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Abstract. The flag-homogeneous compact connected polygons with equal topological parameters 
p = q are classified explicitly. These polygons turn out to be Moufang polygons. 

Mathematics Subject Classificalions (1991): 51H 10, 51E 12, 51A 10. 

According to LOwen [34], every point-homogeneous compact connected projective 
plane is isomorphic to one of the four classical (Moufang) planes over ~ ,  C, 
or O. In contrast, there exist point-homogeneous compact connected generalized 
quadrangles which are not Moufang quadrangles, see 3.9. In this paper, we deter- 
mine all compact connected polygons which are flag-homogeneous and have equal 
topological parameters p = q, as well as all flag-transitive groups; these polygons 
are Moufang polygons. 

Compact connected polygons are closely related to isoparametric hypersurfaces 
in spheres. One conjectures that each hypersurface of this kind is the flag man- 
ifold of some compact connected polygon. This conjecture is true for all exam- 
ples presently known, see Thorbergsson [45]. The homogeneous isoparametric 
hypersurfaces in spheres have been classified by Hsiang and Lawson [26]. These 
hypersurfaces turn out to be precisely the flag manifolds of the compact connected 
Moufang polygons. Note that the 'real' hexagon is erroneously omitted from Table 
II in Hsiang and Lawson [26]. 

The finite flag-homogeneous generalized n-gons have not yet been classified 
completely. For n = 3, i.e. for projective planes, it is known that such a plane 
is either pappian, or its full automorphism group is sharply flag-transitive (see 
Kantor [28] [29], Feit [13], Fink [15], Lunardon and Pasini [35]). For n = 4, 
one knows precisely two finite flag-homogeneous generalized quadrangles which 
are not Moufang quadrangles. These two quadrangles have parameters (3, 5) and 
(15, 17), respectively, cp. Lunardon and Pasini [35]. 

The paper is organized as follows: Sections 1 and 2 contain basic information 
on the topology of generalized polygons and on compact transformation groups. 
The classification results are proved in Section 3, and the Appendix describes the 
algebraic topology of compact connected polygons. 
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1. Topology of Generalized Polygons 

In this section we obtain some basic topological properties of compact (connected) 
polygons. Our main tool are the 'addition' and 'multiplication' introduced in 1.4 
and 1.1. 

A generalized n-gon (or n-gon for short) ~ = (P,  /2, ~') is a building of rank 
2, considered as an incidence structure (cp. Tits [47, 3.34], Ronan [39, 3.2]); the 
set .7- of flags is a subset of the product 7 ~ × £ of the point set P and the line set 
£. We consider only thick generalized n-gons with n _> 3. 

If both P and/2  are compact (connected) Hausdorff spaces such that .T is 
closed in the product space P × £,  then we say that ~ = ( P , / 2 ,  ~ )  is a compact 
(connected) n-gon. This definition implies that the usual geometric operations f n -  1 
of ~ are continuous (cp. [22, 2.1 ]); in particul~, projectivities are continuous, hence 
any two point rows and any two pencils of lines are homeomorphic; if n is odd, then 
point rows and pencils of lines are homeomorphic (cp. [46, 3.30]). Furthermore, 
point rows and pencils of lines are doubly-homogeneous closed subspaces in P 
and £, respectively (cp. [30, 1.2], [22, 2.1b]). The compact 3-gons are precisely 
the compact projective planes in the sense of Salzmann [40, § 1 ], (cp. [ 19, 2.1 ]). 

1.1 PROPOSITION. Let ~ = (7:', /2, ~ )  be a compact n-gon, andlet x0, x l , . . . ,  
x2n-1, x2n = xo be the points and lines of  an ordinary n-gon in ~3, with xi and 

Xi+l incident for all i. Put CX~K : x2n-1, OK = Xl and cx~L = Xn-2, OL : Xn. 
Let K C_ P U E be the set of  all elements incident with xo, excluding o K ,  and let 
L C 7 ~ U r_, denote the set of  elements incident with xn-1, excluding ~ L .  Choose 
an element 1L E L - {0L}. Then there exists a continuous map 

o: K x L - - + K  

with the following properties: x o 1L = x for all x E K, the map x ~ x o a is a 
homeomorphism of  K onto K for every a E L - {0L}, but x o OL = OK o y = OK 
for all x E K,  y E L. 

Proof. As in [31, 1.2], let f n -  1 denote the continuous geometric operation which 
is characterized as follows: f n -  1 (x, g) = z precisely if x, g E P t.J/2 have distance 
n - 1 in the incidence graph of ~3, whereas z has distance 1 from y and distance 
n - 2 from x. Define o by 

x o y = f n - l ( f n - l ( f n - l ( f n - l ( x ,  Y), X2n-2), 1L), X0) 

for x E K,  y E L (cp. the proof of [31, 2.1]). It is easy to check that o is 
well-defined. Furthermore, 

f ~ - l ( f n - l ( f n - l ( X ,  1L), x2~-2), 1 L ) =  fn - l (X ,  1L), 

hence x o 15 = f n - l ( f ~ - i ( x ,  1L), x0) = x for x E K,  and for a E L - {C~L} 
the map x ~-~ x o a is the projectivity [xo, a, x2n-2, 1L, x0] in the notation of 
[30], hence a homeomorphism. Finally, 

f n - l ( x ,  0L) = xn+l for x E I(,  
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hence x o Oz = OK, and fn_l(OK,  y) = Xn_ 1 for y E L, hence OK off = OK. [] 

1.2 COROLLARY. Let ~3 be a compact n-gon. I f  one point row o f  ~3 is non- 
discrete, then all point rows and all pencils o f  lines are non-discrete as well (cp. 
Burns and Spatzier [8, 1.14]). In particular, if point rows are finite, then pencils o f  
lines are finite, hence ~ is finite. 

I f  the point rows are zero-dimensional, then the pencils o f  lines are zero- 
dimensional as well. 

Recall that a space is zero-dimensional if every point has arbitrarily small neigh- 
bourhoods with empty boundaries. A locally compact space is zero-dimensional if 
and only if it is totally disconnected (cp. [11, 6.2.10]). 

Proof. We have to consider only the case that n is even, because otherwise point 
rows and pencils of lines are homeomorphic via projectivities (cp. [30]). 

We assume that point rows are not discrete. Then punctured point rows are not 
discrete. Let L be a non-discrete punctured point row and let K be a punctured 
pencil of lines as in the proof of 1.1. Since {0z} is not open in L, there exists a net 
y~, converging to 0L such that y~, ~ 0L for all v. Choose z E K - {OK}. Now z o Yv 
converges to z o 0L = OK, but z o y~, ~ 0 g  o ff~, = 0g ,  because z ~ z o if,, is a 
bijection for every v. Thus {OK} is not open in K.  Since the group of projectivities 
is transitive on K ,  both K and K U {c~K} are not discrete. Finally, any two point 
rows and any two pencils of lines are homeomorphic via projectivities. 

Now assume that the punctured point row L has positive dimension. Since L 
is not totally disconnected and homogeneous, we find a connected set A C L that 
contains 0L and 1L. For k E K - {0K}, the set k o A is connected and contains 
OK = k o 0L and k = k o l r ,  hence K is not totally disconnected. [] 

Note that the existence of generalized polygons with finite point rows and infinite 
pencils of lines is an open problem (cp. Brouwer [7]). 

1.3 LEMMA. Let X be a topological Hausdorff  space endowed with two contin- 
uous binary operations 4- : X 2 --+ X which satisfy (x + y) - y = (x - y) + !t = x 
for  all x, ff E X .  Assume that some element 0 E X satisfies 0 + y = y for  all 
ff E X .  I f  X has countable neighbourhood bases, then every compact subset C of  
X has a countable basis. 

Proof  Let Ui, i E I~, be a neighbourhood basis at 0 consisting of open sets. The 
maps x H x + y are homeomorphisms for fixed y. For every i E N, the compact 
space 0 + C = C is covered by the collection {U,. + clc E C} of open sets, hence 
C C_ Uceci Ui + c for finite sets Ci C_ C. We show that the sets C M (Ui + c) with 
i E N, c E Ci form a (clearly countable) basis of C. 

Let V be a neighbourhood of a E C. For every i E 1~ we find ci E Ci with 
a E Ui + c~. If suffices to show that Ui + ci C_ V for some i E N. Otherwise we find 
ui E Ui with ui + ci ~ V for every i E 1% In view of a - ci, ui E Ui, the sequences 
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a - ci and ui converge to 0. By compactness of C, every subsequence of ci has 
a convergent subsequence, and the latter has limit a because a = (a - ci) + ci. 
Thus ci converges to a, and ui + ci converges to 0 + a = a, a contradiction to 
ui + c~ ~ V. [] 

1.4 PROPOSITION. Let xo, x l , . . . ,  X2n-1, X2n = XO be an ordinary n-gon in 
as in 1.1. Since ~3 is thick, we find an element a E 7 9 U £ which is incident with 

x~ and distinct from xn-1 ,  xn+b Put OK = x0, O K  = x2 and let K C__ 79 t3 £ 
denote the set o f  all elements incident with Xl, excluding (x) K " "  X 2. Then there 
exist continuous maps +" K × K --+ K with (x  + y) - y = (x  - y) + y = x and 
OK + y = y = y + OK for  all x,  y c K .  

Proof. For x, y E K we define 

x + y = x" and x - -  y : X 7r-1 , 

where 7r denotes theprojectivity 7r = [xl, x~+l, f n - l ( a ,  xo), xn-1 ,  f n - l ( a ,  y), 
x,~+l, xl] in the notation of [30]. Thus for every y E K, the map x ~ x + y is 
a homeomorphism of K, with inverse map x ~ x - y (note that ~ f  = C~K). 
Furthermore 0 g + y -" y = y + OK for every y E K. [] 

1.5 THEOREM. Let (79, /:, 5 t') be a compact n-gon. Then the point space 79 has 
a countable basis; hence 79 is separable and metrizable. The same holds for  f~, for  
every point  row, and for  every pencil o f  lines. 

Proof. (1) The point space 79 is locally homeomorphic to a product of (finitely 
many) point rows and pencils of lines. 

This is a consequence of the topological labelling (coordinatization) of ~ (see 
[31, 2.4, 2.5], [22, proof of 2.1]): the space 79 is covered by n open pieces, where 
each piece is geometrically and topologically a product of n - 1 factors, and each 
factor is a punctured point row or a punctured pencil. In the notation of [3 1, 2.4 
(P3)], these open pieces are sets of shape l~n_ 1 (x, y), and the punctured point rows 
and pencils have form F(x, y) = Fl(x,  y). See also [21, 2.7] for the special case 
n = 4. The fact that the pieces Fn-l(X, y) are open follows from [22, 2.1]. 

A compact space which is covered by open subspaces with countable bases has 
itself a countable basis and is therefore separable and metrizable (cp. Dugundji 
[10, VIII.7.3, IX.4.1], Engelking [1 1, 4.2.8]). Thus by (1) and by duality it suffices 
to prove the assertions on point rows (and pencils). 

(2) If a point row is finite, then the polygon is finite and discrete by 1.2, hence 
we consider only the case that point rows and pencils of lines are not discrete. 

Each point row L of a line l (and each pencil) is a doubly homogeneous compact 
space. Indeed, the point row L is the image of the compact set (79 × {l}) N 5 t- under 
the projection 5 t" ~ 79 and therefore compact (cp. also [22, 2.1b]). 

(3) Each point row (and each pencil) has countable neighbourhood bases. 
This can be proved as follows, using the notation from 1.1. Let x0 be a line. By 

(double) homogeneity, it suffices to prove that Oh- has a countable neighbourhood 
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basis in the punctured point row K. Since L is homogeneous and infinite, we find 
elements bi E L - {0L), i E I~, such that the sequence bi accumulates at 0L. Let 
U be a compact neighbourhood of OK in K. By 1.1, the sets U o bi with i E 1~ are 
neighbourhoods of OK = OK o bi. We claim that these sets form a neighbourhood 
basis at OK. Let V be an open subset of K containing OK. For every a E U, we 
have a o 0z = OK, hence there exist open neighbourhoods Va and Wa of a in U 
and 0L in L, respectively, such that Va o W~ _C V. The compact set U is covered 
by finitely many sets V~. The intersection W of the corresponding sets W~ is a 
neighbourhood of 0 L in L with U o W __ V. Thus bi C W and U o bi C_ V for 
infinitely many i E N. 

(4) Each point row L (and each pencil) has a countable basis. 
By regularity, L contains two compact disjoint neighbourhoods U1, U2, hence 

L = (L - U1) U (L - U2) is a union of two open subsets which are not dense in 
L. Therefore it suffices to show that compact subsets of punctured point rows have 
countable bases. This follows from 1.3 and 1.4. [] 

1.6 THEOREM. Let g3 = (7 9, f ,  U)  be a compact connected n-gon. Then 79, f~ 
and U, each point row and each pencil of lines is locally contractible. In fact, each 
punctured point row and each punctured pencil of  lines is locally and globally 
contractible. 

Proof (1) Each point row (and each pencil) is locally connected. 
From step (1) of  the proof above we infer that the punctured pencils of lines and 

the punctured point rows cannot both be zero-dimensional. Hence neither the point 
rows nor the pencils of  lines are zero-dimensional by 1.2. By duality, it suffices to 
prove assertion (1) for point rows. Again we use the notation from 1.1. Let x0 be 
a line. No neighbourhood in L is zero-dimensional, hence there exists a compact 
connected subset C of L containing 0L and at least one more element. Let U be a 
neighbourhood of OK in K. Then 

U o C  = [..J u o C  
uEU 

is connected, since each of the connected sets u o C contains u o 0L = OK. 

Furthermore, 

U o C =  U U o e  
c~C-{OL} 

is open in K,  because x ~ x o c : K ~ K is a homeomorphism. Hence U o C 
is a connected open neighbourhood of OK in K. If U is chosen sufficiently small, 
then U o C will be an arbitrarily small neighbourhood, in view of0K o L = {OK}. 
Thus the punctured point row K is locally connected. 

(2) Each punctured point row K (and each punctured pencil) is locally and 
globally contractible. 



100  T. GRUNDHOFER El" AL. 

Every compact connected locally connected metric space is arcwise connected 
and locally arcwise connected (see Engelking and Sieklucki [12, 6.5.17, 6.5.19], 
Kuratowski [33, Chap. VI, §50, II, Th.1, p. 254], Ball [3], Schurle [42, 4.2.5]). 
Thus, using again the notation of 1.1, we find an arc a : [0, 1] --+ L with 
Or(0) = 0L, a ( 1 ) =  1L. Then H :  K × [0, 1] ~ K with H(x ,  t ) = z o a ( t ) i s a  
homotopy which contracts K to 0g .  A sufficiently small neighbourhood of OK can 
be contracted within a given neighbourhood (by a compactness argument as in step 
(3) of the proof of the previous Theorem), hence K is also locally contractible. 

[] 

The following key result was proved in [31]. 

1.7 THEOREM. Let ~ = (79,/2, ~-) be a compact connected n-gon such thatthe 
lines, considered as point rows, and the pencils of  lines are topological manifolds. 
Then n E {3, 4, 6), i.e. ~3 is a projective plane, a quadrangle or a hexagon. 

Furthermore, each point row is homeomorphic to a p-sphere $p, and each pencil 
o f  lines is homeomorphic to a q-sphere $q, with the following restrictions on p and 
q: 

I f n  = 3, thenp = q E {1, 2, 4, 8}. 
I f n  = 4 and p, q > 1, then p + q is odd or p = q E {2, 4}. 
I f n  = 6, thenp = q E {1, 2, 4}. 
Moreover, dim5 r = n(p + q)/2 = q + dim79 = p + dimE. [] 

This theorem is proved by constructing a 'topological Veronese imbedding' of 
79, 12, and ~" into the sphere ~dimSr+l such that ~" is the sphere bundle of normal 
disk bundles over 79 and over £. This leads to a topological problem studied by 
Mtinzner [38]. A careful examination of Miinzner's proof yields the structure of 
the cohomology rings of 79, £ ,  and .T" (the rings as well as the fundamental groups 
are listed in the Appendix); this in turn leads to the restrictions on the parameters p 
and q. The restrictions for the case p = q are not given in Miinzner [38]; they can 
be obtained as follows: for p = q even, there are elements x E ITP(79; Z2) with 
x 2 ~ 0, hence p E {2, 4, 8} by Adams and Atiyah [1, Th.A]. In the case of the 
quadrangles and hexagons, there are also elements x E I-IP(79; Z3) with x 3 7~ 0, 
and thus p E {2, 4) ,  see Adams and Atiyah [1, Th.B], and also Grove and Halperin 
[18, 6.4]. 

1.8 AUTOMORPHISM GROUPS. An automorphism of a compact connected 
n-gon ~3 = (79, 12, ~ )  is a continuous collineation of ~ .  We endow the group 
E of all automorphisms of q3 with the compact-open topology derived from the 
action on 79 (or on 12, which amounts to the same, see [20, Lemma 1]). Then E is 
a topological group with countable basis, acting on 7 9 and on £ as a topological 
transformation group (cp. Arens [2]). 

In fact, E is a locally compact group, as Burns and Spatzier [8, 2.1] have shown 
(note that n > 2, and that 79, £ are metrizable by 1.5). 
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1.9 THE BUILDING OF A SIMPLE LIE GROUP. Let F be a simple non-compact 
Lie group with Lie algebra g, and let K be a maximal compact subgroup with Lie 
algebra ~. Let g = t~ + p be the Cartan decomposition of g (cp. Helgason [25, III.7]), 
and let g = ~ + a + rt be the Iwasawa decomposition of g with respect to some 
maximal abelian subalgebra ct < p and some ordering on the roots (cp. Helgason 
[25, VI.3]). Let I' = KAN be the corresponding Iwasawa decomposition of I', and 
let ZK(a ) and NK(a ) be the centralizer and the normalizer of a in K, respectively. 
Then B = ZK(a)AN is a minimal parabolic subgroup of I', and (F, B, Nl<(a)) is 
a Tits-system corresponding to a building fl3(F), cp. Warner [50, 1.2.3]. The flag 
space of the building is F / B ~ K / Z  K (a), and the Weyl group of the building fl~ (I') 
is NK(ct)/ZK(a ), hence the rank of the building is the real rank of F. 

The principal orbits of the action of K on p are isoparametric submanifolds 
diffeomorphic to F/B, and the induced map is an isomorphism of buildings [32, 
Th. 5.28]. In particular, fl3(F) is a compact connected building, and I" is the identity 
component of the automorphism group of fl3(F). 

In the special case of groups F of real rank 2, the building is a compact connected 
polygon. By Cartan's classification, we get the following polygons and groups: 

n r I (p, q) 

PGL3N (1, 1) 

PGL3C (2, 2) 

PGL3N (4, 4) 

E6(_26 ) (8, 8) 

G2(2)/Z (1, 1) 
G2 e (2, 2) 

n F 1 (p, q) 

4 PSp4C (2, 2) 

PU~,sH (4, 5) 

E6(_ 14)/Z (9, 6) 
( 1 ,  - 2 )  

PSUm+2C(2) (2, 2 m -  3) 

PU~+zH(2) (4, 4 m -  5) 

The parameters (p, q) are given up to duality, i.e. up to exchanging 79 and £.  
Their values can be found in Takagi and Takahashi [44, Table I, II]. The isomor- 
phisms PSO5~(2) 1 ~ PSp4~ , PSOsC ~ PSP4C , PSO6~(2) 1 ~ PSU4C(2), and 
PUa,aH ~ PSOsN(2) 1 induce isomorphisms of the corresponding polygons (see 
2.1 for the terminology for the groups). For more details see [32, Kap. 5]. 

2. Compact Transformation Groups 

In this section we collect some facts on topological transformation groups for later 
use.  

2.1 DEFINITION. Let F be a topological group. The identity component of I' is 
denoted by F 1 . 

The groups GL~K, SL~K, with IK --- ~ ,  C, H and UriC, UnlHI, SUnC, S O , ~ ,  
SO~C are defined as usual. A number in parentheses indicates the index of the 
hermitian form, eg. U~C(2) is the group that preserves the form   <n_211zdl 2 - 
II 1112- II I I=. The symplectic groups Sp2~X, • = ~ ,  C are the groups that leave 
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the symplectic form Ei<nx i A x n+i invariant. We put USp2nC = U2nC f'l SP2nC; 
there is an isomorphism USp2nC ~ Un]~ (Helgason [25] denotes this group by 
Sp~). 

For the exceptional groups we adopt the following convention: G2, F4 etc. are 
the compact exceptional groups, G2 c etc. are the complex exceptional groups, and 
the noncompact real forms are denoted by G2(2) etc. as in Helgason [25]. A prefix 
P denotes the group induced on the corresponding projective space. 

2.2 THEOREM (Szenthe). Let r be a locally compact group with a countable 
basis, acting effectively and transitively on a connected, locally contractible space 
X .  Then F is a Lie group, and X is a (real-analytic) manifold. 

Proof The approximation theorem implies that P has an open subgroup A such 
that A / A  1 is compact (see Montgomery and Zippin [37, IV], Glu~kov [17, Th. 
9]). Evaluation of F at a point of X is open (see Freudenthal [16], Hohti [27]), 
hence also A is transitive on the connected space X. Furthermore, F and A are 
a-compact, (cp. Dugundji [10, XI.6.3]). We infer from Szenthe [43, Th. 4] that A, 
and hence F as well, are Lie groups, and that X is a homogeneous space ofF,  hence 
a real-analytic manifold. Actually, it is not clear whether Szenthe's hypothesis of 
a-compactness suffices for his proof, because he uses approximation by a well- 
ordered chain of Lie groups. In our situation, A has a countable basis, hence we 
can approximate even by sequences of Lie groups, and this resolves the problems 
in Szenthe's proof (cp. also Bickel [4, Kap. 6]). [] 

2.3 THEOREM. Let F be a transitive Lie transformation group on the connected 
space X ~ F/F~. Then the identity component F 1 of  F acts also transitively, 
because the evaluation map is open. I f  X is compact and has a finite fundamen- 
tal group, then any maximal compact subgroup o f  f acts transitively on X (cp. 
Montgomery [36, Cor. 3]). [] 

Let F be a compact, connected Lie group. The rank m of P is the dimension of a 
maximal toms ~"~ in F. Let N(qr "~) be the normalizer of this toms; the Weyl group 
o f r  is w ( F )  = N(~'~)/ '~ 'L 

There exists a compact covering group F or F such that F = qr '~ × • 1 x • • • × ffk 
is a direct product of an n-toms ~'~ and of almost simple, simply connected Lie 
groups ffj. 

2.4 THEOREM. Let F be a compact, connected, effective and transitive Lie 
transformation group on X ..~ F /Px, Assume moreover that the Euler number of  
X is positive, and that X is simply connected, i.e, that the isotropy group Fx is 
connected. Then we have the following facts: 

(i) F = El × " "  x Fk is a direct product of  simple Lie groups Fi, and r~: = 
Fl, ,  x • • • x Fk,,. Moreover, rank I?~ = rank l~i,~. 

(ii) For the Euler number we have the formula 

x ( x )  = w(r): 1-k(w(r0- 
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(iii) The number k cannot exceed the number of the prime factors of x (X) ;  in 
particular, if x(  X ) is a prime, then F is simple. 

Proof (i) follows from the proof of Theorem 8.10.16 in Wolf [51 ]. The formula for 
the Euler number can be found in [48]. For (iii), it suffices to check the inequality 
W(F) : W(Fx) > 1 for simple groups I' and for maximal connected subgroups 
Fx of maximal rank. This can be seen from Table I below. [] 

By (ii), the investigation of this kind of homogeneous spaces is reduced to the case 
where F is a simple Lie group and F~ is a connected subgroup of the same rank 
as F. The maximal connected subgroups of maximal rank have been classified by 
Borel and De Siebenthal (cp. [6], [51, 8.10.9]); they are given by Table I. Each 
pair of Lie algebras corresponds with exactly one pair consisting of the simple Lie 
group and the conjugacy class of the isotropy group, i.e. up to conjugation, the 
imbedding of the subgroup is unique (Wolf [51, 8.10.8]). 

3. Flag-Transitive Groups 

In this section we classify all compact connected polygons which admit a flag- 
transitive group of automorphisms and have equal parameters p = q. Note that for 
projective planes and for generalized hexagons, the condition p = q is automatically 
satisfied (see !.7). As a byproduct, we obtain also a list of all (closed) flag-transitive 
groups on these polygons by using the fact that every maximal compact subgroup 
of an almost simple Lie group is a maximal subgroup (see Helgason [25, Chap. VI, 
Ex. A3(iv), pp. 276, 567]). 

In this section we use the following notation: ~3 = (P,  £,  5 r) is a compact 
connected n-gon, E is the automorphism group of ~,  and F is a closed subgroup 
of E acting transitively on the flag space 5 r. Notice that E and every closed 
subgroup of E is a Lie group by 1.6, 2.2. Given a flag (x, I) E ~ ,  we have 
F/Fx ~ 79, P/Ft ,,~ £, and P/Fx,t ~ .F. Let L be the point row corresponding to 
l, and £x be the pencil of lines through x. Then Pt/F~,l ~ L and P~/F,,l  ,~ £x are 
topological (in fact real-analytic) submanifolds of P and £, respectively. Therefore 
we can apply 1.7. 

Our classification method is roughly as follows: Given an incidence structure 
(79, £ ,  ~ )  with a flag-transitive (not necessarily effective) group G that acts 
incidence-preserving, we may pick any flag (z, l) and replace the incidence struc- 
ture ~3 = (79, £,  9 r) by the isomorphic coset geometry (G/Gz, G/Gt, G/G~,I) 
(Recall that in a coset geometry, two cosets are called incident, if they have non- 
empty intersection). 

In order to prove the classification result, we have to show in each case that 
the triple (G, Gx, Gt) is uniquely determined (up to automorphisms of G) by the 
topological and geometrical properties of the polygon ~. 
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TABLE I. We list the Lie algebras of the simple groups r as in 2.4, the Lie algebras of the 
isotropy groups F~, the Euler numbers of the corresponding homogeneous spaces X = I ' /F~,  
and their dimensions. 

Simple Maximal x ( X )  dim X = dim £ - dim £ .  
algebra subalgebra 

an ai jc cln_i_l .~_ ]~ /" n + l + l 2(n - i)(i + l) X =10,,C for i = O 

b,, Dn 2 2n X = ~2,, 
/ N 

b~ 
N ,g 

b,~-x + ~ 2n 4n - 2 

Cn C, + Cn-i ~' ( n )  4 ( n - i ) i  X = 10n-i]['][ for i = 1 

a,~-I + ]~ 2" n(n + 1) 

71. D i + ~ n - i  ~ 2 ( h i )  4 ( n - i ) i  
\ /  

Ctn-X -[- ]~ 2 n-1 n(n -- 1) 

Dn-x + ]~ 2n 4(n -- 1) 

e6 cq + a5 36 40 
ct2 + ct2 + Ct2 240 54 
~5 + ]R 27 32 

¢7 ctl -4- D6 63 64 
eta + a5 672 90 
a7 72 70 
e6 -'1- 1i~ 56 54 

¢8 D8 135 128 
ct8 1920 168 
114 "{- 1~14 48384 200 
e6 + a2 2240 162 

~7 "1- ~1 120 112 

f4 b4 3 16 X = 1°20 
a2 + a2 32 36 
0.1 + C3 12 28 

g2 I]2 2 6 X = g6 
ctl + ell 3 8 X = 'fake 102]H[ ' 

'~0< i < n -  1; b O < i < n ;  ~1 < i < n -  1 

T h e  fac t  tha t  a g e n e r a l i z e d  n - g o n  is c o n n e c t e d  in the  g r a ph - the o re t i c  sense  

( b e c a u s e  any  t w o  e l e m e n t s  are  c o n t a i n e d  in s o m e  o r d i n a r y  n - g o n ) ,  t r ans la tes  in to  

the  c o n d i t i o n  tha t  the  s t ab i l i ze r s  G~  and  Gt  gene ra t e  G .  
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Below we require the following lemma. 

3.1 LEMMA. Let G be a group with subgroups A, B <_ G, and let k E N. Then 
the incidence structure (G/A ,  G / B ,  G / A  N B)  contains an ordinary k-gon, i f  
there exist elements al, a 2 , . . . ,  ak E A - B, bl, b2 , . . . ,  bk E B - A such that 
the product albla2b2" • " akbk is contained in A f) B. 

Proof The cosets B, A, a lB,  alblA, albla2B, albla2bzA, . . . ,  a lb la2""  
a k - l b k - l A  are the points and lines of an ordinary k-gon, because albla2b2".  
akB = B. [] 

3.2 LEMMA. Let p = q = 1 and let ~ be a closed subgroup of  ~ fixing a flag. 
I f  q~ is compact, then • is finite. In particular, a compact subgroup of  ~ is at most 
n-dimensional, and i f  it is n-dimensional, then it is transitive on 5F. 

Proof Let ~l  be the identity component of ~, and let (z, g) be a flag fixed 
by ffl. Since ffl has a fixed point on the point row L ~ ~1 corresponding to 
and on the pencil of lines £~: ~ 51, the action both on L and £~ is trivial (the 
orbits are connected proper submanifolds of 51, and hence points). Hence ~1 fixes 
every flag of the form (x, h) and (y, £), that is, it fixes the panels through (x, g) 
elementwise. Since a generalized polygon is a connected incidence structure (in 
the graph-theoretic sense), ~1 fixes every flag in U, and thus ~1 = 1. Therefore 
the orbits of q) in 5 c are submanifolds of the same dimension as ~. [] 

3.3 THEOREM. I f  n = 3 and p = q = 1, then q3 is the real projective plane, 
and F --- SO3~ or F = PGL3R = SL3~ = E. (This is a weak version of  the main 
result o f  Salzmann [4l].) 

Proof Let A be a maximal compact connected subgroup of F. By 2.3, 2x is 
transitive on 5 r,  and by Lemma 3.2, dim 2x = dim .Y" = 3. Since the fundamental 
group of 5 t" is finite (cf. Appendix 3~), the group A is of type a~, hence the universal 
covering group ~ = UIIHi operates almost effectively on ~.  Now f = Uli~/(i, j ) ,  
because 7rl ( f )  = (i, j )  is the quaternion group of order 8. The stabilizers of points 
and lines are one-dimensional and have two components, hence they are conjugates 
of the group U1C U j • U1C _C UI~L 

For a suitable flag (z, g) we have Zxx,e = (i, j ) ,  and this determines ~ x  and/~e 
up to automorphisms of N permuting (i, j ) .  Hence N = (7 9, £ ,  .Y') is isomorphic 
to the real projective plane. Finally the center of 2X is contained in ~ , e ,  thus 
A = SO3]R. [] 

3.4 THEOREM. I f  n = 4 and p = q = 1, then ~3 is the real symplectic 
quadrangle or its dual, and F is one of  the groups SO3It~ × SO2~, S(O3~ × 
O2~), SO5R(2) 1, E --- SO5~(2). 

Proof By duality we may assume that 7q(7 9) = Z2 (cf. Appendix 41). Let 7 5 
be the universal covering space of 79, and let A be a maximal compact connected 
subgroup of F. Then a suitable compact covering group A acts transitively on 75. 
Now dim A < 4 by 3.2, hence ~x - SU2C × T, and T is a 1-toms or trivial. 



106 T. GRUNDHOFER El" AL. 

Hence 7 9 is homeomorphic to real projective 3-space 793~. The image of SU2C in 
A is isomorphic to SO3~, because A operates effectively. Therefore SO3~ < A is 
sharply transitive on 79 ~ 793~. 

Now SO3~ cannot act transitively on the three-dimensional line space £,  
because 7r1(£) = Z is infinite. Thus SO3~ cannot have a three-dimensional orbit 
on £.  Hence each stabilizer in SO3]~ of a line g contains a one-dimensional sub- 
group if(g) ~- SOE~. Since SO3~ is sharply transitive on the point space 79, 
the orbits of ~(/~) on 79 are all one-dimensional. In fact, they are projective lines 
in the real projective three-dimensional space P3~ ~ 79, because the action of 
SO3~ on 79 is induced by the regular action of U l ~  on IHI = ~4. On the other hand, 
the point row corresponding to g has to be among the orbits of ~(~). Hence every 
point row of the quadrangle ~3 is a point row in P3~ ~ 79. By the result of Dienst 
[9] on quadrangles embedded into projective spaces, ~ is the real symplectic quad- 
rangle. [] 

3.5 THEOREM. I f  n = 6 and p = q = 1, then ~ is one o f  the two mutu- 
ally dual 'real' hexagons associated to the group Gz(z)/Z, and F = SO4~ or 
F = GE(2)/Z = E. 

Proof  Let A be a maximal compact connected subgroup of F. By Theorem 
2.3(i), A is transitive on Y, and by Lemma 3.2, dim A = dim ~ = 6. Since 
7rl(Y) is finite, (cf. Appendix 61), A is of type al + al, hence/X = U1M × U I ~  
operates almost effectively on ~3. 

Let (z~ g) be a flag. The isotropy groups A = ~xz and B = /Xe are one- 
dimensional subgroups which are not connected, because their intersection AM B = 
~xz,e is isomorphic to the quatemion group Q8, and hence not commutative. 

Up to conjugation we may assume that A 1 = {(e i~t, elbt)[t E ~ )  with integers 
a, b E Z. As ~3 is a connected incidence structure in the graph-theoretic sense, we 
have ~ = (A, B), and this implies a ¢ 0 and b ¢ 0. Thus the normalizer ofA 1 in/~ 
is the group (U1C × U1 C)((j,  j ) ) .  By conjugation with elements from U1C × U1C 
we can achieve that A = AI(( j ,  j ) ) .  One of the two elements of order 4 in A 1 has 
the form (i, ei), with e = 4-1. Up to conjugation by (1, j )  (which replaces b by 
-b ) ,  we may assume that e - +1. Since all copies of the quaternion group Q8 in 
A are conjugate in A, we may further assume that Afl  B = ((i, i), (j ,  j ) ) .  

Next we wish to determine the isotropy group B. The connected component B 1 
is a conjugate of a group {(e j~ ,  eJa~)lt E ~), with non-zero integers c, d. We 
have (j ,  j )  E B 1 or (ij~ i j )  E B 1, because otherwise (i, i) E B 1, a contradiction 
to (A, B) = ~x. By conjugation with (1/V~)(1 + i, 1 + i) we can achieve that 
B 1 =  {(e j~t, e/d')lt  E I~} and B = Bl((i,  i)). 

Now we aim at showing that there is (up to duality) essentially just one possi- 
bility for the numbers a, b, c, d. The comparison with the two mutually dual 'real' 
hexagons associated to  G2(2) then proves the assertion. Clearly we may assume 
that a, b are coprime, as well as c, d. Since (i, i) E A l, the integers a, b are odd 
and congruent rood 4. Replacing (a, b) by ( - a ,  - b )  does not change the group 



FLAG-HOMOGENEOUS COMPACT CONNECTED POLYGONS 107 

A 1, hence we may assume that a, b E 1 + 42~. By the same reasoning we may 
assume c, d E 1 + 4Z. 

Now we claim that a C { 1, -3} .  For the proof, we consider the product 

(z, w) = (e i~t, eibt)(e j¢~, eJas)(ei~t', eibt')(e j¢J, e jd~') E ABAB 

with s, t, s ~, t ~ C ~.  The real parts of the quaternions z, w are given by 

Re z = cos cs cos cs' cos a(t + t') - sin cs sin cs' cos a ( t -  t') and 
Re w = cos d8 cos ds' cos b(t + t') - sin ds sin ds' cos b(t - t'). 

Specializing to t = 7r/a, t' = -Tr/2a, we obtain t + t ~ = 7r/2a, t - t' = 37c/2a, 
hence Re z = O, and 

R e w = c o s  ds cos d J  cos ~aa - s i n d s  s i n d J  cos \ 2 a j .  

Assume that a ¢ {1, -3} .  Then a ~ { + l ,  +3} in view of a E 1 + 4Z, hence 
neither b/a nor 3b/a is an integer. In particular, cos(bTr/2a) ¢ 0 ~ cos(3bTr/2a), 
and therefore we find solutions s, s ~ of the equation 

tan ds tan d J  cos \ 2 a j  = c ° s  ~a # 0 .  

For such solutions s, s', we have Re w = 0. Note that ds, ds t ¢ ~Z. Because z, w 
are quaternions of norm 1, we infer that (z, w)~c~ ( z2, w2) = ( -  1, - 1) E A M [3. 
Since (e i~t, eibt), (e i~t', e ibt') C A and (e j , eJds), (e jcs', e jds') C [3, and 
because the hexagon g3 contains no ordinary quadrangles, we deduce from Lemma 
3.1 that at least one of the four elements (e i"t, elbt), (e jc~, eJd~), (e i~t', eibt'), 
(e jc~', e jd~') belongs to A Cl [3 = ((i, i), (j, j ) ) .  This is a contradiction to our 
choices for t, t ~, s, J ,  and this contradiction proves that a E {1, -3} .  

Replacing the hexagon g3 by its dual amounts to exchanging (a, b) with (e, d). 
Furthermore, permuting the two factors of ~ is a group automorphism of A which 
switches (a, b) as well as (e, d). Thus we infer from the preceding paragraph 
that a, b, c, d E {1, -3} ,  and it remains to consider the four possibilities where 
(a, b, c, d) is (1, 1, 1, 1), (1, - 3 ,  1, - 3 ) ,  (1, - 3 ,  - 3 ,  1) o r ( l ,  1, 1, - 3 )  
(remember that a, b and c, d are coprime). In order to exclude the first three cases, 
we consider the product 

(% w) = (e ia~r/4, elbTr/4)(eJC~r/4, e je~/4) C A[3. 

1 We compute that in the first three cases Re z = Re w C { ~z ~ }, hence the quaternions 
z, w of norm 1 satisfy z 3 = w 3 = 4-1. Thus (% w) 3 = 4-(1, 1) C A fl [3. 
Now Lemma 3.1 implies that the hexagon ~ contains an ordinary triangle, a 
contradiction. 
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This contradiction shows (a, b, c, d) = (1, 1, 1, - 3 ) ,  hence the pair (A, B) 
is determined uniquely (up to duality, and up to automorphisms of zX). [] 

3.6 PROPOSITION. I f  p, q > 1, or if p = q = 1, then every maximal compact 
subgroup o f  a flag-transitive group is still flag transitive. 

Proof  If p, q > 1, then 5 t" is simply connected (see Appendix 32, 44 and 62), 
and the result follows from 2.3. The case p = q = 1 is covered by Theorems 3.3, 
3.5 and 3.4. [] 

3.7 THEOREM. I f  p = q > 1, then the identity component o f f  is simple, and 
one of  the following cases occurs: 

(i) n = 3 and p = q = 2. Then ~ is the complex projective plane and r is one of  
the groups PSU3C, (PSU3C, z ~-+ ~), PGL3C, ~ = (PGL3 C, z ~ :~). 

(ii) n = 3 and p = q = 4. Then gl is the projective plane over the quaternion 
skew field I~, and F is one of  the groups PU3NI, P, = PGL3]HI. 

(iii) n = 3 and p = q = 8. Then ~ is the projective plane over the Cayley numbers 

©, and F is one of  the groups F4, ~ = E6(_26). 
(iv) n = 4 and p = q = 2. Then ~ is the complex symplectic quadrangle or its 

dual, and r is one of  the groups PUSpaC, (PUSp4C, z ~-+ ~:), PSP4C , E = 
(PSP4 C, z ~-+ ~). 

(v) n -- 6 and p = q = 2. Then ~ is one of  the two mutually dual 'complex' 
hexagons associated to the group G2 e, and F is one of  the groups G2, (G2, z 
2,), G2 c, Z = (G2 c, x ~-+ ~). 

For n = 3 see also L6wen [34] for a stronger result. 
Proof  The spaces 79, /2, and f are simply connected, cp. Appendix 32, 44 and 

62. Let A be a compact connected flag-transitive subgroup of F. Now X(79) = n E 
{3, 4, 6}, hence A is simple for n = 3, and A is a product at most two simple 
groups for n = 4, 6, see 2.4. By Table I, the simply connected homogeneous 
spaces with Euler number 2 are the even-dimensional spheres, and the simply 
connected homogeneous spaces with Euler number 3 are the classical projective 
planes of dimension 4, 8, 16, and in addition G2/SO4IR. The latter space has 
1 + t 2 + t 3 q- t 4 + t 5 + t 6 -t- t 8 as Zz-Poincar6 polynomial (Borel [5, 13.1]) which 
excludes this space for n = 3. Now it is clear from the structure of I-1"(79; R) 
that for n = 4, 6, the space 7 9 is not a product of a sphere with one of the 
spaces mentioned above. Hence A is simple also in these cases. Let Ax denote the 
stabilizer of a point z C 79. 

n = 3 : We have shown that (A, Az) C {(PSU3C, U2C), (PU3H), P(UIII-g x 
U2NI), (F4, Spin9) }. Thus 7 9 and £ are homeomorphic to the point space of one of 
the classical projective planes, and the stabilizers of arbitrary lines and points are 
conjugate. It remains to recover the point rows. 

The stabilizer A~ of z has exactly one p-dimensional orbit K ~ gp on 7 9, the 
other orbits are {z} and a family of (2p - 1)-dimensional spheres. (This can be 
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seen by using geodesic polar coordinates. The cut locus K is the polar line of x in 
the classical plane.) On the other hand, we know that Ax = Ae for some line ~ not 
incident with x. Hence K is contained in the point row L corresponding to £, and 
for dimensional reasons K = L. This completes the proof for n = 3. 

n = 4: There are two possibilities for Ax: 
(1) Ax is a maximal connected subgroup. With the restriction dim A - d i m  Ax E 

{6, 12},weget(A,  Az) 6 {(PU2 H, U2C/-bl), (PSU4C, U3C), (PU4}~ P(UIN x 
U3}]I ) ) }, up to conjugation. 

(2) If A~ is not maximal, then there is some maximal connected subgroup 
with A > ~ > A~, and A / ~ ,  ff/A~ are even-dimensional spheres. The 

only possibility (up to conjugation) is (A, ~, Ax) = (PU2•, (U1N × U I N ) / +  
l ,  (U1H >( U1C)/-4- I). 

The groups PSU4C and PU4NI are excluded by the fact that they contain only 
one conjugacy class of possible stabilizers of points and lines, since T ~ and/2 are 
not homeomorphic. Thus A = PU2N, and we may assume that Ax is a maximal 
subgroup. 

The stabilizer of a flag (x,/~) is a 2-toms, hence conjugate to (U1C x U1 C)/5:1.  
Thus we may assume A t = (UlZ']t X U1C) /  -4- 1, and A~,t = Ax Cl At = (U1C x 
U 1 C ) / ±  1. Examining the normalizer of the toms A~,e we find two conjugates of 

U2C/+ 1 containing Ax,e, namely UaC/4-1 and (UzC/:t: 1 ) m .  Since [~0] 6 Ax, 

this does not affect the geometry of g3. 
n = 6 : If Az is a maximal connected subgroup, then (A, Ax) 6 {(PSU6C, 

UsC}), (PU6N, P(UIN x Us~)), (SO7II~, SOsR x SO2IR)}. Otherwise, there is 
a maximal connected subgroup ff with A > ~ > Ax, and A / ~ ,  ~ / A x  have 
Euler number 2 or 3. There are only the following possibilities: (A, ~, Ax) 6 
{(G2, SU3C, U2C), (G2, SO4]R, U2C), (PU3H, P(U1NI×U2H), (UIC×U2N)/-4- 
1)}. The groups PSU6C, PU6II-% SO7I~ and PU3H are again excluded by the fact 
that 79 and £ are not homeomorphic. Thus A = G2. 

Let (x, g) be a flag. We are given the following facts: A,~ and At are of 
type al + ~,  and their intersection A~,t is of type IR + 1R. Since 7 ~ and 12 are 
not homeomorphic, the stabilizers of a point and a line cannot be conjugate in 
G2. In order to understand this situation, we consider the group A = G2 as the 
automorphism group of the Cayley numbers © (cp. HaM [23, §31). 

(1) The stabilizer Ai o f / 6 0  is SU3C, and C ± C_ © is a C-module with C-basis 
j ,  I, j l .  The action of Ai on C ± = C 3 is the usual one. Thus the subgroups of 
type UaC in SU3C are the stabilizers of the one-dimensional complex subspaces, 
and every 2-toms in SU3C is contained in exactly three copies of U2C C_ SU3C, 
because it fixes three orthogonal complex one-dimensional subspaces. 

(2) The stabilizer of I~ C_ O is SO4]I~. Put © = 'N + IN, and for a, b 6 ~3 C_ IN 
let [a, b] = (u + lv ~-+ aua -1 + l(avb-1)) .  Thus SO4IR = [S3, S3]. Now there are 
obviously two kinds of groups of type U2C in SO4IR, namely [~b 53] and [~3, gl], 
where ~1 = g3 0 C. The group IS1, g3] fixes C pointwise, hence it is contained in 
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SU3C; in fact, it is the stabilizer of Cj in SU3C. The fixed field of [$3, $1] is ]t~, 
hence this group is not conjugate to the ones considered before. 

Returning to the hexagon, we now may assume that A~ = [$3, ~1], A~,e = 
[~l, ~1], and that Ae is contained in a conjugate of SU3C. The fixed field of Az, e 
is C, hence Ae C_ SU3C. So far, this leaves three possibilities for At, namely 
(SU3C)/, (SU3C)j/ and (SU3C)j, and the last group fixes ]HI elementwise. Since 
g~ is a connected incidence structure in the graph-theoretic sense, (Ax, At) = A, 
and we infer that Ae = (SU3C)/ or Ae = (SU3C)j/. But these two groups are 
conjugate under [j, 1] E A~. This determines the geometry of ~.  [] 

In view of 1.7, the preceding results imply: 

3.8 COROLLARY. Let ~ be a compact connected n-gon. I f  ~ admits a flag- 
transitive automorphism group F, and i f  n # 4, or i f  the point rows and the pencils 
o f  lines have the same dimension p = q, then q3 is one o f  the Moufang polygons listed 
in 3.3, 3.5, 3.4 and 3.7, and F contains a maximal compact connected subgroup A of  
the ful l  automorphism group of  ~3. The compact group A is also flag-transitive. 

3.9 REMARK. For projective planes, the last result holds even for point-transitive 
automorphism groups (see Ltiwen [34]). For generalized quadrangles, this is not 
true, i.e. there are non-Moufang quadrangles with point-transitive automorphism 
groups. (Cp. Ferus et al. [14, 6.4] in connection with Thorbergsson [45]; here, 
the incidence relation is given by the Euclidean distance, hence every (exterior) 
isometry of an isoparametric hypersurface is an automorphism of the corresponding 
incidence structure. In fact, isoparametric hypersurfaces are rigid, hence every 
interior isometry extends to an isometry of the ambient space [14, 2.7]). 

4. A p p e n d i x  

Let (7), £,  5 r)  be as in 1.7. The maps 5 v P~ 79 and 5 r v2 £ are locally trivial 
q- and p-sphere bundles, respectively. The induced maps of the cohomology rings 
are monomorphisms for any coefficient ring R (Miinzner [38, 7]). In the following 
we list the fundamental groups and cohomology rings of 79, £ and 9 r. The natural 
inclusions between the listed rings correspond to the monomorphisms 

R) pr n'(f; R)fi ri'(£; R). 

Compare also Hebda [24] for the Z2-cohomology. The subscripts indicate the 
degrees of the cohomology classes. 

For quadrangles and hexagons, the assertions about the topological structure of 
79 and £ hold up to duality, i.e. up to exchanging 79 and £. 
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31: Projective planes with p = q = 1. In this case, 71"1(79 ) = X 2 = 71"1(£ ) and 
7rl (~') = Q8 (the quaternion group of order 8). The cohomology rings are 

H°(P ;  Z2) = Z2[xl]/(x 3) 

n ' ( £ ;  7/~2) = Z2[Yl]/(y 3) 
rI'(7; z2) = z2[xl, yl]/(x~, yl ~, x~ + xly~ + yl~). 

The Z2-bases of the cohomology modules are {1, Xl, x2}, {1, Yl, y2}, and 
{ 1, x~, Yl, x 2, y2 xly2} respectively. The flag space f" is orientable, but 79 and 
£ as well as Pl, P2 are not. 

32: Projective planes with p = q C {2, 4, 8}. In this case, all three spaces 
are simply connected, and therefore 79, £ ,  .T and Pl, P2 are orientable. The 
cohomology rings are 

H'(79; R) = R[xpJ/(x~) 

n ' ( £ ;  R) = R[yp]/(y~) 
3 2 n'(3=; R) = R[xp, y~]/(x~, y~, x~ - xpyp + y~). 

The cohomology modules are free with R-bases {1, Xp, Xp2}, { 1, yp, y2p}, and 
2 2 {1, xp, yp, xp, yp, xpy 2} respectively. 

41: Quadrangles with p = q = 1. In this case, 7q(79) = g2, r1(£)  = Z, and 
7r l ( f )  = Z ® Z2. The cohomology rings are 

H'(79;  Z2) = ~2[Xl]/(X 4) 

n' (£ ;  z~) = z~[y~, y2]/(y~, y~) 
n'(J=; z2) = Z2[x~, y~, y~]/(x 4, y~, y~, y2 + x~ + ~,y,) 

The Z2-bases ofthe cohomology modulesare {1, Xl, x 2, x13}, {1, Yl, Y2: fflY2}, 
and {1, xl, Yl, x2, Y2, x3, YlY2, x3yl)respectively. 79, .)r and Pl are orientable, 
but £ and P2 are not. 

42: Quadrangles with p = 1 and q > 1. In this case, 7q(P) = Z, 7q(£) = 1, 
and 7ri(9 r )  = Z. The Z2-cohomology rings are 

I-I'(79; •2) = U2[Xl, Xq+l]/(x 2, Xq_t_l ) 2  

H ' ( £ ;  U2) = Z2[Yq, Yq+l]/(y 2, Yq+l)2 
H'(.~"; Z2 ) = 2~2[Xl ' Xq+l, yq, Yq+l]/(x 2, Xq+1,2 y2q, Yq+12 , Yq+l 

+Xq+l + XlYq) 

The Z2-bases of the cohomology modules are { 1, x 1, Xq+l, x 1Xq..i-1 }, { 1, yq, yq+l, 
YqYq+l }, and {1, xl, yq, xq+l, Yq+l, XlXq+l, YqYq+l, XlXq+lYq} respectively. 

4a: Quadrangles with p, q > 1 and p + q odd. The integral cohomology 
tings of 79, £ ,  and f are anticommutative graded Z-algebras with generators 
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(Xp, Xp+q), (yq, yp+q) and (xp, xp+q, yq, yp+q) respectively, subject to the 
relations x~ = X~+q = O, y2q = y2p+q = O, and x 2 = x 2 = y~ = y2p+q p't-q 
Xp+q -I- yp+q - -  X p y q  = 0 (the subscripts indicate the degrees). All spaces are 
simply connected and hence orientable. 

44: Quadrangles with p = q E {2, 4}. All three spaces are simply connected, 
and therefore 79, ~2, .T" and Pl,  P2 are orientable. The cohomology rings are 

I I'(J=, R) = R[~p, y~, Y:~]/(4, ~ Y~- 2y~, Y2p, Y2p + X2p - ypxp) 

The cohomology modules are free with R-bases { 1, Xp, x 2, x3}, { 1, yp, Yzp, 
2 X 3, X3yp } respectively. YpY2p}, and {1, Xp, yp, xp, Y2p,  YpY2p, 

61: Hexagons with p = q = 1. In this case, rq(79) = Zz = rq(l ;)  and 
~1 (5 c) = Q8 (the quaternion group of order 8). The cohomology rings are 

I-I'(79; ~2) -- ~2[Xl, x3]/(x~, X2) 
~-I'(£; Z2) ---- ~2[Yl, Y3]/(Y 3, y2) 
n ' ( ~ ;  z2) = Z2[xl, x3, yl, y3]/ 

(x?, y?, x~, y~, Xl ~ + y~ + ~,yi, ~ + y~ + 4 y , )  

The Za-bases of thecohomology modules are { 1, x l ,  x 2, x3, x lx3,  x~x3}, { 1, Yl, 
Y~, Y3, YlY3, y~y3},and {1, Xl, Yl, x~, y~, x3, Y3, x lx3 ,  YtY3, x~x3, Y~Y3, x3Y3} 
respectively. The flag space 9 r is orientable, but 79 and/ ;  as well as Pl,  P2 are not. 

62: Hexagons with p = q E {2, 4}. In this case, all three spaces are simply 
connected, therefore 79, £ ,  5 c and Pl, P2 are orientable. The cohomology rings 
are as follows: 

3 H'(79; R)= R[xp, x3p]/(x~p, xp- ex3p) 

with R-basis {1, xp, x~, x3p, x3pxp, X3pX~). The ringsI-l'(Z:; R) a n d l P ( ~ ;  R) 

havebases {yp, Y2p, Y3p, Y4p: YpY4p} and {xp, yp, X2p: Y2p, X3p, Y3p, xpx3p, Y4p, 
X2pX3p, YpYap, x3pY3p} respectively. The missing products can easily be calculated 
from the equations y2p = 3y2p, YpY2p = 2y4p, YpY3p = 3y4p, y2y4p = O, Xpyp = 

2 + Y2p, and the fact that the integral cohomology modules are torsion-free. For Xp 

example 3y2pY3p = y2pY3p = 3ypY4p, hence Y2pY3p = YpY4p. 
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