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Abstract

We prove the existence of a close connection between spaces with measured walls and median metric
spaces.

We then relate properties (T) and Haagerup (a-T-menability) to actions on median spaces and on spaces
with measured walls. This allows us to explore the relationship between the classical properties (T) and
Haagerup and their versions using affine isometric actions on L”-spaces. It also allows us to answer an open
problem on a dynamical characterization of property (T), generalizing results of Robertson and Steger.
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1. Introduction
1.1. Median spaces and spaces with measured walls

The theory of median spaces involves a blend of geometry, graph theory and functional
analysis. A median space is a metric space for which, given any triple of points, there ex-
ists a unique median point, that is a point which is simultaneously between any two points in
that triple. A point x is said to be between two other points a, b in a metric space (X, dist) if
dist(a, x) + dist(x, b) = dist(a, b).

Examples of median spaces are real trees, sets of vertices of simplicial trees, R”, n > 1, with
the ¢!-metric, CAT(0) cube complexes with the cubes endowed with the £!-metric, O-skeleta of
such CAT(0) cube complexes. According to Chepoi [23] the class of 1-skeleta of CAT(0) cube
complexes coincides with the class of median graphs (simplicial graphs whose combinatorial
distance is median). See also [32] and [33] for an equivalence in the same spirit. Median graphs
are much studied in graph theory and in computer science [9] and are relevant in optimization
theory (see for instance [45,72] and references therein for recent applications).

Median metric spaces can thus be seen as non-discrete generalizations of 0-skeleta of CAT(0)
cube complexes (and geodesic median spaces can be seen as non-discrete generalizations of
1-skeleta of CAT(0) cube complexes), same as real trees are non-discrete generalizations of sim-
plicial trees.

The ternary algebra naturally associated with a median space is called a median algebra. There
is an important literature studying median algebras. Without attempting to give an exhaustive list,
we refer the reader to [65,66,53,41,10,68,11]. More geometrical studies of median spaces were
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started in [60] or [51]. In this article, we emphasize that a median space has a richer structure
than the algebraic one, and we use this structure to study groups.

Nica in [52], and Niblo and the first author in [21] proved simultaneously and independently
an equivalence of category between CAT(0) cube complexes, possibly infinite-dimensional, and
discrete spaces with walls (notion introduced by F. Paulin and the third author in [39]). Discrete
spaces with walls were generalized by Cherix, Martin and Valette in [25] to spaces with measured
walls. Spaces with measured walls are naturally endowed with a (pseudo-)metric. It turns out
(Corollary 5.4) that a (pseudo-)metric on a space is induced by a structure of measured walls if
and only if it is induced by an embedding of the space into a median space (i.e. it is submedian,
in the sense of Definition 2.7). This is a consequence of the following results:

Theorem 1.1.

(1) Any space with measured walls X embeds isometrically in a canonically associated me-
dian space M(X). Moreover, any homomorphism between two spaces with measured walls
induces an isometry between the associated median spaces.

(2) Any median space (X, dist) has a canonical structure of space with measured walls, and
the wall metric coincides with the original metric. Moreover, any isometry between median
spaces induces an isomorphism between the structures of measured walls.

(3) Any median space (X, dist) embeds isometrically in L'V, ), for some measured space

W, ).

The fact that a median space embeds into an L'-space was known previously, though the
embedding was not explicitly constructed, but obtained via a result of Assouad that a metric
space embeds into an L'-space if and only if any finite subspace of it embeds [6,5,4,69]. It is
moreover known that complete median normed spaces are linearly isometric to L'-spaces [69,
Theorem I11.4.13].

We note here that there is no hope of defining a median space containing a space with mea-
sured walls and having the universality property with respect to embeddings into median spaces
(see Remark 2.10). Nevertheless, the medianization M (X) of a space with measured walls X
appearing in Theorem 1.1(1) is canonically defined and it is minimal in some sense. This is
emphasized for instance by the fact that, under some extra assumptions, a space with measured
walls X is at finite Hausdorff distance from M (X) [22]. In particular, it is the case when X is
the n-dimensional real hyperbolic space with the natural structure of space with measured walls
(see Example 3.7).

1.2. Properties (T) and Haagerup, actions on LP-spaces

Topological groups with Kazhdan’s property (T) act on real trees with bounded orbits, more-
over with global fixed point if the tree is complete ([18, Corollary 5.2], see also [2,70] and [13,
Theorems 2.10.4 and 2.12.4]). The converse implication however does not hold in general. Cox-
eter groups with every pair of generators satisfying a non-trivial relation act on any real tree
with fixed point (an application of Helly’s theorem in real trees); on the other hand these groups
are known to have the Haagerup property, also called a-T-menability [19]. Nevertheless, if one
extends the bounded orbits property from actions on real trees to actions on median spaces, the
equivalence with property (T) does hold, for locally compact second countable groups. More
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precisely, Theorem 1.1 allows us to prove the following median characterizations of property (T)
and Haagerup property:

Theorem 1.2. Let G be a locally compact second countable group.

(1) The group G has property (T) if and only if any continuous action by isometries on a median
space has bounded orbits.

(2) The group G has the Haagerup property if and only if it admits a proper continuous action
by isometries on a median space.

Note that the direct implication in (1) and the converse implication in (2) follow immediately
from known results of Delorme—Guichardet, respectively Akemann—Walter (see Theorem 6.20
in this paper), and from the fact that median spaces embed into L!-spaces (see for instance [69,
Theorem V.2.4]). For discrete countable groups geometric proofs of the same implications are
provided implicitly in [48,49] (see also [60]) and explicitly in [51]. Nica conjectured [51] that the
converse implication in (1.2) and the direct implication in (2) hold for discrete countable groups.
This is answered in the affirmative by Theorem 1.2.

Theorem 1.2 can be reformulated in terms of spaces with measured walls as follows:

Theorem 1.3. Let G be a locally compact second countable group.

(1) The group G has property (T) if and only if any continuous action by automorphisms on a
space with measured walls has bounded orbits (with respect to the wall pseudo-metric).

(2) The group G has the Haagerup property if and only if it admits a proper continuous action
by automorphisms on a space with measured walls.

The equivalence in Theorem 1.3 improves the result of Cherix, Martin and Valette [25], who
showed the same equivalence for discrete groups.

Using Theorem 1.3, the classical properties (T) and Haagerup can be related to their versions
for affine actions on L”-spaces.

Definition 1.4. Let p > 0, and let G be a topological group.

(1) The group G has property FL? if any affine isometric continuous action of G on a space
L?(X, i) has bounded orbits (equivalently, for p > 1, it has a fixed point).

(2) The group G is a-FLP-menable if it has a proper affine isometric continuous action on some
space LP (X, ).

Property FL? is equivalent to property F H, i.e. the fixed point property for affine continuous
actions on Hilbert spaces, and the latter is equivalent to property (T) for o-compact groups, in
particular for second countable locally compact groups, as proved in [35] and [29]. Likewise
a-FL?-menability is equivalent to a-T-menability (or Haagerup property).

Theorem 1.3 and a construction from [25] and [27] associating to every action on a space with
measured walls an affine isometric action on an L?”-space implies the following.

Corollary 1.5. Let G be a second countable locally compact group.

(1) If G has property FLP for some p > 0 then G has property (T).
(2) If G has the Haagerup property then for every p > 0 the group G is a-FLP-menable.
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Cornulier, Tessera and Valette proved the implication in (2) for countable discrete groups [27,
Proposition 3.1].

The implication in (2) with p € (1,2) and a proper action on L? ([0, 1]) has been announced
in [54], and a complete proof has been provided in [55] (see Remark 6.24).

Remark 1.6. The converse statements in Corollary 1.5 hold for p € (0,2], in the following
strengthened version:

(1) If G has property (T) then it has property FL? for every p € (0, 2].
(2) The group G has the Haagerup property if it is a-FL”-menable for some p € (0, 2].

These statements (even slightly generalized, see Corollary 6.23) follow from results of
Delorme—Guichardet [35,29] and Akemann—Walter [1], combined with a classical Functional
Analysis result [71, Theorem 4.10].

Thus, property (T) is equivalent to all properties FL? with p € (0, 2]. Likewise, the Haagerup
property is equivalent to a-FLP-menability for every p € (0, 2]. For a discussion of the cases
when p > 2 see Section 1.3.

We prove Theorems 1.2 and 1.3 using median definite kernels, that turn out to coincide with
the Robertson—Steger measure definite kernels [59] and are very natural settings for these no-
tions. Along the way this allows us to answer Robertson—Steger question [59, Question (i)]
whether measure definite kernels can be given an intrinsic characterization among the condi-
tionally negative definite kernels (Corollary 6.17).

We also generalize to locally compact second countable groups Robertson—Steger’s dynamical
characterization of property (T) [59]. This answers Open Problem 7 in [14]. Moreover, we give
the a-T-menability a dynamical characterization as well.

Theorem 1.7. Let G be a locally compact second countable group.

(1) The group G has property (T) if and only if for every measure-preserving action of G on a
measure space (X, B, u) and every set S C X such that for all g € G, u(S A g8S) < 0o and
limg—, 1 (S A gS) =0, the supremum sup, . iL(S A gS) is finite.

(2) The group G is a-T-menable if and only if there exists a measure-preserving action of G on a
measure space (X, B, i) and there exists a set S C B such that for all g € G, u(S A gS) <
oo and limg 1 u(S A g8) =0, but (S A gS) — 00 when g — o.

1.3. Current developments and open questions

It is natural to ask whether the equivalence between properties (T) and FL? (respectively
between a-T-menability and a-FLP-menability) can be extended to p > 2. In [7, §3.c], by an
argument attributed to D. Fisher and G. Margulis, it is proved that for every group G with prop-
erty (T) there exists ¢ = ¢(G) such that the group has property FL? for every p € [1,2 + ¢).
Nevertheless, no positive uniform lower bound for (G) is known.

For p > 2 the statements in Corollary 1.5 cannot be turned into equivalences. Indeed, it
follows from results of P. Pansu [57] that the group G = Sp(n, 1) does not have property FL”
for p > 4n 4 2. More recently, Y. de Cornulier, R. Tessera and A. Valette proved in [27] that any
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simple algebraic group of rank one over a local field is a-FL”-menable for p large enough. In
particular, G = Sp(n, 1) is a-FLP-menable for p > 4n + 2.

Also, results of M. Bourdon and H. Pajot [17] imply that non-elementary hyperbolic groups
have fixed-point-free isometric actions on £7 (G) for p large enough, hence do not have property
FLP. G. Yu later proved [73] that every discrete hyperbolic group G is a-FL”-menable for p
large enough. In particular this holds for hyperbolic groups with property (T).

The above quoted results of Y. de Cornulier, R. Tessera and A. Valette, and of G. Yu, illustrate
that neither of the two converse implications in Corollary 1.5 hold for p > 2. This shows that
for every p > 2 property FL? is a priori stronger than property (T). Also, the property of a-FLP-
menability is a weaker version of a-T-menability/Haagerup property.

Question 1.8. Can Corollary 1.5 be generalized to: “for every p > g > 2 property FLP implies
property FL? and a-FL?-menability implies a-FL?-menability”?

Question 1.9. Are different properties FL? and FL? with p, g > 2 large enough, equivalent? Is
it on the contrary true that for any po > 2 there exist groups that have property FL? for p < po
and are a-FL”-menable for p > py?

Question 1.10. What is the relation between FL? with p >> 2 and other strong versions of prop-
erty (T) defined in terms of uniformly convex Banach spaces, like for instance the one defined
in [44]?

Note that, like other strong versions of property (T), the family of properties FL? separates
the semisimple Lie groups of rank one from the semisimple Lie groups with all factors of rank
at least 2 (and their respective lattices). By the results of G. Yu [73] all cocompact rank one
lattices are a-FLP-menable for p large enough. On the other hand, lattices in semisimple Lie
groups of higher rank have property FL? for all p > 1, by results of Bader, Furman, Gelander
and Monod [7].

Note also that the other possible version of property (T) in terms of L”-spaces, namely that
“almost invariant vectors imply invariant vectors for linear isometric actions”, behaves quite dif-
ferently with respect to the standard property (T); namely the standard property (T) is equivalent
to this L? version of it, for 1 < p < oo [7, Theorem A]. This shows in particular that the two def-
initions of property (T) (i.e. the fixed point definition and the almost invariant implies invariant
definition) are no longer equivalent in the setting of L? spaces.

According to Bass—Serre theory, a group splits if and only if it acts non-trivially on a simplicial
tree. This implies that amalgamated products do not have property (T). Splittings were later
extended to semisplittings, using CAT(0) cube complexes. M. Sageev showed that if G is a
finitely generated group acting on a finite-dimensional CAT(0) cube complex without a fixed
point then there exists a stabilizer H of some convex wall such that e(G, H) > 1 (see [61]).
Then, in [32,33], V. Gerasimov removed the finite dimension assumption. (Here e(G, H) stands
for the number of ends of the group G with respect to the subgroup H, in the sense of [40].)
Conversely, V. Gerasimov showed that any group G that has a subgroup H with e(G, H) > 1
acts on a CAT(0) cube complex without a fixed point, so that H is a finite index subgroup in the
stabilizer of a convex wall (see [32,33] and also [61,50]).

Under certain stability assumptions, a non-trivial action of a group on a real tree leads to a
non-trivial action on a simplicial tree and to a splitting of the group (according to Rips, Bestvina
and Feighn [15, Theorem 9.5], Sela [64, Section 3], Guirardel [37]).
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Question 1.11. A group G acts non-trivially on a median space (equivalently, G does not have
property (T)). Under what assumptions is there a non-trivial action of G on a CAT(0) cube
complex (hence a semisplitting of G in the sense of Gerasimov—Sageev)? On a finite-dimensional
CAT(0) cube complex?

Via Question 1.11, Theorem 1.2 relates to one implication in M. Cowling’s conjecture (stat-
ing that a countable discrete group is a-T-menable if and only if it is weakly amenable with
Cowling—Haagerup constant 1 [24, §1.3.1]). Indeed, Guentner and Higson [34] showed that a
countable discrete group acting properly on a finite-dimensional CAT(0) cubical complex is
weakly amenable with Cowling—Haagerup constant 1. If for a discrete countable a-T-menable
group it would be possible (under extra-hypotheses) to extract from its proper action on a me-
dian space a proper action on the 1-skeleton of a finite-dimensional CAT(0) cubical complex, then
by Guentner and Higson weak amenability would follow. Extra-hypotheses are needed: recent
results show that the implication “a-T-menable = weakly amenable with Cowling—Haagerup
constant 1” does not hold in full generality. More precisely, a wreath product H : IF,, where H is
finite and IF', is the free group on two generators, is a-T-menable according to Cornulier, Stalder
and Valette [26], but cannot be weakly amenable with Cowling—Haagerup constant 1 according
to Ozawa and Popa [56, Corollary 2.11].

1.4. Plan of the paper

The paper is organized as follows. Section 2 gives a general introduction of median spaces
(further geometric considerations on such spaces will be found in [22]) and proves some general
results used in the sequel. In Section 3 we recall the notion of measured wall spaces and show
how those embed isometrically in a median space, proving Theorem 1.1 part (1). In Section 4
we outline a few known results on median algebras. We emphasize on the results needed for
Section 5, which explains a structure of measured wall spaces hidden in a median space. Section 6
is devoted to the study of several types of kernels, leading to the proof of Theorem 1.2 and its
consequences.

2. Median spaces
2.1. Definitions and examples

A pseudo-metric or pseudo-distance on a set X is a symmetric map pdist: X x X — R4
satisfying the triangle inequality. Distinct points x # y with pdist(x, y) = 0 are allowed.

A map f : (X1, pdist;) — (X2, pdist,) between two pseudo-metric spaces is an isometry if
pdisty (f (x), f(y)) = pdist; (x, y). Note that f is not necessarily injective.

A space X with a pseudo-metric pdist has a canonical metric quotient X=X / ~ composed
of the equivalence classes for the equivalence relation x ~ y < pdist(x, y) = 0, endowed with
the metric dist(x, ¥) = pdist(x, y). We call X the metric quotient of X. The natural projection
map X — X isan isometry.

Notation 2.1. If x is a point in X and r > 0 then B(x,r) denotes the closed ball of radius r
around x, that is the set {y € X; pdist(y, x) <r}.

For every Y € X and r > 0, we denote by N, (Y) the closed r-tubular neighborhood of Y in
X, {ye X; pdist(y, Y) <r}.
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Definition 2.2 (Intervals and geodesic sequences). Let (X, pdist) be a pseudo-metric space.
A point b is between a and c if pdist(a, b) + pdist(b, c) = pdist(a, c). We denote by I (a, c)
the set of points that are between a and ¢, and we call I(a, ¢) the interval between a and c.
A path is a finite sequence of points (aj, az, ..., a,). Itis called a geodesic sequence if and only
if

pdist(ay, a,) = pdist(ay, az) + pdist(az, az) + - - - + pdist(a,—1, a,).-
So (a, b, c) is a geodesic sequence if and only if b € I (a, ¢).

Definition 2.3 (Median point). Let a, b, ¢ be three points of a pseudo-metric space (X, dist).
We denote the intersection I (a,b) N I(b,c) N I(a,c) by M(a, b, c), and we call any point in
M(a, b, ¢) a median point for a, b, c. We note that [ (a,b) ={x € X, x € M(a, x,b)}.

Definition 2.4 (Median spaces). A median (pseudo-)metric space is a (pseudo-)metric space in
which for any three points x, y, z the set M (x, y, z) is non-empty and of diameter zero (any two
median points are at pseudo-distance 0). In particular a metric space is median if any three points
X, y, z have one and only one median point, which we will denote by m(x, y, z).

Note that a pseudo-metric space is median if and only if its metric quotient is median.

A strict median subspace of a median pseudo-metric space (X, dist) is a subset ¥ of X such
that for any three points x, y, z in Y, the set M (x, y, z) is contained in Y.

A subset Y C X is a median subspace if for any three points x, y, zin Y, we have M (x, y,z) N
Y # (. Note that Y is then median for the induced pseudo-metric. An intersection of strict median
subspaces is obviously a strict median subspace, thus any subset Y C X is contained in a smallest
strict median subspace, which we call the strict median hull of Y. When X is a metric space
median subspaces are strict, thus we simplify the terminology to median hull.

A homomorphism of median pseudo-metric spaces is a map f : X; — X, between two me-
dian pseudo-metric spaces such that for any three points x, y, z € X| we have f(Mx,(x,y,2)) C
My, (f(x), f(y), f(z)). This is equivalent to asking that f preserves the betweenness relation,
thatis f(I(a,b)) C I(f(a), f(b)).

Remark 2.5. A median metric space together with the ternary operation (x, y, z) = m(x, y, 2)
is a particular instance of what is called a median algebra (see Example 4.5 in Section 4). We
will use freely some classical results in the theory of abstract median algebras — although it is not
difficult to prove them directly in our geometric context.

Convention 2.6. Throughout the paper, we will call median metric spaces simply median spaces.

Definition 2.7. We say that a metric space (X, dist) is submedian if it admits an isometric em-
bedding into a median space.

Here are the main examples we have in mind.
Examples 2.8.

(1) On the real line R, the median function is just taking the middle point of a triple, that is
mg(a,b,c) =a+ b+ ¢ — [max(a, b, c) + min(a, b, c)]. More generally, R” with the £,



890 L. Chatterji et al. / Advances in Mathematics 225 (2010) 882-921

norm is a median space and

m(x,5,2) = (mr(x1, y1,21), - ... MR (Xn, s 2n))-

The interval between two points X, y € R" is the right-angled n-parallelepiped with opposite
corners x and ¥ and edges parallel to the coordinate axes.

(2) The £;-product of two pseudo-metric spaces (X1, pdist;) and (X2, pdist,) is the set X1 x X2,
endowed with the pseudo-metric

pdist((x1, x2), (y1, y2)) = pdist; (x1, y1) + pdisty (x2, y2).

Then (X x X2, pdist) is median if and only if (X, pdist;) and (X2, pdist,) are median (the
components of a median point in X; x X, are median points of the components).

(3) (trees) Every R-tree is a median space.

(4) (motivating example: CAT(0) cube complexes) The 1-skeleton of a CAT(0) cube complex
is a (discrete) median space. In fact, according to [23, Theorem 6.1] a simplicial graph is
median if and only if it is the 1-skeleton of a CAT(0) cube complex.

(5) A discrete space with walls (in the sense of [39]) is submedian by [21] and [52]. We shall
prove further in this paper that actually a space is submedian if and only if it is a space with
measured walls (see Corollary 5.4).

(6) Various examples of submedian spaces can also be deduced from Remark 6.10. For instance,
Remark 6.10 combined with results in [19] and with Proposition 6.4 implies that if (W, §)
is a Coxeter system and distg is the word distance on W with respect to S then (W, disté/ 2)
is submedian.

Likewise, from [8] can be deduced that if X is a polygonal complex locally finite, simply
connected and of type either (4, 4) or (6, 3) and dist is its geodesic distance then (X, dist!/?)
is submedian.

7 (L -spaces) Given a measured space (X, B, i), the metric space LY(X, W) is median. Indeed,
it is enough to see that the real vector space £'(X, i) of measurable functions f : X — R
with finite L!-norm is a median pseudo-metric space. Define on £' (X, /1) a ternary operation

(f. g h)— m(f, g h)by

m(f, g, h)(x) =mr(f(x),gx),h(x)).

Clearly m = m(f, g, h) is measurable and since it is pointwise between f and g, it satisfies
I f—glly=If—=ml+llm—gl,.In particular m € L' (X, ) and m € I(f, g), where the
interval is defined with respect to the pseudo-distance pdist(f, g) = || f — gl|;. Similarly we
have m € I (g, h) and m € I (f, h), so that m(f, g, h) is a median point for f, g, h.
It is easy to see that a function p € £ (X, u) belongs to I (f, g) if and only if the set of points
x such that p(x) is not between f(x) and g(x) has measure 0. It follows that M (f, g, h) is
the set of functions that are almost everywhere equal to m(f, g, h), so that £ (X, u) is a
median pseudo-metric space. We conclude that L' (X, ;1) is median because it is the metric
quotient of £L'(X, n).

(8) (symmetric differences) Let (X, B, ) still denote a measured space. For any subset A C X,
we define

Ba={BCX|AABeB, u(AA B) <+oo}.
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Notice that we don’t require the sets in 34 to be measurable, only their symmetric difference
with A should be. Denote as usual by xc the characteristic function of a set C. Then the
map XA By — L£N(X, w) defined by B +— xaap is injective. The range of XA consists in
the class S!(X, ) of all characteristic functions of measurable subsets with finite measure.
Indeed the preimage of xp/ (with B’ € B, u(B’) < +00) is the subset B := A A B’. Observe
that the L'-pseudo-distance between two functions xp and x¢r in S'(X, p) is equal to
w(B’ A C"). Since we have

(AAB)A(AAC)=BAC,

it follows that for any two elements By, By € B4 the symmetric difference B; A B is mea-
surable with finite measure, and the pull-back of the L'-pseudo-distance by the bijection
Bsa — SH(X, W) is the pseudo-metric pdistu defined by pdistM(Bl, By) = u(B1 A B).

We claim that (B4, pdist,,) is a median pseudo-metric space, or equivalently that SU(X, w)
is a median subspace of £ (X, 11). This follows easily from the explicit formula:

m(Xa, XB> XC) = X(AUB)N(AUC)N(BUC) = X(ANB)U(ANC)U(BNC)-

Note that I (x4, x3) N S'(X, n) is composed of the characteristic functions xc such that
there exists C’ € B satisfying u(C’ A C) =0and AN B C C’ C AU B. Later we will
prove that any median space embeds isometrically as a median subspace of some space
S'(X, u) (compare with the similar result in the context of median algebras appearing in
Corollary 4.11).

Remark 2.9. In view of Lemma 3.12 and Example 2.8(7), a metric space (X, dist) is submedian
if and only if it embeds isometrically in a space L' (W, ), for some measured space (W, ).
Thus, the notion of submedian space coincides with the notion of metric space of type 1 as
defined in [20, Troisieme partie, §2]. Similarly, submedian metric is the same thing as metric of

type 1.

Remark 2.10. (1) It is not possible in general to define for every submedian space ¥ a median
completion, that is a median space containing an isometric copy of Y, and such that any isometric
embedding of Y into a median space extends to it. This can be seen in the following example.

Let E = R7 endowed with the £; norm, and let {ei; i=1,2,...,7} be the canonical basis.
Let Y, be the set composed of the four points A, B, C, D in E defined by A = %(el +er+e3)+
(1—x)eq, B=35(—e1 —ex+e3)+ (1 —x)es, C=5(e1 —ex —e3) + (1 —x)eg, D= 5(—e1 +
ey —e3) + (1 — x)e7, where x € [0, 1].

Any two distinct points in Y, are at £1-distance 2. Thus all Y, with the £ -distance are pairwise
isometric. The median hull of Y is composed of Y, itself and of the eight vertices of a cube of
edge length x defined by 7 (fe; £ e2 £ e3). Thus, for two distinct values x # x’ the median hulls
of Y, and of Y,s are not isometric.

Note that the median hull of Y is the simplicial tree with five vertices, four of which are end-
points. The median hull of Y] is the set of eight vertices of the unit cube. Consequently, it cannot
even be guaranteed that two median hulls of two isometric submedian spaces are isomorphic as
median algebras.

(2) Given a subspace Y of a median space X, it is in general not possible to extend an isometry
of Y to an isometry (or at least an isomorphisms of median algebras) of the median hull of Y.
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With the same notations as in (1), the isometry Yo x Y1 — Yy x Y7 switching the points of Y
with the points of ¥} cannot be extended to the median hull of Yy x Y1 in E X E.

2.2. Convexity and gate property in median spaces

Definition 2.11. Let (X, pdist) denote some pseudo-metric space. A subset ¥ C X is said to be
convex if for any a, b € Y the set I (a, b) is contained in Y. It is quasi-convex if for any a,b € Y
the set I (a, b) is contained in Ny, (Y) for some M uniform in a,b € Y. The convex hull of a
subset ¥ C X is the intersection of all convex subsets containing Y.

Note that any convex subspace of a median space is median but not the converse, as for
instance any subset of cardinality two is a median subspace, while it might not be convex. The
median hull of a subset is contained in the convex hull, and as the example above shows the
inclusion may be strict.

We now introduce a notion which is related to convexity in median spaces, and which is
commonly used in the theory of Tits buildings (see for example [62]) and in graph theory [46,68].

Definition 2.12 (Gate). Let (X, dist) be a metric space, let Y be a subset of X, and x some point
in X.

We say that a point p € X is between x and Y if it is between x and any y € Y. When a point
p €Y is between x and Y, we say that p is a gate between x and Y . Note that there is always at
most one gate p between x and Y, and that dist(x, p) = dist(x, Y).

We say that Y is gate-convex if for any point x € X there exists a gate (in Y) between x and Y.
We then denote by 7y (x) this gate, and call the map my the projection map onto Y .

Lemma 2.13 (Gate-convex subsets).

(1) The projection map onto a gate-convex subset is 1-Lipschitz.
(2) Any gate-convex subset is closed and convex.
(3) In a complete median space, any closed convex subset is gate-convex.

In other words, for closed subsets of a complete median space, convexity is equivalent to
gate-convexity.

Proof. (1) Let x, x” be two points in a metric space X, and let p, p’ be the respective gates be-
tween x, x” and a gate-convex subset Y. Since (x, p, p’) and (x', p’, p) are geodesic sequences,
we have that

dist(x, p) +dist(p, p’)

< ist(x, x/) + dist(x/, p’),
dist(x’, p) +dist(p’, p) <

d
dist(x’, x) + dist(x, p).
By summing up the two inequalities, we conclude that dist(p, p") < dist(x, x”).

(2) Assume that Y is gate-convex and that (x, y, z) is a geodesic sequence with x,z € Y. Let
p be the gate between y and Y, so that (y, p, x) and (y, p, z) are geodesic sequences. Hence
(x, p,y, p,2) is a geodesic sequence, which forces y=p e Y.

Any point x in the closure of Y satisfies dist(x, Y) = 0. Thus if p is the gate between x and Y
we have dist(x, p) =0, hence x € Y. We conclude that Y is closed.
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(3) Let Y be a closed convex subset of a complete median space X. For any x € X choose
a sequence (yx)r>o0 of points in ¥ such that dist(y,, x) tends to dist(x, Y). First observe that
(Vk)k>0 is a Cauchy sequence. Indeed, denote by €, = dist(yx, x) — dist(Y, x), which clearly is
a sequence of positive numbers converging to zero. Let my ¢ be the median point of (x, yx, ye).
Then dist(x, yx) + dist(x, y,) = 2dist(x, m ¢) 4 dist(yx, ye) and so by convexity of ¥ we have
dist(x, yx) + dist(x, y¢) = 2dist(x, Y) + dist(yk, y¢). It follows that dist(yg, y¢) < €k + €¢. Since
X is complete the sequence (yx)r>0 has a limit p in X. Since Y is closed, the point p isin Y.
Note that dist(x, p) = dist(x, Y). It remains to check that p is between x and Y.

Let y be some point in Y, and let m be the median point of x, p, y. By convexity of Y we have
m € Y, so that dist(x, m) > dist(x, Y). We also have dist(x, p) = dist(x, m) + dist(m, p). Since
dist(x, p) =dist(x, Y) we get dist(m, p) =0 as desired. O

We now prove that in a median space the metric intervals are gate-convex.

Lemma 2.14. In a median metric space any interval I (a, b) is gate-convex, and the gate between
an arbitrary point x and I (a, b) is m(x, a, b).

Proof. Consider an arbitrary point x in the ambient median metric space X, p the median point
m(x,a,b) and y an arbitrary point in / (a, b). We will show that (x, p, y) is a geodesic sequence.

We consider the median points @’ = m(x,a, y), ¥ =m(x, b, y) and p’ = m(x,a’,b’). Note
that p’ € I (x,a’) C I (x, a) and similarly p’ € I (x, b).

Since (a, y,b), (a,a’,y) and (y,b’, b) are geodesic sequences, the sequence (a,da’, y, b, b)
is geodesic as well. So I (a’,b") C I(a, b), hence p’ € I (a, b).

We proved that p’ € I (x,a) NI (x,b) NI (a,b), which by the uniqueness of the median point
implies p’ = p. It follows that p € I (x,a’) C I(x,y). O

We can now deduce that the median map is 1-Lipschitz, in each variable and on X x X x X
endowed with the £;-metric.

Corollary 2.15. Let X be a median space.

(1) For any two fixed points a,b € X the interval I(a,b) is closed and convex, and the map
x +— m(x,a, b) is 1-Lipschitz.

(2) The median map m : X x X x X — X is 1-Lipschitz (here X x X x X is endowed with the
£1-product metric as defined in Example 2.8(1)).

Proof. Combine Lemmas 2.14 and 2.13, and use the fact that, given six points a, b, c,a’,
b, ¢ € X, the distance between the median points m(a, b, ¢) and m(a’, b’, ¢’) is at most

dist(m(a, b,c), m(a/, b, c)) + dist(m (a/, b, c), m(a/, b, c)) + dist(m (a/, b, c), m(a/, v, c/)).
O
2.3. Approximate geodesics and medians; completions of median spaces

We prove that the median property is preserved under metric completion. In order to do it,
we need an intermediate result stating that in a median space, approximate geodesics are close
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to geodesics, and approximate medians are close to medians. We begin by defining approximate
geodesics and medians.

Definition 2.16. Let (X, dist) be a metric space and let § be a non-negative real number. We say
that z is between x and y up to § provided

dist(x, z) + dist(z, y) < dist(x, y) + 6.

We say that (a1, az, ..., a,) is a §-geodesic sequence if
dist(ay, ar) + dist(ap, az) + - - - + dist(a,—1, a,) < dist(ay, a,) + 6.

Notation 2.17. Let x, y be two points of X. We denote by I5(a, b) the set of points that are
between a and b up to 4.
Let x, y, z be three points of X. We denote by Ms(a, b, ¢) the intersection

Is(a,b) N Is(b, c) N Is(a, c).
In accordance with the previous notation, whenever § = 0 the index is dropped.
Lemma 2.18. Given 8,8’ > 0, for every c € I5(a, b) the set Iy (a, c) is contained in I g (a, b).

Definition 2.19. Let x, y, z be three points in a metric space. If Ms(x, y, z) is non-empty then
any point in it is called a -median point for x, y, z.

Lemma 2.20. Let (X, dist) be a median space, and a, b, c three arbitrary points in it.

(1) The set Is(a, b) coincides with Ns(I (a, b)).
(ii) The following sequence of inclusions holds:

B(m(a,b,c),éi)gMg(a,b,c)gB(m(a,b, c),38). (D

Proof. Statement (i) immediately follows from Lemma 2.14.

The first inclusion in (1) is obvious. We prove the second inclusion. To do it, we con-
sider the median points p; = m(p,a,b), p» = m(p,b,c), p3 =m(p,a,c), g =m(p1,b,c),
r=m(q,a,c).

First we show that r = m(a, b, ¢). Indeed r € I (a, c) by definition. We also have r € 1 (g, ¢),
and since g € I(c, b) it follows that r € I (b, c¢). Finally we have r € I (a, q). Now q € I(p1,b)
and p; € I[(a,b),so q € I(a, b). It follows that r € I (a, b).

It remains to estimate the distance between p and r. According to (i) and Lemma 2.14 the
point p is at distance at most § from pp, p» and p3 respectively.

By Corollary 2.15 we have dist(p2, ¢) < dist(p, p1) < §. Hence dist(p, q) < 26. Applying
Corollary 2.15 again we get dist(p3, r) < dist(p, g) < 26, consequently dist(p,r) <35. O

The following result is also proved in [69, Corollary I1.3.5]. For completeness we give another
proof here.
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Proposition 2.21. The metric completion of a median space is a median space as well.

Proof. Let (X, dist) be a median space, and let X — X be the metric completion. For simplicity
we denote the distance on X also by dist.

The medianmap m : X x X x X —> X C Xis 1- -Lipschitz by Corollary 2.15. Thus it extends
to a 1-Lipschitz map XxXxX— X, also denoted by m.

Clearly for any three points a, b, ¢ in X , the point m(a, b, ¢) is median for a, b, c. We now
prove that m(a, b, ¢) is the unique median point for a, b, c. Let p be another median point for
a, b, c. The points a, b, ¢ are limits of sequences (a,), (b,), (c,) of points in X. Let m, be the
median point of a,, b, ¢,. Set §, = dist(a, a,) + dist(b, b,) + dist(c, c,).

We show that p is a §,-median point for a,, b,, c,. Indeed we have that dist(a,, p) +
dist(p, b,) is at most dist(ay,, a) +dist(a, p) +dist(p, b) +dist(b, b,) = dist(a,, a) +dist(a, b) +
dist(b, b,) < 2dist(a, a,) + dist(ay, b,) + 2dist(b, b,) < dist(ay, b,) + 28,. The other inequali-
ties are proved similarly.

The point p is also the limit of a sequence of points p, in X, such that dist(p, p,) < d,.
It follows that p, is a 2§,-median point for a,, b,, c,. By Lemma 2.20 we then have that
dist(p,, m,) < 66,. Since §, — 0 we get p =m(a,b,c). O

2.4. Rectangles and parallel pairs

In a median space X, the following notion of rectangle will allow us to treat median spaces as
a continuous version of the 1-skeleton of a CAT(0) cube complex.

Definition 2.22. A quadrilateral in a metric space (X, dist) is a closed path (a, b, ¢, d, a), which
we rather denote by [a, b, ¢, d]. A quadrilateral [a, b, ¢, d] is a rectangle if the four sequences
(a,b,c), (b,c,d), (c,d,a) and (d, a, b) are geodesic.

Remark 2.23.

(1) By the triangular inequality, in a rectangle [a, b, c,d] the following equalities hold:
dist(a, b) = dist(c, d), dist(a, d) = dist(b, ¢) and dist(a, c¢) = dist(b, d).

(2) (rectangles in intervals) If x,y € I(a, b) then [x, m(x, y,a), y,m(x, y, b)] is a rectangle.

(3) (subdivision of rectangles) Let [a, b, ¢, d] be arectangle. Lete € I (a,d) and f =m(e, b, c).
Then [a, b, f, e] and [c, d, e, f] are rectangles.

Definition 2.24 (Parallelism on pairs). Two pairs (a, b) and (d, c¢) are parallel if [a, b, c,d] is a
rectangle.

We mention without proof the following remarkable fact that confirms the analogy with
CAT(0) cube complexes:

Proposition 2.25. In a median space the parallelism on pairs is an equivalence relation.
We now explain how to any 4-tuple of points one can associate a rectangle.

Lemma 2.26. Let [x, a, y, b] be any quadrilateral in a median space. Then there exists a unique
rectangle [x',a’, y', b'] satisfying the following properties:
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Fig. 1. Central rectangle.

(1) the following sequences are geodesic:

(x.x".d’,a), (a.a’.y'.y), (v, ¥, 0. b), (b, . X' x);

(2) (a,d’,b',b) is a geodesic sequence;
3) (x,x',y")and (y, Yy, x") are geodesic sequences.

Proof. Existence. Let x’ =m(x,a,b) and y = m(y,a,b), and let @’ =m(a,x’,y’) and b’ =
m(b, x’',y") (see Fig. 1). Then [x’,a’, y’, b'] is a rectangle by Remark 2.23(3). Properties (1) and
(2) follow immediately from the construction, property (3) follows from Lemma 2.14 applied to
x and y’ € I (a, b), respectively to y and x" € I (a, b).

Uniqueness. Let [x',a’, y', b'] be a rectangle satisfying the three required properties. Prop-
erties (1), (2) and the fact that [x’,d’,y’,b’] is a rectangle imply that x’ = m(x,a,b) and
y = m(y,a,b). Again property (2) and the fact that [x’,a’, y’,b'] is a rectangle imply that
a'=m(a,x',y)andb'=m(,x',y). O

Definition 2.27. We call the rectangle [x’, a’, y’, b'] described in Lemma 2.26 the central rect-
angle associated with the quadrilateral [x, a, y, b].

Remark 2.28. Property (3) cannot be improved to “(x, x’, y’, y) is a geodesic sequence”, as
shown by the example of a unit cube in R3, with a, b two opposite vertices of the lower horizontal
face, and x, y the two opposite vertices of the upper horizontal face that are not above b or d (see
Fig. 2).

Note also that in general the central rectangle associated with [x, a, y, b] is distinct from the
central rectangle associated with [a, x, b, y] (again see Fig. 2).

Property (3) in Lemma 2.26 can be slightly improved as follows.
Lemma 2.29. Let x, y, p, q be four points such that (x, p,q) and (p,q,y) are geodesic se-

quences. Then there exists a geodesic sequence (x,x',y’,y) such that (x',y") and (p, q) are
parallel.
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Fig. 2. Example of central rectangle.

Proof. Applying Lemma 2.26 to the quadrilateral [p, ¢, y, x], we note that the resulting central
rectangle [p’, ¢/, ¥/, x'] satisfies p' =p,q¢' =q. O

3. Space with measured walls, median space associated to it
3.1. Preliminaries on measures

We recall the relevant definitions on measured spaces. A reference is [12], whose terminology
we adopt here. Let Y be a non-empty set and let P(Y) be the power set of Y. A ring is a subset
of P(Y) containing the empty set, closed with respect to finite unions and differences. A o-
algebra is a subset in P(Y) containing the empty set, closed with respect to countable unions
and containing together with any subset its complementary.

Given aring R, a premeasure on it is a function u : R — [0, +o0] such that

(Mo) n@) =0;
(M1) For any sequence of pairwise disjoint sets (A,),eN in R such that |_|neN A, €R,

u( LI An> =D ulAy).

neN neN

Property (M) is equivalent to

(M}) n(AuB) = u(A)+ u(B);
(M) If (Ap)nen is a non-increasing sequence of sets in R such that (1), .y A, = ¥, then
limy— 00 (£ (Ay) = 0.

A premeasure is called o -finite if there exists a sequence (A;) in R such that ©(A,) < +oo
forevery n,and | J, A, =Y.

A premeasure defined on a o -algebra is called a measure.

An additive function on a ring R is a map u : R — [0, +o00] satisfying properties (Mp)
and (My).

We need a precise version of Carathéodory’s theorem on the extension of any premeasure p
to a measure, therefore we recall here the notion of outer measure. For every Q C Y let U(Q)
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designate the set of all sequences (A,) in R such that Q C |, A,. Define u*(Q) = +oo if
UQ) =0;ifU(Q) # ¥ then

1 (Q) =inf ZM(An); (An) eUQ) -

n=1

The function w* is an outer measure on the set Y.
A subset A of Y is called u*-measurable if for every Q € P(Y),

wH(Q) = 1*(Q N A) + 1*(Q N A°).
Theorem 3.1 (Carathéodory). (See [12, §1.5].)

(1) The collection A* of u*-measurable sets is a o -algebra containing ‘R, and the restriction of
w* to A* is a measure, while the restriction of u* to R coincides with (.
(2) If u is o -finite, then it has a unique extension to a measure on the o -algebra generated by R.

3.2. Spaces with measured walls

From [39], we recall that a wall of a set X is a partition X = h U h¢ (where & is possibly
empty or the whole X). A collection H of subsets of X is called a collection of half-spaces if
for every h € H the complementary subset € is also in H. We call collection of walls on X the
collection Wy of pairs w = {h, h°} with h € H. For a wall w = {h, h°} we call h and k€ the two
half-spaces bounding w.

We say that a wall w = {h, h€} separates two disjoint subsets A, B in X if A C h and B C h*
or vice-versa and denote by YW (A|B) the set of walls separating A and B. In particular W(A|?)
is the set of walls w = {h, h¢} such that A C h or A C h¢; hence W(@|0) = W.

When A = {x1,...,xn}, B={y1,..., ym} we write

W(AIB) =W X1, .o Xnl V15 o e oy Yim)-

We use the notation W(x|y) to designate W({x}|{y}). We call any set of walls of the form
W(x|y) a wall-interval. By convention YW(A|A) = @ for every non-empty set A.

Definition 3.2 (Space with measured walls). (See [25].) A space with measured walls is a 4-uple
(X, W, B, u), where W is a collection of walls, B is a o-algebra of subsets in W and u is a
measure on 53, such that for every two points x, y € X the set of separating walls W(x|y) is in B
and it has finite measure. We denote by pdist,, the pseudo-metric on X defined by pdist,, (x, y) =
w(V(x|y)), and we call it the wall pseudo-metric.

Lemma 3.3. The collection R of disjoint unions |_|;1=1 W(F;|G;), where n € N*, and F;, G; are
finite non-empty sets for everyi =1,2,...,n, is a ring.

Proof. Property (1) is obviously satisfied.
We first note that W(F|G) N W(F'|G') =W(F U F'|GUG)YUW(FUG'|GUF").
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Let now F, G be two finite.

W(F|G)" = | | W(SIT).
SUT=FUG,{S,T}#{F,G}

From the two statements above it follows that R satisfies property (3), i.e. it is closed with
respect to the operation \. But R is closed with respect to intersection, thus R is also closed with
respect to union. O

Theorem 3.1 and Lemma 3.3 imply the following.

Proposition 3.4 (Minimal data required for a structure of measured walls). Let X be a space
and let VWV be a collection of walls on it. A structure of measured walls can be defined on (X, VV)
if and only if on the ring R composed of disjoint unions |_|!_, W(F;|G;), where n € N*, and F;,
Gi, i =1,2,...,n, are finite non-empty sets, can be defined a premeasure u such that for every
x,y € X, uWV(x|y)) is finite.

Let (X, W, B, uw) and (X', W', B', i/) be two spaces with measured walls, and let ¢ : X — X’
be a map.

Definition 3.5. The map ¢ is a homomorphism between spaces with measured walls provided
that:

o for any w’' = {h’,h’°} € W’ we have {¢p~ (1), p~ (W)} € W — this latter wall we denote
by ¢*(w');

e the map ¢* : W — W is surjective and for every B € B, (¢*) "1 (B) € B and i/ ((¢*) "' (B))
= p(B).

Note that ¢ induces an isometry of the spaces equipped with the wall pseudo-distances.

Consider the set H of half-spaces determined by W, and the natural projection map p :
H — W, h+— {h, h}. The preimages of the sets in 3 define a o -algebra on H, which we denote
by B”; hence on H can be defined a pull-back measure that we also denote by /.. This allows us
to work either in H or in WW. Notice that the o -algebra B* does not separate points in H, as sets
in B are unions of fibers of p.

Definition 3.6. (See [21,52].) A section s for p is called admissible if its image contains together
with a half-space / all the half-spaces &’ containing .

Throughout the paper we identify an admissible section s with its image o = s()V); with this
identification, an admissible section becomes a collection of half-spaces, o, such that:

e for every wall w = {h, h¢} either h or h€ is in o, but never both;
eifhCchandheothenh co.

For any x € X we denote by s, the section of p associating to each wall the half-space bound-
ing it and containing x. Obviously it is an admissible section. We denote by o its image, that is
the set of half-spaces i € H such that x € h. Observe that o is not necessarily in 5.
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Note that p(oy A oy) =W(x]y).

Example 3.7 (Real hyperbolic space). For all the discussion below, see [58].

Define the half-spaces of the real hyperbolic space H" to be closed or open geometric half-
spaces, with boundary an isometric copy of H" !, so that a wall consists of one closed half-space
and its (open) complement, as in Section 3 of [25]. Recall that the full group of direct isometries
of H" is SOp(n, 1). The associated set of walls Wy is naturally identified with the homogeneous
space SOy (n, 1)/SOp(n — 1, 1); as SOp(n — 1, 1) is unimodular, there is a SO (n, 1)-invariant
borelian measure ppyr on the set of walls [47, Chapter 3, Corollary 4]. The set of walls separating
two points has compact closure and finite measure. Thus (H", Wy, B, umn) is a space with
measured walls. By Crofton’s formula [58, Proposition 2.1] up to multiplying the measure py»
by some positive constant the wall pseudo-metric on H" is just the usual hyperbolic metric.

Definition 3.8. The action by automorphisms of a topological group G on a space with mea-
sured walls (X, W, B, ) is called continuous if for every x € X the map G — X, g +— gx is
continuous, where X is endowed with the topology defined by the pseudo-distance pdist,,.

The following result allows to produce many examples of spaces with measured walls.

Lemma 3.9 (Pull back of a space with measured walls). Let (X, W, B, i) be a space with mea-
sured walls, let S be a set and f : S — X a map. There exists a pull back structure of space with
measured walls (S, Ws, Bs, is) turning f into a homomorphism. Moreover:

@) if S is endowed with a pseudo-metric pdist and f is an isometry between (S, pdist) and
(X, pdist,,), then the wall pseudo-metric pdist, ¢ coincides with the initial pseudo-metric
pdist;

(i) if a group G acts on S by bijective transformations and on X by automorphisms of space
with measured walls, and if f is G-equivariant, then G acts on (S, Ws, Bs, is) by auto-
morphisms of space with measured walls. Moreover, if the action on X is continuous, the
action on S is.

S

Proof. Define the set of walls Ws on S as the set of walls { f =1 (h), f~1(h¢)}, where {h, h¢} is
a wall in X. This defines a surjective map f* : W — Ws. We then consider the push-forward
structure of measured space on Ws. This defines a structure of measured space with walls on S
such that f is a homomorphism of spaces with measured walls.

() It is easily seen that for every x,y € S, (f*)"!Ws(x|y)) = W(f(x), f(¥)), hence
pdist,, (¥, y) = pdist,, (f (), f (1)) = pdist(x, y).

(ii) If f is G-equivariant then the whole structure of space with measured walls (S, Ws, By,
us) is G-equivariant. 0O

One of the main interests in actions of groups on spaces with measured walls is given by the
following result.

Lemma 3.10. (See [25,27].) Let G be a group acting (continuously) by automorphisms on a
space with measured walls (X, W, B, ). Let p > 0 and let 7, be the representation of G on
LP(H, pp).
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Then for every x € X, the map b: G — LP(H, ) defined by b(g) = Xo,, — Xo, is a (con-
tinuous) 1-cocycle in Z'(G, 7p). In other words, a (continuous) action of G on LP(H, ) by
affine isometries can be defined by:

g - f=mp@f+b(g).

Remark 3.11. Recall that for a space L” (X, u) with p € (0, 1), || fl, = (f [ f1P du)% no longer
satisfies the usual triangular inequality, it only satisfies a similar inequality with a multiplicative
factor added to the second term. On the other hand, || f|| Z is no longer a norm, but it does satisfy
the triangular inequality, hence it defines a metric [43].

In this paper we consider L?-spaces endowed with this metric, for p € (0, 1).

3.3. Embedding a space with measured walls in a median space

Let (X, W, B, 1) be a space with measured walls, and let x¢ be a base point in X.

Recall from Example 2.8(8) that BHGXO denotes the collection of subsets A C H s.t. A Aoy, €
B and u(A A oy,) < 400, and that endowed with the pseudo-metric pdist, (A, B) = u(A A B)
this collection becomes a median pseudo-metric space. The map

X0 :B > S (H.w),  x(A) = xano, @

is an isometric embedding of BH% into the median subspace S Y(H, n) C LY(H, ), where
S'(H, u) = {xp; B measurable and u(B) < +0o0}.

The formula A A 0, = (A A 0x,) A (0x, A 0x,) and the fact that oy, A oy, is measurable
with finite measure shows that the median pseudo-metric spaces BHUXO and BHUXl are identical:

we simply denote this space by B x. In particular o, € By for each x € X.

For x,y € X we have pdist, (x, y) = u(ox A oy), thus x > oy is an isometric embedding
of X into (BMy, pdist,, ). Composing with the isometry x™ : By — SY(H, p), we get the
following well-known result stating that a wall pseudo-distance is of type 1, in the terminology
of [20, Troisieme partie, §2]:

Lemma 3.12. Let (X, W, B, 1) be a space with measured walls, and xo € X a base point in
it. Then the map x = XW(x|x,) defines an isometry from X to L'OWV, ). Thus if the wall
pseudo-distance is a distance then (X, dist,) is isometric to a subset of LYW, ), and so it
is submedian.

We could probably define the median space associated to a space with measured walls
(X, W, B, ) to be the median hull of the isometric image of X inside L'(W, ) (and then
perhaps take the closure in order to get a complete median space). We give here an alternative
construction which is more intrinsic.

Notation 3.13. We denote by M (X) the set of admissible sections, and by M (X) the intersection
M(X)Nn By,

Every section o, belongs to M(X), thus X isometrically embeds in M (X). We denote by
t: X — M(X) this isometric embedding.
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Proposition 3.14. Let (X, W, B, i) be a space with measured walls.

(i) The space M(X) defined as above is a median subspace of BT x.
(ii) Any homomorphism ¢ : X — X' between X and another space with measured walls
(X', W', B, 1) induces an isometry M(X) — M(X").
(iii) In particular the group of automorphisms of (X, W, B, i) acts by isometries on M(X).

Proof. (i) Given an arbitrary triple (o1, 02, 03) € M(X )3, let us denote by m(o1, 02, 03) the set
of half-spaces i such that there exist at least two distinct indices i, j € {1,2, 3} with & € o;,
h € 0. In other words m (o1, 02, 03) = (01 No2) U (o1 No3) U (02 No3) (see also Example 4.6).

Clearly m = m(oq, 02, 03) belongs to M(X). Fix a point xo in X and take yo = x™ the
function defined in (2). We want to show that yo(m) = m(xo(o1), xo0(02), x0(c3)). This will
prove that m € BH x and that m is a median point of o1, 02, 03.

For our set-theoretical calculation it is convenient to treat characteristic functions as maps
from H to Z/27Z. We may then use the addition (mod 2) and pointwise multiplication on these
functions. We get

XANB = XAXB> XAaB = XA+ XB, XAUB = XA+ XB+ XAXB-

It follows easily that for any three subsets A, B, C we have

X(ANB)U(ANC)U(BNC) = XAXB + XAXC + XBXC-

Thus  xjanByuanc)uBne)iap = XAXB + Xxaxc + xpxc + xp. On the other hand
X((AAD)N(BADY)U((AAD)NCaD)U(BaDINCADY) = (Xa+ Xxp)(XB+ XD) + (Xa+ xD)(Xc + XD)
+ (xB + xp)(Xc + XD) = XaxB + XaXC + xBXC +2XaXD + 2XBXD + 2XCXD + 3XD =
XAXB + xaxc + xBxc + xp. We have thus checked that [(ANB)U(ANC)U(BNC)|A D
coincides with [(A A D)N (B A D)JU[(A A D)N(C A D)JU[(B A D)N(C A D)]. Applying
thisto A =01, B =072, C =03, D = 0y, yields the desired result.

(ii) Consider a homomorphism of spaces with measured walls ¢ : X — X'. It is easily seen
that the surjective map ¢* : W — W induces a surjective map ¢* : H' — H such that for every
B eBM, (¢")7'(B) € B and 1/ ((¢*) 7 (B)) = u(B).

Let o denote any admissible section. Set ¢, (o) = (¢*) " '(0) ={h' € H'; ¢~ (1) € &}. Since
¢ is a homomorphism, ¢, (o) is an admissible section of (X', W', B’, ). Note that ¢ (oy) =
0¢(x) and that ¢ (0 A 0') = ¢+ (0) A ¢s(0”). This implies that ¢, defines a map from M (X)
to M(X"). Moreover pdist x (#«(0), $«(0") = ' (¢«(0) A ¢px(0)) = W (@0 A& 0')) =
W ((@*) o a0")=p(o & o) =pdistyx (0, 0"). Thus ¢, is an isometry.

The statement (iii) is an immediate consequence of (ii). O

The results in Proposition 3.14 justify the following terminology.
Definition 3.15. We call M (X) the median space associated with (X, W, B, i1).
The first part of Theorem 1.1 is proved.

Remark 3.16. The median space M (X) has measured walls. Indeed for each & € ‘H define h 4
to be the set of 0 € M(X) such that & € . The complement of s in M(X) is the set of
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o € M(X) such that i ¢ o, or equivalently by the properties of admissible sections /4 € ¢. In
other words (haq)¢ = (h°)aq. Thus {haq}pen is a collection of half-spaces — which we will
denote by H r¢. We denote by Wy the associated set of walls on M (X). Using the bijection
W — Wy induced by h +— hpq we define on Wy a o-algebra By, and a measure p . Note
that ¢ : X — M(X) is a homomorphism. Note also that the distance on M (X) coincides with
the distance induced by the measured walls structure.

It is easy to check that the medianized space associated with M (X) endowed with this struc-
ture of space with measured walls is M (X) itself.

Remark 3.17. One cannot hope to define a median space (M (X), dist) associated to a space with
measured walls such that there exists an isometric map ¢ : (X, pdist,) — (M(X), dist) with the
universality property that any isometric map from (X, pdist,) to a median space factors through ¢.
This was explained in Remark 2.10.

4. A review of median algebras

The notion of median algebra appeared as a common generalization of trees and lattices (in
the ordered structure sense of the word). We recall here some basic definitions and properties
related to median algebras. For proofs and further details we refer the reader to the books [68,
69], the surveys [10,41], as well as the papers [16,65,66,60].

4.1. Definitions, examples

Definition 4.1 (Median algebra, first definition). A median algebra is a set X endowed with a
ternary operation (a, b, ¢) — m(a, b, c) such that:

(1) m(a,a,b)=a;
2) m(a,b,c)=m(b,a,c) =m(b,c,a),
3) m(m(a,b,c),d,e) =m(a,m(b,d,e),m(c,d,e)).

Property (3) can be replaced by (3') m(a, m(a, c,d), m(b, c,d)) =m(a,c,d).

The element m(a, b, c) is the median of the points a, b, c. In a median algebra (X, m), given
any two points a, b the set I (a, b) = {x; x =m(a, b, x)} is called the interval of endpoints a, b.
This defines amap 1 : X x X — P(X). We say that a point x € I (a, b) is between a and b.

A homomorphism of median algebras is a map f : (X,myx) — (Y, my) such that my (f(x),
f), f(@) = f(mx(x,y,z)). Equivalently, f is a homomorphism if and only if it preserves
the betweenness relation. If moreover f is injective (bijective) then f is called embedding or
monomorphism (respectively isomorphism) of median algebras.

The following are straightforward properties that can be found in the literature (see for in-
stance [65] and [60, §2]).

Lemma 4.2. Let (X, m) be a median algebra. For x,y, z € X we have that

(1) I(x,x)={x};
@) Ix,y)NI(x,2) =1(x,m(x,y,2));
3) I, )N I(x,2) NIy, 2) ={m(x,y,2)};
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@) ifael(x,y) thenforanyt, I(x,t)NI(y,t) C1I(a,t) (equivalently m(x,y,t) € I(a,t));
b)) ifxel(a,b)yandy € l(x,b) then x € I(a,y).

A sequence of points (aj,ay,...,a,) iS geodesic in the median algebra (X,m) if a; €
I(ai,ajy1) foralli =2,...,n — 1. This is equivalent, by Lemma 4.2, point (5), to the condition
that a1 € I (aj,ay) foralli =1,2,...,n —2.

Lemma 4.3. [f (x, t, y) is a geodesic sequence, then:

M) I'x, ) UI(t,y) S 1(x,y);
@ Ix,yN I, y)={r}.

According to [65,66] there is an alternative definition of median algebras, using intervals.

Definition 4.4 (Median algebra, second definition). A median algebra is a set X endowed with
amap [ : X x X = P(X) such that:

(1) I(x,x)={x}
) ifyel(x,z)thenI(x,y) CI(x,z2);
(3) forevery x, y, z in X the intersection I (x, y) N I (x, z) N I(y, z) has cardinality 1.

Example 4.5. Let (X, dist) be a median space. Then the metric intervals 7 (x, y) satisfy the
properties in Definition 4.4, and thus the metric median (x, y, z) + m(x, y, z) defines a structure

of median algebra on X.

Example 4.6. Here is the set-theoretic generalization of Example 2.8(8). For any set X, the power
set P(X) is a median algebra when endowed with the Boolean median operation

m(A,B,C)=(ANB)UANC)UBNC)=(AUB)N(AUC)N(BUC). 3)

The median algebra (P(X), m) is called a Boolean median algebra. One easily sees that in this
case

I(A,B)={C; ANBCCCAUB)}. 4)

In what follows we use the notation Bm (A, B, C) to designate the Boolean median defined in (3)
and BI (A, B) to designate the Boolean interval defined in (4).

It appears that Example 4.6 is in some sense the typical example of median algebra. More
precisely, according to Corollary 4.11, any median algebra is a subalgebra of a Boolean median
algebra, up to isomorphism.

4.2. Convexity
Definition 4.7. A convex subset A in a median algebra is a subset such that for any a,b € A,

I(a,b) C A; equivalently it is a subset such that for every x € X, and a, b in A the element
m(a,x,b)isin A.
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A subset & in a median space (X, m) is called a convex half-space if itself and the comple-
mentary set A€ are convex. The pair {h, h¢} is called a convex wall. We denote by H.(X) the
set of convex half-spaces in X and by W, (X) the set of convex walls in X. When there is no
possibility of confusion we simply use the notations H,. and W,.

The above algebraic notion of convexity coincides with the metric notion of convexity intro-
duced in Definition 2.11, in the case of the median algebra associated with a median space (see
Example 4.5).

The following result shows that there are plenty of convex walls in a median algebra.

Theorem 4.8. Let X be a median algebra, and let A, B be two convex non-empty disjoint subsets
of X. Then there exists a convex wall separating A and B.

A proof of Theorem 4.8 when A is a singleton can be found in [53]; in its most general form
it follows from [67, Theorem 2.5]. Other proofs can be found in [11, §5.2] and [60, §2].

Corollary 4.9. Given any two distinct points x,y in a median space (X, dist) there exists a
convex wall w = {h, h®} with x € h, y € h°.

Definition 4.10. Given a median algebra X, one can define the map
o:X—P(H,), o(x) =0y =1{heH.; x€h}.
A consequence of Theorem 4.8 is the following.
Corollary 4.11. The map o is an embedding of median algebras.
5. Median spaces have measured walls
The aim of this section is to prove the following.

Theorem 5.1. Ler (X, dist) be a median space. Let VW be the set of convex walls, and let B be
the o -algebra generated by the following subset of P(WV):

U= {W(xly); X,y points ofX}.
Then there exists a measure |1 on B such that:

(1) uW(xly)) = dist(x, y), consequently the 4-tuple (X, W, B, ) is a space with measured
walls;
(2) any isometry of (X, dist) is an automorphism of the space with measured walls (X, W, B, ).

Remark 5.2. According to Carathéodory’s theorem, a measure p on the o-algebra B is not
uniquely defined by the condition (1) in Theorem 5.1. It is uniquely defined if there exists say a
sequence of points (x;) in X such that W = Un m YV (x,|x,,). This happens for instance if there
exists a countable subset in X whose convex hull is the entire X. Uniqueness is also guaranteed
when for some topology on WV the measure p is borelian and W is locally compact second
countable.
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Combining Theorem 5.1 above and Lemma 3.12 we get the following:

Corollary 5.3. Let (X, dist) be a median space. Then X isometrically embeds in L'V, ),
where (W, ) are as in Theorem 5.1.

More precisely, given any xo € X, the space X is isometric to { Xy (x|xy); * € X} C L'V, )
endowed with the induced metric.

The fact that median spaces embed isometrically into L'-spaces was known previously,
though not via a construction of an embedding as above, but using Assouad’s result that a space
is embeddable into an L'-space if and only if any finite subset of the space is [3,4,6]. That fi-
nite median spaces can be embedded into £!-spaces seems to be well known in graph theory; all
proofs usually refer to finite median graphs only, but can be adapted to work for finite median
spaces (see for instance [46]). There exist even algorithms which isometrically embed a given
median graph into an £'-space; the same method yields algorithms in sub-quadratic time recog-
nizing median graphs [38]. The statement that finite median spaces can be embedded into ¢! was
explicitly stated and proved for the first time in [69, Theorem V.2.3].

Corollary 5.4. A metric space (X, dist) is submedian in the sense of Definition 2.7 if and only if
it admits a structure of space with measured walls (X, W, B, u) such that dist = dist,,. Moreover
all walls in YW may be assumed to be convex.

Proof. The direct part follows from Theorem 5.1 and Lemma 3.9.
The converse part follows from Lemma 3.12. O

Remark 5.5. Corollary 5.4 for finite metric spaces was already known. We recall this version
here as it will prove useful further on.

More precisely, according to [3] and [6] a finite metric space (X, dist) is isometrically 2lem-
beddable if and only if

dist= szas,

ScX

where Ag are non-negative real numbers, and §g(x, y) = 1 if x £ y and S N {x, y} has cardinality
one, §5(x, y) = 0 otherwise.

Theorem 5.1 together with Proposition 3.14 show that the natural dual category of median
pseudo-metric spaces is the category of spaces with measured walls. Precise results on duality
of categories for particular categories of median algebras and spaces with walls can be found in
[60] and [11].

Remark 5.6. According to the construction in Section 3.2, a space with measured walls X has
a natural embedding into a median space M (X); moreover M(X) has an induced structure of
space with measured walls, and its metric coincides with the metric induced by the measured
walls structure (Remark 3.16).

We note here that the above structure of space with measured walls on M (X) does not in
general agree with the structure described in this section. In general the first structure does not
have convex walls, as the walls on X may not be convex. In a forthcoming paper we will show
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that both structures on M (X) are equivalent, in the sense that they induce the same structure of
measured spaces with walls on finite subsets.

The strategy of the proof of Theorem 5.1 is to use Proposition 3.4. We first show that for any
pair of finite non-empty sets F, G in X, W(F|G) is equal to WW(a|b) for some pair of points

a, b. In order to do this we need the following intermediate results.

Lemma 5.7. Let (x, y, z) be a geodesic sequence. Then we have the following decomposition as
a disjoint union:

Wi(x|z) =W(x|y) uW(yl2).
Proof. First notice that by convexity of half-spaces, the intersection WW(x|y) N W(y|z) is empty.
Then the inclusion W(x|z) € W(x|y) U W(y|z) is clear because if a half-space & contains x
but does not contain z, then either & contains y (in which case the wall {h, h} separates y
from z) or h¢ contains y (in which case the wall {h, h“} separates x from y). The inclusion
W(x|y) UW(y|z) € W(x|z) holds because if & contains x and y ¢ h, again by convexity we
cannot have z € h and hence {/, h¢} separates x from z. O
As an immediate consequence we get the following:
Corollary 5.8. For any geodesic sequence (x1, X2, ..., X,) we have the following decomposition:
W(xilxp) =W(xilx2) U - U W (- 11xn).
Corollary 5.9. If (x, y) and (x', y') are parallel pairs then

Wxly) =W(x'|y) =W(x, x’

y.y)
and
W(x[y) =W(']y) = Wly) uW(x]x).
Lemma 5.10. Given three points x, y, z with median point m, we have W(x|y, z) = W(x|m).

Proof. According to Lemma 5.7 we have that W(x|y) = W(x|m) UW(m|y) and that W(x|z) =
W(x|m) U W(m|z). It follows that

Wixly, 2) = W(x|y) N W(x|z) = W(x|m) u (W(m|y) N W(m|z)).
But by convexity of the walls W(m|y) N W(m|z) = @, and we are done. O
We will use intensively the following two operations:

Definition 5.11 (Projection and straightening). Let (x,y), (a,b) be two pairs of points of a
median space X.
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The projection of (x, y) with target (a, b) is the pair (x’, y') defined by x' =m(x,a,b),y =
m(y,a,b).

If furthermore x, y € I (a, b) we also consider the straightening of the path (a, x, y, b), which
by definition is the path (a, p, g, b), where the pair (p, g) is defined by p =m(a,x,y),q =
m(b,x,y).

Observe that given two pairs of points (x, y), (a, b), the central rectangle [x’, a’, y', b'] asso-
ciated with [x, a, y, b] (as defined in Definition 2.27) is obtained by first projecting (x, y) with
target (a, b) — this yields the pair (x’, y’) — and then straightening (a, x’, y’, b) — which yields
the pair (a’, b’). We now give some properties of both procedures.

Lemma 5.12. Let (x, y), (a, b) be two pairs of points.
(1) Let (x’, y") be the projection of (x, y) with target (a, b). Then
W(x'|y') = W(xly) N\ W(alb).

(2) Assume x,y € I(a,b), and let (p, q) be the projection of (a,b) with target (x,y). Then
[p.x,q,y]is a rectangle, W(p|q) = W(x|y), and (a, p, q, b) is a geodesic sequence (thus
(a, x,y,b) has really been straightened to a geodesic).

(3) Let [x',a’, ', b'] be the central rectangle associated with [x, a, y, b]. Then

W(x'|y') = Wixly) " Wialb), W(x'|y') = W(d'|p').

Proof. Since the central rectangle is in fact obtained by composing the projecting and straight-
ening operations, it is enough to prove statement (3).

The equality W(x'|y") = W(d'|b’) follows by Corollary 5.9.

By Lemma 5.10 we have W(x|x') = W(x|a, b). In particular W(x|x") N W(a|b) = @. And
similarly W(y|y") N W(a|b) = @.

Consider now a half-space & such that x € i, y ¢ h and {h, h°} € W(a|b). Since W(x|x") N
W(a|b) = ¥, we deduce that x’ € h. Similarly we have y’ € h¢. We have thus proved that
Wi(x|y) N W(alb) C W(x'ly").

On the other hand, since W(x'|y") = W(d'|b’) and (a, a’, b’, b) is a geodesic, it follows that
WX'|y") € W(alb).

According to Lemma 2.29, (x’, y’) is parallel to a pair (x”, y”) such that (x,x”,y”, y) is
geodesic. This and Corollary 5.9 imply that W(x'|y") C W(x|y). O

Proposition 5.13. Let F and G be two finite non-empty subsets in X. There exist two points
P, q € X such that

W(FIG) =W(plqg)-

Proof. We use an inductive argument over n = card F + card G. For n = 2 the result is obvious,
while for n = 3 it is Lemma 5.10.

Assume that the statement holds for n and let F, G be such that card F +cardG =n +1 > 3.
Without loss of generality we may assume that card F > 2. Then F = Fj U {x}, and W(F|G) =
W(F1|G) NW(x|G). The inductive hypothesis implies that W(F||G) = W(a|b) and W(x|G) =
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W(c|d), for some points a, b, c, d. Hence W(F|G) = W(a|b) N W(c|d). We end up by applying
Lemma 5.12. O

At this stage we have proven that the ring R defined in Proposition 3.4 coincides with the set
of disjoint unions |_|/_; W(x;|y;). It remains to show that there is a premeasure j : R — R* on
the ring R such that u(W(x|y)) = dist(x, y). We first define u as an additive function.

Lemma 5.14. If W(x|y) = W(a|b) then dist(x, y) = dist(a, b).

Proof. First let (x', y) be the projection of (x, y) with target (a, b). Then by Lemma 5.12(1)
we have W(x'|y") = W(x|y) N W(a|b) = W(alb). By Corollary 2.15 the median map is 1-
Lipschitz, thus d(x’, y') < d(x, y).

We now straighten (a, x’, y, b) to (a, p, g, b) (thus (p, q) is the projection of (a, b) with tar-
get (x’,y")). Then by Lemma 5.12(2) we have W(plq) = W(x'|y") = W(a|b), and (a, p, q, b)
is a geodesic. By Corollary 5.8 we deduce W(a|p) = W(q|b) =0, and thus a = p, g =b. It
follows that d(a, b) = d(p, q), and thus by Corollary 5.9 we have d(a, b) =d(x’, y") <d(x, y).
We conclude by symmetry. O

Proposition 5.15. Assume that for two points a,b the set of walls W(a|b) decomposes as

W(alb) = |_|?=1 W(x;ly;j). Then there exists a geodesic sequence (ay =a, ay, ..., ay =b) and
a partition {1,2,...,2" =1} =L ulL U---Ul, such that:
(1) for each j € {1,...,n} the set I; has 2/=1 elements and we have a decomposition of

W(xjlyj) = Ui, Wailaivn);
(2) foreach j €{l,...,n} we have dist(x}, y;) = Zie,i dist(a;, aj+1).

In particular, dist(a, b) = Zj dist(x;, y;).
We easily deduce the following:

Corollary 5.16. There is a unique additive function u : R — RT such that p(W(x|y)) =
dist(x, y).

To prove Proposition 5.15 we need the following auxiliary result:

Lemma 5.17. In a median space (X,dist), consider two geodesic sequences with common
endpoints (a, p,q,b) and (a, p’, q', b), such that W(p|q) "W(p'lq’) = @. Let (s, t) be the pro-
Jjection of (p’, q’) with target (a, p). Similarly let (u, v) be the projection of (p’, q') with target
(g, D). Then dist(p’, q") = dist(s, t) + dist(u, v).

Proof. Consider two more points: m = m(t, p’,q'),n = m(u, p’, q’) (see Fig. 3). Let us check
that [s, £, m, p’] is a rectangle. By construction (¢, m, p’) is a geodesic sequence. Since s, ¢ are
projection of p’, g’ onto the interval I (a, p) we deduce that (¢’, m,t,s), (p’, s, t) are geodesic
sequences. And since (x, p’,q’,y) is a geodesic sequence we see that (x,s, p’,m,q’,y) is
geodesic.
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a

Fig. 3. The construction in Lemma 5.17.

We thus have dist(p’, m) = dist(s, ), and also W(p'|m) = W(s|t) (by Corollary 5.9). Hence
W(p'lm) =W(a|p) N W(p'|lq’) (by Lemma 5.12(1)). Similarly we get dist(n, ¢’) = dist(u, v),
and W(nlq') = W(qlb) N W(p'lq).

We claim that W(m|q") = W(q|b) "N W(p'|q’). Indeed applying several times Lemma 5.7 we
get

W(p'|lm)uW(mlq") =W (p'lq") C Wialb) = W(alp) u W(plg) L W(q|b)

and the claim follows, since by assumption W(p|q) N W(p'lq’) = @ and we already have
W(p'Im) =W(alp) "W(p'lq").

We deduce that W(m|q’) = W(n|q'). This implies dist(m, ¢") = dist(n, ¢’) = dist(u, v) by
Lemma 5.14. Since (p’,m, q’) is a geodesic we get dist(p’, ¢’) = dist(p’, m) + dist(m, ¢’) =
dist(s, 1) + dist(u, v). O

Proof of Proposition 5.15. We argue by induction on n. The case n = 1 follows by Lemma 5.14.

Now let us assume that #n > 1 and that the lemma is true for partitions of any wall-interval into
n — 1 wall-intervals. Notice first that, according to Lemma 5.12(1) and Lemma 5.14, modulo
replacing (x;, y;) by its projection with target (a, b), we can assume that the x;’s and y;’s belong
to the interval I (a, b).

We straighten (a, x1, y1, b) to (a, p1,q1,b). Then by Lemma 5.12(2) the sequence (a, p1,
q1, b) is geodesic, and we have W(x|y;) = W(p1lq1).

By Lemma 5.7 we have W(alb) = W(a|p1) U W(pilq1) LU W(q1|b). Tt follows that
W(alp1) uW(qi1b) = |_If_, W(xilyi).

We now straighten each path (a, x;, y;, b) to (a, pi,qi,b) (when i > 1). Again we have
W(xilyi) = W(pilgi;) and moreover dist(x;, y;) = dist(p;, g;) (since [x;, p;, Vi, qi] is a rectan-
gle). Now let us project the points p; and g; onto I (x, p1) and 1(q1, y). Sosets; =m(p;, x, p1),
ti =m(qi, x, p1), u; =m(pi,q1,y) and v; =m(q;, q1, y).

Applying again Lemma 5.12(1) we get that W(pilqi;) "N W(a|p1) = W(s;|t;) and W(p;|g;) N
W(q11b) = W(u;|v;). Thus W(pilgi) = W(s;lt;) U W(u;|v;), and we get two decompositions:
Wialp1) = Ii_, Wsilt:) and W(g11b) = |Ii_, Wuilv;).

If we apply the induction hypothesis to the two decompositions above we see that we are done
since Lemma 5.17 ensures that dist(p;, g;) = dist(s;, ;) + dist(u;, v;). O

The following shows that the premeasure satisfies property (M.
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Proposition 5.18. Let (X, dist) be a median space, endowed with convex walls. If (I)neN is
a non-increasing sequence of finite disjoint unions of wall-intervals such that (), I, = 9, then
Iy = for k large enough.

Proof. In what follows we identify a half-space with its characteristic function. First note that
the set of half-spaces bounding a convex wall (i.e. the set of convex subsets whose complement is
convex as well) is a closed subset of {0, 1}X. Then the set 7 (x|y) of half-spaces containing x but
not y is a closed subset of the compact subset of {0, 1}* consisting in functions f : X — {0, 1}
such that f(x) =1, f(y) =0. So H(x|y) is compact.

It is enough to argue when Iy = W(x|y). Since (I,),eN 1S non-increasing for each n we
have I,, C W(x|y). We then define H, as the set of half-spaces & such that {h, h‘} € I,,, and
x € h. It follows that (H,),eN is non-increasing, and has empty intersection. By projecting onto
I(x,y) we have I, = |_|W(x;|y;) for some points x;, y; € I (x,y) (Lemma 5.12(1)). We know
that W(x;|y;) = W(pilq) for p; = m(x, x;, y;), qi = m(y, x;, yi), and furthermore (x, p;, gi, y)
is a geodesic sequence. Thus H, = |_|W(pilg;) and H, is compact. It follows that there exists k
such that Hy = @, which implies that [y = . O

We now have all the ingredients to finish the proof of Theorem 5.1.

Proof of Theorem 5.1. That the premeasure 1 is well-defined on R is the content of Propo-
sition 5.15. It obviously satisfies properties (M) and (Mi), while (Mi/ ) is proved in Proposi-
tion 5.18.

By Carathédory’s Theorem 3.1, u* restricted to .A* is a measure extending u, hence its re-
striction to B is also a measure extending .

Obviously any isometry of (X, dist) defines a bijective transformation on W preserving R
and the premeasure ., hence the outer measure ©* and A*, hence it defines an automorphism of
the measured space WV, B, u). O

6. Kernels, median spaces, properties (T) and Haagerup
6.1. Various types of kernels

A kernel on a set X is a symmetric map v : X x X — R such that v (x, x) = 0. For instance,
a pseudo-metric is a kernel.

Let f : X — Y be a map and let ¢ be a kernel on Y. The pull-back of ¢ under f is the kernel
Yix,y) =¢(f(x), f()). Given a class of kernels C, a kernel ¢ on X is of type C if ¢ is the
pull-back of some kernel in the class C.

We will be particularly interested in kernels of median type, which are obtained by pulling
back a median pseudo-distance. By considering the canonical median metric quotient, we see
that any kernel of median type is also the pull-back of a median distance.

Properties (T) and Haagerup (a-T-menability) have often been described using conditionally
negative definite kernels, the definition of which we now recall.

Definition 6.1. A kernel ¢ : X x X — Ry is conditionally negative definite if for every n € N,
X1,...,xp € Xand Ay, ..., A, € R with Z?:l A = 0 the following holds:

n n
ZZ’\i)‘jlﬂ(xi,xj) <0.

i=1 j=1
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Proposition 6.2. (See [63].) If ¥ : X x X — Ry is a conditionally negative definite kernel and
0 <a < 1 then Y% is a conditionally negative definite kernel.

An example of conditionally negative definite kernel is provided by the following result.

Proposition 6.3. (See [71, Theorem 4.10].) Let (Y, B, u) be a measured space. Let 0 < p <2,
and let E = LP (Y, u) be endowed with the norm || - || . Then ¥ : E x E — R, ¥ (x,y) = |lx —
y ||§ is a conditionally negative definite kernel.

In some sense, the example in Proposition 6.3 is universal for conditionally negative definite
kernels, as the following statement shows.

Proposition 6.4. (See [63].) A function ¥ : X x X — Ry is a conditionally negative definite
kernel if and only if there exists amap f : X — H, where (H, | - ||) is a Hilbert space, such that

2
Y,y = —-rm|-. (&)
The discussion above suggests the following:

Definition 6.5. A function ¥ : X x X — R is a kernel of type p, where 0 < p < 2, if there
existsamap f : X — LP(Y, u), for some measured space (Y, B3, i), such that

v =@ - Fml. 6)

Proposition 6.6. A function ¥ : X x X — Ry is a kernel of type 1 if and only if it is of median
type.

Proof. Since L' (Y, i) is a median space (see Example 2.8(7)), a kernel of type 1 is of median
type. Conversely, Corollary 5.3 shows that a median space embeds in some L' (W, 1), so a kernel
of median type, by composition with this embedding, will be of type 1. O

Remark 6.7. Clearly, the pull-back of a conditionally negative definite kernel (or of a kernel of
type p) is also conditionally negative definite (respectively, of type p).

Proposition 6.4 states that conditionally negative definite kernels are the same thing as kernels
of type 2. In order to investigate further the relationship between conditionally negative definite
kernels and kernels of type p, we recall some results on isometric embeddings of L?-spaces.

Theorem 6.8. (See Theorems I and 7 in [20].) Let 1 < p < g < 2.

(1) The normed space (LY(X,u), || - llq) can be embedded linearly and isometrically into
(LP (X', 1), N - Nl p) for some measured space (X', B', ).
() If L? (X, n) has infinite dimension then (L? (X, ), | - ||%) can be embedded isometrically

into (L4(X', '), || - l¢) for some measured space (X', B', ') if and only if 0 < o < g.

Remark 6.9. Note that according to [42], the space [, with p > 2 does not coarsely embed into
a Hilbert space.
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Remark 6.10. Theorem 6.8(1) implies that every metric space that can be isometrically em-
bedded in a space L?(X, ) with p € [1, 2] (metric space of type p in the terminology of [20]
and [31]) is a submedian space. See [31] for examples of such spaces.

Using these results we can now establish a more precise relationship between kernels of type
p and conditionally negative definite.

Corollary 6.11.

(1) If ¥ is a kernel of type p for some 0 < p < 2 then  is a conditionally negative definite
kernel. )
(2) If ¥ is a conditionally negative definite kernel and 1 < p <2 then ¥ 2 is a kernel of type p.

Proof. Let X be an arbitrary space and let ¢/ : X x X — R.

(1) follows from Proposition 6.3 and Remark 6.7.

(2) According to Proposition 6.4 there exists a map g : X — L?(X, i) such that ¥ (x, y) =
lg(x) — g(y) ||§. By Theorem 6.8(1), there exists an isometric embedding F : (L>(X, w), || - [|2)

— (LP(X', i), Il - |l p)- Consequently v (x, y) = |g(x) — gW)II3 = 1 F (g(x)) = F(g(») |3, and
¥P/? is a kernel of type p. O

Remark 6.12.

(1) By Proposition 6.6, Corollary 6.11 and Proposition 6.4, every submedian space (X, dist)
has the property that (X, dist'/?) can be embedded isometrically in a Hilbert space. This
can be refined ([5], [30, Proposition 2.5]) to the sequence of implications: (X, dist) sub-
median = (X, dist) hypermetric = (X, dist'/?) spherically L?-embeddable = (X, dist'/?)
L?-embeddable.

Recall that a kernel ¢ : X x X — R (in particular a metric) is hypermetric if for any fi-
nite sequence xi, ..., X, in X and any integers A1, ...A, such that Z:l:l Ai = 1, we have
Zf’ =1 Aidjr(x;, xj) < 0. A kernel is spherical if its restriction to any finite subset of X
coincides with a pull-back of a metric on an Euclidean unit sphere. A metric space is called
spherically L*-embeddable if its distance is a spherical kernel.

It follows that any submedian space (X, dist) has the property that all its finite subsets en-
dowed with the metric dist'/? are isometric to subsets on an Euclidean unit sphere. This holds
even for submedian spaces of negative curvature, like H',, as was first noticed by Robertson
in [58, Corollary 3.2].

(2) The above implications can be reformulated in terms of kernels thus: ¥ kernel of type 1 =
¥ hypermetric kernel = v '/? spherical kernel = v kernel of type 2.

Robertson and Steger defined in [59] an alternate type of kernels.
Definition 6.13. (See Robertson and Steger [59].) A measure definite kernel on a space X is a
map ¥ : X x X — R such that there exists a measured space (M, B, u) andamap S: X — B,
x > Sy, satisfying ¥ (x, y) = u(Sy A Sy).

In [59] it is asked (Question (i)) whether measure definite kernels can be given an intrinsic
characterization among the conditionally negative definite kernels. It turns out that measure defi-
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nite kernels are very much related to structures of space with measured walls, as well as to median
spaces (see Lemma 6.14). This relationship allows us to answer this question (Corollary 6.17).

Lemma 6.14. A kernel ¥ : X x X — R4 on a space X is measure definite if and only if it is
of median type, in other words it is the pull-back of a median metric. Moreover when X is a
topological space the kernel \ is continuous if and only if the pull-back map f is continuous.

Proof. Assume that ¥ is a measure definite kernel on X. Then there exists a map S : X — B,
x +— Sy, where (M, B, u) is a measured space, and ¥ (x,y) = u(Sx A Sy). Fix some base
point xg and endow BSxo with the structure of median pseudo-metric space described in Ex-
ample 2.8(8). Then  is the pull-back under S of this median pseudo-metric.

Conversely, consider a map f from X to a median space (Y,dist) such that ¥r(x,x") =
dist(f (x), f(x")). By Theorem 5.1, there exists a set of convex walls YW on Y, a o -algebra B on
W and a measure p on 3 such that the 4-tuple (Y, W, B, ) is a space with measured walls, and
moreover dist(y, y') = uW(y|y)).

We fix a point xg in X and we define the map S : X — B, Sy = W(f(x)|f(x0)). Then
m(Sa & Sp) = pOV(f(a)| f(x0)) A W(f (DI f(x0))) = uOV(f (@) f (D)) = dist(f(a), f (b))
=y (a,b).

Obviously f continuous implies ¥ continuous. Conversely, assume that ¥ is continuous. If
y € X is close to x € X then (x, y) is close to (x, x) hence ¥ (x, y) = dist(f (x), f(¥)) is close
toy(x,x)=0. O

The following statement is an improvement of [59, Proposition 1.2] and [25, Proposition 2].

Lemma 6.15. A map ¥ : X x X — Ry on a space X is a measure definite kernel if and only if
there exists a structure of space with measured walls (X, W, B, u) on X such that ¥ (x,x") =
nOV(x|x")).

Proof. The if part follows from Lemmata 3.12 and 6.14.

Conversely, assume that ¥ is a measure definite kernel on X. By Proposition 6.14 the kernel
¥ is the pull-back of a median distance: ¥ (x, y) = dist(f(x), f(y)) for some map f: X — Y
where (Y, dist) is a median space. Consider the structure of space with measured walls on ¥
given by Theorem 5.1. The pull-back structure of space with measured walls on X has i as wall
pseudo-distance, according to Lemma 3.9. O

Proposition 6.16. A kernel is measure definite if and only if it is of type 1.

Proof. Follows directly from Lemma 6.14 and Proposition 6.6. O

Corollary 6.17. A kernel ¢ : X x X — R is measure definite if and only if W satisfies the tri-
angular inequality, moreover for every finite subset F in X, V|« is equal to ZSEF Asds for
some Ls = 0, where §s(x,y) =1if ¥(x,y) >0 and SN {x, y} is of cardinality 1, 5s(x,y) =0

otherwise.

Proof. It follows immediately from Proposition 6.16, from the fact that a metric space is isomet-
rically embeddable into an L! -space if any finite subset of it is [3,6], and from Remark 5.5. O
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Corollary 6.18.

(1) Every measure definite kernel is conditionally negative definite.
(2) If ¥ is a conditionally negative definite kernel then \/V is a measure definite kernel.

Statement (1) in Corollary 6.18 has already been proved in [59], where it appears as Proposi-
tion 1.1, while statement (2) has been proved in [59, Proposition 1.4(i)] under the extra assump-
tion that the set on which the kernel is defined is countable.

6.2. Properties (T) and Haagerup and actions on median, measured walls and LP-spaces

Definition 6.19. A function @ : G — R defined on a group is conditionally negative definite if
the function G x G — R, (g, h) — ®(g~'h), is a conditionally negative definite kernel.

Recall that a function @ is called proper if limg_, oo @(g) = 00. Here g — 00 means that g
leaves any compact subset.

If a conditionally negative definite kernel ¥ : G x G — R is left invariant, i.e. ¥ (g1, g&2) =
Y(hg1, hgo) forevery h, g1, g2 in G, then the map @ : G — R, defined by @(g) =¢(1,g) isa
conditionally negative definite function. If @ is proper we say that the kernel ¥ is proper.

We also recall that a second countable space is a topological space satisfying the second
axiom of countability, that is such that its topology has a countable base. A second countable
space is separable (i.e. has a countable dense subset) and Lindeldf (i.e. every open cover has a
countable sub-cover). The converse implications do not hold in general, but they do for metric
spaces.

Characterizations of properties (T) and Haagerup (also called a-T-menability) using condi-
tionally negative definite kernels are well-known and can be found in the literature. We recall
here the relevant ones.

Theorem 6.20. (See [29,36,1,28,24].) Let G be a second countable, locally compact group.

(1) The group G has property (T) if and only if every continuous conditionally negative def-
inite function on G is bounded (equivalently, every continuous left invariant conditionally
negative definite kernel on G is bounded).

(2) The group G has the Haagerup property if and only if there exists a continuous proper
conditionally negative definite function on G (equivalently, there exists a continuous proper
left invariant conditionally negative definite kernel on G ).

Theorem 6.20 and Corollary 6.11 imply the following.

Corollary 6.21. Let G be a second countable, locally compact group.

(1) If the group G has property (T) then for every p € (0,2], every continuous left invariant
kernel of type p on G is bounded.

(2) The group G has the Haagerup property if for some p € (0, 2], there exists a continuous
proper left invariant kernel of type p on G.
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Remark 6.22. For p € [1, 2] the converse statements in Corollary 6.21 immediately follow from
Corollary 6.11(2).

Corollary 6.21 can be reformulated in terms of actions of the group on subsets of L”-spaces,
as follows.

Corollary 6.23. (See [29,1,71].) Let G be a second countable, locally compact group.

(1) If G has property (T) then for every p € (0, 2], every continuous action by isometries of G
on a subset of a space LP (X, ) has bounded orbits.

(2) The group G has the Haagerup property if there exists p € (0, 2], and a continuous proper
action by isometries of G on a subset of some LP (X, 11).

Proof. Both (1) and (2) follow from the fact that if S is a subset of some L? (X, i) and there
exists an action of G on § by isometries, G X § — S, (g, s) — g - s, then for any s € S the map
(g, h)=|g-s—h- s||§ is a continuous left invariant kernel of type p on G. O

Remark 6.24. In [54] the following result is stated: a second countable locally compact group
has the Haagerup property if and only if for some (for all) p € (1, 2) the group has a proper affine
isometric action on L”[0, 1]. The proof in that paper has been completed in an updated version
of his preprint appearing on arXiv at [55].

The converse statements in Corollary 6.23 (and their stronger versions, with “every p € (0, 2]”
replaced by “there exists p € (0,2]” in (1), and the opposite replacement done in (2)) follow
immediately from the following fact. Given i a continuous proper left invariant kernel of type
ponG,thatisamap ¢ : G x G — Ry defined by ¥ (g, h) = f(g) — f(h)||§, where f: G —
L?(X, ) is continuous, one can define a continuous action by isometries of G on f(G) by
g f(h)= f(gh).

Much stronger versions of the converse statements in Corollary 6.23 are provided by Corol-
lary 1.5. But in order to obtain those, we first need to obtain improved converse statements for
p = 1. Indeed, for this value of p, the sufficient condition to have property (T) can be weakened:
it suffices to look at actions of G on median subspaces of L!-spaces. Also, Haagerup property
implies more for p = 1: the existence of a continuous proper action by isometries of G on a
median subspace of some L'-space. Both statements are straightforward consequences of the
following result.

Theorem 6.25. Let G be a separable topological group.

(1) If G acts continuously by isometries on a median space (X, dist) and x € X then ¢ : G X
G — Ry, (g, g) =dist(g-x, g - x) is a continuous left invariant kernel of type 1.

) If ¢ : G x G — Ry is a continuous left invariant kernel which is the square root of a kernel
of type 2 (hence r is a kernel of type 1) then there exists a continuous action by isometries
of G on a median space (X, dist), and a point x € X such that

v (g.g') =dist(g - x, g - x).
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We first need to establish equivariant versions of Lemmata 6.14 and 6.15 when X is a group G.
In the particular case when the group is countable, Lemma 6.15 has the following equivariant
version.

Proposition 6.26. (See [59].) Let I" be a countable group.

(1) If I' is endowed with a left invariant structure of space with measured walls (I', W, B, i)
then ¢ : I' x I' — R defined by (g, g') = u(W(glg))) is a left invariant measure definite
kernel.

Q) If ¥ : I' x I' — Ry is the square root of a left invariant conditionally negative definite
kernel, then I' can be endowed with a left invariant structure of space with measured walls
(I', W, B, ) such that ¥ (g, g") = n(OV(glg")).

Proof. (1) follows immediately from the definition of a measure definite kernel. It appears in
[59] as Proposition 1.1.
(2) follows from Proposition 1.4 and the proof of Theorem 2.1 on p. 252 in [59]. O

This implies the following equivariant version of Lemma 6.14.

Lemma 6.27. Let I” be a countable group.

(1) If I' acts by isometries on a median space (X, dist), and x is a point in X then ¥ : I’ X
I' - Ry, ¥(g, g)=dist(g - x, g - x) is a left invariant kernel of type 1.

Q) If Y : ' x I' - Ry is a left invariant kernel which is the square root of a conditionally
negative definite kernel (hence r is of type 1) then there exists an action by isometries of I’
on a median space (X, dist), and a point x € X such that ¥ (g, g’) = dist(g - x, g’ - x).

Proof of Theorem 6.25. (1) follows from the fact that median spaces isometrically embed in
L'-spaces by Corollary 5.3.

(2) Let I" be a countable dense subgroup in G. Restrict ¥ to I" and apply Lemma 6.27(2):
there exists an action by isometries of I" on a median space (X, dist) and x € X such that
¥(y,y’) =dist(y - x,y’ - x). The metric completion of (X, dist) is still median by Proposi-
tion 2.21, and any isometry of X extends uniquely to an isometry of the completion. We get an
action of I" on a complete median space that still induces the kernel . Thus we may — and will
— assume that the median space (X, dist) is already complete.

The map f : I" — X sending y to y - x is uniformly continuous since i is continuous (we
endow I" C G with the induced topology). Since X is complete it follows that f extends to a
continuous map G — X still verifying ¥ (g, g’) = dist(f(g), f(g")) (for all g, g’ in G). As usual
the left invariance of ¥ implies that g - f(h) = f(gh) defines an action of G by isometries on
f(G). And the continuity of ¢ implies that the action is continuous.

To end the argument it suffices to prove that the above action of G on f(G) extends to an
action by isometries on the median hull of f(G) in X, which we denote by M. Set My = f(G)
and then define inductively M;41 = {m(x,y,2) | (x,y,2) € (M;)3}. Clearly M is the ascending
union of the M;’s. Every element g € G defines an isometry g : My — M. We first note that
there is at most one isometric embedding g : M — X extending g : Mo — My, and g(M) C M.
Indeed, since isometries commute with the median map, g is completely determined on M; and
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g(M1) C My, then g is completely determined on M5 and g(M3) C M>, and so on. We now prove
the existence of such an isometric extension.

Choose a sequence y,, of elements of I" converging to g in the topological group G. Then
for every f(h) € My, ynf(h) = f(y,h) converges to f(gh) = gf(h) by continuity of f. We
prove by induction on i that for any m € M; the sequence y,(m) converges. This is true for
m € My. Assume we know that y,(p) converges for every p € M;, and let m denote an el-
ement of M; . Write m = m(x, y,z) with (x,y,z) € (Mi)3. Since y, acts by isometry on
the whole space X we have y,,(m) = m(y,,(x), Y2 (¥), ¥»(2)). By induction the three sequences
Yn)n=0, VY Y)n>0(vn(2))n>0 are convergent. By the continuity of the median map (Corol-
lary 2.15) it follows that (y;, (m)),>0 converges. Denote g : M — X the pointwise limit of y,
on M. It immediately follows that g is an isometric embedding which extends g : My — My. By
the remarks above we have that g(M) C M.

Using the uniqueness of the extension it is now straightforward to check that the maps g are
isometries of M (with inverse g—!), and finally that g — g defines an action of G by isometries
on M that extends the action of G on f(G), and thus still induces the kernel . O

Theorem 6.25 allows to obtain some results concerning a structure of space with measured
walls on the complex hyperbolic space.

Corollary 6.28 (Walls in the complex hyperbolic space). The complex hyperbolic space Hy.
admits a structure of space with measured walls such that:

(1) the induced wall metric is dist!/ 2, where dist is the hyperbolic distance;

(2) the walls are all the convex walls with respect to the metric dist!/?;

(3) SU(n, 1) acts by isomorphisms on this structure.

Proof. According to [31] the complex hyperbolic space H{. equipped with the metric dist'/?

can be embedded into a Hilbert space. It follows, by Theorem 6.8(1), that v : H. x H — R4,

¥ (x,y) =dist!/?(x, y), is the square root of a kernel of type 2, in the terminology of Defini-

tion 6.5. Obviously v is continuous and left-invariant with respect to the action of G = SU(n, 1).
Via the identification of H% with G/K, where K = SU(n), the kernel v induces a left in-

variant pull-back kernel /¢ : G x G — R... Theorem 6.25 implies that G acts by isometries on

a median space (X, disty) such that (g, g’) = distx(g - x, g’ - x) for some x € X. It follows

easily that the map g — g - x factorizes to a G-equivariant isometric embedding gK + gx of

(H™, dist!/?) into (X, disty). All the required statements then follow from Lemma 3.9 and from

Theorem 4.8. O

We now prove the results stated in the introduction.

Proof of Theorem 1.2. By Corollary 6.21 and Remark 6.22, property (T) and a-T-menability
for a group G are characterized by properties of continuous left invariant kernels of type 1. By
Theorem 6.25(1), continuous actions of G on median spaces induce such kernels. On the other
hand, a kernel of type 1 is by Corollary 6.11 also of type 2, hence its square root is defined by a
continuous action on a median space, according to Theorem 6.25(2). Theorem 1.2 follows, since
bounded kernels correspond to actions with bounded orbits, and proper kernels correspond to
proper actions. 0O
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Proof of Theorem 1.3. If a group acts continuously on a median space by isometries then the
group acts continuously by automorphisms on the structure of measured walls associated to
it, by Theorem 5.1. This and Theorem 1.2 give the direct implication in (2) and the converse
implication in (1).

On the other hand, a space with measured walls is a submedian space, by Corollary 5.4, hence
a subspace of an L!-space by Corollary 5.3. Corollary 6.23 then gives the direct implication
in (1) and the converse implication in (2). O

Proof of Corollary 1.5. A continuous action of a group G on a space with measured walls
(X, W, w) induces by Lemma 3.10 a continuous action by affine isometries on L? (H, p3) for
any p >0, defined by g - f =7,(8)(f) + Xop. — Xo,,» Where x is an arbitrary point in X.

The hypothesis in case (1) implies that the orbit of the constant function zero, composed of the
functions xo,, — Xo,, & € G, is bounded. This implies that the orbit of x is bounded. It remains
to apply Theorem 1.3(1).

(2) If G is a-T-menable then we may assume by Theorem 1.3(2) that G acts on (X, W, B, u)
such that pdist,, (x, gx) — 0o when g — 0o. Hence the action of G on L”(H, j3¢) is proper. O

Proof of Theorem 1.7. The only if part of (1) and the if part of (2) immediately follow from
Corollary 6.21 and Proposition 6.16.

The if part of (1) and the only if part of (2) follow from Theorem 1.2 and from Corol-
lary 5.3. O
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