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Abstract.  We give a generalization of the Hodge operator to spaces (V,h) endowed with a
hermitian or symmetric bilinear form h over arbitrary fields, including the characteristic two case.
Suitable exterior powers of V become free modules over an algebra K defined using such an
operator. This leads to several exceptional homomorphisms from unitary groups (with respect
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Introduction

In many branches of mathematics, attempts at a systematic study (or even a
classification) of certain objects lead to the consideration of families of examples
constructed from given data (such as a ground field, dimension, an invariant form,
etc.). With suitably defined categories, these constructions may even be considered
as functors. The reader may think of classical groups (data comprise a field, a
dimension, and an invariant form), or Dynkin diagrams (data comprise a letter
indicating a construction of a graph, and a natural number giving the number of
vertices in that graph), or split forms of simple Lie algebras (data comprise a field,
and a Dynkin diagram), or finite simple groups of Lie type (data again comprise
a field, and a Dynkin diagram), or classical polar spaces (data comprise a field, a
dimension, and a polarity of the projective space of that dimension over that field).

While these functors usually assign non-isomorphic structures to different data sets,
it often happens that unexpected isomorphisms occur for “small” data sets. If such
an exceptional isomorphism occurs, it usually induces an exceptional situation in a
related field, or can be explained and understood by such a situation.

In the present paper, we are interested in exceptional isomorphisms between certain
classical groups. In this context, the simple groups in question are usually obtained
by forming first the commutator group and then its quotient by the center, while
the natural habitats of classical groups are inside linear groups. For that reason, it
is sometimes better to study not only isomorphisms but also homomorphisms.
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We show that certain homomorphisms between classical groups can be explained
by variants of the Hodge operator. Some of the isomorphisms discussed here are
not easily accessible by other methods, so we think our considerations are worth
the effort. We have tried to keep the presentation reasonably self-contained, in
particular, we avoid the use of elaborate results from Lie theory or the theory
of algebraic groups. Applications to real Lie groups are made explicit in several
examples (see 2.14, 3.10, 4.3, 4.4, 5.9, 5.10, and 7.8); applications to finite groups
are explicit in 5.14, and 7.9.

The present paper is dedicated to our academic teacher, mentor, co-author, and
friend, Karl Heinrich Hofmann. We express our sincere gratitude for his guidance
of our own journey into mathematics. Karl Heinrich Hofmann is not only a traveler
between different parts of the earth, but also between different parts of mathematics.
We owe him thanks for many souvenirs from these travels. Last but not least, Karl
Heinrich Hofmann is a mediator between the sometimes dry and arduous realm
of mathematics and the visual arts. We are impressed by his artful cartoons; in
particular, the series of poster cartoons illustrating and advertising the mathematical
colloquium at Darmstadt. For that reason, we attempt a cartoon in his spirit,
showing the hog (impersonating the Hodge operator) and a sow (whose name in the
German spelling nicely corresponds to the name SaUs(H, g) given by Jacques Tits
to one of the main protagonists in the realm of exceptional isomorphisms between
simple Lie groups (see 2.13 and 2.14 below).

1. The Hodge operator

1.1 Notation. We consider a field F' of arbitrary characteristic and a field auto-
morphism o: x — T whose square is the identity. Let R denote the fixed field of o.
So either FF = R or F|R is a Galois extension of degree 2 (by Artin’s Theorem,
see [24, VI, Th. 1.8]). In any case we call Npjg: F — R: x — Tx the norm form of
F|R. Note that Npjg(F) is just the set F”:= {a2?| € F} of squares if ¢ = id.

A map \: V — W between vector space over F' is called F -semilinear if X\ is
additive and there exists an automorphism ¢ of F (called the companion of \)
such that A(sv) = @(s)A(v) holds for each s € F and each v € V. If we want
to state explicitly that the companion is ¢, we speak of an F'-p-semilinear map.
(In the context of real and complex analysis, one encounters C- ~-semilinear maps
under the name C-antilinear maps.)

Let (V,h) be an n-dimensional non-degenerate o-hermitian space over F'; i.e., a
vector space V' over F' with a bi-additive map h: V x V — F such that h(v, ws) =
h(v,w)s and h(w,v) = h(v,w) hold for all v,w € V and each s € F'. (In particular,
the map h is F'-linear in the right variable, and F'-o-semilinear in the left variable.)
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If 0 = id then the form A is a symmetric bilinear form. Such forms occur as
polarizations of quadratic forms; i.e., as f(z,y) = q(z + y) — q(z) — q(y) for a
quadratic form ¢. (Some authors refer to f as the polar form associated with ¢.)
For any quadratic form in characteristic two, the polarization is an alternating form.

If 0 =id and char F = 2 we also assume that h is diagonalizable, i.e. that there
exists an orthogonal basis. We note that such a form will not occur as polarization of
a quadratic form (unless it is zero). In particular, the orthogonal group with respect
to a bilinear form on F3. differs from the group usually denoted by Of(n,2¢). (If
char F' # 2 or ¢ # id then diagonalizability is no extra condition, cf.[8, §8,p. 15]
or [27, 1.3.4].) A vector v € V ~ {0} is called isotropic (with respect to h) if
h(v,v) = 0; the form h is called isotropic if there exists an isotropic vector.

As we are going to extend the field F' to a non-commutative composition algebra
(containing F' as a non-central subalgebra) over R, we have to be precise: elements
of F" will be considered as columns, with scalars acting from the right, and matrices
acting from the left. However, elements of R (in particular, signs such as (—1)™)
will also occur on the left.

As dimV is assumed to be finite, our assumption that h be not degenerate is
equivalent to the fact that we obtain an F'-o-semilinear isomorphism onto the dual
space V'V, namely

RY:V = VY:vw h(v,—)

see e.g. [21, Ch.1, §2]. Consider now the exterior algebra AV, cf. [19, VI9]. We note
that /\ is a functor on vector spaces and semilinear maps, cf. 1.6 below. Moreover,
there is a natural isomorphism (AV)Y = A(VY), so we may write unambiguously
AVVY. Explicitly, we have (fi A+ A fo,wi A+ Awp) = det({fi,w;)) for f; € VY
and w; € V, see [27, 15.6] or! [4, §8, Thm.1, p.102; here (-,-) denotes the
natural pairing between a vector space and its dual. Applying the functor A to
hY:V — VY, we obtain AhY: AV — AVVY; we interpret this as a hermitian form
/\h on the exterior algebra AV . Using the explicit formula above, we find

AR(VL A - Avgwg A Awg) = Nh(vg A=+~ Avgywy A=+~ Awg) = det(h(vg, w;)).

1.2 The Pfaffian form. The exterior algebra comes with a natural Z-grading
and A"V is 1-dimensional. We fix an F'-linear isomorphism b: A"V — F. For
each positive integer ¢ < n, the map b then induces an F'-linear isomorphism
Pf: NV = A'VV given by

Pf(oy Ao  Avp_g)(wy A= Awg) =b(ug A= Avp_g Awp A=+ Awy) .

This is the Pfaffian form, see [19, VI10 Problems 23-28, VIII 12 Problem 42]. The
resulting bilinear map Pf on AV is “graded symmetric”,

Pf(og Ao Avp_g,wi A=+ Awg) = (=)D PF(wy A=~ Awg, vg A+ Avp_y) .

If n = 2¢ then the bilinear form Pf is isotropic on /\ZV; in fact, we then have
Pf(vy A+ Awvg,vg A+~ Awg) = 0 for each basic ¢-vector vy A -+ Awvy.

! The treatment in [4] is quite different from that in later editions [6], [7].
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1.3 Remark. For n = 4 and ¢ = 2 we are dealing with the space /\2F4 that
carries the Klein quadric. The quadratic form Pq defining the Klein quadric is also
referred to as a Pfaffian form (cf. [12] and [29] where this form is denoted by ¢), and
Pf is the symmetric bilinear form obtained as polarization of that quadratic form
Pq. This is no source of confusion as long as char F' # 2. However, the polar form
Pf carries less information than the quadratic form Pq if char F' = 2.

If one interprets the elements of /\2F4 as alternating matrices then there exists
a scalar s € F* such that Pq(X)? = s det X holds for each X € N F*, cf.[5,
§5 no.2, Prop.2, p.84]; the scalar s reflects the choice of basis underlying that
interpretation. See [31, 12.14] for an interpretation of Pq in terms of the exterior
algebra.

1.4 The Hodge operator. We now consider the composite

J =Pt oAb NV N ANVY P Ny

o o7

This o-linear isomorphism is the Hodge operator. It depends, of course, on h and
on b but not on the choice of basis. See, e.g., [26, pp.21-31] for a discussion of the
Hodge operator for euclidean spaces over R.

1.5 Explicit computation. Suppose that vy,...,v, is an orthogonal ? basis of V.
For /\ZV we use the basis vectors v;, A --- Awv;, with ascending 4; < --- <1y < n.

Then A'h(vy A--- Awg, —) is a linear form on A"V which annihilates each one of
those basis vectors, except for v; A --- A wvy; in fact

/\Eh(vl A Avgug A Avg) = h(vy,01) -+ h(vg, vp) .

In other words: /\Kh is again diagonalizable, and so is /A\h. It then also follows that
both Ah: AV x AV = F and Ah: AV x AV — F are not degenerate. The

linear form Pf(vy1 A---Av,) annihilates the same collection of basis ¢-vectors, and

Pf(vgi Ao Avg,up A Ag) = (—1)("_8)5 bug A Awy).

Therefore
h(vy,v1) -« h(ve, vg)

-1 (nfé)f.
bvg A=+ Awy) (=1)

JWi A ANvg) = vepr A Aoy,

Similarly, we compute

h(ves1, veg1) - h(vp, vp) -
7 AAv)) = Aeei A ) n; Un —1)(n=0¢
(UZ—&-I U) U1 Ufb(v“_l/\”,/\vn/\vl/\..-/\vg)( )
h(veg1, Vo) - h(vg, vy)

= Ao A
Y T o A A )

Note that these formulae are correct only if vy,...,v, is an orthogonal basis, and
cannot be used if v; A --+ A vy corresponds to a subspace U of V' such that hlpxy
is degenerate.

2 If char F = 2 and ¢ = id then an orthogonal basis exists by our diagonalizability assumption.



KRAMER, STROPPEL 333

1.6 Functoriality. It is well known that ®*: V — ®"V and A": V — AV
are functors in the category of vector spaces over F' and F'-linear maps. We need
the fact that these are indeed functors in the category of vector spaces over F' and
F'-semilinear maps. Since the pertinent facts seem less well known, we take the
liberty to expand some of the details, in the following.

Let V,W be vector spaces over F'. An explicit construction of the tensor product
V ® W is obtained by factoring the free vector space FYW) with basis V x W
over F' modulo the subspace Ry generated by all expressions of the form (v, w)+
(v,9)— (v, w+y), (v,w)+ (x,w)— (v+z,w), (ve,w) — (v, w)c and (v, we) — (v, w)e
where v,z € V, w,y € W and ¢ € F, see [19, p.262]. As usual, we write
vRw = (v,w)+ Ryw. The tensor power ®kV can now be constructed inductively
from ®"V := F and @ "'V =V o Q"V.

In order to extend the morphism part of ®k and /\k to the category of vector spaces
over F' and F'-semilinear maps we first consider semilinear maps A: V' — W and
p: X — Y with the same companion field homomorphism ¢: F' — F'. Mapping
(v,2) € V x X to (AM(v), u(z)) extends to an F-p-semilinear map from F*X)
to F™Y) which maps Ry.x into Ry . Thus A@u)(v®@x) = A\(v) ® p(z) defines
an F'-p-semilinear map A@u: Ve X -WeY.

Proceeding inductively with 1 = ®"'A: @'V — ®"'W, we obtain F-¢-
semilinear maps

RN RV - QW v @ @vp = ANv) @ - @ Mug)
for each £ € N.

Now consider F'-semilinear maps A: V. — W and p: W — Y with (possibly
different) companion field homomorphisms ¢ and v, respectively. Then

®kﬂ (®k>\(v1 K- ® Uk)) = pu(Nv1)) @ -+ @ pu(A(vg)) = ®k(,u o) (v @+ Q)

shows @" 1o @A = ®" (o)), and functoriality of ®" is established. Com-
bination of these functors yields a functor @ with @V = @,y Q"V and
(@A) (Xken ) = Dpen ®k)‘(tk) :

Finally we consider the exterior algebra AV = @,y NV which is obtained as
the quotient of @)V modulo the two-sided ideal Sy generated by {v Qv } v E V},
cf. [19, p.288]. We write v1 A+ Avg = (v ® --- ® vg) + Sy as usual. For each
F-semilinear map A: V' — W we note that @Q A\(Sy) is contained in Sy . Thus
N AL A - Avg) = Avy) A --- A Mog) is well defined. Note that we use the
multiplication in @V only for the definition of Sy .

1.7 Examples. Assume dimV = n and consider an F'-semilinear endomorphism
A: V' — V with companion field endomorphism ¢. Choose a basis vy, ..., v, for V;
then A is the composite A = X o ¢ of some linear map \:V — V with the
map @: >, U — Yoy Vkp(xy). It is well known (cf.[24, Thm.4.11] or [7,
I11§8]) that A" is just multiplication by det \'. For each s € F we now have
(N'@) (Vs A= Awvy) = (v A+ Avy)p(s) and thus

(AN (i A Avg)s) = (NN o N'@) (vis A+ Avy)
= (v A= Avy) p(s) (det X).
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1.8 The unitary group. The special unitary group SU(V,h) acts in a natural way
both on AV and on AVV and commutes with Nh: ANV — AVV because \ is a
functor. The group SU(V,h) also commutes with Pf: N*~'V- — N'VV because its
elements have determinant 1. Therefore it centralizes the Hodge operator J. More
generally, the groups

GU(V,h) :={X e GL(V)| 3ry, € FYv,w € V: h(A(v),\N(w)) = rrh(v,w)} and
TU(V,h) :={AeTL(V)| 3ry € FVv,w € V: h(A(v), A(w)) = rxor(h(v,w))}

of similitudes and semi-similitudes, respectively, also act naturally on \V'; here @y
denotes the companion field automorphism of A € TL(V). A general element X\ of
T'U(V, h) will not centralize the Hodge operator but it will normalize the set Fido J ;
in fact, the conjugate N" Ao J o (NN =tyid o J, with

o ox(det ) blug A+ Awy)
Al oo A Awy))

where vy, ..., v, is an orthonormal basis used to obtain a decomposition X = X o ¢
as in 1.7. (This simplifies to ty = ry* det A if \ is F -linear.)

Proof.  Only the assertion about A" Ao .Jo (A'A)~! remains to be verified. Let
v1,...,0, be the orthogonal basis that was used for the decomposition A = X o ¢
as in 1.7, and put w; := A(v;). Then wy,...,w, is an orthogonal basis, and
(ANA) ™ (wy A~ Awg) = vy A+~ Avg. Using 1.5, we obtain that A" Ao Jo (A'A)~!
maps wi A --- A wp to

(/\n_g)\ o J) (Vi A Awg) = (/\n—é)\> <v€+1 ARRRWAR Alon, 1) - R(ve; ve) (_1)(715)5)

by A+ Awy)

h(vy,vy)--- h(w,ve)) (71)(71_@)@ ‘

Now h(w;, w;) = h(AMv;), Mvi)) = raga(h(vi, v;)) vields oy (h(vi,v:)) = ry h(w;, w;).
From 1.7 we know wi A+~ Aw, = (N'N) (o1 A+~ Awv,) = v A= Av,det . So
ox(b(vr A+ Avp)) = oa(b(wr A~ Aw,)(det X')7), and the assertion follows. m

1.9 Application in 3D. Let h be the standard bilinear form on R?: i.e., a form
with an orthonormal basis vy, vy, v3. Moreover, let b(v; A vy A vg) = —1. Then
J(v1) = —va Aws, J(ve) = v1 Aws, J(v3) = —vy Avg, see 1.5. In other words:

x 0 —z wy
Jlyl=12 0 —=x
z -y x 0

and this map is SO3(R)-equivariant, while Ao Jo A™! = —J holds for each element
A€ O(3,R) \SO;3(R).

Let v: Q — R3: (z,y,2)" — (n(z,y,2),7%(x,y,2),v3(x,9,2))" be a vector field
defined on some domain 2 C R?. Then the Hodge operator maps

curly = (9yys — 0272, 071 — Ouys, 0ay2 — Oym)’

to the anti-symmetrization of the Jacobian Jac~;
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indeed
0 Oy — Opy2 O:71 — Ouys Oyy3 — 0272
Jacy — (Jac ’Y)T = | Ovy2 — aﬂl 0 0.2 — ay% =J | 0.7 — 03
O3 — 0:71 Oyys — 0.2 0 OxY2 — Oy

1.10 The square of the Hodge operator. Let H be the Gram matriz of h with
respect to the basis vy,...,v,. The square of J is a linear automorphism of /\ZV,
and we find that
2 _ s  (_1\(n=0)t det(H)
J?=0,id  where 6, 1= (—1) NenGlon - A o)

Recall that det(H) depends on the choice of the basis; the invariant would be
disc(h) € F*/Npr(F™), the norm class of det(h(v;,v;)). However, the whole
expression depends only on h and b. Replacing the isomorphism b: A"V — F
changes J by a factor and J? by the norm of that factor. In particular, the
isomorphism type of the algebra K, introduced in 2.1 below does not depend on

the choice of b. If b is chosen in such a way that b(vy A---Awv,) = 1, then we arrive
at the textbook formula J? = (—1)"=9%det(H)id, cp. [36, 6.1].

1.11 Lemma. For all z,y € N'V we have

1
) Pi(J(2),y) = Nh(zy).
2) Pz, J(y)) = (=) N'h(z,y),
)
)
)

3) Pi(J(x), J(y)) = e Pi(y, z),
4 /\zh J(x)vy) - 5( Pf(l’,y),
b ) = 5€ Pf(y,l‘),

(
(
(
( (

(5)  Nh(z, J(y)
(6)  Ah(J(2), I(y)) = (=)™ 6 Nh(z,y).

Proof. We compute Pf(J(z ) —) = (PfoPf'o /\%)&x,—) = A'h(z,—) and

Nh(J(z),=) = (NhoPf o Nh)(z,—) = (PfoPf o NhoPf o A'R)(z, —) =
Pf(J?(z),—) = 0, Pf(x,—). This gives the assertions (a) and (d), the rest follows

from Ah(y,z) = Nh(z,y), Pi(y,z) = (—=1)* O Pf(z,y) and J?> = §id. m

2. Composition algebras generated by Hodge operators
From now on, assume n = 2¢. Then J gives an F'-o-semilinear endomorphism
J: NV = AV

We are going to use J to give /\ZV the structure of a right module over an associative
algebra of dimension 2 dimg F over R. Note that (—1)"~9¢ = (—1)* holds because
n=2(.

2.1 The algebra K,. Let ¢, := (—1)4NF‘R(%?Z$\I.)“M”)) as in 1.10 and let K, denote
the R-algebra consisting of all matrices of the form

Ty 0pT1
T = ( 0 fl) c F2><2.
T Xy

We identify xy € F' with the diagonal matrix ("%0 :po> and put j, := (? %) .
0
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Zo 5@![’71 .

Th = )

us <$1 330) To+ 3,71
We also have j? =0, and g,z =7 j, for each z € F'. Note dimg K, = 2 dimg F'.
For zg, 21 € F we put k(zo+J,x1) := To—J,x1. The map « is called the standard
involution of K,. We also write T := k(z) for x € K,;. As k extends the action
of c on F = {(%0 g%) } X € F}, this should cause no confusion.
We write F* := F ~ {0} for the multiplicative group, F” := {s?| s € F}, and
F® := F°~ {0}. Then F*/F¥ is the group of non-trivial square classes of F'; note
that this is an elementary abelian 2-group.

2.2 Lemma. The standard involution is an anti-automorphism of K, satisfying
k() = xk(x) = detp(xo+J,21) = Npr(vo) — 0¢ Npjr(21) € R for every
r = x90+3,21 € Ky. Thus the determinant gives a multiplicative quadratic
form det: K, — R. The corresponding polarization fgex 1S degenerate precisely
if char F' = 2 and o = id; indeed, it vanishes in that case. The quadratic form det
is then degenerate if, and only if, the bilinear form h has discriminant 1 € F* /F*.

Proof. Standard matrix computations suffice to verify that « is indeed an anti-
automorphism, with the properties as claimed. The value of the polar form at
(xo+J,21,Y0+7,y1) is obtained as detp (xg + yo + Jy(x1 + 1)) —detp (zo + J, 1) —
detr (Yo + Joy1) = oo + YoTo — de(z177 + y177). Clearly, this polar form is zero if
char F =2 and o =id.

If 0 #id we pick s € F . R with s+ 5 = 1; then s5 = s — 5. With respect to the
basis (1,0), (s,0), (0,1), (0,s), the Gram matrix of the polar form becomes

2 1 0 0

1 2s5 0 0

0 0 —2d —dy ’
0 0 —0p —20485

with determinant 67(4s5 — 1)? = §2(1 — 2s)? #£ 0.
If 0 =id then the Gram matrix (% ,8&) for the polar form is nonsingular precisely
if char F' # 2.

Finally, assume o = id and char F' # 2. Then h has discriminant 1 precisely if
d¢ is a square. In that case, the quadratic form detgp(zg + J,71) = 22 — §p2? =
(rog — V/dpx1)? is isotropic, and then degenerate because its polar form is zero.  ®

2.3 Remarks. The isomorphism type of K, as an R-algebra does not depend
on the choice of the orthogonal basis v, ..., v,, and does not depend on the choice
of b; cp. the discussion following 1.10. In the sequel, we will choose the basis in
such a way that the Gram matrix H has a convenient determinant, and then usually
adapt b such that b(v; A--- Awv,) = 1; then 6 = (—1)"det H.

If the polar form fge is non-degenerate then K, is indeed a composition algebra,
cf. [28, 1.5.1] or [17, §7.6]. In this case the standard involution s is uniquely
determined by the properties of being an R-linear anti-automorphism of K, and
inducing —id on R‘. As such, it is rightfully termed “standard”. Note that
R ={zc K,~R| 2?c¢ R}U{0} if char R # 2, and R" = {x € K,| 2> € R}
if char R = 2. The norm form of the composition algebra K, is a Pfister form; it
is the orthogonal sum of the norm form Ng g and its scalar multiple —0,Npg.



KRAMER, STROPPEL 337

If f4et is degenerate we have x = id and det(z) = 27 = 2. These inseparable cases
will be discussed in [22] in greater detail.

Note that K, contains non-invertible elements different from 0 if, and only if, the
factor d; is a norm; i.e., if (—1)° lies in Npg(F). In that case, we call the algebra
K, split; we may (and will) normalize d, = 1 then. The case where K, is split
will be discussed in Section 3 below. In particular, the existence of idempotents
or of nilpotent elements in K, ~\ {0,1} leads to the existence of certain SU(V, h)-
submodules in /\EV, see 3.3 below.

If §; is not a norm then K,|F is either a quadratic extension (for ¢ = id; that
extension is inseparable if char F' = 2) or a quaternion division algebra over R (for
o #id). See Section 7 below.

2.4 Proposition. Via conjugation in EndR(/\L]V), every similitude of h induces
an automorphism of the R-subalgebra M, generated by J and Fid in EndR(/\EV).

Proof. Let v be a similitude with multiplier . Then yo J oy~ = Jr—*det~.
Using a matrix A describing v and the Gram matrix H for h with respect to
the same basis, we note that ATHA = rH, and infer Ngg(detA) = r*. So
Npir(r~fdety) = 1, and a straightforward calculation yields that conjugation by ~
yields an algebra automorphism, as claimed. ]

Obviously, the algebra M, is anti-isomorphic to K,, and then in fact isomorphic
because K, admits an anti-automorphism.

2.5 Definition. For v € AV we put vj, := J(v).

In this way, /\eV becomes a SU(V, h)- K ,-bimodule, i.e., it becomes a right module
over K, and SU(V, h) acts K,-linearly from the left. Choosing an orthogonal basis
vy, ..., U, for V with a fixed ordering we obtain a basis B for /\EV consisting of all
vj, A --- Av;, where (ji,...,J,) is an increasing sequence of length ¢ in {1,...,n}.
The sequences with j; = 1 form a subset B; of B, and J maps each element of B;

to one of B ~\. By. Moreover, the set By forms a basis for the K ,-module /\(ZV,
showing that the latter is a free module.

2.6 The a-hermitian form. We define g: AV x AV — K, by
9(u,0) = Nh(u,0) + Nb(u,vj) it = Nh(u,0) + G, (=1) Pi(u,0) ;

see 1.11 for the description on the right hand side. This expression is F'-linear in the
right argument (i.e., g(u,vs) = g(u,v)s), and F'-o-semilinear in the left argument
(in the sense that g(us,v) = 5g(u,v) for all s € F and all u,v € A'V). Moreover,

g(u,vj,) = Nh(u,vg,) + Nh(u, (v5)50) 37"
= N, v3e) + Nh(u,v) 8¢ 5 g(u,v) 3o,
so ¢ is indeed K -linear in the right argument. Let a denote the involution
alzo+ joar) = To+ (—1) G2

Then « is an R-linear anti-automorphism of K,, with «(z) = z for x € F and
a(j,) = (=1)%j,. Using the fact that Pf is graded symmetric we find g(v,u) =
a(g(u,v)). This shows that g is an a-hermitian form on AV
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Note that K, is not a field, in general: we need the more general concept of
hermitian forms over rings (e.g., see [21]).

2.7 Proposition. The form g is diagonalizable.

Proof. In fact, for any orthogonal basis vq,...,v, of V', consider the vector
Wy 1= V1 AUy, A--- Aw,, for each increasing sequence v = (72,...,7,). Then the
w., form a basis for the free Ky-module A'V. By 1.5, we have A'h(w,,wg) = 0 if
v # B, and Nh(w,, wy) = h(vy,v1)h(vs,,0y,) . . . h(vy,, v,,) for each admissible 7.

As every w, is a wedge product starting with the same vector v;, we obviously have
Pf(w,,wg) =0, and g(w,,ws) = /\eh(wwwﬁ). [

2.8 Remarks. The involution « coincides with the standard involution s if
char F = 2 or if ¢ is odd. If o # id and /¢ is even we pick any a € F* with
a = —a and obtain a(z) = a 'k(z)a for all z € K,. If 0 = id and ¢ is even
then o = id. The idea of (re-)constructing the hermitian form g dates back to [16,
p. 266, cf. [30, 4.4] and |3, 2.9].

2.9 Lemma.
(a) For XY € N'V we have
g(X,Y)=0 < PI(X,Y)=0=NhX,Y).
In particular, the form g is not degenerate (since h is not degenerate, see 1.5).
(b) If N'h is anisotropic then g is anisotropic, too.
(¢) If h is isotropic then both N°h and g are isotropic, as well.

Proof. Comparing coefficients in K, = F & j,F we obtain the first assertion.
The second one follows immediately.

The form A'h coincides with h. For n = dimV the form A"h on A'V = F! will
be anisotropic, regardless of what the (non-degenerate) form h may be.

So consider 2 < ¢ < n, and assume that h is isotropic. Then V' is the orthogonal
sum of an anisotropic space and a non-trivial split space S, see [27, III, (1.1), p. 56].
In the split space S, we find z,y such that h(z,z) =0 and h(x,y) =1, see [27, I,
(6.3), p. 56].

If char F' # 2, we may also assume h(y,y) = 0. We then put v; := = + y and
vy '=x — y, and extend to an orthogonal basis vy, v, ..., v, for V.

If char F = 2, there are two possibilities: either the restriction of h to S is
alternating, or it is possible to choose x,y € S such that h(z,x) =0 # h(y,y) and
h(z,y) = 1. In the first case, we find u € S \ {0} because the (diagonalizable and
non-degenerate) form h is not alternating. In the second case, we just take u = 0.
We now put v, 1=y +u and ve := xh(vy,v — y1). Then h(vy,ve) = h(vy,v1) # 0,
and h(vy,vy) = 0. So there exists an orthogonal basis vy, v, ..., v, for V.

If £ =2, put wy :==vy Avg and we :=v9 Awvs. If £ > 2, put wy :=v; AvsA--- Avgyq
and wy := vy Avg A -+ Avgyq. Then from /\éh(wl,wl) = —/\Eh(wg, wy) we obtain
N h(wy + wa, wy +ws) =0, so A'h is isotropic.

Finally, recall from 1.2 that Pf(w; + ws, w; +wy) = 0, so the form g is isotropic, as
well. -
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2.10 Remarks. It may happen that A is anisotropic but /\eh becomes isotropic.
For instance, this happens whenever we start with an anisotropic bilinear form A on
a vector space of dimension 4 over a p-adic field because there are no anisotropic
quadratic forms in more than four variables over such a field (see [23, VI12.2]).

For more explicit examples, take h; and hy as the polarizations of the quadratic
forms 22 — 223 + 323 — 623 and 23 + 227 + 1023 — 5273, respectively, over Q. Both
forms are anisotropic; the discriminant of h; is a square while that of hs is not.
Both /\2h1 and /\2h2 are isotropic. For ho, the corresponding form g is isotropic
(over K9 = Q(v/—1)), as well, see 8.1 below.

2.11 The homomorphism. From the definition of ¢ it is clear that SU(V,h)
preserves g and that T'U(V, h) acts by semi-similitudes of g, see 1.8. Thus we have,
for dim(V) = n = 2¢, constructed a homomorphism 7,: TU(V, k) — TU(AV, )
which restricts to

Nelsuwan - SUV.h) = U(A'V.g).

Of course, we have to read TU(V,h) as TO(V,h) if 0 = id, and TU(A'V,g) as
TO(AV,g) if o =id and ¢ is even.

2.12 Lemma. The kernel of n, consists of all scalar multiples sid of the identity
where 5s = 1 = s*. The center of the image 1n,(SU(V,h)) has order at most 2

because 1 = det(sid) already implies s" = s* = 1.

Proof. Via (vy A - Av)F — v F + - + v, F we identify Gry p(A'V) with
Gryp(V). If some A € 'L(V) with companion p4 fixes each element of Gry g (V)
then it also fixes each element of Gry g(V') because these are obtained as intersec-
tions of ¢-dimensional spaces. As F' is commutative, we find (by evaluating A on a
basis by,...,b, and at by + -+ + b,t for t € F| see [2, III.1, Prop. 3(b), p.43]) that
there exists s € F such that A = sid and ts = spa(t). In particular, A is linear.
Now A is trivial on /\EV precisely if s = 1. The rest is clear. |

2.13 Example: SaU,(H). Let H =R+ iR+ jR + kR be the (essentially unique)
quaternion division algebra over R. Then C = R + iR is the field of complex
numbers, and we obtain H = C+ jC. Composing the standard involution x: a — a
with the inner automorphism a + i 'ai = —iai, we obtain the involutory anti-
automorphism «a: x + jy — T + jy (here z,y € C). On H", we now define the
a-hermitian form f: H* x H* — H by

fl(ar,. . an), (br,... b)) = alar) by + - + a(an) by.

The corresponding unitary group is denoted by SaU,(H, f), its Lie algebra by D
(in the notation of Tits [32]; Helgason [14] denotes the corresponding Lie algebras
by s0*(2n)). We also note that the form f can be replaced by the skew-hermitian
form if, without changing the unitary group (but changing the involution back to
the standard one).

2.14 Example. An interesting special case of our construction occurs if F' = C,
R =R, ¢/ =2, and h is a hermitian form of Witt index 1 on C*. The algebra K is
then isomorphic to H, the involution a has a 3-dimensional space of fixed points,
and is thus a conjugate of the involution used in 2.13. Our result 2.11 thus provides
a covering SU,(C,1) — SaUs(H, g) corresponding to the isomorphism from the
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Lie algebra A5' onto DY (in the notation of Tits [32]; Helgason [14] denotes the
corresponding Lie algebras by su(3,1) and s0*(6), respectively).

The group U,(C, 1) is a semidirect product of its commutator group SU,(C, 1) with
a group isomorphic to R/Z. With respect to a basis vy, ve, v, vy with h(vy,v)) =
h(vy,ve) = h(vs,v3) = 1 and h(vy,v4) = —1, we consider the linear maps 7, defined
by /75<U1) = U1, 75(7}2) = V2, 78(”3) = Us, and 73(”4) = 48, with s5 = 1. Then
{7 | s € C,s5 =1} is a complement for SU,(C,1) in U (C,1). It turns out that
M2(7s) is an H-semilinear map with companion ¢,: x + jy — x + jsy (see 2.4),
fixing each vector in the H-basis v; A vy, v1 Avs, v Avs.

We also remark that the C-semilinear map A with companion ¢ and fixing each
v induces the H-semilinear map 75(\) with companion ¢: z + jy — T + j7 fixing
each one of v; Avy, v1 A vz, Vs A V3.

3. The split cases

We will call K, split whenever it contains divisors of zero. This extends the
established terminology for composition algebras. Recall that K, is split precisely
if 9, is a norm: J§, = 3s for some s € F* (and this happens precisely if h has
discriminant (—1)%).

In that case, we may assume 6 = 1 without loss of generality. In fact, if we replace
our isomorphism b: A"V — F by sb then the Hodge operator J is replaced by
Jst: X — J(X)s7!, and we have (Js')? = id. So the subalgebra M, of
Endg(A'V) remains the same (see 2.4), while the algebra K, is replaced by its

conjugate Lo\l Lo B
_ Yo N
(o 2) %G =10 &)[mner}

3.1 Convention. For the rest of this section, we will always assume that we have
normalized b in such a way that J? = id whenever K is split (so §; = 1). Then
z:=1+ 73, € K, satisfies 22 = 2z. Thus z is nilpotent if char F = 2, and p := %z
is an idempotent if char F' # 2.

3.2 Lemma. If K, is split then we have one of the following:
(a) o #id: then dimg K, = 4 and K, = R**? is the split quaternion algebra
over R. On R*? the standard involution is given by r(24) = (4 2b).

(b) 0 = id and char F # 2: then K, ¥ F x F = F[X]|/(X? — 1) is the
two-dimensional split composition algebra over F'. On F x F' the standard
involution is k(a,b) = (b,a).

(c) 0 = id and char F = 2: then K, = F|[X]/(X?) is a local ring, and the
standard involution is the identity.

Proof.  See [28, 1.8] for the first two cases. The last case is checked directly. m
3.3 Lemma. Let W := /\EV, and assume that K, is split.

(a) If pe Ky~ iO, 1} is an idempotent then p=1—p and W decomposes as the
direct sum \N'V = Wp @& Wp of SU(V, h)-modules Wp and Wp =W (1 —p).
(b) If o #id then K, = R*? contains exactly one conjugacy class of idempotents
apart from 0 and 1; in K, that class is represented by (g g) with 1 =u+u.

In particular, the SU(V, h)-modules Wp and Wp are isomorphic.
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(¢) If o = id and char F # 2 then K, = F x F = R x R contains precisely
two idempotents apart from 0 and 1, corresponding to (1,0) and (0,1),
respectively. No element of K, ~ {0} is nilpotent, and the two non-trivial
idempotents of K, are 3(1+ j,) and 3(1—3,).

If € is odd then the involution o coincides with the standard involution k and

interchanges the two idempotents. If ¢ is even then o =id.

For any K,-basis B for W we define ¥pg: > bxy+— >, bxy. Then g is a
beB beB

K ,-semilinear bijection of W (with companion automorphism k) which gives

an isomorphism of SU(V, h)-modules from Wp onto Wp := g(Wp) = Wp.

(d) If 0 = id and char F = 2 then K, = F[X]/(X?) does not contain any
idempotents apart from 0 and 1. The mazimal ideal in K, is generated by
the nilpotent element z = 14 3,. The submodule Wz and the quotient W/W z
are isomorphic via p,: w+ Wz — wz.

Proof.  Assume that p € K, ~ {0,1} is an idempotent. Then p*> = p implies
0=p>—p=p(1—-p), and 0 = detp p = pp follows. Then

(p+p)*=p"+20p+p*=p+p
yields that p + p is an idempotent in the field F'. Since p + p = 0 would imply
p=p*=—pp=0 weinfer p+p=1and p=1—p. Thus W = Wp+ Wp, and the
sum is direct because vp = wp implies w = (v + w)p € Wp and wp € Wpp = {0}.
The summands are SU(V, h)-modules because K, centralizes SU(V,h).

Let p,q € K, ~ {0,1} be idempotents, and let ¢: R***> — K, be an isomorphism
of algebras. Then both p and ¢ are conjugates of ¢ (§9); in particular, there exists
a € K with ¢ = a 'pa. Now the map w — wa is SU(V,h)-equivariant and
induces a module isomorphism from Wp = Wa"p onto Wpa = Wa tpa = Wq.
Thus assertion (b) is established.

Now assume ¢ = id but char F' # 2. The idempotents in F' x F' are easy to find
and it is clear that there are no nilpotent elements apart from 0. As W is a free
K ;-module (see 2.5) it is clear that B and p exist with the required properties.

Finally, we assume o = id but char FF = 2. The assertion about idempotents in
F[X]/(X?) follows since a* + FX? 5 a® + b*X? = (a + bX)? € (a + bX) + FX?
implies b =0 and a> =a € F.

For the last assertion, it suffices to show that the kernel of p, is precisely Wz. The
inclusion Wz C ker p, is clear from 22 = 0. In order to see the reverse inclusion,
pick an orthogonal basis vy, ...,vy for V. Let W; be the subspace of W spanned
by those (-vectors vy, A---Awv, with 1 € {t1,...,t,} and let W denote the span
of those with 1 ¢ {t1,...,t,}. Then W = W; ®W"' and J (i.e., right multiplication
by j,) induces an isomorphism from W; onto W'. Right multiplication with z
induces the operator id 4+ J which has rank at least % dim W because its restriction
to Wi is injective. Thus dimkerp, < %dimW < dimWz < dimkerp, yields
ker p, = Wz as required. [ |

3.4 Remark. In R**?  the nilpotent elements apart from 0 form a single conjugacy

class, represented by (9 3). The conjugacy class of idempotents (different from 1

and 0) is represented by (39). If o #id and K is split, the corresponding classes
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in K, are represented by any (” g) with v € K, ~\ {0} such that v + 7 =0 (for a

nilpotent element) or v + 7 =1 (for an idempotent).

3.5 Lemma. Assume o = id, char F' # 2 and that K, splits so that there exist
idempotents p and p=1—p in K, =& F x F'.
(a) In any case the restriction of g to the subspace Wp is a multiple of /\eh:
we have g(Xp,Yp) = Nh(Xp,Yp)2p for all X,Y € W.
(b) If ¢ is even then Wp and W (1 —p) are orthogonal with respect to g, and the
restrictions of g to Wp and W (1 — p), respectively, are not degenerate.

(c) If € is odd then the restrictions of g and of /\eh to Wp are trivial.
Proof. According to 3.3(c), we may (up to an application of the standard invo-
lution) assume p = (1 + j,). We compute
pie=35(1+3)de= 3G, +37) =306+ 1) =p.
This yields, as claimed,
9(Xp,Yp) = Nh(Xp,Yp) + N(Xp, Ypj, )i,
= Nh(Xp,Yp)(1+34;") = Nh(Xp,Yp) 2p.
If ¢ is even then o = id and we compute
9(Xp,Y(1—=p)) =pg(X,Y)(1—p)=g(X.Y)(p—p*) =0

for arbitrary X, Y € W. Thus Wp L W (1 — p), as claimed. Using 2.9, it is easy to
see that both the restrictions of g to Wp and to W (1 — p) are not degenerate.

If ¢ is odd then « interchanges p with 1 —p and

9(Xp,Yp) = a(p)g(X,Y)p=g(X,Y)(1-p)p=0

holds for all X,Y € W. Thus the restriction of g to Wp is trivial, and so is the
restriction of A'h. [

3.6 Lemma. Assume o = id, char F = 2 and that K, splits so that there exists
a nilpotent element z € Ky~ {0}. Then the restriction of g to the subspace Wz is
trivial.

Proof. We note a = id and then compute g(Xz,Yz) = g(X,Y) 22 =0. n

3.7 Reduction of the form. Assume that K, is split (with j7 = 1), and consider
z =14 j,. The value of a(z) depends on ¢; we find a(z) = z if ¢ is even and
a(z) =1—7,if £ is odd. In the latter case, we thus have a(z)z = 0.

In order to understand the restriction of the form ¢ to the submodule Wz we
introduce some notation, as follows. If ¢ is odd, ¢ # id, and char F' # 2 we pick
ay € F ~ {0} such that @; = —a,. In all other cases, we take ay := 1. Using the
R-linear map

re: Kp— R:x+ jy— (:c +(=1)'y + (-1)" (m» ay
we then find
a(z)(z+37,y)z = (1+(=1)%) (v +5ey) (L +4)
= (@ + (1) + (D) @+ (1)) (1 +340) = ez + Gey) a7z
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Putting ¢°(Xz,Yz) :=r,(9(X,Y)) we obtain a (—1)‘-symmetric R-bilinear form
g° on Wz. Thus there are homomorphisms

No: SUV,h) = O(Wz2,g°)  or  mg,q: SU(V,h) — Sp(Wz,g°),

respectively, according to the parity of ¢ € {2k, 2k + 1}. [

Note that the R-bilinear form ¢° on Wz is zero if 0 = id and either ¢ is odd or
char F' = 2. This fits well with the fact (see 3.5(c) and 3.6, cp.also 1.11(f)) that
even the restriction of the K-sesquilinear form ¢ to Wz is trivial in those cases.

3.8 Lemma. If the SU(V, h)-module Wz has a complement in W (in particular,
if 0 #1id or char F' # 2, see 3.3(b), 3.3(c)) then that complement is isomorphic to
Wz and kerng = kern,. If there is no complementary SU(V, h)-module to Wz then
o =id and char F = 2 and W/Wz is isomorphic to Wz, see 3.3(d). In this case,
the group kern?/kern, is an elementary abelian 2-group because it is isomorphic to
a subgroup of Hom(Wz, Wz). [ |

3.9 Remarks. The description in 3.7 is somewhat complicated because ¢ is arbi-
trary (and may be odd). If one studies the Hodge operator in order to understand
exceptional isomorphisms between classical groups then the values ¢ € {1,2} give
the most interesting examples.

For ¢ = 2, we will see in 5.3, 5.7, and 5.13 below that the split cases lead to
interesting and intimate connections with norm forms on composition algebras.

If ¢ = id and char F' = 2 then the precise structure of SU(V,h) = SO(V,h) and
kerng/ kern, depends on the defect of the form h. Details will be given in [22]. Note

that a complementary module for Wz may also exist in that case; for instance, this
will happen if SO(V, h) is trivial (cf. [22, 2.4]).

3.10 Examples: Symmetric bilinear forms on R*. Let F = R and o = id.
We consider the symmetric bilinear forms of Witt index 0 and 2, respectively, on
V = R*. In both cases, the form has discriminant 1. So K, splits, we have
Ky, =2 R xR, and 3.7 applies.

If h has Witt index 0 then SO(R?, k) is the compact form of type Dy = A; X Ay;
denoted by D1§’0 in [32]. The homomorphisms obtained by the actions on Wz
and on Wz are the projections onto the two direct factors in SO(R?*, h)/(—id) =
SO(R3, hg) x SO(R?, hg), where hy is the (essentially unique) symmetric bilinear
form of Witt index 0 on R3.

If h has Witt index 2 then the connected component EO(R* k) of SO(R?* h) is
the split real form of type Dy denoted by Dy* in [32]. (See Section 7 below for a
general definition of the groups EO(V, h) and EU(V,h).) The homomorphisms now
obtained by the actions on Wz and on Wz are the projections onto the two direct
factors in SO(R*, h)/(—id) = SO(R?, hy) x SO(R?, hy), where h; is the (essentially
unique) symmetric bilinear form of Witt index 1 on R3.

We have O(R* h) = C3 x EO(R*, h), where C, is a cyclic group of order 2. More
explicitly, assume that vy, vs,v3,v4 is an orthogonal basis with h(vy,v;) = 1 =
h(va,ve) and h(vs,vs) = —1 = h(vy, vy).
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Consider the matrices

1.0 0 0 10 0 0 0010
o 10 0 o1 0 o [0 0 01
B=14¢g 010]" “Floo0 -1 0 and  T:= |, o o g

0 00 1 00 0 1 010 0

The complement for EO(R*, h) in O(R* h) is generated by the involutions 3, v
described by B and C', respectively. Both n(8) and n3(y) interchange Wz with
Wz; their product n3(8v) generates a complement for EO(Wz, ¢°) = PSLyR in
SO(Wz,¢°) = PGLyR. The matrix T describes a similitude 7 with r, = —1,
and 79(7) generates a complement for SO(Wz, ¢°) in O(Wz, ¢g°).

4. The smallest case

It may come as a surprise that the case £ =1 (and n = 2) is by no means trivial,
but leads to interesting isomorphisms of groups. First of all, we note that /\1V is
naturally identified with V' itself, see [7, 11§7.1], and A'h coincides with h.

Choose an orthogonal basis vy, vy with respect to h in V| abbreviate ¢; := h(vy,v1)
and ¢y 1= h(vq, vy), and define b: /\2V — F by b(v; Avy) = 1. Then 1.5 specializes

to
—h(vl, ’Ul)

b(v1 A 1)2)

h(’l)g, UQ)

J(Ul) =2 b(’Ul N 1)2)

= —vy¢qy, and J(vg) = = V1 Cy.

Thus J(viz1 + vo3) = v162T3 — V9c1T7; in coordinates with respect to the basis
V1, Vg, We have

.2 2 . Ty (7 I e U N A _
h: F“ x F* — F': ((:L‘g) R <y2>) — (.771,%2) (O 62> (yg) =C1T1Y1 + C2T2 Y2
and JoFr o pr (T) o (0 ) (M) e

' S\ —c; 0 Ta —ciTi)

Identifying x1+jxs € K with vi(x;+jz2) = vix1 —veci29 € V and using /\1h =h

we compute g(X,Y) = Xc,Y, see 2.7. Straightforward verification yields

4.1 Lemma. The centralizer of J in the ring F?2 of F-linear endomorphisms
of Vis L := {( ¢ _?2> ‘ a,be F} The R-algebras L and K, are isomorphic;

bCl
the norm on L is given by the determinant. The group SO(V,h), or SU(V h),
respectively, coincides with Sg = L N SLy(F'). [

Note that K is split precisely if —cjcy is a norm, see 1.10 and 2.1. In that case,
we may (upon scaling of the form and one of the basis vectors) assume ¢; = 1 and
o = —1; then 1+ j is a divisor of zero in K.

4.2 Theorem. Assume ¢ =1 and n = 2.
(a) If K is not split and o = id then L = K. We obtain a quadratic field
extension K4|F, and SO(V, h) is the norm one group Sk, in K;.
Note that Sk, = {1} if K |F is inseparable.
(b) If Ky s not split and o # id then K is a quaternion field over R. We
obtain L = K4 and SU(V,h) =S = Sk, .
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Note that SU(V,h) and Sk, do not coincide in the ring of R-linear endo-
morphisms of V ; the elements of these two groups may be interpreted as left
and right multiplications, respectively, by elements of norm one in K.

(¢) If K, is split, char F # 2, and o = id then L = K, = F x F. Thus
SO(‘/,h) =S & Spxr = {(.I’,l'_l)‘ x € FX} ~ F*.

(d) If K, is split, char F = 2, and o = id then L = K, = F[X]|/(X?). Thus
SO(V, h) =Sk, = Srxjyx2) = {1+ bX + (X?) | b€ F} is isomorphic to the
additive group of F'.

(e) If K, is split and o # id then we have K = R**?. Thus we can conclude
SU(V,h) =St = Sgex2 = SLa(R) in this case. ]

4.3 Examples: Symmetric bilinear forms on R? and on C?. We consider
F =R and o = id. Essentially (i.e., up to similarity), there are two non-degenerate
symmetric bilinear forms on R?: An anisotropic form h, , and a hyperbolic form h_.

The discriminant of hy is 1,80 6y = —1 and j = ({ ') and K; = C (which comes
as no surprise). Note that L = K;. We obtain

SO(R2, hy) =S, =S¢ = {c€C| ce=1}.

In particular, this group is homeomorphic to a circle. As h, is (positive or negative)
definite, every similitude of h, has positive multiplier. Thus the multiplier is a
square, and GO(R? h,) = R*O(R? h,). Via conjugation, the scaling factors act
trivially on M, =2 K; = C (see 2.4). Each v € O(R?* hy) ~ SO(R? h,) has
determinant 1, and induces complex conjugation on C.

The discriminant of h_ is —1, we obtain 6; =1, 7 = (9}) and

=10 )

in this case; an explicit isomorphism from R x R onto K is given by

ey (0052 ).

Note that L = K, again. The isomorphism just stated maps SO(R?,h_) = Sg
onto {(a,a™)| a € R*} CR x R.

We may assume that the Gram matrix (with respect to the standard basis) is
H=(9§). Then vy := (), vs := (_,) is an orthogonal basis; we have h(vy,v;) = 2
and h(vy,v5) = —2. Taking b: A'R? — R with b(v; A v;) = —2, we obtain
J(v1) = vy and J(vy) = v;. Thus the matrix ({ %) describes J with respect
to the standard basis.

In standard coordinates, we now obtain SO(R* h_) = {(& %) ‘ a € R*}. The

a*l
orthogonal group is the union of SO(R? h_) and the coset ?(1) J)SO(R? h_). Note
that conjugation by (9§) maps J to —J. (Using the isomorphism above, this
corresponds to swapping (1,—1) with (=1,1) in R x R.) For each a € R*, the
matrix S, = (§Y) describes a similitude with multiplier a. These similitudes

centralize J.

a,bER}%RxR

On C2, there is essentially only one non-degenerate symmetric bilinear form. That
form is hyperbolic, the arguments for the form h_ above remain valid wverbatim.
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Actually, that reasoning holds for every hyperbolic form on a two-dimensional vector
space over any field F' with char F' # 2.

4.4 Examples: Hermitian forms on C?. We consider F = C, and take complex
conjugation for o. Essentially, there are two non-degenerate o-hermitian forms
on C?: an anisotropic form h, and a hyperbolic form h_.

The discriminant of hy is 1, so §; = —1 and j = (9 '). The algebra K,
is not split, so K; = H, the skew field of Hamilton’s quaternions. We obtain
SU(C?% h,) = St = Sg. In particular, this group is homeomorphic to a 3-sphere. We
may assume that the Gram matrix of hy is (§9). Then J (5) = (), and the group
U(C?, hy) is the semi-direct product of SU(C? h;) and {(}9)]| v e C,um=1}.
In M, conjugation by (%) maps J to wid o J: (;) = (T2); see 1.8. As hy
is a (positive or negative) definite form, each similitude has positive multiplier.
Therefore, each multiplier is a norm, and ['U(C? h,) = C*SU(C?, h,). Conjugation
by cid maps J to ¢/¢J, and induces on M; = H an inner automorphism (namely,
conjugation by c¢) that fixes Cid pointwise and multiplies each element of Cid o J
by the factor ¢/¢ € Sc. (Note that, by Hilbert’s Theorem 90 (see [17, 4.31]), each
element of Sc¢ is obtained in this way, as a quotient ¢/¢ for some ¢ € C*.)

The discriminant of h_ is —1, so 0; = 1 and 7 = (¢}) in this case. The
algebra K, = {(; g) ’ T,y € (C} is then isomorphic to R?*2; in fact, an explicit

isomorphism is obtained by R-linear extension of (39) — (§9), (§%) — (¢ 3').

J=008 =%, and (93) — (§%). We find that SU(C? h_) is isomorphic
to Sk, = Sgexz = SLy(R). We may assume that the Gram matrix is (§ % ). Then
U(C?, h_) is the semi-direct product of SU(C? h_) with {(}9)]| uve C,um=1}.

As above (in the anisotropic case), conjugation by the matrix (§9%) maps J to

: . (T —uy
wid o J: (y) — (uf)
Translated into the algebra R**? (via the explicit isomorphism above) the isomor-

phism for u = cos(t) + isin(t) is obtained as conjugation by <Z?§((Z§)) 12:&%?) .

For each similitude v € GU(C? h_), the multiplier s, lies in R because we have
{h(v, v) } v E (CQ} C R. So every possible multiplier is obtained from some v € § :=
C*iduC*(9}), and TU(C? h_) is the semidirect product of U(C? h_) with S.
The operator J € M, is centralized by (9}), and conjugation of J by cid yields
(c/eid) o J.

5. Norm forms of composition algebras

We concentrate on the case ¢ = 2 and n = 2¢ = 4 from now on. Note that the
factors (—1)¢ become irrelevant. We normalize b(v; A va A w3 A vg) = 1 and then
simplify notation, writing

K =K, §:=0=det(H), j:i=j, and n:=ny;

here H is the Gram matrix describing h with respect to the orthogonal basis
V1, V9, V3, Vg, and n = 1 is the homomorphism constructed in Section 2.

In this section we study the split case; our aim is to understand 7n°(SU(V,h))
where 7° is as in 3.7. Recall that K splits precisely if § = det(H) is a norm,
i.e., if the form h has discriminant disch =1 € F*/Npg(F*). This excludes one
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of the three possible values for the Witt index; in fact, Witt index 1 is impossible
in the split case:

5.1 Lemma. Ifdisch =1 and h has positive Witt index then h has Witt index 2.

Proof. The Witt index is at most 2 because the form is not degenerate.

Assume first that char F' # 2 or that o # id; then h is trace-valued. If the
Witt index is positive then there exists a hyperbolic pair, i.e. wy,wy € V with
h(wy,wy) = 0 = h(wy,wy) and h(wy,ws) = 1. We pick an orthogonal basis ws, wy
for {w1,ws}+ and obtain —h(ws, ws)h(ws, ws) € disch = Npjg(F>). Thus there
exists ¢ € F with —h(ws,ws)h(wy, wy) = éc, the vector wsc + wy h(ws, w3) €
{wy, wo}* is isotropic, and the Witt index is at least 2.

There remains the case char F' = 2 and ¢ = id. We assume that there exists
an isotropic vector w; € V ~ {0}. Then there exists wy with h(w;,ws) = 1 but
it will in general not be possible to achieve h(wy,wy) = 0. Now {w;,wy}t is a
vector space complement to wF + weF'. As the Witt index is at most 2, that
complement contains ws with h(ws,w3) # 0. Thus we find an orthogonal basis
ws, wy for {wy, wy}t and an isotropic vector in {wy, wy}+ as before. n

5.2 Remarks. As a partial converse to 5.1 we note that any two non-degenerate
o-hermitian forms of Witt index 2 on F* are isometric; the discriminant is 1, and
the corresponding Hodge operator yields a split algebra K .

Note that over any commutative field F with char F # 2, the norm forms of
quaternion algebras are characterized (up to similitude) among the quadratic forms
in four variables by the fact that they have discriminant 1; see [20, 3.1.2] for an
explicit proof of this known result. So 5.3 below applies if the role of A is played by
the polarization of such a norm form.

5.3 A quaternion algebra. Assume char F # 2 and o =id. If K splits then
h is similar to the polarization fx of the norm N of some quaternion algebra H
over F'.

Moreover, the form g° on Wp is similar to the restriction of fyx to the space
Pu(H):={x € H~ F| 2* € F} U{0} of pure quaternions.

The group of similitudes of fn is well understood, it is generated by the stan-
dard involution together with left and right multiplications by invertible elements
of the quaternion algebra®. The representation on W = /\2V is the sum of two
representations that are quasi-equivalent to that on the space of pure quaternions,
cf.[12, Sect.6]. In particular, we have n3(GO(V,h)) = F* SO(Pu(H), fx|pu))
and n§(SO(V, h)) = SO(Pu(H), fxlpu(rn)-

Proof. The case where h has Witt index 2 is covered by the observation that
the norm form of the split quaternion algebra over F' is the unique non-degenerate
quadratic form of Witt index 2 in 4 variables. If h is anisotropic then a suitable
scalar multiple of h is the polarization of the norm of a quaternion field because
disch = 1; see [20, 3.1.2].

3 See [21, V (4.2.4), p. 266] for the general result, or [3, 5.2] for quaternion fields, or [34, 4.5.17]
for arbitrary quaternion algebras with char F' # 2
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In any case, we may (upon scaling) assume that 2h is the polarization of the
norm N of H. There exists an orthogonal basis v; = 1,vs,v3,v4 such that
vy = vou3 and that vg, v3, vy span Pu(H). Thus h(vy,vs) = N(vg) = N(vg) N(v3) =
h(vy,ve) h(vz,v3). Now the sequence X; 1= (v; A vg)z, X5 := (v1 Awg)z, X3 =
(v1Avy)z forms an orthogonal basis for g° on Wz such that ¢°(Xy, X1) = 2 h(ve, v2),
9°(Xa, Xo) = 2 h(vs,v3), and ¢°(X3, X3) = 2 h(ve, v9) h(vs,v3). Thus ¢° is isometric
to the restriction of 2h to Pu(H). n

5.4 Remark. We have excluded the characteristic 2 case in 5.3. Indeed, the
situation becomes more complicated, see [22].

5.5 An octonion algebra. We consider ¢ # id and char F' # 2 and assume
that K splits; so K = R**?. Replacing h by a suitable scalar multiple, we may
assume that there is an orthogonal basis vy, ve, v3,v4 such that h(vy,v;) = 1 and
h(vg,vq) = h(ve,va) h(vs,v3); this last condition can be satisfied because h has
discriminant 1. Then we may regard the R-linear span H := v RGvy RPvs RO R
as a quaternion algebra with norm Ng(z) = h(x,z). Choosing any ¢ € F* with
o(q) = —q we obtain V = H @ Hq and that the quadratic form N(v) := h(v,v) is
the norm of the octonion algebra C' obtained as the ¢*-double of H; cf.[28, 1.5.3]
or [17, p. 444 f]. Finally, we identify F' with the subalgebra v1 F' = v; R®v1qR of C
and note (v, F)t = 0, F @ v3F @ v, F.

5.6 Examples. The quaternion algebra H in 5.5 need not be isomorphic to the
split quaternion algebra K . In general, the norm form of every quaternion field B
over R has discriminant 1, and extending that form to a hermitian form on the
tensor product V := F ® g B we obtain a case where H = B is non-split, and not
isomorphic to K.

For instance, consider F' = C and R = R. The (essentially unique) positive definite
hermitian form on C* has discriminant 1; then the restriction of the form h to H
is positive definite, and the quaternion algebra H is isomorphic to the quaternion
field H (and is, in particular, not split in this case). The hermitian form of Witt
index 2 also has discriminant 1, but the quaternion algebra H is split in that case
(and then isomorphic to R?*? = K).

5.7 Theorem. Assume o # id, char F' # 2 and that K splits. Let fn denote
the polarization of the nmorm of the octonion algebra C introduced in 5.5. Then
the form ¢° on Wz = Wp is equivalent to the restriction of fn to F* in that
octonion algebra. So 13 may be interpreted as a homomorphism n3: SU(V,h) —

O(F*+, N|p.).
Proof. Let ¢ := h(vg,vg). We normalize b such that b(v; A vg Avg Avy) = 1.
Straightforward computation yields the values of ¢° on the basis
Xy = (n Awvg)z, Xo:=(viAv3)z, X3:=(v1 Avy)z,
Xy = (v1g AN ve)z, X5 := (v1gAvs)z, Xg:= (v1g A vy)z;
it turns out that this is an orthogonal basis with
(X1, X1)= 2c, ¢°(Xo, Xo)=  2c3, ¢°(X3,X3)= 2c4,
9°( X4, X4) = —2¢%co,  ¢°(X5, X5) = —2¢°%c3,  ¢°(Xe, Xo) = —2¢°cy.

So ¢° is equivalent to the polarization of N|p. . u
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5.8 Remark. Depending on the form h (and not only on the ground field F'), the
image 13(SU(V, h)) may coincide with SO(Wp, ¢°) = SO(F™, fni,.), or may form
a proper subgroup. See 5.9, 5.10, and 5.14 below for examples.

As SO(Wp, ¢g°) is generated by its half-turns (cf. 8.2 below) this means that in some
cases elements of SU(V, h) will induce all these half-turns, while in some other cases
they will not.

5.9 Example: Compact groups. On C* the standard (positive definite) hermi-
tian form hgy defines the compact real form SU,(C) of the simply connected complex
Lie group of type As. The discriminant of hqy is 1, the quadratic form hg(v,v) is
the norm of the quaternion field H (over the reals), and K splits. The octonion
algebra in 5.5 is the octonion field @, and the form N|c1 is a positive definite
quadratic form on R® defining the compact form SOg(R) of the complex Lie group
of type D3. Of course, types Az and D3 are identical because the Coxeter diagrams
are the same. The homomorphism 7 induces a two-sheeted covering from SU,(C)
onto SOg(R).

5.10 Example: Non-compact groups. Let h be a hermitian form of Witt index 2
on C*. Then disch = 1 and K is split. The quadratic form N(v) := h(v,v)
is the norm form of the split quaternion algebra R?**2, and the octonion algebra
constructed in 5.5 is split, as well. The norm form of that octonion algebra has
the (maximal possible) Witt index 4 but its restriction to Ct only has index 2.
In fact, a 3-dimensional positive definite subspace in C* would sum up with C
to form a 5-dimensional positive definite subspace in the split octonion algebra,
which is impossible. Thus 73 yields a homomorphism from SU/(C,2) to SOg(R, 2).
This homomorphism is not surjective; in fact SU,(C, 2) and its image are connected
but SOg(R,2) is disconnected (see [15] or [25]; in fact, the commutator group of
SOg(R, 2) coincides with the kernel of the spinor norm, and has index 2 in SO4(R, 2)
because there are two square classes; see [9, §8, p.54], [11, Th.9.7, p.77]). The
tangent object of that morphism of Lie groups is the isomorphism between the real
forms of types A§’2 and D]§’2, respectively.

5.11 An octonion algebra in characteristic two. We consider o # id again,
but assume char F' = 2 now. The quadratic form N(v) := h(v,v) is not degenerate;
in fact, its polarization fy(v,w) = h(v,w) + h(w,v) = h(v,w) + h(v,w) is not
degenerate (cf. [30, 4.3]).

Pick uw € F' with u + @ = 1, choose an orthogonal basis vy,...,vs in V', and put
cr = N(vg) for 1 < k < 4. Passing to a suitable scalar multiple of h, we may
assume c¢; = 1. As h has discriminant 1, we may then further assume ¢y = coc3.

Let C; be the R-linear span of v; and vyu+wvy. Then the restriction N|¢, is equiva-
lent to the norm form of the two-dimensional composition algebra R[X]/(X?—X+r)
with r := @u + co. The spaces

Cs = R+ (vico+vu)R, C3 :=v3R+(vsu+tvg) R, Cy := vy R+ (v3cat+vu) R

yield an orthogonal decomposition V =C, @ C; @ C3 @ Cy. For each k < 4, the
restriction N|¢, is equivalent to ¢xN|c, . In particular, the restriction N|c,+c, 18
equivalent to the norm of the quaternion algebra H obtained as the cy-double of
R[X]/(X?— X +7r), and N itself is equivalent to the norm of the octonion algebra
C' obtained as the c3-double of H .
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5.12 Remark. Clearly, the restriction N|,, r of the norm in C' to the subspace v F'
is isometric to the norm form Npgg. Indeed, one may choose the multiplication
(of C) on V in such a way that v, F forms a subalgebra isomorphic to F'. Note
that the restriction N|c, need not be isometric to the norm form N Fir- In fact,
the form N|c, may be isotropic; for instance, this happens if ¢y = wu. ]

We now use the quadratic form Pq that gives rise to the Klein quadric, see 1.3:
Up to a scalar, we have Pq(X)? = det X for each X € /\2F47 and this deter-
mines Pq (again, up to a scalar) because square roots are unique (if existent) in
characteristic 2.

5.13 Theorem. Assume o # id, char F = 2 and that K splits. Let fy denote
the polarization of the norm N of the octonion algebra C' introduced in 5.11. Then
the restriction of the quadratic form Pq to Wz is similar to the restriction of the
norm N to F* in that octonion algebra. In particular, the form ¢° on Wz is a
non-trivial scalar multiple of the restriction of fn to F*.

Thus n3 may be interpreted as a homomorphism 19: SU(V,h) — O(F* N|p1).

Proof. Notation and normalizations are as in 5.11. For Wz, we use the R-basis
(v Aw2)z, (i Avs)z, (viAwv)z, (nuAv)z, (vuAv)z, (viuAvg)z,

and claim that R-linear extension of ©((vy Avg)z) := v and ¥((viu A vg)z) == vgu
(for k € {2,3,4}, respectively) gives an isometry from Pq|y. to N|ps.

The values of Pq are Pq((v; Ave)z) = ca, Pq((v1 Avs)z) = c3, Pq((v1 Avs)z) = cacs,
Pq((viu A v9)z) = wucy, Pq((viu A vs)z) = tucs, and Pq((viu A vy)z) = Gucycs.
Computing fpq(X2,Yz2) = Pq(Xz +Yz) — Pq(Xz) — Pq(Yz) for Xz,Yz in the
basis we see that 1 is an isometry, as claimed.

Using 3.7 we compute ¢°(Xz,Yz) = Nh(X,Y) + Nh(X,Y) = fpg(X2,Y2) for
arbitrary members X, Y in the basis. |

5.14 Example: Finite groups. Let F be a finite field of square order e?. Then
F = F_:, there is a unique involution (namely, o: x — x¢) in Aut(F'), and the
algebra K is split (as is every finite quaternion algebra).

The (essentially unique) non-degenerate o-hermitian form h: F* x F* — F has
Witt index 2, and the special unitary group SU(4,e?) := SU(F* h) has order
ISU(4,¢e?)] = eb (e* — 1)(e®* + 1)(e* — 1).

The norm form on the (necessarily split) octonion algebra C over R has maximal
Witt index. Constructing that algebra by repeated doubling, starting with the
separable extension F|R, we find that the norm form on F* < C is a quadratic
form of Witt index 2. The corresponding orthogonal group is usually denoted by
O~ (6,¢); it has order |O7(6,¢)] =25 (e? — 1)(e® + 1)(e* — 1), cf. [11, 9.11, 14.48].
As SU(4, €?) is a perfect group (cf. [11, 11.22]), the image n9(SU(4, €?)) is contained
in the commutator group Q(6,¢) of O~ (6,¢). The order of Q7 (6,¢) is 1|0~ (6,¢)|
if e is odd, and it is %|O_(6,e)| if e is even, cf.[11, 6.28, 9.7, 9.11, 14.49]. In any
case, the map 79 found in 5.7 and 5.13 is a homomorphism 73: SU(4, €?) — Q7 (6, ¢).

(a) If e is odd then the kernel of 79 has order 2, see 2.12. So 73 yields an
isomorphism from SU(4, e?)/(—id) onto Q7 (6,¢).
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(b) If e is even then 73 is injective by 2.12, and 7§ yields an isomorphism from
SU(4,¢e*) onto Q(6,¢).

See also Taylor [31, p. 198] for a proof of SU(4,e?) = Q(6,¢) for even e.

6. Geometry

We continue to assume ¢ = 2 and n = 2¢ = 4. After Section 5 it remains to consider
the case where § = 05 is not a norm; so K = K is a division algebra.

The Klein quadric {XF| X € A’V ~ {0}, Pq(X) = 0} provides a model for the
space of lines in the projective space P (V) (see [29, Sect.3] or [31, Ch.12]); one
maps uF @vF to (uAv)F. Recall that points on that quadric represent confluent
lines if, and only if, they are orthogonal with respect to Pf, the polarization of Pq.
There are two types of maximal totally isotropic subspaces, corresponding to line
pencils (i.e., points) and line spaces of planes in P(V'), respectively. Every semi-
similitude of Pf thus induces either a collineation or a duality of P(V).

6.1 Lemma. Consider a vector space U of dimension d > 2 over F', and let
f:UxU — F be a non-degenerate diagonalizable o-hermitian form. Two colli-
neations from P(U) onto some projective space P are equal if they agree on the
complement Ry of the set {vF| v e U, f(v,v) =0}.

Proof. Let vy,...,v4 be an orthogonal basis with respect to the form f.

Assume first that F' has more than two elements. Each line meeting Ry then
contains at least 2 points of Ry . For any point vF € P(U) \ Ry there are at least
two lines joining vF with points in {v1F,... v,F}. As each of these lines contains
at least two points of Ry, the images of vF' under the considered collineations are
uniquely determined by the images of points in Ry .

It remains to study the case where F' = Fy. Then o =id, and f(z,y) = Zizl TRk
for x = Z‘,ﬁzl vpry and y = 2221 vpyr . Therefore, we have

d d
iFr €Ry <= D ap #0 < Y zp #0.
k=1 k=1

This means that P(U)\ Ry is a hyperplane in P(U), and the assertion of the lemma
follows from the fact that projective collineations are determined by restrictions to
affine spaces (obtained by removing hyperplanes). [ |

6.2 Theorem. The Hodge operator induces the polarity 7,: U < UL+ on P(V).

Proof. From 1.11 we know that J is a semi-similitude of Pf. Like any semi-
similitude of the Pfaffian form Pf, the map J induces either a collineation or a
duality of the projective space P(V'). Let vy, vq,v3,v4 be an orthogonal basis with
respect to h. The F-subspaces M and J(M) spanned by {v; A va, v1 A v, v1 A vy}
and by {vs A vy, va A vy, v3 A s}, Tespectively, are complementary maximally Pq-
isotropic subspaces of /\QV. One of these corresponds to a point, the other to a plane
in P(V). (Cf. also [33, 7.2].) Since J interchanges the two it induces a duality (and
not a collineation), which is a polarity because J* € Fid.
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Recall from 1.5 that J(vy Av,,) corresponds to the line {vy, v, }* = 7 (Ve F + v, F).

We will apply 6.1 now, with restrictions of h to various subspaces U playing the
role of f. Assume first that either char F' # 2 or ¢ # id. Put U = v} for some
k < 4. For each point vF € P(U) \ Ry, we then know that it is possible to extend
the orthogonal system vy, v, to an orthogonal basis containing v and see that J
and 7, agree on the line corresponding to (vx Av)F'. From 6.1 we now infer that J
and 7, agree on the points of the projective plane P(U) = P(vi). As this is true
for each k, the assertion of the theorem follows.

Now consider the case where char F' = 2 and ¢ = id. Fix k,m < 4 and choose
K',m’ such that {k,m, k', m'} = {1,2,3,4}. For any & = vxZp + Uy € {Vps, Vs }+
we find that y := vgz, h(Vm, Un) — Unmxph(vk, vg) satisfies h(z,y) = 0 and h(y,y) =
h(vg, Vi) (U, U ) (2, ) € h(z,2)F™. So v, x,y, vy, forms an orthogonal basis
whenever h(z,x) # 0. This means that J maps the line vy F' 4+ xF to the line
yF+v, F = mp(vp F4+2F'), and J coincides with 7, on P (v F+v,, F)NRy, Fiv,F -
The solutions = € vy F +v,, F' for h(z,z) = 0 form a subspace of dimension at most
one (here we use char F' = 2 and o = id, and also that the restriction of h to the
line is diagonalizable). Thus P (v F + v, F') "Ry, Ftv,, F contains at most one point,
and J coincides with 7, on P(vxF + v, F'). Now the two polarities coincide on
each point row of the six lines of form v F' + v, F', and the assertion of the theorem
follows also in this case. [ |

The absolute points of the polarity 7, are the one-dimensional subspaces of V' that
are isotropic with respect to h. We write Abs, for the set of absolute points.
Analogously, we write Abs, for the set of absolute points of the polarity m,: C'
X9 of the projective plane Px(A*V).

6.3 Proposition. The map \: Cryp(V) = Gr g (N'V): uF ®vF — (uAv)K is
well defined, and we have the following:

(a) If the restriction of h to L € Grop(V) is non-degenerate then A(L) has
precisely two preimages under X, namely, L and L**. In this case, the
Pfaffian Pt has non-degenerate restriction to A(L), and the K -space \(L) is
not isotropic with respect to g.

(b) If the restriction of h to L € Grop(V') is degenerate then A(L) has more than
two preimages. In fact, the preimages of L are the elements of the pencil of
tangents Gry p(A*h) to the absolute point A := LN L " € Absy,; that set is
in bijection with the projective line over F'. In this case, the K -space \(L)
is isotropic with respect to g; i.e., it belongs to the set Abs, of absolute points
of the polarity induced by g on the projective space over K .

(¢) Foreach Z € NV with g(Z,Z) = 0 there exist z,w € V such that Z = z Aw
and h(z,z) =0 = h(z,w). In particular, we have Abs, C X (Gryp(V)).

Proof. Let L =uF @®vF.If LNL* = {0} then Pf is non-degenerate on \(L)
because

Pf(u Av,u Av) =Pf((uAv)j, (uAv)g) =0
2+ Nh(uAv,uAv) = PfluAv, (uAv)j).

Thus A(L) meets the Klein quadric in two points; these are (uAv)F and (uAv)jF .
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If LN LY # {0} we may assume h(u,v) =0 = h(v,v). For

X € (uxy, +vF) A (uy, + vF)
2

we obtain Nh (X, X)) = det < v x“é’“) = 0.

’U,‘x'll, Uu

Thus g(A(L) x A(L)) = {0} follows from 2.9 since Pf(u A v,u Av) = 0.

For the last assertion, we note that ¢(Z,7) = 0 means 0 = Pf(Z,7) (whence
Z =u Av for some u,v € V') and then

0= Nh(Z, Z) = Nh(uAv,uAv) = det <Z§Z: Z; ZEZ“}L: zg) .

So the restriction of A to uF 4 vF' is degenerate, and we find z,w as required. m

7. The range of our homomorphism in the non-split case

We consider the case where ¢ = 2 and d = 5 is not a norm. Moreover, we assume
that the form A is isotropic (see Section 8 for the anisotropic case). From 5.1 and
5.2 we know that these assumptions are equivalent to the assumption that the Witt
index is precisely 1. Again, our aim is to understand n(SU(V,h)) where n = n, is
the homomorphism constructed in Section 2.

7.1 Notation. An Eichler (or Siegel) transformation (cf. [13, p.2141]) of (V,h) is
given as
Yowp: VoaVie— o+ zh(w,z) — (w+2p) h(z,x)

where z,w € V satisfy h(z,z) =0 = h(z,w) and o(p) + p = h(w,w). The special
case w = 0 leads to an isotropic transvection X, ,, with o(p) = —p.

Conversely, every transvection in U(V,h) is of the form X, with h(z,2) = 0
and o(p) = —p (see, for instance, [11, p.94]). Note that only the trivial isotropic
transvection exists if ¢ = id and char F' # 2. This is the reason why we also have
to study the more general Eichler transformations. If char F' = 2 and ¢ = id then
there do exist isotropic transvections.

By EO(V,h) < O(V,h) and EU(V, h) < U(V, h) we denote the subgroups generated
by all Eichler transformations. Note that EU(V,h) is generated by its isotropic
transvections (see [13, 6.3.1]), except if V = F3. (However, that group is not of
interest here because 3 is odd.)

7.2 Lemma. If 0 #id and char F # 2 then the image n(SU(V,h)) in U(N'V,g)

contains each isotropic transvection.
Proof.  The transvections in U(A’V, g) are of the form
S0p: NV =NV X = X — Zpg(Z,X)
where Z € N’V and p € K satisfy ¢g(Z,Z) = 0 = a(p) + p. Our assumption

char F' # 2 implies that «(p) + p = 0 is equivalent to p € F and o(p) +p = 0.
There exist z,w € V with h(z,z) =0 = h(z,w) such that Z = z Aw, cf. 6.3.
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For fixed z € V' the alternating bilinear map (x,y) — (z h(z,y) — y h(z,2)) A z has
its range in 21" A z. If h(z,2) = 0 then for each w € 2zt \ 2F the latter set is
contained in (z Aw)K = ZK , c¢f.6.3. Thus we obtain an F'-linear map

NNV = ZK: o Ay— (zh(z,y) —yh(z,z)) Az,

For ¢ € F with o(q) = —q, the image 7(X.0,) € U(A’V, g) is the linear extension
of (x Ay)— (x Ay)+ A.(z Ay)q. This is a transvection because h(z,z) = 0 yields
A:(z Aw) = 0, and it is, of course, in the unitary group. Thus n(X,0,) is of the
form ¥, 0y = Xz0py with p' € {z € K| a(z) = —z}. Since pR = p'R we may
achieve 1 (X,0,) = Xz0,, as required. |

7.3 Remark. If char F' =2 then «a(p) +p =0 is equivalent to p € R+ jF.

7.4 Theorem. Assume charF # 2, o # id and that K is not split. Then the
image of SU(V,h) under n in U(NV,g) is the group EU(NV,g) generated by all
1sotropic transvections.

Proof.  From 7.2 we know that n(SU(V,k)) contains EU(A’V,g). On the other
hand, the image (like SU(V,h) itself, cf.[13, 6.4.26]?) is a perfect group, and the
quotient U(A’V, g)/EU(N'V, g) is abelian ([35], cf. [13, 6.4.52]). Thus n(SU(V, h))
coincides with EU(A’V, g). [

We cannot expect a result similar to 7.4 in the characteristic two case, see 7.3.
It remains to study the case where ¢ = id; then a = id, as well, and we are
dealing with a homomorphism 1: SO(V, k) — O(A’V, g). We must consider Eichler
transformations now. We may safely ignore the characteristic two case, cf. [22].

7.5 Lemma. [f o =1id, char F # 2 and h is isotropic then n(SO(V,h)) acts tran-
sitively on the set Abs, of absolute points of the polarity m,: U <+ Uts on P(N\V).

Proof.  Using char F' # 2 and the fact that the isotropic bilinear form A secures
the existence of a hyperbolic pair in V', we find an orthogonal basis vq,vs, v3, vy
for V such that v; + vy is isotropic. Passing to a scalar multiple of A~ we may
assume h(vi,v1) = 1; then h(ve,vy) = —1. We abbreviate ¢ := h(vs, v3), normalize
b(vy Avg Avg Avy) =1 and compute J ((v1 + v2) A wvz) = (v + v2) A vg(—c).

From 6.3 we know that every absolute point of 7, is of the form (u A w)K with
u,w in V' such that h(u,u) = 0 = h(u,w). We may assume u = vy + vy because
the group SO(V,h) acts transitively on the set of all one-dimensional h-isotropic
subspaces of V' (by Witt’s Theorem).

So it suffices to remark that (v +ve) A (vy + v9)e = (v; + v2) K ; this follows from
((v1 + v2) Awg) (r+798) = (v1 +v2) A (v3r — vgcs) and the observation (vy +wvy)tes =
(’Ul + 'UQ)F + ’UgF + U4F. |

7.6 Theorem. Assume o = id, char F' # 2 and that K is not split. Then
n(SO(V, h)) contains EO(NV,g).

4 The exceptions in [13, 6.4.26] are groups over finite fields. Apart from symplectic groups and
the orthogonal group with respect to a quadratic form on F3 (all of which are of no interest in this
paper), there is a unitary group on F2 (which is not of interest here, as we assume ¢ = 2 now).
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Proof. Recall from 5.1 that A has Witt index 1.

We show first that Eichler transformations in SO(V,h) are mapped to Eichler
transformations in EO(/A’V,g). Consider linearly independent z,w € V with
h(z,z) = 0 = h(z,w). As X = zF + wF is not totally isotropic, we have
h(w,w) # 0, and X*» N X = 2F. Choose v € X' \ zF and then u € {w,v}*"
such that h(z,u) = 1. Then z,w,v,u are linearly independent, in fact, the Gram
matrix for g with respect to this basis is

0 0 —2p
0O -1 0
—2p 0 0

Put p := 1 h(w,w). Evaluating at the K-basis z Aw, z Au, w A u for NV we
obtain n(X,,,) =2

z/\w,z/\u,f% .

Now consider an Eichler transformation 7 € EO(A’V,g). By 7.5 we know that
n(SO(V, h)) acts transitively on the set Abs, of absolute points of the polarity =,.

Therefore, we may assume 7 = Xy, for Z = 2z Aw. Now ¢g(Z,W) = 0 implies
W = Za+ Uc for U = z Au and some a,c € K. We find Yzw, = Yzpcq for
q= %g(Uc, Uc) = % g(U,U). Note also that Xz ., = Xzevp with ¢ = ¢ p. [

7.7 Remark. If 0 =id and the discriminant of h is not 1 then K is a commutative
field, and the group EO(A’V, g) coincides (see [11, 9.7]) with the kernel of the spinor
norm O: SO(/\2V, g) — K*/K® where K® denotes the group of squares in K*.
We do not explicitly determine the range of 7 here.

7.8 Example: The Lorentz group. Consider R = R and the (essentially, up to
a choice of basis, unique) symmetric bilinear form h of Witt index 1 on R*; in fact,
this is (up to multiplying the form by —1, which does not affect the corresponding
group of isometries) the form used to describe special relativity in physics, the group
O(R*, h) is known as the Lorentz group. The group SO(R* h) is not connected;
its connected component is EO(R?* h); this subgroup may be interpreted as the
subgroup of SO(R*, h) leaving invariant the direction of the light cone. We have a
direct product SO(R*, h) = (—id) EO(R*, h).

The discriminant of h is —1, so K is not split. Then K = C, the unique quadratic
extension field of R. The form ¢ is now a non-degenerate symmetric bilinear form
(see 2.6) on W = C3, and uniquely determined (up to a choice of basis); on C3?,
such a form g is given as the sum of the squares of the coordinates. From 7.6 we
know that the image of SO(R*, h) under 7 contains EO(W, g) = EO(C?, g), and is
contained in O(W, g). Note that n(SO(R?, h)) = n(EO(R*, h)); the kernel (—id) is
a complement to EO(R*, 1) in SO(R*, 7).

Moreover, one knows that EO(C?, §) coincides with SO(C3, g); either by a connec-
tivity argument, or by the more general argument from 7.7. The isomorphism from
EO(R* h)/(—id) = EO(R*, h) onto SO(C3, g) that we obtain here is known as the
isomorphism between the simple Lie algebras of types DI§’1 and By, in the notation
of Tits [32]. Note also that EO(C?, §) = PSL,C. This is a special case of a general
result; for real and complex Lie algebras it reflects B]F’l =~ AR and B, @ A,.
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7.9 Examples: Orthogonal groups over finite fields of odd order. Let
F = F. be the finite field of order e, and consider a diagonalizable o-hermitian
form h on F*. If o # id then h has discriminant one, and K is split. So assume
o = id, and that the discriminant is not a square. Ignoring the inseparable cases,
we assume char F' # 2. Then the assumption that K is non-split yields that h is
not the hyperbolic form on F*, but equivalent to the form known as ¢; (cp.[31,
pp- 1391f]). In other words, there exists 6 € F ~ F” such that we may assume that

(with respect to the standard basis e, ..., es) the Gram matrix of h is
010 O
1 00 O
r= 001 0
000 —¢

We have F(v/9) = F.. The norm form of the quadratic field extension F|F, is
surjective: for each s € F*, there exist z,y € F such that s = 2% — §y?. In
standard coordinates, the matrix

0 s 0 O
1 0 0 O
0 0 =z dy
0 0 vy =
now describes a similitude 7, with multiplier 7., = s and dety, = —s?.

With respect to the basis v ;= e; + ey, Vg := €1 — €9, V3 := €3, V4 := €4, the Gram
matrix for h is

2 0 0 O
0 -2 0 0
H= 0 0 1 0
0 0 0 =9

Using b with b(v; A vy A vg Avy) = 2, we obtain 52 = §, and K = F(\/S) In
M, = K (see 2.4), conjugation by 7, maps J to
% ido J= =5 ido J = —J.

s

So conjugation by 7, induces the generator of the Galois group of the extension
K|F.

The group O(F* h) = O~ (4,¢) has order 2¢2(e? 4+ 1)(e? — 1), we have of course
ISO(F*, h)| = €*(e? 4+ 1)(e* — 1). The group EO(F*,h) has index 2 in SO(F* h),
the element —id generates a complement to EO(F*, h) in SO(F*,h), see [11, 9.7,
9.8]. So n(SO(F* h)) = n(EO(F* h)) is isomorphic to EO(F*, k), and contains
EO(W, g). The latter group has index 2 in SO(W, g) = PGLy K, see [31, 11.8].

So [EO(W, g)| = (¢* + 1)e*(e* — 1)/2 = [EO(F*, h)],
and EO(F* h) 2 EO(W, g) = PSLyF,»
follows. We note that 100 0

01 0 O

001 O

0 0 0 -1
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describes an element p € O(F* k) ~ SO(F* 1), and therefore induces an element
n(p) € O(W, g) ~ SO(W, g). So we have found that n(O(F*, 1)) contains EO(W, g)
as a subgroup of index 2, but does not contain SO(W, g).

We remark that the group EO(V, h) is often denoted SO*(V,h).

8. Anisotropic forms

It remains to study the case where the form h is anisotropic. Recall from 2.10 that
/\gh may become isotropic. Also, the form g may be isotropic, see 8.1 below.

We concentrate on the case ¢ = id in this section; the hermitian case is left open in
the present paper. In the case where char F' # 2, the isometry groups of anisotropic
(quadratic) forms are notoriously difficult; in particular, we do not have the tool of
Eichler transformations at our disposal. It also happens that SO(AV,g) has large
normal subgroups with large index ([1, Ch. 5, § 3], [18], [13, 6.4.55], cp. also [3]), see
8.3 below.

If char F' = 2 then the isometry group of h is contained in the isometry group of the
anisotropic quadratic diagonal form (over R) mapping v to h(v,v); these groups
are trivial. The split cases have been treated in 5.3, 5.7, and 5.13; except for the case
where char F' = 2 and o = id. Those latter cases are treated in [22]. In the present
section, we therefore concentrate on the non-split case, and assume char F' # 2.

We show that the homomorphism
n2: SO(V, h) = SO(F*, h) — SO(A\'V, 9) = SO(K?, g)
need not be surjective if K is not split and h is anisotropic.

Over the field of real numbers, anisotropic bilinear forms are positively or negatively
definite ones, and the discriminant is 1 if the dimension is even. As this leads to
split cases, the real case does not play any role in the present section.

8.1 Example. Let F' = Q and consider the bilinear form h on Q* given by
h(xy, 9, 23, 74) = 27 + 225 + 1025 — 527

The discriminant of this form is the square class of —1. Thus the algebra K is not
split; in fact it is isomorphic to Q(z) where i is a square root of —1.

Moreover, the form h is anisotropic. In fact, if this were not the case we could
pick a minimal isotropic vector z with integer entries. Considering the equation
h(z,z) = 0 first modulo 5, and using the fact that the squares in Z/5Z are 0, 1,
and 4 = —1, we see 21, zo € 5Z. Considering the equation modulo 25, we then see
23,24 € 257Z. So z has to lie in 5Z*, contradicting our minimality assumption.

The form g is isotropic; e.g., for w = (v3 A v3)10 — (v1 A v4)(10 + ) we have
g(w,w) = 0, cp.2.7. Thus we have an explicit example of an anisotropic form h
such that K is not split and g is isotropic.

Starting from the standard basis ey, s, €3, e4 for Q* we get the basis e; A ea, €1 A e,
e1 A ey for N°Q* considered as a vector space over Ky = Q(i) where § = 10i maps
e; Ney, ep Neg,and e Aey to 2e3Ney, 10eq4 Aeg, and —5ep A e3, respectively.

The group O(V, k) does not act transitively on the SO(A’V, g)-orbit

g7(2) = {XK| X e NV, g(X,X) =2}.
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In order to prove this, we note that the restrictions of h to the two subspaces
Ly == (1,0,0,0)" F®(0,1,0,0)" F and Ly := (0,0,1,0)" F&(1/2,0,0,1/10)" F both
have discriminant 2, and A(L;) and A(Lg) both belong to ¢ (2). From 6.3 we
know that A(L) = A(L;) means L € {L,, Ly"} because the restriction of h to Ly
is not degenerate. As L, is not isometric® to any L € {L,, L;"}, we find that there
is no element of O(V, h) mapping A\(L;) to A\(Ls).

8.2 Lemma. [8,11§6,1),p.49]. If dim X > 3 and f is a non-degenerate symmetric
bilinear form on X then SO(X, f) is generated by the half-turns, i.e. the involutions
whose space of fixed points has codimension 2 in X . [ ]

8.3 Theorem. The subgroup H < SO(/\QV, g) generated by all half-turns around
azes that meet the Klein quadric is a normal subgroup of TO(N'V, g), and this sub-
group H is contained in the image n(SO(V, h)). In general, both H and n(SO(V,h))
are proper subgroups of SO(/\2V, g).

Proof. Each half-turn is determined by its axis; thus half-turns are conjugates pre-
cisely if their axes are in the same orbit under the group of similitudes. In order to
prove normality of H in TO(AV, g), it remains to note that the Klein quadric is in-
variant under the action of the group of semi-similitudes because Pf(X, X) = 0 char-
acterizes the points X F' on the Klein quadric, and Pf(X, X) =0 < ¢(X,X) € F
holds for X € /\2V by the construction of the form g, see 2.6.

Now let X € /\2V such that XK meets the Klein quadric. Then there exists
Y € XK such that Pf(Y,Y) = 0, and there are vy,vy € V such that Y = v; A vs.

Since h is anisotropic we may assume that h(vy,vy) = 0, and we can extend this to
an orthogonal basis vy, v9, v3,v4 for V. Then Y] := v1Avy, Yo (= v1Avg, Y3 1= v1Avy
form a K -basis for /\2V. The linear map p; mapping v; to —v; and fixing vy, v3, vy
is a hyperplane reflection in O(V,h). We see immediately that n(p;) = n(—p1) is
a K -semilinear map with companion automorphism «, fixing Y17, Y27 and Y3j.
Interchanging the roles of v; and vy we obtain py such that n(ps o py) is the K-
linear map fixing Y; and inducing —id on Yo K @ Y3 K. Thus n(ps0p;) is one of the
involutions in SO(A*V, ¢). In this way we obtain all those half-turns in SO(A*V, g)
whose axis is spanned by some X € {uAv| u,v € V} ~ {0}, i.e., those with axes
that meet the Klein quadric.

Finally, we recall from 8.1 that it may happen that n(SO(V,h)) does not act
transitively on some SO(A’V, g)-orbit. In such cases, we clearly have

H < n(SO(V,h)) £ SO(N*V. g). .

In the situation of 8.3, it remains as an open question whether there are examples
where H < n(SO(V, h)).

Acknowledgements. In her diploma thesis [10] Ulrike Fiedler worked out several
examples explicitly, and spotted various slips in a draft of the present paper. We
thank the anonymous referee for several helpful comments and for requiring some
clarifications.

Funded by the Deutsche Forschungsgemeinschaft through a Polish-German Beet-
hoven grant KR1668/11, and under Germany’s Excellence Strategy EXC 2044-
390685587, Mathematics Miinster: Dynamics-Geometry-Structure.

5 The restrictions of h to Ly and Ly are similar, but not isometric; e.g., 5 ¢ {h(v,v)| v € La}.



KRAMER, STROPPEL 359

References

E. Artin: Geometric Algebra, Interscience Publishers, New York (1957).
R.Baer: Linear Algebra and Projective Geometry, Academic Press, New York (1952).

A.Blunck, N.Knarr, B.Stroppel, M. J.Stroppel: Transitive groups of similitudes
generated by octonions, J. Group Theory 21/5 (2018) 1001-1050.

N.Bourbaki: Eléments de Mathématique. VII: Premiére Partie: Les Structures
Fondamentales de I’Analyse. Livre II: Algébre. Chapitre 3: Algébre multilinéaire,
Actualités Sci. Ind. 1044, Hermann, Paris (1948).

N.Bourbaki: Eléments de Mathématique. VII: Premiére Partie: Les Structures
Fondamentales de I’Analyse. Livre II: Algébre. Chapitre 9: Formes Sesquilinéaires et
Formes Quadratiques, Actualités Sci. Ind. 1272, Hermann, Paris (1959).

N.Bourbaki: Eléments de Mathématique. Algébre. Chapitres 1 a 3, Hermann, Paris
(1970).

N. Bourbaki: Algebra I. Chapters 1-3, Elements of Mathematics, Springer, Berlin
(1989).

J. A.Dieudonné: La Géométrie des Groupes Classiques, Ergebnisse der Mathematik
und ihrer Grenzgebiete (N.F.) 5, Springer, Berlin (1955).

J. A.Dieudonné: La Géométrie des Groupes Classiques, 3rd ed., Ergebnisse der
Mathematik und ihrer Grenzgebiete (N.F.) 5, Springer, Berlin (1971).

U. Fiedler: Hodge-Operatoren und Ausnahmeisomorphismen, Diplomarbeit, Fakultét
fiir Mathematik, Stuttgart (2014).

L. C. Grove: Classical Groups and Geometric Algebra, Graduate Studies in Mathe-
matics 39, American Mathematical Society, Providence (2002).

M. Gulde, M. J.Stroppel: Stabilizers of subspaces under similitudes of the Klein
quadric, and automorphisms of Heisenberg algebras, Linear Algebra Appl. 437/4
(2012) 1132-1161.

A.J.Hahn, O.T.O’Meara: The Classical Groups and K -Theory, Grundlehren der
Mathematischen Wissenschaften 291, Springer, Berlin (1989).

S. Helgason: Differential Geometry, Lie Groups, and Symmetric Spaces, Pure and
Applied Mathematics 80, Academic Press, New York (1978).

L.-K.Hua: A subgroup of the orthogonal group with respect to an indefinite quadratic
form, Sci. Record (N.S.) 2 (1958) 329-331.

N. Jacobson: A note on hermitian forms, Bull. Amer. Math. Soc. 46 (1940) 264-268.
N. Jacobson: Basic Algebra I, 2nd ed., W. H. Freeman, New York (1985).

R. P. Johnson: Orthogonal groups of local anisotropic spaces, Amer. J. Math. 91 (1969)
1077-1105.

A.W.Knapp: Basic Algebra, Cornerstones, Birkhauser, Boston (2006).

N. Knarr, M. J. Stroppel: Subforms of norm forms of octonion fields, Arch. Math.
(Basel) 110/3 (2018) 213-224.

M.-A.Knus: Quadratic and Hermitian Forms over Rings, Grundlehren der Mathe-
matischen Wissenschaften 294, Springer, Berlin (1991).

L. Kramer, M. J. Stroppel: Hodge operators and groups of isometries of diagonalizable
symmetric bilinear forms in characteristic two, arXiv 2208.11326 (2022).



KRAMER, STROPPEL

T.Y.Lam: Introduction to Quadratic Forms over Fields, Graduate Studies in Math-
ematics 67, American Mathematical Society, Providence (2005).

S.Lang: Algebra, 3rd ed., Graduate Texts in Mathematics 211, Springer, New York
(2002).

J. A. Lester: Orthochronous subgroups of O(p,q), Linear Multilinear Algebra 36/2
(1993) 111-113.

M. Marcus: Finite Dimensional Multilinear Algebra II, Pure and Applied Mathema-
tics 23, Marcel Dekker, New York (1975).

J. W.Milnor, D. Husemoller: Symmetric Bilinear Forms, Ergebnisse der Mathematik
und ihrer Grenzgebiete 73, Springer, New York (1973).

T. A. Springer, F. D. Veldkamp: Octonions, Jordan Algebras and Fxceptional Groups,
Springer Monographs in Mathematics, Springer, Berlin (2000).

M. J. Stroppel: The Klein quadric and the classification of nilpotent Lie algebras of
class two, J. Lie Theory 18/2 (2008) 391-411.

M. J. Stroppel: Orthogonal polar spaces and unitals, Innov. Incidence Geom. 12 (2011)
167-179.

D.E. Taylor: The Geometry of the Classical Groups, Sigma Series in Pure Mathe-
matics 9, Heldermann, Berlin (1992).

J. Tits: Tabellen zu den einfachen Lie Gruppen und ihren Darstellungen, Springer,
Berlin (1967),

J. Tits: Buildings of Spherical Type and Finite BN-Pairs, 2nd ed., Lecture Notes in
Mathematics 386, Springer, Berlin (1986).

J. Voight: Quaternion Algebras, Graduate Texts in Mathematics 288, Springer, Cham
(2021).

G.E.Wall: The structure of a unitary factor group, Inst. Hautes Etudes Sci. Publ.
Math. 1959/1 (1959) 23 p.

F.W. Warner: Foundations of Differentiable Manifolds and Lie Groups, Graduate
Texts in Mathematics 94, Springer, New York (1983).

Linus Kramer, Mathematisches Institut, Fachbereich Mathematik und Informatik, Universitit

Miinster, Germany; linus.kramer@uni-muenster.de.

Markus J. Stroppel, LExMath, Fakultat 8, Universitat Stuttgart, Germany;

stroppel@mathematik.uni-stuttgart.de.

Received August 27, 2022
and in final form September 27, 2022



