NON-DISCRETE EUCLIDEAN BUILDINGS
FOR THE REE AND SUZUKI GROUPS

By PETRA HITZELBERGER, LINUS KRAMER, and RICHARD M. WEISsS

Abstract. We call a non-discrete Euclidean building a Bruhat-Tits space if its automorphism group
contains a subgroup that induces the subgroup generated by all the root groups of a root datum of
the building at infinity. This is the class of non-discrete Euclidean buildings introduced and studied
by Bruhat and Tits. We give the complete classification of Bruhat-Tits spaces whose building at
infinity is the fixed point set of a polarity of an ambient building of type B,. F, or G, associated
with a Ree or Suzuki group endowed with the usual root datum. (In the B and G, cases, this fixed
point set is a building of rank one; in the F4 case, itis a generalized octagon whose Weyl group is
not crystallographic.) We also show that each of these Bruhat-Tits spaces has a natural embedding
in the unique Bruhat-Tits space whose building at infinity is the corresponding ambient building.

1. Introduction. Suppose that X is an irreducible affine building. Typically
(and for certain if the dimension of X is at least three), the automorphism group of
the building at infinity of X contains subgroups constituting a root datum defined
over a field K. In this case the affine building X is uniquely determined by a
valuation of this root datum which is, in turn, uniquely determined by a discrete
valuation of K.

The notion of a valuation of the root datum of a spherical building makes
perfectly good sense if we drop the requirement that the values lie in a discrete
subgroup of R. In the non-discrete case, there is no longer a corresponding
affine building X. There does exist, however, an analogous structure called a
non-discrete Euclidean building.

Non-discrete Euclidean buildings were first introduced and studied by Bruhat
and Tits in [2]. These structures were first axiomatized and, in dimension greater
than two, classified by Tits in [12]. (Other fundamental references about non-
discrete Euclidean buildings are [4] and [6]; see also [1] and [8].)

Non-discrete Euclidean buildings are sometimes called affine R-buildings
(since in the simplest case they are R-trees) or apartment systems (since they
have apartments but are not really buildings) or, as in [4], simply Euclidean
buildings, although this term is more commonly synonymous with “affine build-
ing.”

In 4.13 below, we propose the term Bruhat-Tits space for the class of non-
discrete Euclidean buildings that were introduced and studied by Bruhat and
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Tits in [2]. (The term Bruhat-Tits space was used in [5] to describe complete
metric spaces that satisfy a certain “semi-parallelogram rule” introduced by S.
Lang. This is a more general class of metric spaces which includes not only
all non-discrete Euclidean buildings but also, for example, all simply connected
Riemannian manifolds of nonpositive curvature. We mention too that Bruhat-Tits
spaces in our sense are not necessarily complete as metric spaces; see Section 7.5
in [2].)

Suppose now that A is the spherical building (of rank one or two) associated
with a Ree or Suzuki group. Thus A is the fixed point set of a “polarity” of a
building of type B;, F4 or G, which is defined over a field extension K/F, where
p := char(K) equals 2 in the first two cases and 3 in the third case, and the polarity
is defined in terms of a Tits endomorphism 6 of K (as defined in 5.1) whose image
is F. On page 173 of [12], Tits remarks that an arbitrary valuation v of K (where
“arbitrary” means “arbitrary nontrivial real-valued non-archimedean”) extends to
a valuation of the root datum of A — and thus there exists a corresponding
Bruhat-Tits space whose building at infinity is A — if and only if the valuation
v is f-invariant. It is the goal of this paper to make this statement more precise
and to fill in all the details justifying it.

Here 0-invariant means that v o 6 is equivalent to v, i.e. that v(x) > 0 for
x € K* if and only if v(x?) > 0. This is the same as saying that Z/(xe) = - v(x)
for some positive real number v and all x € K*. Since @ is a Tits endomorphism
of K, it follows that v is #-invariant if and only if

v(x¥) = /p - v(x)

for all x € K*. Thus, in particular, v cannot be #-invariant if it is discrete (since
the ratio of two values of a discrete valuation is always rational).

2. Overview. Continuing to put precision aside for a moment, we can sum-
marize the main results of this paper roughly as follows; see also 8.11.

THEOREM 2.1. Let G be a Ree or Suzuki group. Then the following hold:

(i) There exists a Moufang building A of type By, F4 or Gy having a polarity p
defined over a pair (K, 0) as described in Section 1 such that G is the group induced
by the centralizer Cg(p) on the set AP of fixed points of p, where G is the subgroup
of Aut(A) generated by the root groups of A.

(ii) The set A := AP has the structure of a Moufang building of rank one in
cases By and Gy, of rank two whose Weyl group is dihedral of order 16 in case Fy.

(iii) For each valuation v of the field K, there exists a unique non-discrete
Euclidean building (X, A) determined by v whose building at infinity is A and
whose automorphism group induces G on A.

(iv) Let v and (X, A) be as in (iii). Then there exists an automorphism p of
(X, A) inducing the polarity p on A if and only if v is O-invariant. Furthermore, p,
if it exists, is unique.
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) If v, (X, A) and p are as in (iv), then there is a canonical non-discrete Eu-
clidean building (X, A) contained in the fixed point set of p in (X, A) whose building
at infinity is A and whose automorphism group contains a subgroup inducing G
on A.

(vi) Every non-discrete Euclidean building (X, A) whose building at infinity
is A and whose automorphism group contains a subgroup inducing G on A arises
from a O-invariant valuation v of K as described in (v).

Proof. Assertion (i) is essentially the definition of a Ree or Suzuki group.
The building A and its polarity p are described in 5.3. Assertion (ii) is proved in
6.5.11i and 6.7. Assertions (iii) and (iv) follow from 4.16 and 5.15. Assertion (v)
is proved in 7.11 and assertion (vi) is a consequence of 7.1. O

This paper is organized as follows: in Sections 3—4 we review the basic results
about root data, valuations of root data and non-discrete Euclidean buildings we
require. In Sections 5 we introduce the spherical buildings of type By, F4 and G,
having polarities that give rise to the Ree and Suzuki groups and in Section 6
we assemble the basic properties of the subbuildings fixed by these polarities we
require. Our main results — 7.1, 7.4, and 7.11 — are then proved in Sections 7
and 8.

Throughout this paper we will use A and similar letters to denote spherical
buildings and (X, .A) and similar letters to denote Euclidean buildings.

3. Root data and valuations. We now start paying attention to the details.
In this section we review the notions of a root datum of a spherical building and
a valuation of a root datum.

Notation 3.1. Let (W,S) be an irreducible spherical Coxeter system. Then
either W can be identified with the Weyl group of an irreducible root system @
so that S consists of the reflections determined by the elements in a basis, or
|S| =2 and W is a dihedral group of order 2n for n = 5 or n > 6. In the latter
case we let @ consist of 2n vectors evenly distributed around the unit circle in a
2-dimensional Euclidean space and think of S as the two reflections determined
by two of these vectors making an angle of (n — 1)180/n degrees. (Later we will
refer to this set @ as I,(n).) In both cases, we denote by A the ambient Euclidean
space of @ and by Aut(®) the group of isometries of A mapping @ to itself. Note
that (W, S) is uniquely determined by ®. When we sometimes call W the Weyl
group of @ (as is usual), we really have the pair (W, S) in mind.

Notation 3.2. Let (W,S) and ® be as in 3.1. For all o, 3 € ® such that
a # 0, the interval (o, 3) is the s-tuple (y1,72,...,7s) of all elements ; € ®
such that for some positive real numbers p; and ¢; (which depend on « and ),

(3.3) vi/ il = pice/ || + qiB/| 8],
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where Z(a, ;) < Z(a, ;) if and only if i < j. Note that s depends on the pair «
and (3 and that for some pairs, s = 0.

To define the interval (o, 3), we could have omitted the denominators in 3.3.
We included the denominators because the coefficients p; and ¢; in this equation
(as it is written) are needed in the statement of condition (V2) in 3.14.

Notation 3.4. Let (W,S), ® and A be as in 3.1. To each o € ® we associate
the reflection s, given by

sa(v)=v -2 o)

for each v € A. A wall of ® is the fixed point set of one of these reflection. A
Weyl chamber of @ is a connected component of A with all the walls removed.
We call the closure of a Weyl chamber a sector of ®. The sectors are polyhedral
cones; a face of @ is a face of one of these cones. The set of all faces of @
forms a simplicial complex called the Coxeter complex of (W, S) (or ®@). We will
denote this simplicial complex by X(®). To each element a of ® we associate
the half-space

H, ={veA|v-a>0}

A root of the Coxeter complex is the set of faces contained in one of these half-
spaces. The map o — H,, thus gives rise to a canonical bijection from @ to the
set of roots of X(®).

Conventions 3.5. Let A be an irreducible spherical building. Then every
apartment of A is isomorphic to the Coxeter complex X(®) for some @ as in
3.1. The corresponding Coxeter system (W, S) is usually called the rype of A. We
prefer, instead, to say that A is of type @. (Thus a building of type By is the same
thing as a building of type C,.) Let £ be an apartment of A. A root of X is the
image of a root of £(®) under an isomorphism from X(®) to . Thus for each
such isomorphism we have a canonical bijection from @ to the set of roots of X.
We will usually assume that an isomorphism from XZ(®) to X is fixed and identify
@ with the set of roots of X via this bijection.

Definition 3.6. Let A be an irreducible spherical building of rank at least two.
For each root a of A (i.e., of some apartment of A), let U, be the intersection of
the stabilizers in Aut(A) of all the chambers that are contained in some panel of
A which contains two chambers in «. It follows from Corollary 3.14 in [14] that
U, acts trivially on the set of chambers in « itself. (The subgroups of the form
U, are called the root groups of A.) The building A is Moufang (equivalently, “A
satisfies the Moufang condition”) if the following hold:

(i) A is thick (i.e., every panel contains at least three chambers).

(i1) For each root o of A, the root group U, acts transitively on the set of
apartments containing o.
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Tits showed that thick irreducible spherical buildings of rank at least three, as
well as all the irreducible residues of rank two of such a building, always satisfy
the Moufang condition; see, for example, Theorems 11.6 and 11.8 in [14] for a
proof. Irreducible spherical buildings of rank at least two satisfying the Moufang
condition were classified in [10] and [13]. See [15, 30.14] for a summary of the
results.

PRrOPOSITION 3.7. Let A be an irreducible spherical building of rank £ > 2
satisfying the Moufang property. Then for each root o of A, the root group U, acts
sharply transitively on the set of apartments containing .

Proof. This is proved, for example, in Theorem 9.3 and Proposition 11.4
of [14]. |

Now suppose that A is a building of rank one. In other words, A is simply
a set (whose elements are the chambers of A) and Aut(A) is the full symmetric
group on A. The apartments of A are the two-element subsets of A and thus the
roots of A are just the one-element subsets of A. Normally we will use letters
like x and y to name elements of A; when we want to emphasize that an element
of A is being considered as a root, however, we will give it a name like « or S.

Definition 3.8. Let A be a building of rank one, i.e., of type ® = Ay, let
be an apartment of A and let the two elements of X be identified with the two
elements of ®. A Moufang structure on A is a collection

(Ua)aetb

of nontrivial subgroups of Aut(A) such that the following hold:

(1) For each o € @, the subgroup U,, fixes o and acts sharply transitively on
A\{a}; and

(i1) For each a € @, the subgroup U,, is normalized by the stabilizer of « in
the group G := (U,, U_,).
The groups US, for all o € ® and all g € G are called root groups. A Moufang
structure on A is independent of the choice of X and its identification with @ up
to conjugation in the group G. Since the root groups are required to be nontrivial,
A can have a Moufang structure only if it is thick, i.e., if |[A] > 3. When we say
that A is Moufang, we mean that we have a particular Moufang structure on A in
mind (whose root groups we will always call U,, Ug, etc.). Note that with this
convention, 3.7 holds also when ¢ = 1 (with “satisfying the Moufang property”
interpreted as meaning “having a Moufang structure with root groups U,”).

Remark 3.9. Let A be an irreducible spherical building of rank ¢ > 2 which
satisfies the Moufang condition and let P be a panel of A viewed as a set of
chambers. For each chamber x in P, let a be an arbitrary root of A containing
x but no other chamber in P. By 3.7, U, acts faithfully on P. Furthermore, the
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permutation group induced by the root group U, on P is independent of the
choice of «. (This follows from Proposition 11.11 in [14].) Hence every rank one
residue of A inherits a canonical Moufang structure from A whose root groups
are isomorphic to root groups of A.

ProposITION 3.10. Let A be an irreducible spherical building of type ® satis-
fying the Moufang condition as defined in 3.6 and 3.8 and let ¥ be an apartment
of A (to which we apply 3.5). Then for each oo € @ (i.e., to each root o of X), the
following hold:

(i) There exist maps X and k from U}, to U* , such that for each u € U}, the
product

ms(u) = k(u)ul(u)

maps X to itself and induces the unique reflection s, defined in 3.4 on ® (which
interchanges the roots o and —a).

(i) mg(u)~" = ms(u™") for each u € Uz.

(iii) mz(k(u)) = me(A(w)) = mx(u) for allu € U,

Proof. The first assertion is a consequence of 3.7 and the other two follow
from the first; see, for example, in [13, 6.1-6.3]. O

PropPOSITION 3.11. Let A be an irreducible spherical building satisfying the
Moufang condition as defined in 3.6 and 3.8 and let GT be the subgroup of Aut(A)
generated by all the root groups of A. Then G acts transitively on the set of all
pairs (£, C), where X is an apartment of A and C is a chamber of X.

Proof. This is proved, for example, in Proposition 11.12 of [14]. O

Note in the rank one case, 3.11 just says that G' is a 2-transitive permutation
group on A.

Definition 3.12. Let A be an irreducible spherical building of type @ satisfy-
ing the Moufang condition and let ¥ be an apartment of A (to which we apply
3.5). For each a € @, let U, be the corresponding root group. The root datum
of A (based at X) is the pair (Z, (Up)aco)-

Let A be as in 3.12. By 3.11, the root datum of A is, up to conjugation in the
group G', independent of the choice of the apartment X. Note that a root datum
and a Moufang structure on A (as defined in 3.8) are essentially the same thing
when A has rank one. By [13, 40.17], A is uniquely determined by its root datum
when the rank of A is at least two.

THEOREM 3.13. Let A be an irreducible spherical building of type ®© satisfying
the Moufang condition, let the notion of the interval from one element of @ to
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another be as in 3.2 and let X be an apartment of A (to which we apply 3.5). Then
for all ordered pairs o, 3 of elements of ® such that § # +q,

[(Ua,Ugl C U, U,, -+ Uy,

where (1,72, - . - ,7s) is the interval (a, B), if the interval («, 3) is not empty and
[Ua,Ugl = 1ifitis.

Proof. This is proved in [7, 6.12(ii)]. O

Definition 3.14. Let A be an irreducible spherical building of type @ satisfy-
ing the Moufang condition, let £ be an apartment of A (to which we apply 3.5)
and let

(27 (Ua)aefl))

be the root datum of A based at X as defined in 3.12. A valuation of this root
datum is a collection ¢ = (¢4)ace Of nonconstant maps ¢, from U}, to R such
that the following hold:

V1: For each o« € ® and each k € R, the set

Usi :={u € U, | pa(u) >k}

is a subgroup of U,, where we assign ¢.(1) the value co (so that 1 € U, for
all k).
V2: For all «, 3 € ® such that a # £ and for all k,/ € R,

[Ua,k, U,B,l] = U*yl,plk+qllU'yg,p2k+qzl T U’ys,psk+qsl,

where ;, p;, g; and s are as in 3.3.
V3: For all a, 8 € @, all u € U}, and all g € Ug, the quantity

t:=5.0)(8™") — vp(8)

is independent of g and if a = 3, then t = —2¢p(u). Here s, is as in 3.4 and
mx(u) is as in 3.10.1.

Note that the condition (V2) is vacuous when the rank of A is one.

Definition 3.15. Let A, @ and X be as in 3.14 and suppose that ¢ and v are
two valuations of the root datum of A based at . Then ¢ and ¢ are equipollent
if for some x in the ambient Euclidean space A of the root system @,

Yal) = Po(u) + - x

for all @ € @ and all u € U}, (in which case we write ¢ = ¢ + x).
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PRrROPOSITION 3.16. Let A, ® and X be as in 3.14 and suppose that ¢ and 1 are
two valuations of the root datum of A based at X such that v, = Y, for some o € D.
Then 1 and @ are equipollent (as defined in 3.15).

Proof. This holds by Proposition 6 in [12]. For more details, see Theorem 3.41
in [15]. O

Definition 3.17. Let A, @ and X be as in 3.14, let ¢ = (¢q)ace be a valuation
of the root datum of A based at X and let p be an automorphism of A mapping
2 to itself. We will say that ¢ is p-invariant if

Pa(U) = Par(u’)
for all « € ® and all u € U},

PRrROPOSITION 3.18. Let A, @ and X be as in 3.14, let p be a valuation of the
root datum of A based at %, let w be an element of the root group U}, such that
pa(W) =0 and let mg = mxz(w). Then for each o € @,

momz(u)) _

©valg 0alg) = 2¢a(u)

forall g,u € U},

Proof. Let [3 be the root opposite « in X. Let g,u € U and let v = x(u) €
UE, where x is as in 3.10.i. Then mxz(u) = mx(v) by Proposition 11.24 in [14],
©g(v) = —p(u) by Proposition 3.25 in [15] (or [7, 10.10]) and

(") = 03(y) — 205(v)
for all y € Ug by condition (V3) (with both roots equal to [3). Thus

moms (1) ) = momz(v))

©valg
0a(g"™) — 2¢5(v)
©3(8™) +2¢q(u).

valg

By another application of condition (V3) (this time with both roots equal to «)
and the choice of w, we have

©3(8™) = palg). O

4. Non-discrete Euclidean buildings. In this section we assemble a few
basic facts about non-discrete Euclidean buildings. We start with the definition.
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Notation 4.1. Let W, A and ® be as in 3.1. Let W denote the group generated
by W and the group T consisting of all translations of A. Thus W is a group of
isometries of A. Moreover, W = TW and T is a normal subgroup of W.

Definition 4.2. Let @ and (A, W) be as in 4.1 and let H, for all « € ®
be as in 3.4. Let X be a set and let A be a family of injections of A into X.
The elements of A will be called charts and the images of charts will be called
apartments. Sets of the form f(H,) for some chart f and some a € ® will be
called roots of (X, A) and sets of the form f(S) for some chart f and some sector
(respectively, face) of @ (as defined in 3.4) will be called sectors (respectively,
faces) of (X, A). The pair (X,.A) is a non-discrete Euclidean building of type @ if
the following six axioms hold:

Al: Iffe Aandw € W, then fow € A.

A2: If f,f" € A, then the set

M:={veA|f(v)ef(A)}

is closed and convex and there exists w € W such that the maps f and f o w
coincide on M.

A3: Every two points of X are contained in a common apartment.

A4: 1f S and §’ are sectors of (X, .A), then there exists an apartment containing
sectors S and S} such that S; C S and S| C §'.

AS: Three apartments which intersect pairwise in roots have a nonempty
intersection.

A6: There is a metric d on X such that for all v,z € A and all f € A,
d(f(v),f(2)) equals the Euclidean distance between v and z.
If (X, A) is a non-discrete Euclidean building of type ®, we call the pair (A, W),
which is uniquely determined by @, its model and we define the dimension of
(X, A) to be the dimension of A. By (A3), the metric d in (A6) is unique.

Various equivalent definitions of a non-discrete Euclidean building (and a
proof of their equivalence) can be found in Theorem 1.21 of [6]. See also Propo-
sition 2.21 of [6].

Definition 4.3. Let (X, A) and (X', A") be two non-discrete Euclidean build-
ings having the same type ®. An isomorphism 1) from (X, A) to (X', A’) is a
bijection from X to X’ such that

A'={pof|feA}
We denote by Aut(X,.A) the group of all isomorphisms from (X, .A) to itself.

Definition 4.4. Let (X,.A) be a non-discrete Euclidean building of type @, let
(A, W) be the model of (X, .A), let 7 be an isometry of A normalizing the group
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W and let

Ar={for|f e A}

Then (X, .A;) is a non-discrete Euclidean building of type ® with the same un-
derlying metric structure as (X, .A). Now suppose in addition that 72 = 1. Then
an isomorphism from (X, .A4) to (X,.4;) is automatically an isomorphism from
X, A;) to (X,.A). We call such an isomorphism a 7-automorphism of (X, A).

Definition 4.5. We say that two non-discrete Euclidean buildings (X, .4) and
(X', A") are equivalent (or one is a dilation of the other) if they have the same
type @ and therefore the same model (A, W), X = X’ and

A'={fod|fe A}

for some dilation ¢ of A (where dilation means multiplication by a nonzero con-
stant). Thus equivalent non-discrete Euclidean buildings have the same underlying
metric structure up to a constant positive factor.

Definition 4.6. Let (X,.A) be a non-discrete Euclidean building with model
(A, W) and let x,x’ € X. By (A3), there exists a chart f and points x;,x] € A
such that f(x;) = x and f(x}) = x’. The interval [x,x'] is the image under f of the
interval [x;,x}]. By (A2), the interval [x,x'] is independent of the chart f. By the
CAT(0) property (proved, for example, in Proposition 2.10 of [5]), the interval
[x,x'] is, in fact, the unique geodesic connecting x to x'.

Notation 4.7. Let (X,.A) be a non-discrete Euclidean building of type ®.
Two faces F and F’ of (X,.A) (as defined in 4.2) are called parallel if they are
at finite Hausdorff distance, i.e., if both

sup d(x', F)
x'eF’

and

supd(x, F')
xeF

are finite. By (A6), this is an equivalence relation on faces. For each face F of
(X, A), we denote by F* the corresponding parallel class and for each apartment
A of (X, A), we denote by A> the set of parallel classes of faces containing a
face of A. If b and b’ are two parallel classes, we set b < b’ whenever

sup d(x', F) < oo
X' eF’
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for all F € b and all F' € b'. This notion makes the set of parallel classes of
faces into a simplicial complex. We denote this simplicial complex by (X, .4)°°.
By Proposition 1 in [12] (see also Property 1.7 in [6]), (X, A)*° is, in fact, a
spherical building of type @ (as defined in 3.4) and the map A — A is a
bijection from the set of apartments of (X, .4) to the set of apartments of (X, .4)*°.
The building (X, A)*° is called the building at infinity of (X, A). It is irreducible
(since it is of type @) and its rank is the same as the dimension of (X, .A).

Notation 4.8. Let (X,.4) be a non-discrete Euclidean building of type &
with model (A, W), let A be an apartment of (X,.4), let x be a point of A and
let £ = A>. Let Z(®) and H, (for each @ € @) be as in 3.4 and suppose that
@ is identified with the set of roots of X via an isomorphism from XZ(®) to X as
described in 3.5. Then there exists a unique chart f such that the following hold:

(i) F(A) = A.

@i1) f(0) = x.

(ii1) For each o € @, a sector S of ® is contained in the half-space H,, if and
only if the chamber f(S)*> of X is contained in the root o of X.

Let f4 . denote the chart f.

Remark 4.9. Let @ and (A, W) be as in 4.1. Then (A, W) is a non-discrete
Euclidean building of type @ with just one apartment. It thus has a building at
infinity whose faces are of the form F*° for some face F of .

Notation 4.10. Let (X,.4) be a non-discrete Euclidean building of type @
and let (A, W) be its model. Let F be a face of (X,.4). Then F is the image of
a face of @ (as defined in 3.4) under some chart f. The vertex of F is the image
of the origin of A under f; by (A2), this notion is independent of the choice of
f- Now let x be a point of X. We declare two points y and z of X\{x} to be
equivalent at x if

[x,yINB=[x,z]NB

for some open ball B centered at x, where [x, y] and [x, z] are intervals as defined
in 4.6. This is an equivalence relation on X\{x}. For each y € X\{x}, let g»(y)
denote its equivalence class. We declare two faces F and F; with vertex x to be
equivalent if g.(F) = g.(F1). By (A2), this holds if and only if FNB = F; N B for
some open ball B centered at x. The equivalence class of a face F is called the
germ of F and a germ at x is the germ of a face with vertex x. The set of germs
at x form a simplicial complex on the set g,(X\{x}). As observed in Section 1.3
of [6], this simplicial complex is a building of type ® whose apartments are the
sets g,(A) for all apartments A of (X,.4) containing x. We call this building the
residue of (A, A) at x and denote it by (A, A),. (The residue at x is called the
building of directions at x in [6].)
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The residues of a non-discrete Euclidean building (X, .A) are not necessarily
thick, and the residues at different points of X are not necessarily isomorphic to
each other. They are all, however, of type ®.

Notation 4.11. Let (X, .A) be a non-discrete Euclidean building, let x € X,
let the residue (X, A), of (X, A) at x be as in 4.10 and let f be an element of A
mapping the origin O to x. Then there exists a unique type-preserving isomorphism
from the Coxeter complex X(®) (as defined in 3.4) to an apartment of the residue
(X, A), which maps each face F of ® to the germ at x containing f(F). We denote
this isomorphism by f.

For the rest of this section, we examine the special case that the building at
infinity of a non-discrete Euclidean building is Moufang.

THEOREM 4.12. Let (X, A) be a non-discrete Euclidean building of type ® with
model (A, W) such that the building at infinity A = (X, A)*° satisfies the Moufang
property as defined in 3.6, let £ denote the dimension of (X, A), let A be an apartment
of (X, A), let ¥ = A%, let x be a point of A, let Z(®) be as in 3.4 and let

Hox={vehA|v-a>k

forall o € ® and all k € R. Let @ be identified with the set of roots of X via an
isomorphism from X(®) to X as described in 3.5 and let f = fa . be as in 4.8. If
£ > 2, then the following hold:

(i) For every root o« € @, there exists a canonical injection from the root group
U, into Aut(X, A) such that for each u € U,, its image under this injection induces
uonA.

(ii) For every a € @, there exists a map @, from the root group U}, of A to R
such that

Fixa(u) = ANA" = f(Ha,p )

foreach u € U},

Proof. See Sections 10 and 11 of [12]. O

Note that under the hypotheses of 4.12, we always identify each root group
U, with its image under the injection in 4.12.i. Thus, in particular, the u in 4.12.ii
is really the canonical image in Aut(X, . A) of an element u € U,.

With the following definition we describe those non-discrete Euclidean build-
ings which were studied in [2].

Definition 4.13. A Bruhat-Tits space is a non-discrete Euclidean building
(X, A) such that the following hold:

(i) The spherical building A := (X,.A4)*>° is Moufang (in the sense of 3.6
or 3.8).
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(i) The conclusions of 4.12 hold.
Let (X,.A) be a non-discrete Euclidean building satisfying (i) and let ¢ denote
the dimension of (X,.A). If ¢ = 1, saying that A is Moufang means we have
a particular Moufang structure on A in mind, and (ii) is to be interpreted with
respect to this Moufang structure. If £ > 2, then (ii) holds automatically.

A non-discrete Euclidean building of dimension ¢ > 3 always satisfies 4.13.1.
(This is proved, for example, [13, 40.3].) Thus in dimension three or higher,
“non-discrete Euclidean building” and “Bruhat-Tits space” are the same thing.

Convention 4.14. Let A be a Moufang building of rank one in the sense of
3.8. When we say that “A is the building at infinity of the Bruhat-Tits space
(X,.A),” we mean that the conclusions of 4.12 hold with respect to the particular
Moufang structure on A we have in mind.

The following results of Bruhat-Tits and Tits are fundamental.

THEOREM 4.15. Let (X, A), A, x, A, X and @, for o € @ be as in 4.12. Then

¢ ={pa | € D}

is a valuation of the root datum of A based at X. Moreover, the valuation ¢ is
independent of the choice of the point x in A up to equipollence (as defined in 3.15).

Proof. This is the first part of Theorem 3 in [12]. O

THEOREM 4.16. Let A be an irreducible spherical building of type ® satisfying
the Moufang condition, let £ be an apartment of A (to which 3.5 is applied) and let
@ be a valuation of the root datum of A based at X as defined in 3.14. Then there
exists a Bruhat-Tits space (X, A) of type ®, an apartment A of (X, A) and a point
x4 of A such that the following hold:

(1) A is the building at infinity of (X, A)*° (in the sense of 4.14 if the rank of A
is one) and T = A,

(ii) For each o € @, @, is the map which appears in 4.12.ii when 4.12 is
applied to the triple (X, A), A and xa.

If X', A'), A’ and X}, is a second triple with these properties, then there exists an
isomorphism from (X, A) to (X', A’) mapping A to A’ and x4 to x.

Proof. Existence is proved in Section 7.4 of [2] and uniqueness in Proposi-
tion 6 of [12]. O

5. The Ree and Suzuki groups. In this section we collect a few well
known facts about the Ree and Suzuki groups. All of these results are contained
more or less explicitly in [9] and [11].

There are three families of Ree and Suzuki groups. Beginning in 5.1 and for
the rest of this paper, we will refer to three cases which we will call “case B,”
“case F” and “case G.”
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Notation 5.1. Let K be a field of characteristic positive p and suppose that
0 is a Tits endomorphism of K. This means that 6 is an endomorphism of K such
that 62 is the Frobenius map x — x”. Thus, in particular, F := K? is a subfield
of K isomorphic to K which contains the subfield K”. Suppose, too, that p = 2
in cases B and F and p = 3 in case G. In case B let L be an additive subgroup
of K containing F such that L - F C L (so L is a vector space over F) and
K = (L) (where (L) denotes the subring of K generated by L) and let A denote
the indifferent set (K, L, Lg) as defined in [13, 10.1]. In case F let A denote the
composition algebra (K, F)) as defined in [15, 30.17]. In case G let A denote the
hexagonal system (K/F)° as defined in [13, 15.20]. Let A denote the building
BZD(A) in case B, the building F4(A) in case F and the building G,(A) in case G
in the notation described in [15, 30.17]. Thus B%’(A) is the Moufang quadrangle
called 9p(A) in [13, 16.4] and G,(A) the Moufang hexagon called H(A) in [13,
16.8]. The type @ of the building A is B, in case B, F4 in case F and G; in case
G. (Alternatively, we can define A to be the unique building of type ® whose
root datum is as described in 5.3 below.)

The building A in 5.1 is split if and only if K is perfect; if K is not perfect,
A is simply a building of mixed type (as defined, for example, in [15, 30.24]).
The following element 7 plays a central role from now on.

Notation 5.2. Let @ be as in 5.1, let A be the ambient space of ®@ and let S
be a sector of ®. There is a unique nontrivial element of Aut(®) (as defined in
3.1) fixing S. This automorphism induces a non-type-preserving automorphism
of the Coxeter complex X(®) and has order two. We denote it by 7.

THEOREM 5.3. Let A @, K, L, etc. beasin 5.1, let 7 and S be as in 5.2, let X be
an apartment of A, let C be a chamber of %, let 1 be the unique special isomorphism
from X(®) to X mapping S to C and let ® be identified with the set of roots of X via
1 as indicated in 3.5. Then for each o € @, there exists an isomorphism x,, from
the additive group of L in case B, respectively, the additive group of K in cases F
and G, to the root group U,, of A such that the collection (xo)qco has the following
properties:

(i) There exists a unique automorphism p of A mapping the pair (C, X) to itself
such that

Xo (D) = X1(a) ()

foralla € ®andallt € K (orallt € L).
(ii) In cases B and F,

[Ua,Ugl =1
whenever /(a, 3) < 90°,

[xa(), X3(1)] = Xa4p(s7)
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forall s,t € K whenever /(a, 3) = 120° and

[a(9), X501 = X /30, 5( D 505"

forall s,t € K (orall s,t € L) whenever /(ca, ) = 135°.
(iii) In case G, there exists parameters €, €y, . . ., €4 such that

[Ua,Ugl =1
whenever /(a, ) < 90°,

[xa(s), x3(1)] = Xa4p(est)

for all s,t € K whenever Z(«, 3) = 120° and

[xa(s)ax,@(t)] = x\/§a+ﬁ(elSgt)x2a+\/§ﬂ(€2S2[0)
'xﬁa.'.zg(6336l2)xa+\/§ﬂ(64sl9)

foralls,t € K whenever Z(a, 3) = 150°. The parameters €, €y, . . ., €4 are all equal
to +1 or —1; their values depend on the ordered pair (c, (3) but not on s or t; and
their values are as in 5.4-5.6 if «, 3 both contain the chamber C.

(iv) In all three cases,

X/g(l‘)m):(xa(])) =X;,3)( £ 1)
forall a, 8 € ®andallt € K (or L).

Proof. Suppose first that we are in case G and let the roots of ® be numbered
ay, . ..,ap going around the origin clockwise, where the indices are to be read
modulo 12. The set of roots of ¥ can be identified with ® so that «; contains
the chamber C if and only if i € [1,6]. Thus 7(a;) = a7—; for all i. By [13,
16.8], [Ua,»,Uaj] = 1 whenever i,j € [1,6] and i < j < i+ 3 and there exist
isomorphisms x; for each i € [1,6] from the additive group of K to the root
group Uy, such that for all s,7 € K,

(5.4) [x1(5), x6(1)] = X2(—5 D)3 (=510 g (571 )xs(s1),
as well as

(5.5) [x1(s), x5()] = x3(—s7)

and

(5.6) [x2(5), X6(1)] = x4(s7).
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By [13, 7.5], there exists a unique automorphism p of A mapping (C, X) to itself
such that

xi(t)P = x7_i(t)

for all i € [1,6] and for all ¢+ € K. Let H be the chamberwise stabilizer of X in
Aut(A) and let Q be the subgroup of H consisting of those elements g such that
for each root o of X, either g centralizes U, or g inverts every element of U,.
Let

m; = mx(x;(1))

for i =1 and 6 and let

N = (ml,m6>.

By [11, 2.9(6)] and [13, 29.12], |Q| = 4 and the kernel of the action of N on X is
NN Qand N/NNQ = Dy,. For each i € [7,12], there thus is a unique shortest
word g in m; and me mapping «; to oy, where j=1if i is odd and j = 6 if i is
even. We set x;(r) = x;(1)¢ for all t € K. By [13, 6.2], m{ = ms and mf = m;. It
follows that x;(t)° = x;(¢) for all + € K and for all i € [7,12]. Thus (i) holds.
Let o, 3 € ®. By [13, 6.4] (or [11, 2.9]), there exists g € N mapping « to 3
such that x,(1)¥ = xg( £ 1) for all + € K*. Since g is unique up to an element
of NN Q, it follows that x,(1)$ = xg( £ ¢) for all + € K* and for all g € N
mapping « to 3. Thus (iv) holds (in case G). By 5.4-5.6, it follows that also
(ii1) holds.

The proof in case B is virtually the same, except that we cite [13, 16.4] in
place of [13, 16.8] and use the observation that this time my(x)*> = 1 for all & € ®
and all u € U}, by 3.10.ii (since all the root groups are of exponent two). In case
F, the proof in the previous two cases can be suitably modified (using [15, 32.14]
in place of [13, 16.4]). We do not give the details, however, since the claims in
case F also follow from the observations in [11, 1.1-1.2]. |

Definition 5.7. Let A and p be as in 5.3, let A” denote the set of chambers
fixed by p and let G' be as in 3.11. Let G be the group induced on A” by
the centralizer of p in G'. The group G is commonly called Suz(K,#,L) in
case B (these are the Suzuki groups), Ree(K,#) in case G (these are the Ree
groups) and *F4(K,0) in case F. The groups F4(K,#) were also discovered by
Ree and are also sometimes called Ree groups, but these groups are now more
commonly associated with Tits due to his thorough study of them in [11]. The
name Suz(K, 6, L) is usually abbreviated to Suz(K, 6) when L = K.

We use the rest of this section to prove a result (5.15) about valuations of
the root datum of the building A.
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ProOPOSITION 5.8. Let A, @,  and (xo)aco be asin 5.3, let o, 3 € @, let t € K,
letu € K* (ort € Land u € L* in case B) and let

h(u) = ms(xa(1))ms (xa(u)).

Then the following hold:
(i) In cases B and F,

x50 = x5ur)
if Z(a, B) = 45° and
x50 = x5u’)

if Z(av, 3) = 135°.

(i1) In case G,
xg(t)h(”) = xg(uet)
if Z(a, B) = 30° and

x50 = x5 )

if Z(a, B) = 150°.

(iii) In all three cases,
x50 = x5(u™?1)
ifa=p,
x5 = x5t
if Z(ev, B) = 60°,
xp(O)"" = x5(0)
if Z(cv, ) = 90°,
x50 = xg(ut)
if Z(a, B) = 120° and
x3(t)"™ = x5(uP1)

ifa=—0.

Proof. By 3.10.1, h(u) acts trivially on X and hence normalizes Ug. The claims
hold for § # +a by parts (ii) and (iii) of 5.3 and [11, 2.9].
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Suppose that we can choose 5 € ® such that Z(a, §) = 120°. By 5.3, we
have

(5.9) [xa (D), X5(5)] = xa4p(€s2)
and
(5.10) (X0 8(8), X—a(1)] = xg(€'s1)

for all s € K, where €, ¢’ = £1. We know that x5(1))"® = x5(u) and
X g = Xoupu 1),
Setting s = 1 in 5.9 and conjugating by h(u), we obtain
[xa ()™, x3(u)] = xasp(eu"1).
Comparing this identity with 5.9 itself, we conclude that XM = x,(u™?1).
Setting s = 1 in 5.10 and conjugating by h(u), we conclude similarly that
X (O = x_,(uPt).

Suppose next that there is no 8 € @ such that Z(«, 3) = 120°. Then we are
in case B, so char(K) = 2, and we can find § such that Z(«, 3) = 135°. Thus

(5.11) [Xa(0), X5(9)] = X, /30, 51" )% 4 25157
and
(5.12) 1% 30 50D X a (D] = X, /550" Dxa(st”)

by 5.3.ii. We know that A(u) centralizes Us, x5(1)"™ = x4(¢%) and
X f0ag ) = X 305010,
Setting s = 1 in 5.11 and conjugating by h(u), we obtain
D (", 2N = x 351 )x,, /25(0).
Comparing this identity with 5.11 itself, we conclude again that
Xa(®"Y = xo(u™?).

Setting s = 1 in the identity 5.12 and conjugating by A(u), we conclude similarly
that x_,(1)"™ = x_,(u%¢) also in this case. O
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COROLLARY 5.13. Let A, @, X and (x,)aco be as in 5.3, let Gt be as in 3.11

and let H be the chamberwise stabilizer of X in G'. Then for each o € ® and for
each h € H, there exists z € K* (or z € F* in case B, where F = Ke) such that

Xa(O" = xa(20)
forallt € K (orallt € L).
Proof. By [13, 33.9],
H = (mg(xo(1))ms(xo(w)) | a € ® and u € K* (or L*)).

The claim holds, therefore, by 5.8. O

Notation 5.14. Let ®@ be as in 5.1. Let ® = g U d; be the partition of O
into two subsets @y and ®@; such that two elements of ® are in the same subset
if and only if they have the same length.

PRrROPOSITION 5.15. Let A, @, X, p and (xo)aco be as in 5.3, let Dy and ®| be
as in 5.14, let v be a (real valued) valuation of the field K and let p = char(K). Let

Palxa(®) = v(1)
forall o € ®y and all t € K* (orallt € L*), let
Palxa(D) = v’/ p
forall o € @y and allt € K* (orallt € L*) and let
¢ = (Pa)aco.
Then the following hold:
(1) @ is a valuation of the root datum of A based at X.
(ii) @ is p-invariant (as defined in 3.17) if and only if v is 0-invariant.
Proof. The collection ¢ satisfies condition (V1) in 3.14 by the definition of a

valuation. By parts (ii) and (iii) of 5.3 and some calculation, ¢ satisfies condition
(V2). Choose o, 5 € ®, u € U, and g € Uj. Suppose first that o = 3. By 5.3.iv,

—1
(pia(gmz(u)) - (pa(gmz(u)mz(xoz(l)) ).

By 3.10.ii, therefore

-1
W—a(ng(u)) — @a(g(mz(xa(l))m):( u)) ).
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Hence
O—a(g™") — a(g) = —2¢0 (1)

by 5.8.iii. By 5.3.iv and 5.8 (and a similar calculation), the quantity

Psa(3)(&™) — 0p(8)

is independent of g whenever 3 # «. Thus ¢ satisfies condition (V3). Hence (i)
holds. By 5.3.i, ¢ is p-invariant if and only if V(te)/\/ﬁ = v(¢) for all t+ € K*.
Thus (ii) holds. O

6. Spherical buildings for the Ree and Suzuki groups. In this section we
show that the G-set A” defined in 5.7 has the structure of a spherical building
satisfying the Moufang condition whose root groups generate the group G.

Notation 6.1. Let ® and A be the sets called ® and A in 5.1 and 5.2. We
then set A equal to the set of fixed points of the automorphism 7 of ® introduced
in 5.2 (which we continue to call 7).

PROPOSITION 6.2. Let A, ®, 7 and A be as in 6.1 and let ¢i = 6.+ A" (so & € A
since 7> = 1) for each ¢ € A. Then the following hold:

() If & € D, then i #0.

(i1) Let

® = {c/|d| | a € d}.
Then @ is, up to an isometry of A, the root system Ay in cases B and G and 15(8)
(as defined in 3.1) in case F.
(iii) For each ¢ € ®, the half-space
Hy={veA|v-a>0}
of Z(D) (as defined in 3.4) is the intersection of the half-space
HQZZ{UEA| UCYEO}
of Z(®) with A.
(iv) The map F +— F N A is an inclusion-preserving bijection from the set of
T-invariant faces of ® to the set of faces of ®.
Proof. In cases B and G, the dimension of A is only two; we leave it to the

reader to verify all the claims in these two cases. In case F, these assertions are
proved in Section 1.3 of [11]. O
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LEMMA 6.3. Let ® and T be as in 6.1, let ® be as in 6.2.ii, let A be an arbitrary
building of type ® which is not necessarily thick, let p be a non-type-preserving
automorphism of A of order two and let X be an apartment of A. Then the following
are equivalent:

() 1 o T = p o 1) for some type-preserving isomorphism ) from Z(®) to X.

(ii) p fixes two opposite chambers of X.

(iii) p maps X to itself and fixes at least one chamber of X.

Proof. Let S be as in 5.2. We think of S as a chamber of X(®) and let S be
the unique opposite chamber of £(d). The map 7 fixes both S and §'. Hence if
v is as in (i), then p fixes the two opposite chambers v(S) and ¢/(S") of X. Thus
(i) implies (ii). Since opposite chambers are contained in a unique apartment,
(i1) implies (iii). Now suppose (iii) holds. Let C be a chamber of 3 fixed by p
and let v/ be the unique isomorphism from X(®) to X mapping S to C. Since the
composition p~! 01) o 7 is also a type-preserving automorphism from X(®) to X
mapping S to C, it must equal ?). Thus (i) holds. O

Definition 6.4. Under the hypotheses of 6.3, we call an apartment of A p-
compatible if it satisfies the three equivalent conditions in 6.3.

In the following result, we make implicit use of the fact that a building A is
completely determined by the graph whose vertices are the chambers of A, where
two chambers are joined by an edge whenever there is a panel of A containing
them both. (This is the point of view, for example, in [14].)

THEOREM 6.5. Let® and mbeasin6.1, let ® be as in 6.2.1i, let A be an arbitrary
building of type ® which is not necessarily thick, let p be a non-type-preserving
automorphism of A of order two and let X be an apartment of A. Suppose that X is
p-compatible as defined in 6.4. Let 1) be as in 6.3 and let 7t be the bijection from
® to the set of roots of 3. induced by the isomorphism 1). Let A be the graph whose
vertices are the chambers of A fixed by p, where two such chambers are joined by
an edge whenever they are opposite in a residue of rank two fixed by p and let X
be the subgraph of A spanned by the chambers of X, fixed by p. Then the following
hold:

(1) There is a unique isomorphism 1 from X(®) to X such that

DS NA) = ()

for each T-invariant sector S of ®.
(1) If 7 is the bijection from @ to the set of roots of X induced by 1), then

m(a/|a)) = (@) NZ
for all & € ®, where the map ¢ — ¢ is as in 6.2.

(iii) A is a building of type ® whose apartments are the subgraphs spanned by
the chambers fixed by p in p-compatible apartments of A.
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Proof. Assertions (i) and (ii) hold by 6.2. Next we observe that if R is the
p-invariant residue of rank two containing two adjacent chambers of A, then all
the chambers in R fixed by p are pairwise opposite in R and hence adjacent in A.
This means that A is a chamber system as defined at the beginning of [7]. To show
that (iii) holds, it therefore suffices, by Theorem 3.11 in [7] and Theorem 8.21 in
[14], to show that every two chambers of A are contained in an apartment of A
containing opposite chambers fixed by p. In cases B and G, every two chambers
of A are opposite in A. We can thus assume that we are in case F.

Let v = (Co,Cy,...,Cy) be a gallery in A. Then for each i € [1,k], the
chambers C;_; and C; are opposite in a p-invariant J;-residue R;, where J; is
a two-element subset of the vertex set I of the diagram F4 invariant under the
nontrivial automorphism of this diagram. We will say that ~ is alternating if
Ji #Ji_ for all i € [2,k]. Let ¥ be a gallery in A from Cy to Cj containing C;
also for all i € [1,k — 1] such that the subgallery from C;_; to C; is a minimal
gallery in R; for each i € [1,k]. Thus the length of 7 is

mi=d +dr+---+dj,

where d; is the diameter of R; for all i € [1,k]. Now suppose that k = 8. Then m
equals the diameter of X and if D and D’ are opposite chambers in £ N A, then
there exists a unique minimal gallery from D to D’ that has the same type as .
By Proposition 7.7.ii in [14], it follows that + is minimal and hence Cp and Cg
are opposite. By Corollaries 8.6 and 8.9 in [14], therefore, ¥ is contained in an
apartment of A. It thus suffices to show that every alternating gallery of arbitrary
length k in A can be extended to an alternating gallery in A of length k + 1 and
that every two chambers of A are joined by an alternating gallery in A.

Suppose first that the gallery v = (Cy, Cy, . .., Cy) is alternating and let J; for
i € [1,k] be as in the previous paragraph. Let J = I\J; and let R be the unique
J-residue containing Cy. Since p fixes Cy, the residue R is also p-invariant. The
residue R is a generalized n-gon for n =2 or 4. Let -y be a gallery in R of length
n/2 starting at Cy and let ; be the concatenation of ~~! with 4”. Then v, is a
minimal galley of length n (because p is not type-preserving) and p preserves i
(because p2 = 1). Therefore p fixes the unique chamber Cy,; opposite Cy in the
unique apartment of R containing ;. Thus (Cy,..., Ci, Ci+1) is an alternating
gallery extending ~.

Now suppose that C and C’ are two arbitrary chambers of A and let e be the
distance between them in A. Since A is a chamber system (as observed above), we
can obtain an alternating gallery from C to C’ from an arbitrary gallery from C to
C’ simply by discarding superfluous chambers. It will suffice to show, therefore,
that there is a gallery from C to C’" in A. We proceed by induction with respect
to e. We can suppose that e > 0. Thus we can choose a chamber C; adjacent to
C’ that is at distance ¢ — 1 from C. Let R be the unique p-invariant residue of
rank two containing both C and C; and let C, = projz C'. Since p fixes C’ and
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R, it fixes C, too. Thus C; is a chamber of A adjacent to C in A and at distance
strictly less than e to C'. By induction, we conclude that there is, in fact, a gallery
in A from C to C'. m

Notation 6.6. Let A, X, ), p as well as U, and x,, be as in 5.3. Note that the
type of A is, according to 6.1, now @ rather than ®. In order to focus on the set
AP defined in 5.7, we now replace also the designations A, X, ¢, U, and x, by
A, X, 9, Us and x4 (but let p remain p). We then set A= A” and ==X NA. By
6.5 applied to these data, A has (canonically) the structure of a building of type
@, where @ is as in 6.2.ii, and X is an apartment of A. Let 7 be the map obtained
from these data in 6.5.ii and for each o € @, let ®,, denote the pre-image of o
under the surjection ¢ — ¢/|ci| from ® to ®, where the map ¢ — ¢ is as in 6.2.

THEOREM 6.7. Let @, U, for a € D, D, D, fora € @, A Z pand T be as in
6.6 and let © be identified with the set of roots of X via w. For each oo € @, let U,,
denote the centralizer of p in the subgroup

<Ud | d€¢)a>

of Aut(A). Then U, acts faithfully on A for each o € ® (in all three cases);
Z, (Uy)aco) is a Moufang structure on A in cases B and G; and in case F, A is
Moufang and for each o € ®, U, is the corresponding root group.

Proof. Let A be as in 6.6 and let o € ®. We think of « as a root of £ and
choose a panel of ¥ containing one chamber C in « and another C' not in «.
Then C and C' are opposite in a unique rank two residue R of A fixed by p. By
6.5.ii, ®, consists of precisely those roots of X that contain C but not C’. By
Proposition 8.13 in [14], the map a — & N R is thus a bijection from ®, to the
set of roots of the apartment £ N R of R and by Proposition 11.10 in [14], Uy
induces the root group on R corresponding to the root ¢: N R for each a € ®,,.
By Theorem 11.11.ii in [14], therefore, the group

<Ua | d€¢a>

acts sharply transitively on the set Q of chambers of R which are opposite C in
R. Thus the group U, acts sharply transitively on the fixed point set Q” of p in
Q. It follows that U, acts faithfully on A and by Theorem 9.3 in [14], that U,
acts sharply transitively on the set of apartments of A containing «. We conclude
that (U, )aco is @ Moufang structure on A (as defined in 3.8) in cases B and G.

Now suppose that we are in case F and choose a panel of A containing two
chambers C; and C] in «. There exists a unique rank two residue R, of A fixed
by p containing C; and Cj. Let P be a panel of R; containing two chambers of
3. If a € ®,, then ¢ contains both C; and C}, hence the apartment R; N > of
R, is contained in ¢ (since roots are convex) and thus Uy acts trivially both on
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R; NX and on P. By Theorem 9.7 in [14], therefore, Uy acts trivially on R; for
all & € @, It follows that U, is contained in the root group of A corresponding
to a. Thus A is Moufang since U, acts transitively (in fact, sharply transitively)
on the set of apartments of A containing o and « is arbitrary. By Theorem 9.3
and Proposition 11.4 in [14], the root group corresponding to « also acts sharply
transitively on the set of apartments of A containing «. It follows that U, equals
this root group. O

Convention 6.8. We will sometimes refer to a building A of the sort that
appears in 6.7 as a Suzuki-Ree building. When we say that A is a Suzuki-Ree
building in cases B or G, we mean that we have in mind the Moufang structure
on A described in 6.7.

Remark 6.9. Let Ar and Ar be the buildings called A and A in 6.6 in case F
and let Ag and Ag denote the buildings called A and A in 6.6 in case B under the
assumption that L = K, where L is as in 5.1. Then there exist residues of rank two
of Af fixed by p which are isomorphic to the building Ag. Let R be one of these
residues and let P be the corresponding panel of Ar. Then P can be identified
with the building Ag in such a way that the canonical Moufang structure on P
which comes from Af as described in 3.9 coincides with the Moufang structure
on Ag described in 6.7.

Notation 6.10. Let S =L x L in case B and let S = K x K in case F. In both
of these two cases, let

(s,0)- (u,v)=(s+u,t+ U+s‘9u)

and
R(s,t)=s"? +st+1°
for all (s,t) € S. Incase G, let T =K x K x K, let

(r,s,t)-(w,u,v):(r+w,s+u+r9w,t+U—ru+sw—r9+1

w)
for all (r,s,1),(w,u,v) € T and let

NG, s, 1) = 1010 — pf — 0835 22 4 041 L 2 20+
for all (r,s,t) € T. Then S and T are groups (with multiplication ),

(5, 0) "1 = (s, 0+ 5%

for all (s,¢) € S and

(r,5,0) ' = (=r,—s + ", 1)
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for all (r,s,¢t) € T. We will call R the norm of the group S and N the norm of
the group T. The center of S is {(0,7) | t € K (or t € L)} and the center of T is
{(0,0,7) | t € K}; both centers are isomorphic to the additive group of K.

(Note that in case B, the product KPL is contained in L (by 5.1) and thus the
products %1, R(s, %% and R(s, )?v are contained in L for all (s,0),(u,v) € S
even though the norm R(s, f) is not necessarily contained in L. See 6.12.i.)

Remark 6.11. It is shown in [9] that the maps R and N are anisotropic. By
this we mean that R(s, ) = 0 only if (s,7) = 0 and N(r,s,¢) = 0 only if (r,s,7) = 0.

PROPOSITION 6.12. Let A, @, X, the identification of ® with the set of roots of
X and the root groups U,, be as in 6.7, let G be the corresponding Ree or Suzuki
group as defined in 5.7 and let the groups S and T and their norms R and N be as
in 6.10. Then there exist o € © such that the following hold:

(1) In cases B and F, U, = S and there exists an isomorphism xo from S to Uy,
that

Xa(t, V)" = xo (R(s, 7 u, R(s, % v)
forall (u,v) € S and all (s,t) € S*, where
h(s, 1) = ms(xa/(0, 1))ms(xa(s, 1)).

(i) In case G, U, = T and there exists an isomorphism xo from T to U, such
that

X, 1, )"0 = xo (N, 5, 67w, N(r, 5,07 u, NG, 5. 1)0)
forall w,u,v) € T and all (r,s,t) € T*, where
h(r7 S’ t) = mZ(xa(O, 07 1))m2(xa(r7 S, t))'

The element o is unique up to the action of the stabilizer Gy of ¥ in G on the set of
roots of .

Proof. By [13, 33.17], (i) holds in case F. By 6.9, it follows that (i) holds
also in case B when K = L. Simply by restricting scalars, we conclude that (i)
holds in B also when L # K.

Suppose now that we are in case G. Let C and C; be the two chambers in
¥ and suppose that o = {C}. Let d; be the elements of ® ordered clockwise
modulo 12 so that ¢, . .., dg are the roots in the set ®,, defined in 6.7 (where ®,
d;, etc. are as in 6.6). Let U; denote the root group Uy, of A for all i, let (X)ieq1,6]
denote the collection of isomorphisms x; = x4, from the additive group of K to U;
which appear in the relations 5.4-5.6 and let U, denote the subgroup of Aut(A)
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generated by the root groups U; for all i € [1,6]. By 5.3.1, x;(¢)? = x7_;(¢) for all
i €[1,6] and all r € K and by 6.7, U, is the centralizer of p in U,. Let

(6.13)  x,(r,5,0) = x1(P)x2(F*" — $)x3(t + rs)xa (P02

— rs + xs(—s)xg(r)
for all (r,s,1) € T. Thus x, is a map from T to U,. By 5.3-5.6, 6.10 and a bit
of calculation, this map is, in fact, an isomorphism from 7 to U,.

Let G be the subgroup of Aut(A) as defined in 3.11. Since the elements in the
stabilizer GTC’C1 are type-preserving and fix opposite chambers of the apartment

3., they are contained in the subgroup H of Aut(A) defined in 5.13. If g € GTC,CI,
then by 5.13, there exist z,z1,20 € K* such that x,(r, s, )8 = x,(zr, 215, z2t) for
all (r,s,t) € T. Since x,, is an isomorphism, the map (7, s, t) — (zr, 215, 22t) iS an
automorphism of 7. It follows that z; = 2+ and z5 = z*2. Thus for each element
g of G' fixing the two chambers C and C; of the apartment X, there exists an
element z € K* such that

(6.14) xa(r, 5,08 = xo(zr, 2745, 277%0)

for all (r,s,t) € T.

Let the group T be identified with the set A\{C} via the map sending a € T
to the image of C; under the element x,(a) of U,. Even though we are using
exponential notation (and, by implication, composition from left to right) in the
claim we are proving, for the remainder of this proof we will think of the group
G as acting on the set CUT from the left (with composition from right to left) in
order to conform with the notation in [9] from where we borrow the following
argument. For the same reason, we will also use additive notation for 7' (only in
this proof) even though it is not an abelian group; in particular, we let O denote
the identity (0,0,0) of 7. Thus £ = {C,0} and for each a € T, the element x,(a)
of U, fixes C and induces the map b +— a+b on T.

For each element a = (r,s,t) € T*, we set

(615) u(a) = rzs —rt+ Se _ r9+3
and
(6.16) v(a) =750 — 1 4 rs® + st — P04,

(These expressions are taken from [9, 5.3], where N(a) is called w = w(a). Note
that in [9, 5.3], there is an exponent 6 missing in the second term of w and a
minus sign missing in front of the whole formula for w; see 1.1 and 3.1 in [3].)
As is explained in Section 5 of [9], N(a) # 0 if a # 0 and there is an element w
in G interchanging the two chambers C and O of X such that

(6.17) w(a) = (—v(a)/N(a), —u(a)/N(a), —t/N(a))
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for all a = (r,s,t) € T*. By 6.10, 6.15, 6.16 and 6.17 (and a bit of calculation),
we have

(6.18) N(w(a)) = N(a)™"
and
(6.19) N(—a) = N(a)

for all a € T* (where —a is the inverse of a in T).
The element w? fixes 0 and C. By 6.14, there thus exists z € K* such that

(6.20) w(r,s,1) = (zr, 275,271
for all (r,s,¢) € T. Let v = z/*2. Then
(0,0,2) = w?(0,0,1) = w(1,0,—1) = (0,0, 1)
by 6.17 and therefore z = >~% = 1. We conclude that
(6.21) w?=1
by 6.20.
Now let a = (r,s,¢t) € T* and set @’ = w(—w(a)). (This makes sense since w

maps T* to itself.) By 6.21, the two products wx,(a)w and x,(w(a))wxs(a’) both
map 0 to 0 and C to w(a). Thus

—1

(6.22) Pa = (Ko (W(@)wra(@)) " wra(@w
fixes both C and 0. By 6.21 and 6.22, we have
(6.23) pa(w(—a)) = —d' = —w(—w(a)).

Let & = pyw. Thus € is an element of G interchanging C and 0. By 6.21 and
6.22, we have

€ =xo(—d) - wxo(—w(@)w - xo(a) € UL - U* - U
By 3.10.i, therefore,
§ = my(wxq(—w(a)w)

and

Xa(a) = Mwxa(—w(@)w).
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Hence by 3.10.iii, £ = mx(xy(a)). Therefore

(6.24) Pa = Mz (Xa(a)w.

By 6.14, there exists z € K* such that

(6.25) paw, u, v) = (2w, 27 u, 292 v)

for all (w,u,v) € T. By 6.18 and 6.19, we have N(—w(a)) = N(a)~". By 6.17
and 6.25, therefore, the third coordinate of —w(—w(a)) is t, whereas the third
coordinate of p,(w(—a)) is 1z°*? /N(a). By 6.23, it follows that z/*? = N(a) and
hence

(6.26) 7=N(a)*?

if t #0. If t = 0, we obtain the same conclusion by comparing the first or second
coordinates of both sides of the identity 6.23; we leave these calculations to the
reader. By 6.25 and 6.26, finally, we have p, = 1 if a = (0,0, 1). By 6.21 and
6.24, it follows that w = mx(0, 0, 1). Thus (ii) holds by 6.24, 6.25 and 6.26. (Note
that in (ii), xo (W, u, v)"">* is to be interpreted as x,(w, u, v) conjugated first by
my (x4 (0,0, 1)) and then by ms(x,(r,s,t)), whereas in the proof p,(w,u, v) is to
be interpreted as the image of (w,u, v) under mys(x,(0,0, 1)) to which then the
map my(xq (7, s, 1)) is applied.) O

7. Bruhat-Tits spaces for the Ree and Suzuki groups. We begin this
section with a result which explains why a valuation of the root datum of a
Suzuki-Ree building defined over a pair (K, #) (or triple (K, 6, L)) requires the
existence of a f-invariant valuation of K. We then formulate our most important
result in 7.11.

THEOREM 7.1. Let A, X, D, o, x,, etc. be as in 6.6 and 6.12, let w = x,(0, 1)
in cases B and F and let w = x,(0,0, 1) in case G, let 1 be a valuation of the root
datum of A based at ¥ and let

¢ =9 —awa/(a-a)

(as defined in 3.15). (Thus @ is a valuation equipollent to 1 such that p,(w) = 0.)
Then there exists a unique 0-invariant valuation v of K, which depends only on the
equipollence class of 1, such that

(7.2) Pa(Xa(s, 1) = v(R(s, 1))
forall (s,t) € S* in cases B and F and
(7.3) Valxa(r,s, 1) = v(N(r,s,1))

forall (r,s,t) € T* in case G.
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Proof. Let

V(1) = paxa(0,1%)/2
for all + € K* in cases B and F and let

U(t) = pa(xa(0,0,1))/2
for all t € K* in case G. Then 7.2 and 7.3 hold by 3.18 with g = w and u = x,(s, 1)
or x,(r, s,t) and 6.12. It thus remains only to show that v is a #-invariant valuation
of K.

Let v(0) = co. By (V1), we have v(s +t) > min{v(s), v(r)} for all s,z € K.
By 6.12 again, we have

x4 (0, s@)mz(w)mz(xa(o,te)) = x4, (0, s°729)
for all 5, € K* in cases B and F and
%a(0, 0, 5000 = (0,0, 51%)

for all s, € K* in case G. By 3.18 again, this time with g = x,(0, %) or x4(0, 0, 7)
and u = x,(0, s‘g) or x,(0,0, s), it follows that

v(s*t) = v(1) + 2u(s)
for all s, € K* in all three cases. From this identity, we thus obtain
v(s*1?) = v(i®) + 2u(s)
for all s, € K* and (setting t = 1)
1/(s2) =2u(s)
for all s € K*. Therefore
v(st) = v(s) + v(t)

for all 5,1 € K*. Since |p,(U})| > 1 by 3.14, it follows from 7.2 and 7.3 that
|v(K*)| > 1. Thus v is a valuation of K.

It remains only to show that v(«) > 0 implies that v(?) > 0. Let u be an
element of K* such that v(u) > 0 (and hence v(u?) = 2v(u) > 0). Suppose first

that we are in case B or F, so

1,0)- (0,u%y = (1,u%)



1142 P. HITZELBERGER, L. KRAMER, AND R. M. WEISS
in S. By (V1), therefore,
palia(l,u”) = min{pa(a(l,00), 9aa (0, u"))}.
Hence by 7.2,
v(1+u® +u?) > min{0, v(u?)} = 0.

It follows that v(u?) > 0.
Suppose now that we are in case G, so

(1,0,0) - (0,0,u) = (1,0, u)
in 7. By (V1), therefore,
Pa(xXa(l,0,u)) > min{pa(xa(1,0,0)), pa(xa(0,0,1))}.
Hence by 7.3,
v(u? — u’ — 1) > min{0, v(u?)} = 0.
Again we conclude that vu?) > 0. O

The converse of 7.1 is also valid:

THEOREM 7.4. Let A, Z, @, o, x,, etc. be as in 6.6 and 6.12. Suppose that v is a
0-invariant valuation of K and let v, be the map given in 7.2 (in cases B and F) or
7.3 (in case G). Then p,, extends to a valuation of the root datum of A based at X.

It would not be hard to prove this result directly. The principal difficulty is
to show that

(7.5) v(R((s,7) - (u, v))) > min{v(R(s, 1)), v(R(u, v)) }

for all (s, 1), (u,v) € S and

(7.6) v(N((r,s,1) - (Wyu, 0))) > min{v(N(r,s,1),v(Nw,u, v)) }

for all (r,s, 1), (w,u, v) € T. These inequalities are required to verify (V1).
Rather than prove 7.4 directly, however, we will prove a stronger result (7.7—

7.11) which will have 7.4 (and thus also the two inequalities 7.5 and 7.6) as

corollaries. In Section 9 we include a direct proof of the inequalities 7.5 and 7.6
only because it might be of some independent interest. See also 9.1.10 in [2].
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Notation 7.7. Let @, A, A and 7 be as in 6.1, let A, A, = and X be as in 6.6,
let W be the Weyl group of ®, let W be the restriction of the centralizer of 7 in
W to the subspace A and let W be the group of all isometries of A generated by
W and all translations of A. Let v be a f-invariant valuation of K, let p be the
automorphism of A described in 5.3.i, let @ be identified with the set of roots of
3 via the map called 7 in 6.5 and let ¢ denote the p-invariant valuation of the
root datum of A based at X determined by v as described in 5.15. Let (X, A) be
the Bruhat-Tits space of type ®, A the apartment of (X, 4) and x4 the point of A
obtained by applying 4.16 to A, ¥ and . The pair (X, A,) defined as in 4.4 can
also be thought of as the Bruhat-Tits space of type ® obtained by applying 4.16
to A, X and ¢, but only after identifying ® with the set of roots of X via 7t o 7
rather than 7. By the uniqueness assertion in 4.16, there exists a 7-automorphism
p of (X, A) (as defined in 4.4) that induces the automorphism p on A and maps
the pair (A, x,) to itself. This map satisfies

(7.8) 0 fin, =fin, T

where f:/\,x , € A is as defined in 4.8. Let A, denote the set of charts f € A such
that § maps the apartment f(A) to itself and acts trivially on f(A), let

A={fla|fe Ap}’
and let
(7.9) X=J f.
feA,

Thus X is contained in the fixed point set X? of p. By 7.8, f; x4 € Ap and hence

(7.10) A= fi (D)

is a subset of X and x4 =fA,xA (0) is a point of A.
Here now is our main result:

THEOREM 7.11. Let ®, v, (X, .A), A and x4 be as in 7.7. Thus, in particular, v
is a O-invariant valuation of K. Then the following hold:

(i) The pair (X, A) is a Bruhat-Tits space of type ® whose building at infinity
is A (in the sense of 4.14 if the rank of A is one) and A is an apartment of (X, A).

(ii) Let o € @ be as in 6.12 and let  be the valuation of the root datum of
A based at T that appears in 4.12.ii when 4.12 (and then 4.15) is applied to the
triple (X, A), A and xa. Then there exists a valuation v equivalent to v such that
pq satisfies 7.2 or 7.3 with vy in place of v.

Note that 7.4 is a consequence of 7.11.
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8. The Proof of 7.11. For the rest of this paper, we let A, A, (X, A), D,
(A, W), 7, p, @, (A, W), (X, A), A, xa, p, f,, etc. be as in 7.7. Let X denote the
set of fixed points of p. We prove 7.11 in a series of steps.

PROPOSITION 8.1. Suppose that A, is an apartment of (X, A). Then the following
are equivalent:

(i) Ay is p-invariant and contains at least one sector fixed by p.

(ii) There exists a chart f, in Ap with image Ay such that pofy = fy o .

(iii) Ay is the image of a chart in Ap.
Iffy is as in (ii), then XP N A = X N Ay = fi(A).

Proof. Let f be a chart in A such that A; = f(A). Suppose first that A; is
p-invariant and that there exists a sector S of ® such that

(8.2) PES)) = £(S).

By 4.4, there exists f/ € A such that gof = f' o 7. Since A; is p-invariant,
also f'(A) equals A;. By (A2) (in 4.2), therefore, there exists w € W such that
' =fow. Thus

(8.3) pof=fowor.

By 8.2, it follows that w o 7 fixes S. Thus w o 7 is a nontrivial automorphism of
Y(d) fixing S. There is only one such automorphism. Since 7 also fixes a sector
of ® and W acts transitively on the set of sectors of ®, it follows that there exists
w1 € W such that wo T =1 OTon]. Let fi =f ow;. Then f; € A by (Al) and

pofi = pofoin
=foWo7'ow1

=fowor=fior

by 8.3. It follows from this identity that g acts trivially on fi(A), so fi € Ap (but
p does not fix any other points in Aj, so X’ NA; = X NA; = fi(A)). Thus (i)
implies (ii). It now suffices to observe that if f; is a chart in Ap whose image is
Ay, then by 6.2.iv, g fixes fi(S) for every T-invariant sector S of ®. O

PROPOSITION 8.4. Let f and f; be two charts in Ap suchthat Ay == f(A) = fi(A).
Then

fA) =fi(A) =X NA =X NA;.

Proof. By 8.1, it suffices to assume that gof; =fj o7 and X’ NA; = XNA| =
fi(A). Thus f(A) C XPNA| = fi(A). By (A2), therefore, there exists w € W such
that f; 0w and f coincide on A. Thus f;(w(A)) = f(A) C fi(A) and hence w maps
A to itself. Therefore fi(A) = f(A). O
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PROPOSITION 8.5. Let x € X and let g, be as in4.10. Then the set of fixed points
of p in the residue (X, A)x has the structure of a building of type ® and for all
fe Ap mapping 0 to x, g.(f(A)) is an apartment of this building.

Proof. By 4.10, (X, A), is a building of type ® whose apartments are all of
the form g.(f(A)) for some f € A. The conclusion holds, therefore, by applying
6.5 to this building and the automorphism of this building induced by g. O

COROLLARY 8.6. Let x € X, let ii be a germ at x fixed by p and let f be a chart in
Ap mapping 0 to x. Then there exists a sector with vertex x in the apartment g,(f (A))
that is fixed by p and whose germ is opposite a maximal germ at x containing .

Proof. The germ i is a face and g.(f(A)) is an apartment of the building
of type ® described in 8.5. Since the apartment g,(f(A)) is g-invariant, a sector
with vertex x in this apartment is fixed by g if and only if its germ is fixed by
p. The claim follows, therefore, from the fact that for each chamber C and each
apartment X in a spherical building, there always exists a chamber in £ which is
opposite C. O

PROPOSITION 8.7. Let A| be the image of a chart f; in Ap. Then the map
Sl — Sl NnX

is a bijection from the set of sectors of A\ that are fixed by p to the set of sectors of
f1(A), i.e. to the set of images under f; of sectors of ®.

Proof. By 6.2, the map $ — SN A is a bijection from the set of sectors of
@ that are fixed by 7 to the set of sectors of ®. If § is any one of these sectors,
then 1 (S N A) =f1(S) N X by 8.4. 0

ProposITION 8.8. The pair (X, A) is a non-discrete Euclidean building of type
D.

Proof. We need to show that (X, .A4) satisfies the conditions (A1)—(A6) for-
mulated in 4.2.

Let f € A and w € W. There exist elements f in Ap and w in the centralizer
of 7 in W such that f is the restriction of f to A and w is the restriction of w
to A. Since (X, .A) satisfies (A1), we have f ow € A. It follows that fow € Ap
since f(W(A)) = f(A) and f(W(A)) = f(A). Thus (X, .A) satisfies (Al).

Next let f,f € Ap. Since (X, A) satisfies (A2), the set

M= {veh|f)ef(h)

is closed and convex and there exists w € W such that the maps f and f’ o w
coincide on M. Let

M:={veA|f(v)ef (A}
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Then M C MNA. Let v € MN A. Thus v € A and f(v) = f'(¢/) for some
v/ € A. Since f € Ap, the point f(2) is a point of f/(A) fixed by p. Since also
f e Ap, it follows by 8.4 that ¢/ € A and hence v € M. We conclude that
M =M N A. Since M is closed and convex, it follows that M is also closed and
convex.

To finish showing that (X, .A) satisfies (A2), we can assume that M| > 1.
By (A1), we can assume further that the origin O is contained in M and that w
fixes 0, so w € W. Let f, and f/ be as in 4.11 and let Z denote the building
of type @ described in 8.5. By 6.2.iv, we can think of the T-invariant faces of
3(®) as the faces of X(®). Thus f, and ﬂ both map X(®) to apartments of the
building Z. In cases B and G, an apartment of = is an arbitrary two-element set
of chambers. In case F, an apartment of Z is a circuit consisting of 16 chambers
and 16 panels and two distinct apartments intersect either in a connected piece
of this circuit (possibly empty) or in two opposite panels. Let Y be the set of all
faces of X(®) which are mapped by f, to f/(X(®)). Thus either ¥ = Z(d), Y is a
simplicial arc in Z(®) (possibly empty) or we are in case F and Y consists of two
opposite panels (i.e. two opposite nonmaximal faces). The map (f/)~! of, from Y
into X(P) is type-preserving (since the maps f, and f/ are type-preserving) and if
Y consists of two opposite panels of a given type, then (f/)~! (f*(Y )) consists of
two opposite panels of the same type (since the maps £, and f/ both map opposite
panels to opposite panels). Thus in every case there exists an element ¥y in the
centralizer of 7 in W such that f, and f/ o v coincide on Y.

Let z be an arbitrary nonzero element of M and let 7/ = w(z). Since M
is convex, it contains the closed interval [0,z]. Let F be the unique minimal
face of X(d) that contains [0,z]. Since f and f’ o w coincide on M, we have
Z € A and f(z) = f/(Z). If F' is the minimal face of X(®) that contains
[0,7'], then f(F) = f(F"). Therefore F € Y (and, in particular, Y is not empty).
Thus f/(F') = f.(F) = f/(w(F)) by the conclusion of the previous paragraph
and hence F’ = w(F). It follows that w(z) = 7 € wi(F), so the points z
and WI_IW(Z) are both contained in the face F. Since every point of A dis-
tinct from the origin is contained in at most one face of @ of a given type
and the stabilizer of a face in W acts trivially on that face, it follows that
Ww1(z) = w(z). We conclude that ' o v, coincides with f on M. Thus (X,.A)
satisfies (A2).

Now let x,x’ € X. Since (X, A) satisfies (A3), there exists an apartment A,
of (X, A) containing the interval [x,x'] (as defined in 4.6). By 7.9, there exist
f.f' € A, such that x € f(A) and X’ € f'(A). Since p fixes x and ¥/, it fixes the
point g,(x) of the residue (X, A), defined in 4.10. Let F be the unique minimal
face of the apartment A; with vertex x whose germ contains the point g.(x’) and
let i denote the germ of F. The germ u is fixed by g (since otherwise 1" would
be disjoint from ). By 8.6, the apartment g.(f(A)) contains a sector with vertex
x which is both fixed by p and whose germ is opposite a maximal germ at x
containing #. By Lemma 1.13 in [6], there exists an apartment A, containing
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S1 UF. Thus [x,x'] C F C A,. The convex closure of $; U {x'} is a sector of
A, with vertex X’ which contains the interval [x, x']. We denote this sector by ;.
Since g fixes S; and ¥/, it fixes S, as well. By a second application of 8.6, there
exists a sector $3 with vertex x’ in the apartment f’(A) that is fixed by g and
whose germ is opposite the germ of S, at x’. By Lemma 1.12 in [6], there exists
a unique apartment A3 containing S, U S3. This apartment contains [x, x'] (since
S, contains [x,x’]) and is pg-invariant (since S, and S3 are g-invariant). By 8.1,
there exists a chart f; in A, such that A3 = fi(A) and x,x’ € fi(A). Thus (X, .A)
satisfies (A3).

Let S and S’ be two sectors of X. By 8.7, there exist p-invariant sectors S and
S’ of (X, A) such that S =SNX and &' = §' N X. The chambers $ and ($')> of
(X, A)> are contained in a p-invariant apartment of (X, .4)°°. This apartment is
of the form A%, where A is a g-invariant apartment of (X, .4). The apartment A,
contains sectors S; and S} such that §; C S and §} C §'. Let S, = $1 N g(S;) and
, = 81 N p(Sh). The intersection of two subsectors of a given sector is again a
subsector. It follows that S5 is a subsector of S and S5 is a subsector of §'. Since
p* = 1, both of these subsectors are fixed by g. By 8.1, therefore, A; = fi(A) for
some f1 € Ap. Hence by 8.7, S, N X and S’2 N X are subsectors of S and S’ both
are contained in f;(A). Thus (X, A) satisfies (A4).

We turn now to (AS5). A root of (X, .A) is the image under a chart in Ap of H,
for some o € @, where H,, is as in 3.4. Let A; and A, be the images of two charts
in A, such that A; NA> N X contains a root 3 of (X,.A) but Aj N X # A, NX. By
(A2), the set A NA> N X is closed. We can therefore choose a point x in this set
such that the apartments X := g(A;) and X, := g.(A,) of the residue of (X, A),
are distinct. For i =1 and 2, let ZZP be the set of chambers of ¥; fixed by g. Then
Z"f and Zg both span apartments of the building = of type ® defined in 8.5. Let S
be a sector contained in the root 3. Then the convex hull S’ of {x} US is a sector
with vertex x and Zf and Zg both contain the unique chamber of Z that contains
g+(8"). It follows that Zf N Zg contains a root of both Zf and Zg On the other
hand, Zf # Zg since otherwise X N, would contain a pair of opposite chambers.
Two distinct apartments of a spherical building whose intersection contains a root
intersect in a root and their symmetric difference spans a third apartment. Thus
the symmetric difference of Z"f and Zg spans a third apartment of Z. Let #; and 1,
be two chambers in this apartment that are opposite in E and hence also opposite
in the residue (X, A),. There exist unique sectors S; and S, of A; and A, with
vertex x whose germs are #; and #;, and by Proposition 1.12 in [6] there exists
an apartment A3 containing these two sectors. In particular, x € A| NA; NA3NX.
Now suppose that A’ is the image of a chart f' in A, such that both A’ NA; N X
and A’ N A, N X contain roots of (X,.4) that are disjoint from A; N A, N X. By
8.7, f'(A) contains subsectors of both $; N X and S> N X and hence A’ contains
subsectors of both S| and $,. Thus A’ = A3 since A3 is the convex hull of any
two sectors, one contained in S; and the other in S,. Therefore x € A; N A, NA’.
Thus (X, A) satisfies (A5).
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Let d be the metric on X that appears in (A6). The restriction of d to X is a
metric on X, and each chart in A is the restriction to A of a chart in 4. Therefore
(X, A) satisfies (A6) with the restriction of d to X in place of d. |

PROPOSITION 8.9. The building A is the building at infinity of (X, A) (in the
sense of 4.14 in cases B and G).

Proof. By 8.7, there is a canonical bijection 7w from the chamber set of
(X, A)>™ to the set of all chambers $* of (X, .4)>® = A such that $ is a sector of
(X, A) that is fixed by p. If $; is an arbitrary sector of (X,.4) such that $7° is
fixed by p, then S, := $; ﬁS‘f is a sector of (X, A) fixed by g such that $5° = $5°.
It follows that 7 is, in fact, an isomorphism from (X,.4)*° to A. Furthermore,
the conclusions of 4.12 hold for (X,.4) and A, even in cases B and G, by 4.12
applied to (X, A) and 6.7. O

By 8.8 and 8.9, we conclude that 7.11.i holds. Now let & € @ and ¢ be as
in 7.11.1i.

ProposITION 8.10. There exists a positive real number k (which depends on the
case) such that

©a(xa(0,0) =k - v(1)
forallt € K* (ort € L*) in case B or F and
©a(xa(0,0,0) =k - v(1)

forallt € K* in case G.

Proof. Suppose first that we are in case G. We use the notation from the proof
of 6.12. By 6.13, in particular, we have

xa(()? 07 t) = Xay (t)xds (t)

for all # € K. Since 7 interchanges a4 and ds, there exists a positive real number
k such that for all r € K*, the affine half-spaces Hg, () and Hg, (1) (as defined
in 4.12) both intersect A (which is the space of fixed points of 7) in an affine
half-space of the form H x.,(;). Choose t € K*, let u = x4,(t), let y = x4,(f) and
let z = uy. Then

ANA"=f; . (Hay i)
and

A N Ay :fA,xA (de,l/(t))
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by 4.12.ii and 5.15. Suppose that z fixes a point x in A which is not in

Fig Hodeir)-
Choose x' in

Fixy Heginy N Hes )

but not in f'A-’x ,(A). Since u and y both fix x’, so does z. Thus z fixes every
point in the interval [x, x']. This interval contains points, however, which are in
f'A’XA(H%,,(t)) or fA’XA(Hds,,,(,)) but not in both. These points are fixed by u or y
but not both. Hence they cannot be fixed by z. We conclude that

ANA = [ o (Hokun)-

By 4.8, fa., is the restriction Off.A',xA to A. Thus ¢, (x4(0,0,?)) = k - v(r) for all
te K*.

The proof in cases B and F is virtually the same as the proof in case G; we
leave the details to the reader. O

By 7.1, there exists a #-invariant valuation v; such that ¢, satisfies 7.2 or
7.3 with v in place of v. By 8.10, it follows that v; is equivalent to v. Thus
7.11.ii holds. This concludes the proof of 7.11.

* * *

Here, finally, is a precise version of the remark Tits made in [12] that was
discussed in the introduction.

THEOREM 8.11. Bruhat-Tits spaces whose building at infinity (in the sense of
4.14 if the rank of A is one) is a given Suzuki-Ree building A (in the sense of 6.8)
defined overatriple (K, 0, L) (in case B) or pair (K, 0) (in cases F or G) are classified
by O-invariant valuations of K. Equivalent 0-invariant valuations of K correspond
to equivalent Bruhat-Tits spaces (in the sense of 4.5).

Proof. Let A be a Suzuki-Ree building defined over the triple (K, 0,L) in
case B or the pair (K, 0) in cases F or G, and let o and x, be as in 6.12 (with
respect to some apartment X of A). Suppose that v is a f-invariant valuation of
K. By 7.4, there exists a valuation ¢ of the root datum of A based at X satisfying
7.2 or 7.3. By 3.16, ¢ is unique up to equipollence. By 4.16, ¢ determines a
unique Bruhat-Tits space (X, .A) having A as its building at infinity. By 4.15, any
valuation equipollent to ¢ determines the same Bruhat-Tits space.

Suppose, conversely, that (X,.4) is a Bruhat-Tits space whose building at
infinity is A. By 4.16, (X, A) determines a valuation of the root datum of A
based at £ which is unique up to equipollence. By 7.1, this equipollence class
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determines a unique f-invariant valuation v of K such that 7.2 or 7.3 holds for
some valuation in this equipollence class. O

9. Appendix. The inequalities 7.5 and 7.6 hold by 7.4 and the condition
(V1). In this section we give an elementary proof of these inequalities which might
be of independent interest. In fact, we only give a proof of 7.6; the interested
reader will have no trouble applying the same strategy to the inequality 7.5. The
proof we give is based on a suggestion of Theo Grundhéfer.

We suppose that we are in case G and that v is a f-invariant valuation of K.
As in 6.10, we have

.1 N(r,s,0) = r91s0 — p? — 9535 — 252 4 0+ 4 2 — 2044

for all (r,s,t) in the group 7.

LeEmmA 9.2. Let (r,s,t) € T and suppose that the minimum of v(r), v(s) and
v(t) is 0. Then v(N(r,s,1)) = 0.

Proof. The Tits endomorphism 6 induces a Tits endomorphism of K. We let
denote this endomorphism and let N be the map obtained by applying the formula
9.1 to the pair (K, #) rather than (K, #). By 6.11, N is anisotropic. O

LEMMA 9.3. Let (r,s5,1) € T, let A = (2v/3 + H)u(r), let B = (/3 + Du(s), let
C = 2u(t) and let M be the minimum of A, B and C. Then v(N(r,s,1)) = M.

Proof. We can assume that (r, s, ) # (0,0, 0). Suppose first that M = A. Then
N(1,s/r%% 1/r%%2) = N(r, s, 1) /1?0

by 9.1. Moreover, v(s/ r*1) and v(t/ r9+2) are both nonnegative since B > A and
C > A. Hence

V(N(l,s/r9+1,t/r6+2)) =0

by 9.2. It then follows that v(N(r,s,1)) = v(?***) = A =M.
Suppose next that M = C. In this case, we observe that

N(r/?70 s/ 1) = N(r, 5, 1)/ 12
Moreover, v(r/*~%) and v(s/t~") are both nonnegative. Hence
I/(N(r/tzfe,s/ta’l, 1)) =0

by 9.2. It then follows that v(N(r,s, 1)) = v(t*) = C = M.
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It suffices now to assume that M = B and that B is strictly less than both A
and C. In this case, v(s?*!) is strictly less than the value under v of each of the re-
maining six terms on the right-hand side of 9.1. Therefore v (N(r,s,t)) = B=M.O

Now let (r,s,1),(w,u,v) € T and let M be the smaller of the two constants
obtained by applying 9.3 first to (7, s,t) and then to (w, u, v). Thus

(9.4) v(r), v(w) > M/2\V3 +4)
as well as

9.5) v(s), v(u) > M/(V3+1)
and

(9.6) (1), v(v) > M)2.

As in 6.10, we have

0

(r,s,t)-w,u,v)=F+w,s+u+r w,t+U—ru+sw—r9+1w).

Let a= 2V3+4)vr+w), let b= (/3 + Du(s+u+ r’w) and let
c=2u(t+v— ru+sw— rw).

By 9.4-9.6, we have (2v/3 +4)v(x) > M for x = r and x = w; (/3 + Dv(x) > M
forx=s, x=u and x = rw; and 2v(x) > M for x equal to each of the five terms
in the sum

t+0—ru+sw—rftw,

Hence a,b,c > M. By 9.3, therefore,

v((r,s,1) - (w,u,v)) > M = min{v(N(r,s,1)),v(N(w,u, v)) }.
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