
cxet-systeasandtheircxri-alpr-opoh.es

Theory
The following Conditions on a pre- Exeter system (Wis)
are equivalent :
( i) (Wis) is a Exeter system .

4) Cay(Wis) is a reflection system
(üi) (Wis) satisfies the exchange Condition .

¥!



E-xamples-IMotivation.DW-faibiclaa-ba-ca-hba-acibc-e.at) is a pre
-Coxeter

system butnot a Exeter system .

•Theorem (i) is notsatisfiedsinatheoelationsba-aqbc-abarenotencodedinthe.co/etermatrix
.

• Theorem is not satisfied :

ab a-bc a-
bcicb ab a-bc a- ba>cb

Cayley graph :
• •
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a "
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prereflection system is still connected

•Theorem isnotsatisfied : ac is reduced and cacsb so

eccac) < lcac) , but ac # Ca and ac#E- 1 so the

Exchange Condition is not satisfied .



④ Sg - halb / aa - ba - 1 , Cab)}-1 } is a Coxeter group
(Drihedralgroup)

•Theorem isdearlysatisfied ( M = (JB) )
• Theorem.fi) :

ab!-bab

ao ob
ba

. •ab

Cayley graph : obabsaba
• abgab ⇒ RIR"

,
D)Rb

,
D)Raba

b. •

a
have two Components .

6° %
ß •

1

•Theorem(iii) :
„
☐ iningdiagraue

"
(example) : Pa
[ | ✗ ba n>

✗ / aba
crosseswire

→ | ✗ babaland 2

so babel - Kaba ab



(üi) 54=49,9 , sslsi -sissi -1,4%7%9%73=1,4%72--17 ,
here 9=(21347,92--4324) ( Sg - (1243) .

• Theorem isdearlgsatisfied M- (23%32) .

- Theorem is satisfied :
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- Theorem.lu) can be visuaeizedas in the precious example .



Prost9- H⇒ü : C¥ gro-yp-as-a.gr@ permutation
- -
t

Idee : For each Exeter group
W find a presentation in the group of

permutation of the Set R ✗ {-1-1} .

- What's permuted? → The reflections in W .

- Define this presentation on generators first and show that it holde
the relations

.

Lemmas
uppose (Wis) is a Coxeter System .

④For any Word s with w
= WCs) and any element r c-R the humber

C-1)""" depends only on the Value W .
We denote this humber by

zcr ,w) £ {-1-1} .

(a) There is a homomorphismen W → Perm(Rx 9+-1}) , w
→ low when

the permutation low is defined by the formula

cfwcr ,E) = (wrw-1 , q (r,w-e) c)



Geometrie:

→ Gegner .) = {
+1

, 1.w on the sameädeof Rr
-

-1 ,
1
,
w on the opposite Seide

r . nrca)
r

→ the set of half-spaces RH) lr ER is ihdexed

r by Rxsil} ,
W acts on the set of

÷.

r half-spaces
r

r

9)

→Tor agieren wow the reflection across the
R r Wahl wahr is wrw"

- r
•
Wdr

wrw. wrw-i ⇒ w maps Rift) to Nrw
"

,
⇐ It

÷

÷

wrw.io! r -

_
- wrw-1

µ-

-
_
.
.
. .

.

_

-
-

war
-

.

.

→ je
-19551195.IE?awesideofsE"

⑥ c- w-1 and loveon theSave sideof Rr
W

2) Es-143 . . _

⇐> Wd and lareontbeopqositesideof
Here r = rzc, =

(1432 )
wrw-1=44 = (4231)
w= (2134)



Profgf Lang
For each se S define

Qs : Rx 9+-1}→ Rx{±1} , cfscr , e) = (srs , e (d)
SGB)

where Scs
,
r) is the Kronecker delta

.

• efs is a bijedion ( ie . lose Perm(Rxsil}) :

di Cr , e) = los ( srs , e
C-e)
"s" ) ) = (ssrss ,d-1)

"""
C-e)

Ks")) = ¢ ,c)

Now let s = Csi , _ ,su) .
Put v = Su - - -a and = los; - - - ots

.
.

° deins: loser ,c) = (v ru-i , <(d)
noir) )

e proof by induction= =

:

→ k = 1 : ß = s
,
⇒ Scsi , r) = n(§ , r) and Uss, ⇒ Vrr

- 1 =Serse .

→ k> 1 : s
'
= Csu - - ,sie.) , u= Ski - - s, suppose the daimholds for s' .

Then

Cr
, e) = los,Curie, { (d)

"""7) = Gru - i , < (d)noir)
+Skiern-D) (*)

NOW

OICb) =Crain , ru) , ru= Si - s" su Sna -
- - s
,
= na Suu , SO

§ =(⑤Cs) , LilSun)
⇒ nCs ,r) = #(time rappers in OIG))



= nos
, r) + sccitsuu , r)

= n (s' ,r) -18 ( sie / uru-1)
⇒ (*) = (v ru- ^ , { C-1)

"Sir) )
.#

Therefor wehave a map S → PermCR✗ 9=11}) , sechs .
In oraler to Show

that this extods to a homomorphismus → Peru(R✗ {-1-1} ) weneed to Check
the relations :

• We aloeady know (A)2--1 .

• The other relations are of the format)
"
= 1
,sitESim--mcsit7orderofst.Soweneecdtocheck1--@st7m__4s.o/ e)"

e) dearly Cst)
"
r Cst)m = r HreR U

. component)✓

2) s = csitij.is# uns What's n (sir) ?

1.x
: r ¢ <sit> then n ( s , r) = 0 .

maximal Eyth zu-1

z.org: r c- <sit> ±Du , then n(s ,
r)= #(Ways writingr = t.IE/t-Tts .

Since r c-Du there are exactly two Ways of writingr ¥1 in this form ,
so nCop) - 2 .

r
.

-

g-↳
→ (ü) of the Lemma .



Now the definition of low depods only on w so C-1)
" " ' s) depools only

on w what proofs (i) .

☒

☒fing Ew as the Set of all r c-R s .t . ycr ,w) = -1 .

Rauenberg Raw) = { r ER Ihr separates 1 from w}

Proposition G) → (ü) in the Theorem)
Ffc s a Exeter system , then Cay(Wis) is a reflection system .

Moreover given r
c-R the ver tias A and were on opposite Seide of Rr if

and only if re ÄW (i.e. Ew=Raw)) .

Proof
If s is a Word for w then by the precious Lemma each element of Rj occurs
an Odd humber of time in ☒Cs) . In other Words for each element re Rio

any edge path in R from A to w mutt Cross Rr an odd humber of
time and consequently 1 and w hie on opposite Siders .

If r¢ Äw then there is an edgepathconnech.mg 1 to w which does not Cross

an .



→ RISE has two Components , Äw = RU ,w) .



Pr-off-E-HThew-ord-prob-ee-uword-problem-isupp.se<SIR> isa presentation for a group G .

Questions : Given a Word s in SuS" is there an algorithmen for determining
if its value v (s) is the identity element of G?

→ for general groups there is ne such algorithmen .

→ for Exeter groups we can Save this problem
:

Suppose (Wis) is a pre- Coxeter system and M=Cmst) the associated Exeter matrix .

D-ef.Anelem-entary-M-operah.org on a Word in S is one of the following two
types of operations :

(I) betete a SubWord of the form (s,s)
④ Replace an alter rating SubWord of the form (sit , _ . . ) of length

west by the alterrating Word Gt ,s , _ . ) of the Save length nest .

A Word is ttreduad if it cannot be Shootered by a sequence of elementary M-Operations .



teils)

Suppose CW , satisfies the Exchange Condition .Then
(i) A word s is a redund expansion if and only if it is M- redund .

Lü) Two redund expressis s and A tepoesent the Save element of W

if and only if one can be transforaad into the other by a sequence of
elementary M

- operations of type%) .

Prof.
peto : Lets= Csu-,su) ,

1- =Heutn) be redund expressis for the Game
element

.
Induktion on k :

→k : se = te ⇒ words are the Save .

→ ¥ : Set s= se , t- te .

igm : 5-t ⇒ Csz , _, sie) ,Ctz , _ ,tu) are two reduad Word of bgth hd for the Save element

⇒""

Cs
> ,_, su) Äh> (tz ,→tu) → s löst .

Zeugen : s # t
.
Put m = mCat) .

⇒ elaine : m is finite and we can find a third reduad expoession n for w which

begins with an alterrating word Git , _ . . ) of kyth m
.

→ There: Let u be the Word obtained from a by the type④ operation



that replaas the initial Segment Git , _) by Ct ,s , . . . ) .
Then

we can

Transformersüäi u üiö wärst
→ prgfgfdaigiletsg.iq>2 be the alternativ Word in s and t of kngth
q with final letter s .

⇒ sq begins with s Cqodd) , sqbegins with t Lg even) .

We show by induckon on of that we can find a redund expressisn
for w that begins with sq for any qsm :

→

⇒⇐
: We know lctw) aecw) so apply (E) :

W = ES
,

- - - . § - - - . Sie

The exchanged Letter cannot be s since t# s so
w = ts Sz - -§ - - - Sk

is a redund expression beginning with ¢ ,D= sz
→

¥!
: Suppose we have sucha Words

'

beginning with sq-i .Lets' be the element of {sit} with which sq, does not begin .

Since l(s'w) < llw) we can apply (E) : We find another
redund expressis for w by exchangey a letter of s

' for an s'

in front . The exchayed letter cannot be in the initial Segment sq-e



since in the dihedral group of
⑨der 2m a redund expoession

for an element of length ☒ ne is unique . (Induktion Step only
works)for g-< in

⇒ w= Sg
- • - - teducedexpoession .

This works for all qsm .

Since qsecw) we mast have Moo and w has a teduodexpressionA-darin 1

beginning with Sue .
This reduad expressen is either u Cifm is Odd) or u' (if on is even) .
We can replace su by the other alter rating Word of length we
to obtain the Wished one

. #(a)
•

pr-oof-of-H-io.su"
: s reduced → s M- redund dear

.

Finn: s = Csi ,_, sie) M-reduad . Proof by inducti on on k :

→ ¥ : dear

→ kJ : s
'
⇐ (Sz , _ , sie) is also M - redund ¥7

""

s
' reduced

.

Siepposeu: s not tedund .
Set W- Si - - Sie , w

' =

Süße .

We have

lcs,w
') = llw) § k-1 .

So apply (E) :

w
' has another reduad expression s" beginning with Sa .

Ä we can transform s' un> s" by type operations .



Thees s can be transforuad by M-Operations to a Word beginning with
Guise) → not M- redund ¥
- s mutt be redund .

⑨

Proof of Cüi) ⇒Cü) in the Theorem
- --

CW , pre
- Coxeter system that Sati stieg (E) .

Now let Cü ,5) be the Coxe ter system associated to the Coxeter matrix of
(W ,

and Kt p : Ü → W be the natural surjechion . In or der to

show that CW , is a Exeter system we have to show that p is
injection :

ürekerlp) , 5 = Csi ,- , sie) redund expressiv for ü .

→ 5 Mreduad
.

Lets - Gen su) be the CortespondingWord in S .
M-operations in Sand5

are the Sane so s muss be M- redund as well

→ s reduced

Since s represents 1 , es musst be the emptty word
⇒ Ö is the empety Word
- Ü - 1

.
⇒ p injechve . ②





Specials

grgeps-ofacox-etergrogpletcwpbeacoxetersgdem.DE
Aspectsgrogp-ofwisonegeneratedbyasubsetofs.t-oreach.IS/W,-denotes the subgroupgeneratedbgt .

Example Especial Subgroupsinsygeneratedbytwo elements)
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Note :

✓34
@

""
•

jz@ rz}
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In .rs

•
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•
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"
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.
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1
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•
•
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°
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•
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•
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The Cayley graph of a subgroup . :S
%

.
"

:. %. "
"
%

•
"

.

"
• "
.ru,

mag not be a Subgraph .

For example g.
"
.

.rs
.

9.
-

Eu

take the subgroupgeneratedby rosarot
2143 (isomorphie to dihedral group Ds)
Not everysubgroupmust be a Exeter group .

For an example Lake
the subgroupgenerated by 3142 .

Proposition
-

For each WEW , there is a subsetscw) es such that for any reduad
expressis Csu-isn) for W ( SCW) - {sei-isn} .

(„The Letter that can over in areduced expressis just depend on the
value of the Word not the Chance ofreduad expansion .

")

Proof! Give two teduod expressis s and s' for w we can transform



s un s
'

by type operations .
This doesn't charge the Set of

leiters
.

g.

Reiuark: Let Csi ,_ ,sie) be a oeduad exptession for WEW .

Then

(Sie , _ , Sa) is a teduced expression for w-1 .
We get :

SCW-e) = S (w) lt weW (*)

Given redund expression for v ,weW we can concatenate them to get
a Word for Vw . By the Deletion propoty there are no new Letter in a

red uced expression for Vw .
So we get :

Saw) a- SG) usw) tv ,WEW (**)

Corotary-
For each Tcs ,WT consists of those elements WEW such that SLWKT.

Prost: Define ✗= {weW / Scw)et}
• XIX : w c- ✗ , Csi , _, sie) redund expression for w → sei . - isnET

→ S
,

.
. -- Su C- WT.

• Xunisnuafuubgrouupofwm : v ,we✗ ⇒ scvw) SG) uscw) ST ⇒ vw c- ✗ .



WE ✗ → Scw-1) - SCW) a-T -I w-1 C- ✗ .

• Since F- ✗ weget WT- ✗ .

⇒ WT = ✗ .

☒

CSUary-
'

• F-Win S : Hear

• Win S S T : SEWinS -I S E ✗
For each TCS ,WT MS -T .

→ so Scs) CT ⇒ SET
.

CoroUary- -

SupposeTFS ,WT=W ,
lets c- SITSW

.

S is a Minimal Set of generators for W .

Then " w-wtns⇒ * s ¥

Corotary -
For each Tcs and each weWt the length of w with respect to
T ( denoted by etc) is equal to the length of w with respect to s
Cdenoted by lscw)) .

Proof: Letta , . . ,sie) be a reducedexpression for weWt in W .

Now we

have Scw) CT → sei- , sieET → ltcw) = k = lslw) .

☒



Theory

(i) For each Tcs , (WT ,T) is a Exeter System .

4) Let (F)
⇐±
be a Amity of SubSets of S . IfF-

;
Ti then

W T =

=

W
Ti '

(iii) het T
,
T
' be Subsets of S and w ,w' elements of W .

Then

WWT c w
'WTI ( resp. WWT = w

'
WT) if and only if w-1W '

E WT ,

and Tc T ' (resp .

F-T
' ) .

Proof :
- fo : (WT ,

T) is a pie- Exeter system .

So if Sufias to show that it satish.es
the Exchange Condition :

het teT ,weWT such that l ,_(tw) s lt(w) ⇒ es(tw) s ls(w) .

Let 1- = (te , _, tu) , ti c-T be a redund ex passion for w .

Since W satisfies
the Exchange Condition a letter of A can be exchanged for a t in front .
Hera (WT) satiofies (E) . #

• fotos : Wp.

= {6€W / Scw) c-Ti } = : ☒ i , WT = {wc-W / Scw) a-T}



⇒
„
Wii =

;
{WEWISCWISTI } = {w-cwtscwe-i.cn#--i}

= WT
#

• forciert :

§
"

:
wWicket , → w

'

-1WWTC WT ,

^

w
' -1W EWTI

⇒
W-1W '

c- Wpl .

⇒ WTCWT ,
ÄH 1- c-T

'
.

Ffm : F-T
'
"ÄH WTa-WTI ,

W-1WIEWTI ⇒ WTI = w-1W 'WT /

→ WT a- w-1W 'W# -1 WWT a- w
'

WTI .
☒

Proposition
- -

Suppose S can be partitioniert into two nonempty disjointsubsets 5,9
"

such that mst-2V-s.es' , tes
"

. Then W = Wsi ✗ Wsu .

Prost : . S
'
vs" -s generales W →

eoery element WEW is of the form
W = w

'
. w
" for w '

Ewg , W
" EWg" .

• Suppose WEWsinws" -7 W s s
,

- - - su with s ; E- S
'
n S"

⇒ W = 1

• w
' c- Wsl ( W

" £ Wgu - w' = sj - Sie , SIE S
'

,
w
"
= &

"
- - Se

"

si
"
es"



→ wiw " - si-Sisi ' - Se" - si- si,Sisi- sösü
← - - -

=
_
_

. = sie _ se
" si - Sie

'

= w
"
w
'
.

☒

Reiuark
In a Special subgrouptheoeaoe two possible

""
• •

na

rät rz} •

ygy • V13definitions for reflections
•

rzu

\

,

y Special subgroup ↳ .

•

924%
•

•""

ja:d) reflections from the original generakdby BY
•43K"@ • re

group (conjugates of elements - - -¥
!
-
- hand 73

%
.

„MS that line in WT)

•

""

•

%,
•
Es •%,

2) reflections contained in the gubgraip
" "

'
•

Es
•

• %

""
•
•

Es

Cconjugates of elements in T) • Es
µ

•
"
3ha •4.

zu,
• •

The following Lemma Shows #hat theseactually a.
"

•
•

Kz By

ooincide
.

Leung

Supposetisasubset of S . IFRERNWT then there is an element WEWT
such that warWET.



RÜTH☒ Systems
Proposition
-

Suppose (Wis) is a pre- Exeter system and {Ps} sag family of Subsets
satisfying the following Conditions :

(A) 1 c- Ps Hs c-S

(B) Psn sPg = ¢ Hs c-S
(c) Suppose WEW and Sites . If we Ps and wt ¢ Ps then

Sw =wt .

Then (W , is a Coxeter system and Ps = {wow/ Usw) >Kw)}
Profi: Suppose SES and weW . There are two possibilities :

t.cas.eu: w ¢ Ps .
het s, -

- → sie be the reduced expressen for w and let (wo ,- ,wie)
be the Correspondenz edge path wo= 1 , w;

= Se -- si = Wi-es ; Isisk .

(A)
-7 Wo E- Ps ,wie ¢ Ps ⇒ J i c- { 1 ,-1k} s .t . Wi-1£ Ps iWi ¢ Ps
€7 SW

;-1
= Wi-es ; ⇒ Sw = SS

,
- Sie - Swi,S ; -

- - Sie= s, - - § - - -

su and

Usw) <Kw) ⇒ Exchange Condition hoeds ⇒ coxeter system .

Leasten: w E Pg .
Then w'

: = sw %) w' ¢ Ps
"-7 ecsw) = Kw) > ecsw ') = Kw) ⇒ Exchange Condition hold>
- Coxeter System . ☒


