each a. Now shrink {V,}
to get a nbd-finite open covering {IW,} satisfying W, C V,. For each
a€ s, VII, 4.1, gives a continuous &.t Y — I, which is identically 1
on W, and vanishes on EV, (we take g, = 0 if V. = 2); each g, has
its support in U,. Since {W,} is a nbd-finite covering, it follows that for
each y € Y at least one, and at most finitely many, g, are not zero,
consequently z 8« 1s a well-defined real-valued function on Y and

is never zero. Z & is continuous on Y: every point has a nbd on which

o
all but at most finitely many g, vanish identically, so the continuity of
2. 8. on this nbd follows from that of each g,, and by I1I, 9.4, 28 1s
therefore continuous on V. The required partition of unity is given by
the family of functions {x, | e € o}, where

8A)
> £d)

4

Ka(y) =

We remark that in a normal space Y, the proof shows that a partition
of unity subordinated to a given nbd-finite open cover exists; C. H.
Dowker has shown that their existence for each open cover is equivalent
to paracompactness of V [cf. 5.5(2)].

|
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i icati i if {k, | « € &7} is a partition

To give an application of 4.2, note that i a .
of u(;li%y on Y,pand if {p,| «eo} is any family of contmuous.maps
@y: Y — E, then the map Y — E*! given by y — Z P V)r(y) is also

continuous.

4.3 (C. H. Dowker) Let Y be paracompact. Assume that g.is a lowe;;
and G an upper, semicontinuous real-valued functl.on on
such that G(y) < g(y) for each y € Y. Then there exists a c;n—
tinuous g: Y — E! such that G(y) < ¢(y) < g(y) for each y }
: For each rationalr,let U, = {y | G(3) < r} N {y | g(») > 733
du?'t(i)o{he semicontinuities, this is open; and bgcause ff)r.each y there is
some rational 7 with G(y) < 7 < g(y), the f.amlly {U,} is in fact an ?p;n
covering of Y. Let {«,} be a partition of unity subordinated to {U,}; the

required continuous function is @(y) = Z 7. (y). For, let ye Y be

given, and let «, , - - -, x, be all those functions whose support contains

» (TR > Ry, o
y; then ye U, N---N U, so that G(y) < r; < g(y) for each ¢ = 1,
-+, n, and therefore

G(y) = G(3)- 2 1 (3) < Z 1k (y) = 9(3) < g(3) 2 x,(¥) = 8(»).

5. Complexes; Nerves of Coverings

"The concept of a partition of unity subordinated to a given open covering gas an
. . . . o
alternative, more geometrical, interpretation. To develop this, we need tw

preliminary notions. .
(1). Let %7 be any set. By an n-simplex ¢" in &7 is meant a set (oc.o,- N a:l;)
of # + 1 distinct elements of &; «y, - - -, o, are called the vertices of o7,

and any ¢? C o™ is termed a g-face of o™.

5.1 Definition An abstract simplicial complex £~ over & is a set of simplexes
in &7 with the property that each face of a o € £ also belongs to 1.

With each abstract sir;lplicial complex we will associate a standard topological
space. For this we need
(2). Given (n + 1) independent points po, - - -, P, in an affine space, the open
geometric n-simplex ¢" spanned by pg, - - -, P, is

{i)‘il’t ihi:l’ 0</\;<1, Z=O,,ﬂ},
4] o

it is denoted by (po, - -, Pn)-

o™ is the interior of the convex hull of {p,, - -, p,} in ’the n-dimensw.n';l Eu(_:thde:g
space that these vertices span; for example, (po, p1) is a segment without its e
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points, and (po, py, p,) is a triangle without its boundary. The A, ; 0
. i T = U, -

are called the barycentric coordinates of - I

n
x = z Ay

o

the closed geometric 5-s; G

. : -simplex 6" = (p, - .- consi ™ with i
and is obtajined by allowing 0 < A< ;‘or z" i")0 s IS;S o e with s poundary,
] 3 7ts

5.2  Definiti i
oo ‘I’lllll] ion bGlyen any set.oZ, let L(57) be a real vector space with finite topolo,
b g a basis {,} in fixed 1-to-1 correspondence b, : « with the elem t gy;
» and let u, be the unit point on the vector b ex

(u s 1 i
%o » Ug,) for which (co, -+ -, ) is a simplex in 4. The subspace

K C L) is called a ol i
to
rical realization of %)I? ytope with vertex scheme .~ (or a standard geomet-

Kl, K2 Of a gi
given %" are homeomorphjc:
rphic: for, to each ¢" ¢ ¢ there correspond

mllque oy (PO, ey, Pn) and O3 (PO) pn) in ](1) 1<2’ IespeCt”e]); alld b’S ba[}
centucally ma[)plng each 01 On the C()lleS[)O]ldlll [y that 18 § 1) — E p the
g 02 ( /\1 i /\1 i );

desired homeo ism i i
morphism is obtained. Thus we can speak of the geometric realization
In a pol
polytype, the star, St uy, of a vertex u, is the set of all open geometric sim

plexes havi is i
Ng o as vertex. It is important to note that St u, is an open set in K:

given any clo o = . its 1 i
y closed & (tagy - - -, Ua,), its intersection with K — St U is either & if

no Uy, = U - ]
f o Or a face Of [y lf some u u in eltllel case thls llltelsectloll 18
@,
i 0>
ClOSed m o, so 1( St Up 18 CIosed n 1"

The proc iati i
. process of associating with each open covering of a space a complex called

1ts nerve is i ..

to the algeb ve%ry 'mportant because it is one method for relating the topological
T 1 . ..

approximgat :}l]c pmpertl'es of spaces; mtuitively geometric realizations of negrves
€ the space with the finer covering giving the better approximation

5.3 Definition Let/ U,
Uy | e €97} be any coverin,
. g of a space. Define a ¢
over o/ by the following condition: (o0, "+, ) is a simplex ofo-ian li‘:‘x‘/‘;
an

only if U,y -.. AU # is evi

. n @. It is evident that A" is ;

1 1s indeed a com lex,
caule; t}l:e nerve of {Ua | « € 7). The standard geometric realization of iV i
called the geometric nerve of {Us | e 7} and is denoted by N(U,) °

The vertex of N(U corresponding to the set U, is denoted by u
-

5.4 Th
. :o;':::nh Let. Y be any space and {U, | « €.9} be an open covering. Then
s partition of unity subordinated to {U,} there exists a co t
k: Y — N(U,) such that « “}(Stuy) C U, for each TS

Proof: iti y «
oof: Let {x, lae <} be a partition of unity subordinated to {U,}, and define
b
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k:'Y— N(U,) by «(y) = z kqo(¥)u,. This is continuous: each y € Y has a

@

nbd on which all but at most finitely many «,, vanish, and since this nbd is mapped

into a finite-dimensional flat in L(%7), the addition is continuous (¢f. Appendix

I, 4), so « is continuous on that nbd and its ‘continuity on Y results from III,

8.3. Since Z k{y) = 1, k(y) is in fact a point of the closed geometric simplex
[+4

spanned by {uy | x,(») # 0}. The inverse image of Stu,, consists of all y for
which x.,(y) # 0, and because the support of kg, is in Uy,, we have
K TSt ug,) C Uy,
as required.
It should be observed that if 77 C Y is an open set intersecting the supports

of only the finitely many «g , * -+, Kq,, then «(V) C (uqy, -+ +, g,).

5.5 Remark [t is known (¢f. Appendix I, 5.2) that the geometric nerve N(U,)
is always a paracompact space. Using this fact, we can prove

(1). A continuous k: Y —> N(U,) satisfying « ~*(Stu,) C U, for each o
exists if and only if there is a partition of unity subordinated to {U,}.

The “if” is 5.4; the “only if” follows by finding a partition of unity {x, | o € &7}
subordinated to the open cover {Stu, |« € &} of the paracompact N(U,) and
defining A,: Y — I by Ay = Ky o «.

(2). Y is paracompact if and only if for each open covering {U,} there is a
subordinated partition of unity.

The “only if” is 4.2; the “if” follows by finding a nbd-finite refinement

{Vs | B€ %} of the open covering {St u, | o € &/} in N(U,,); then
{« =X Vp) | Be HB}

is the desired nbd-finite refinement of {U,}. There is a simpler proof of “if”
which uses the geometry, rather than the paracompactness, of N(U,): letting N’
be the barycentric subdivision of N(U,) [¢f. Appendix I, 5] and using stars in N’,
we have that {k"1(Stp’) |p’ a vertex of N’} is a barycentric refinement of
{U, | « € &}. This indicates the origin of the term barycentric refinement.

6. Second-countable Spaces; Lindelof Spaces

In this section, we study two properties of spaces related to the behavior
of their open coverings; it turns out that when any one of them is present,
weak separation properties become very strong.

6.1 Definition A Hausdorff space is 2° countable (or, satisfies the
second axiom of countability) if it has a countable basis.

In recent literature, the least cardinal of a basis for a space X is called
the weight of X; thus, X is 2° countable if it has weight < R,

Ex.1 E™is 2° countable, as seen in III, 2, Ex. 3. A countable discrete space is



