Ctassif ication of gpherical and euclidean Coseter 9roups
[bosed on Appendix C in Dowis' book

Theorem C 42: (Classification of finte Coxeler groups) The Connected 5 positive chefinite.
Coxeter d-'abmws ove fhose fisted pelow.

Inother waords ) 3s is the compleke. fist of dloarams of the. ireduable Goxeter cystems
(W,3) oith Nf.’m'fc.
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Threorem C.A4.3¢ (Classificafon of enchoean Coxefer ammps) The connected posshive. gom -
de{.'m'k. Coxeter d,'qamms s hich are Not positive definte , are those Osted below.
1) o‘l’k\' womls) 'Hm’s 5 'H"& Comp'ek 4’9 o-r_cl)'aaroms 0?1"\& fndu\o:bit Eucln'dear\ e

-fled\'m groups.
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Recall: Theorem 6.8.42 (ii): An imeducible Coxeter group Can be represented os a cucli-
deon reflection group if ard only f it's cosire matvix is positve sermidedinite. Lith one-
dimensional kernel.



To ony Coxeter malrix M= (Mi"\ we define the cosine motex C:(cﬁ) by
w7 )

m;i .

For m|‘3=00 s W2 SO\< ‘;l.\r—‘azo O?'d Ciér'_/,-

Fucther note that c;;= A fWOx\\( i and c;8<0 {ori#a’.

C;a' == cos

An nxn matrx (a.‘i\ is decomPosaUc,if there is a non-trvial parﬂ‘h'ohof the index
set $4,_\nf as Tu} suhthat 0;=05i=0 forieT ond €.

A - nxn 5\<mmﬁw'c, ma trix

Ay = defeting lost o and column of A (princi pal submatnix)
Remark:
A A posithe. definite =D A positie defintte
D Amy posthive definite => Ais either Posrhvadcﬁnﬂe, (i detA 50) or posithe gom -
dePnile with comnk A (if def A=0) of non - degererte of txpe (MA) (if detA <0)

the lost K rows and columns of A , for D< kSN,

A positive defimte &> cach prircipol miror positive
Goal: Al spherical d.'c.amms lisked above are positive oefinte.

@ rnk QA yie. T, lm) e

(A M - 1 cos( )>_,?___
M = (m 43 ~ dd(c\—otd(ms(l\ (+)>0

.~ 1

=> T2 (m) positive definite

@m\r\k 23

Observat'on: %reod‘es{' Possi ble Jobel is D ,i-e. the cosine matnces only contain the.
maaﬂws oe the 4o|\ow‘r\3 values

™ A+ 3

cos(“\ o , c.os(-'r) 2 cos( ):i,f— S cos(§)= __*4_5



Number vertices sudch that
— nth vertex is conreded to only one other vertex

— this cdag is labeled by 30 &
4 3 ‘ 48 2
e.%_ Dq p H3 r——e—o

Zt ri=-cos () for m=3or &.

/ *n-a 3 ¥n-2 ol
det (2C) = r_| = -roet 0|+ det (%*nw)
\0 —orl2 * r

= - r* dot (¥n-2) + Adak (¥n-1)
= =c*dn-2+Qoln4

_\2da-y—dn-2 dm=3
-gadn.,,-adn-a g m=4

Induchively we can obtain det (AC) for any sphencal d:aamm with rank 23,
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Zemma C2.A: Bach of the sphenical dn'aamms Listed before is positive defimite.

detC>0
mq_f_’ Cny positive definite ==> C positive definite

Ceny is the cosine matnix Of another S pherical d.'earom with lesser mank




c.g_ ®n 'o‘-—{—o—;—-—-o——< —_—~ 0——0—"'- Dn-a

Goal: Every enclidean d.'qamm is pesitive semidefintte with one-dimengonal kerrel.

Zeirg 6.3.3 (): Suppose that A=(a;;) is an indecomposable symmedric positive sem -
definite degenerate motrix aith ;3€0 Jor all A< ¥5¢n

Then A has a one-dimensional Remel. Moreover, it's kerrel is Sponned by o vector
with positive toordinates.

:Pm_gii Zet N be the kernel of A ond O% Ea-Ca'C“GN,E.e. Cé %; € =0 for all ALin.
WLOG c 20 ¥3 (LY Zemma 63.5G) )

Assume T:=1 j€34,_,n7 lc5 40§ %34, _nf ond fix iXT.

»jeI => a;a-c‘; £0 since H’j z =) "*ac =0 .v/]sa‘(n
1’&1 = G4 C5 =0

Thus G =0 forall idT om\ae]’_, ond An'sdecomposable.. &

In particular; all coo cdinates af @ non-2evo vector in A are non-zero.

=) dimN=A -

Zemma CA9Q: Each of the. euclideon du'aams s positive servdefinite with ore-dimensio-
nal kernel .

Observahon {rom last Hime: Every proper subd.'aamm is positive. definite .

Thus i‘fon\\( remains to show thet all osine motnces hove deferminant O.

NN

210 —04

© A A -240—— 0
2Cn=| | N
0— 01-2 4
40——0 -2

all rows sum to (z) Ciaehvtc‘('or'l'o e\'ae,r\wlue,o => oot (2Cn)=0



@ Al other cases qgre trees.

‘Remov.'v% o terminal vertex leads to a spherical diagram . Using the results about spherlaal
Adn-4 —dn-= d m=3
an-,‘-adn-z (.l m=L|-
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Trus, et (AC ¢, )= 2 det (3 ¢,) ~ det(Coe ) =22 - 4 =0 .

dn'aarams ond ddt (AC)= { {n‘r\:sl\cs +he proo f .

T~
N

Zerwra, CA3: The asire. matnces, of the d»'agams
5

Z“: —0—eo—o md 25; .—5—.——-0——0——0

have negative deferminants.  (hyperbobe ana rams )

Goal: There are o sphm'ca\ or cuclidean ol"o.amms other than the. ores \v's{'cd bt.fON‘--

M, P = Coxeter d-'aarums M connected

M dominates ' (M2 ) i M i a subgraphof M and the. label on coch edge.of [
is € the label on the oorrespoml:na edge of [

If,in addition, D% Jthen we say T strictly dominates ™' (M),

Zemma C3 A guppose an iveducible Coxderd'qamm s ?Dsmvt Semidefinte.
{ P> Sthen 'S postive definite.
proof: C = (c;;) cosire madix of [
C' = (c;}) cosire matix of
WLOG : Assume that C' is the kxk mavix inthe upper keft cornerof C for some.
R<n



PEM' =D ¢ €cii<0 foral Ai%j¢k
~COS Mcreas
on [o,w])

Assure that C' is not ?osfb'vg o‘e,fa'nﬂ‘c yie. J xe 'Rk\’((ﬁ st. x¥Cx €0.

L3
(
C!s b(.'llxa'l\< C-Cia' X; X3 <0 3

K K
Then: 0§ Z gy kiliyl € & <
3,3-—A 1 " A "
A posihve <M ch €0 fritg "Yof‘“g.“”"‘“

sedef'n

so we have cquality.

O=ztcz=xtC'y =xtC'x =0.

=>z€ker C
Hence , all coordirates of 2 are %0 by Zemnn 637 and k=n.

N e =3 pasr ﬁ%.a'z such that Ci3 <C‘|3

_ t )

=» 'C=2<« \(tC X
Suppose that [71s a connected posihive semidefinite Coxeter dn'aamm not on the list.Zet

n be the rank of [ ond m be the: maximum label on any edge.
Observation: M cannat  (strictiy)dominate. any euclidean ofagram.

@ °n>3 (all Coxeter du’aamms of ronk¢Q ore Posﬂ'u'w. semidefinte or T.(m))
em* (sice M% A,)
e Mis atree (since P\ K\ )

@Suppose m=3.

o M must have 0 branch vertex (since r“\"An)
o the branch vertex is unique (since I kﬁmnﬂf)
* each brandh vertex has dcarce, 3 (snce PX’DL&



*edges=q —_
#edps=c ¥ *edps <y

“ asbsc
*colae,s=b

*a=/ (since MR E;)

e b¢2 (snce MRER)

« csh (shee MR Ep)

* b¥4 Gne MED,)

Bat M* E(,E3,Eg ys0o m=3 s net possible.

'm>,4

* only one edge has alabel 33 (sirce PXC,)
* 1 has no branch vertices Csince. TX B,)

Suppose m=4,

* The two extreme edges of N ave. lobelled 3 (since M+ B s MR 0.

e n=l (since PXTF)
4

sso m=h s mpossibe Since Xy,

m>6 isimpossibe Since \")(5.‘ .

@ -5
* The cdye labelled 5 must be an extreme edge (sice. X 24).
ASS(me, r‘}.?q. Then
oizcﬁ Il | ic“_c:i I; s | io Sr-2,4

M positive. MYz 2 negative
cmdefinte ) cridifie
*n=b (sine MR Ts)
R then M s 5 HS or ¢ S *— ® Hq ,wh»'ck ‘s not possn'ble.




