


Geometrie reflection group
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Properities :
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A hyperplane is a (affine) subssaice H:X with co dimension 1
.
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↳ indexes a map
In :X ☒ IR (p.ee inner product

✗ | " <nix>✗ via orthogonal
~ " H hyperplane ⇒ HIH) = 107 component u c-X )

A get H
"
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Definition : dihedral angle

Suppose He and Hz are hyperplanes in *
"

boundiag
En and Ez half - spaces with Ein Ez =/ § .

↳+ " "̂ ^ +" "" "" " ""
"° """ """"""&

""" """""

at ✗
.
Then

② i. = arccos (<Ueiuz>☒n )

is the exterior dihedral angle and

F - O

is the ( interior) dihedral angle .



Definition : non - obtuse dihedral angle
• In the above setting the half-spaces Fu and Ez have

non - obtuse dihedrac angle if

a.) He
, n Hz = ¢

or b.) H
, n Hz =/ ¢ and

the dihedral angle along His Hz is < E

or A family of half - spaces { Es , _ . . , Eu }- =#
"

has non - obtuse angle , if Ei and Ej have non -

obtuse angle for avery iij --1, _ , # .

• het P
"

c- ☒
" be a connex polytope und

Ei , . . . Fu its codimenoion - 1 faces .
Let H ; be the byperplane determined by F

;
and

and Het Ei be the half- space bocnded by H
; which

container P
"

for euery i=1,_ , K .

The polytope P
"

has non - obtase dihedral angle

if the family { Es , _ Eat has this property .
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Definition : simple polytope
A n - dimensional polytope P

" (c- ¥
"

) is simple if

exactlyncodimensional-onefac.es meet at each Vortex .

Example : .

• n - simplex an



• octahedrongoekEBMHG.ggßBsÄjogeze3B

Proposition :

Suppose P
"

E#
"

is a Connex polytope with non - obtuse

dihedral angler . Then P
"

is simple .

Proof strategy :

1.) het P
"

E $
"

connex polytope with non- obtuse angles .

Then P
"

is an n - simplex .

E-
amalyze flv) : -- < nie > to deduce linear independence .

2) ✓ vertex of P
"

,
5K) sphere with midpoint v

⇒ apply 1.) to P
"

s 5k)

=

⇒ P
"

simple .

Ey

Setting for the universal constructions

Let
• p

"
c- ¥" be a Connex polytope"

"

÷. /Fi • (F)⇐I its <odim - t faces
'

.

hätten; • (r;);- be the isometrie reflections of #
'
'
i
,

afro 55 F; •

"
i
.
.

• Ü = Eli );⇐ > E /som (☒
" ")

Frthermae
,
P
"

has to be simple !

Why ?

• all dihedra angles have to be

integral sabnmulltipicals of IT ( i. e. Fm;
between Fi and Fj )



⇒ ad dihedral angles are non - obtaoe (m 22)
lj

Proposition
pn is Simple .

⇒

If F; n Fj = ¢ ,
then mi;

" = an
,
m;;

= 1
"

p
"

generaks-fhus-tniili.IE is the ↳"ter matrix of the

W
"

pre
- Coxeter - system (Ü, (r;);-) .
Leth

, 5) 5=24,1*7 the Correspondenz Coxetor system.
-

Mirror structure on P
"
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; La mirror Correspondenz to i is Fi
-

Define the mapping

¢ : w i> W

5; I D Fi .

is a homomorphismf!) and sorjectire .

Reminder : Wirsberg Theorem :

Ü 7 # " and corridor P
"
C
i

☐ ☒
"

ifp)) ⇐¥) ✓ .

Then there ex
.

a (unique)
extension

2kW/ P
"

)Ä, #
"

[w, × ]- Kw) ×

-

Main Theorem

Suppose P
"

is a simple Connex polytope in #
"

for
n ± 2 and At w be generated by P !

Then the mapping
~

i : UCW ,
P
"

) ☐ *
"

is a homeoimorphitm .



Main (orolcony
This implies :

a.) Ü 7 #
"

properly
- ☐ ÜE /som (☒") discrete sabgroup

b.) P
"

is the (strict) fundamental domain of
the Ü - action

. - ✗ ☒
"

can be tiled by
Congruent copies of P

"

.

proof of the CoralCory :

The action is Ü - finite .

⇒ statements follow from the take last weeh
.

#

Definition : Geometrie reflection group

A geometrie reflection group is a group
W with :

• W ? ☒
n

• W is genera
Ted by a Connex

, simple polytope .

to the proof of the main theorem :

• P
"

simple connex polytope
• W is generatd by P?

To show : E: UCW, P
")
~

☐ ☒ is a homeomorphism
.

By indeicfion on the the dimension in -

Some notation :

/
'

EI"

• En) is the [kein when #
"

= $
"

→ P
"

-

- o

"

spherical simple

• (en ) is the dann when ☒ is replaced by Brk) , ✗ c-☒
"

er >O

P
"

is replaced by the open simplicial

Cone (
g.
( x)

.

""

Definition : simpliciac cone : (ru ) = Brk) n P
"

.

p
"

n ¢ - =
n

-

. . .



• f- '

- the daim in dimension n
.

• ¥ ) is the daim in dimension n
.

We show : 2.) ✓ 1.)
(en) → (t) → (5) → Gnu)

lnduction beginning m2 :

We start with (c) i. e. in #
"

ne conoider

W := ( 51,52 / 5;
>
-1 i.1,2

,
(5^52)%2=17

= a U = D
2m12 ÷

Basic Constructions of W, ↳ (x) :

Homomorphismen UIW, Crlx)) T> Brk)

Step 1 En) ⇒ (nee )

r
E *

"

is a siimpliciac <one of
•

Suppose (
nee

radius r with nonobtuse dihidral angles Im; .
pn

Then ,
the Carter group

associated to C
""

is the

some as the Exeter
group

associated to on
.

Why ?

The taihedral angles coincide !

Maeouer
,
there holds :

(one ($
" )

C
""

is a come on on
/

" '

'

l l )
i:

⇒ (2) UCW, C
" ") is a come on UCW,

ä)
\ (3) an open

bad in ☒
" "

is a come on $
"

⇒ ? : UCW
,
C
"") = , B

,
(e) c- ☒

" ^

nur
Cone ( $

"

)
N

Cone ( UCW, on)
"

UCW, C
" "

)



Step 2 : (cnn) ⇒ + . )

Before me start with this port , ne
need to

introduce the definition of an #
""structure

Definition :

A n - din . Topo . manifold M
""

has an ☒"Estrada

if it has on atlas {% : Ua. ☐ ☒
" } , when

④
⇐EA

is an open Cover of M
"

, 9¥ borneo - on to its
morph:c

image and Kor
, ßEA :

Gar • YßT : 4a- (Clan Up ) - " 4ps ( Clan Up)
is the nes-trich.cn of an element of Iron (☒

")
.

i

ö
'

☒¥1 ⇐

☐
*

4×-14×-1 Up) 4ps ( Kain Up)
"aim :

ULW , P
"") has an ☒⇒ structure !

⇒ UIW, p
""

)- ☐ ☒
""

is a local ioometzy .

Proof :

Let ✗ c- P
"; lef 54) den £ the set of

(
„
(×) reflections s; across the Codein - 1 faces .

Fi which contain ✗
.

Raeder let rx denote the distance from
-

✗ to the neasest face which doesn't containx
.

Let be can open simpliciac Cone
.



ßy Sonar his Talk , @sie> ,
5K)) is a

Exeter System | 50 let's Corridor am

open neighborhood of [1.x] in 2kW, P
"

)
This can be given by Ulwsc) , ↳ (x )) .
By step 1 : E

UCW
,
-„„↳ 1×1) - • 13*4) c-#

n

i5 a homeomorphism .

Since I is

w - eqleivavient me have for each WEW

4in : • Ulwg")
,

↳ (×) ) ☐ elw) Buk)
A

[die]

kom☒☒is also a homeomcrphism .

With other mords

(zoll (Wm) , Cuts))
☒EP?
WEIN

is an open Cover for U / W, P
"

) and

(f)w)✗ c- ph i5 am °#
°

One can
WEU Lcaccucatetcechartchanget.)

Thees
, UCW , P

"") hat am ☒ "
"
- structure

.

#

Facts
„
UMP

" " ")
• An ☒

" "
- structure on M

"""

indices one on its

universal Cover TT""
.

• If M
" "

is metricaccy complete then the developing

map D : MT" ☐ ☒
" +1

☐En

is a Universal Cover ing Map . s

=D local lhomeomorphism . ① M
""

I

I

I



Assam for a moment that ZLCW, P
" " ) is

A) %
metricaccy complete .

Since UCW, P
" ") i5 Connected the developiog map

D : UCW.tn#) → ☒
""

is locally given by
I : 2h (W, pn

" ') ☐☒
" "

.

Roreover , E is globaccq defined so E is

a couering Map .

Since #
"

is Simple Connected we have

UCÜTP ) = UCW, P
" ")

Md P - E.

thema E is a global homeomarphis-m.fr

to ¥)

pnensuppos-et-k-uc.ws UCW,
P
" ") is a Candy - seguraAnn

%; Since UCWIP
" -'

% =P
""

, for every XK

there ex . gu E W such that gr, ✗
„
E P

""

D

Since P
""

is compact there et
.

a conuergent

subsequence of (g)
„⇐„

I say 9-KJXKJ " GX
(^)

-
% ☐ oo

We not that W A UCW,
P
" ")

is-ometn.ca/Cyandproper(tal4laotweeh
Find some (g)

- ^

s.t.xig.is convergent &)
#



Sehested example :

het FE # be am m
-

gon .

Now , IG ( local) Gauß - Bonnet can be applied , :c

⇒ E - Area (PZ) + 0 + [(T- a:) = 2-(m - m + 1) = 1.2T
icm

with { c- £-10,17 in dependency of the choke of#
"

.

⇒ [ % . ④ 2)it It)
icm EY

Example 1 : sphericac casie

Let FE $
"

be a sphericac polygon .
There/ae

a-is
. Why ! ÷:

.

•/

Otleruise
,
two great - circle would meef an fce otlerside

and there they wow haue an intersecking angle < Ef

By (A) it fokus in < 4
.

Tkeefae ¥ + ÷ + ¥
,
> ← |,

Assur that

o mi i
--112,3 are

Some caccucab-or.si shows that integeres

the tripkfs

(213,3 ) (2 , 3,4 ) (2,3 , 5) (2,2in )
! ! !

-

solare (A) .



2.) Eucidian case
'

Tbuefae ne corridor the egnatia [a: Em
-DT

isn

Since or; EE =D MEG ⇒

mi-mz-mg-mq-2~ss-tundwtdrectangakrtik.mgof E !
So het m=3

.

An analogen cacculafiar as above

shows that the eqaälian

± + ÷ +
=

mg

= ^

is solued by €4,4)

② 3,6) :
:

( 3,3 , })

1¥ Conespandirg reflection groaps are called Eaccidean

reflection group.

3.) Hyperbolic case :

We have to solve

1-
+

. . .

+ £
,

< 1
.

M1

Thus
,
there ex . infinity mary tupels that

solue the inequacity above .

(7) - tiling Dish Model

¢4,2) tilingwith 43,7) -
ti Ling no MC

.

Escher
.


