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Abstract: In this work we describe horofunction compactifications of metric spaces and finite-dimensional real
vector spaces through asymmetric metrics and asymmetric polyhedral norms by means of nonstandard meth-
ods, that is, by ultrapowers of the spaces at hand. The polyhedral compactifications of the vector spaces carry
the structure of stratified spaces with the strata indexed by dual faces of the polyhedral unit ball. Explicit neigh-
borhood bases and descriptions of the horofunctions are provided.
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1 Introduction

We introduce a compactification for certain metric spaces, using asymmetric metrics and nonstandard methods.
Our ultimate goal is to study polyhedral compactifications of Euclidean buildings and related spaces via asym-
metric horofunctions [9]. Such compactifications of Euclidean buildings have been studied recently by several
authors, using quite different methods. The work in [8] and [24] relies heavily on combinatorial properties of
unbounded polytopes or diverging sequences in maximal flats, while [25; 31] employ deep arithmetic methods.

Our approach to these compactifications is different, new, and geometric. Our starting point is Gromov’s
embedding [12], which we briefly recall. If (X, d) is a proper CAT(0) space, with a fixed base point 0 € X,
then we may map X injectively into the ring of continuous functions on X by assigning to p € X the func-
tion x +— d(p, x) — d(p, 0). The closure of X in ¢ C(X) (in the topology of uniform convergence on compact
sets, or, equivalently, in the topology of pointwise convergence) can be identified with the visual bordification
X U 00X of X, see [6, IL8]. The first main idea is to replace the metric d in Gromov’s construction by a Lipschitz
equivalent asymmetric distance function §. Stretching the standard terminology slightly, we will call the map
hy(x) = 6(p, x) = 8(p, 0) a horofunction centered at p. We put X= {hp | p € X}, and we identify p € X with hy,.
The new elements that appear in X may be viewed as horofunctions centered at points ’infinitely far away’.

The traditional approach to these horofunctions is to study divergent sequences in X. This leads to rather
complicated combinatorial notions of different types of divergence of sequences in X. We follow a completely
different approach, which avoids these sequences altogether. We use the nonstandard extension *X of the metric
space (X, d), and the nonstandard reals “IR. The nonstandard reals form a real closed, non-archimedean field.
It contains thus elements which are higger than any real number. In this way we may view the horofunctions
in X as (standard parts of) functions x — &(p, x) — 6(p, 0), where now p € *X is a point which is possibly
infinitely far away from o. We believe that this viewpoint is both intuitive and particularly simple. The following
picture visualizes the situation. The point p is in the nonstandard extension *X of X at infinite distance from the
basepoint 0. We put h,(x) = std(6(p, x) — 8(p, 0)).
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Several things can be seen from this picture. Firstly, the horofunction h, is only the restriction of the stan-
dard part of x — &(p, x) — 8(p, 0) to X. Therefore we should expect that different points p, g € *X may yield
the same horofunction on X. This leads to an equivalence relation on *X which needs to be studied. It corre-
sponds, roughly speaking, to the different types of divergence of sequences in X. Secondly, we note that we
could rescale the metric so that the distance between p and o becomes 1. This rescaling process shrinks X to
an infinitesimally small spot. If the geometry of X is scale-invariant, then the large scale shape of the level set
hp = 0is determined by the infinitesimal structure of the unit spheres of the original distance function. If V = X
is a finite-dimensional real vector space and if § is given by a (possibly asymmetric) norm on V, then there are
two instances where this infinitesimal structure is accessible: if the unit sphere S = {v € V | hy(v) = 1} isa
smooth hypersurface, then the infinitesimal structure is given by the tangent hyperplanes. In this case, the level
set hp = 0, for p at infinite distance from o, is a linear hyperplane and h, is a linear functional on V. Then V can
be identified with the dual unit ball, in the dual vector space V¥ of V. The second case where the infinitesimal
structure is accessible is the case where the unit ball B = {v € V| hy(v) < 1} is a convex compact polyhedron.
This case is analyzed in the present article. The following theorem is one of the main results.

Theorem. The compactification V of a finite-dimensional real vector space V with respect to an asymmetric poly-
hedral norm v is a stratified space, where the strata are indexed by the dual faces of the polyhedral unit ball B.
The combinatorial structure of the stratification of V (with respect to the closure relation) is isomorphic to the
poset of all faces of the dual polyhedron BY of B. Moreover, V is homeomorphic to the dual polyhedron BY by a
homeomorphisms that preserves the stratification.

Since Euclidean buildings are composed of copies of Euclidean space, this analysis of polyhedral compact-
ifications of finite-dimensional real vector spaces is crucial for understanding polyhedral compactifications of
Euclidean buildings.

This article is organized as follows. In Section 2 we review the relevant topologies on the space C(X) of con-
tinuous real functions on a metric space X. In Section 3 we review asymmetric metrics and asymmetric norms.
We do this in the setting of metric spaces, which allows us to bypass all questions about backward and forward
topologies which may arise otherwise. In Section 4 we adapt Gromov’s embedding to the case of asymmetric
metrics. We do this with some care, since Gromov’s result is very often misstated in the literature (even in [6]).
The condition that X is in one or the other way geodesic is very often omitted, although it is essential in the
proof. In Section 5 we introduce the necessary facts about ultraproducts. We then show that every horofunction
arises as some hp, as described above. If the metric space X is proper, then conversely every function h, appears
in the bordification. In Section 6 we put everything together to determine the polyhedral compactification of a
finite-dimensional vector space V. Let B denote the unit ball of the asymmetric norm on R™, with its polyhe-
dral combinatorial structure. We show that this combinatorial structure determines the equivalence relation
mentioned above (when is h, = h;?). We obtain a stratification of V by subsets homeomorphic to affine spaces,
whose combinatorics is encoded by the dual polytope BV of B. The last step is the construction of an explicit
homeomorphism V — BY which preserves the stratification.

Some comments on the history may be in order. During the last years, horofunction compactifications of
metric spaces and in particular of Riemannian symmetric spaces have been studied by various authors. We
just mention [7], [14], [15], [17; 18], [20], [19], [30], and the excellent books [4; 13]. The idea to use Gromov’s
embedding for the construction of polyhedral compactifications of buildings via asymmetric polyhedral metrics
occurred to us in 2012. At about the same time, this approach was developed independently for Riemannian
symmetric spaces by Kapovich and Leeb [19], and independently by Haettel, Schilling, Wienhard and Walsh [15].



DE GRUYTER Ciobotaru, Kramer and Schwer, Polyhedral compactifications,I == 415

We then discovered that Brill, a student of Behr, had already used this idea in his 2006 PhD thesis [7]. This thesis,
which is very concise, lacks just one ingredient: Brill considers only symmetric metrics. Our use of nonstandard
methods in the context of horofunctions is, to the best of our knowledge, new.

In subsequent work [9] we will study horofunctions on an affine building X using the ultrapower *X of the
building. We note that *X is a so-called A-building, as studied in [2; 22; 29; 23], axiomatized in [3] and studied by
Schwer in her PhD thesis [16]. We will also compare these compactifications in [9] with the compactifications
constructed in [24; 25; 31]. Finally, we will study the dynamics of discrete group actions on the building, using
the compactifications.

2 Topologies on function spaces

In this section we review some material on topologies on function spaces and state Ascoli’s theorem. Let (X, d)
be a metric space. Given p € X and ¢ > 0, we put

Be(p)=1{qeX|dp,q) <&} and B.(p)={qeX|d(p,q) <ce}

We call (X, d) proper if every closed bounded set K < X is compact. Proper metric spaces are always complete.
We recall some basic facts about function spaces. Let C(X) denote the commutative R-algebra of all real-valued
continuous functions on X. There are several topologies on C(X) and related R-algebras which we briefly re-
view. We will be interested in the topology of uniform convergence on compact sets, the topology of pointwise
convergence and the topology of uniform convergence on bounded sets. There is a uniform way to construct these
topologies which goes as follows, see [28; 21].

Let G be a collection of subsets of the metric space X and assume that

@) X=&and
(i) forall P, Q € G, there existsR € SwithPUQ c R.

Let Cs(X) denote the vector space of all real functions ¢ on X which are bounded and continuous on every
member Q of &. Given Q € &, € > 0 and ¢ € Cs(X) we define

Noe(@) = {th € Cs(X) | [¥(q) - 0(q)| < eforall g € Q}.

These sets form neighborhood bases for a topology Ts on Cg(X), see [28, IIL.3]. A set U ¢ Cs(X) is open if for
every ¢ € U, there exist Q € & and € > 0 such that No .(¢) < U. In this topology, Cs (X) becomes a locally
convex topological vector space and a commutative topological R-algebra. The cases of interest to us are the
following.

(1) & = Finis the collection of all finite subsets of X. This yields the topology Tzi, of pointwise convergence
on Cgin(X) = X® = [[y R, which coincides with the product topology. This topology does not depend on the
metric d.

(2) & = 4ni = 2¥ is the collection of all subsets of X. Then we obtain the topology Ty(,; of uniform convergence
on the space Cy,i(X) = BC(X) of all bounded continuous functions on X, and BC(X) is a Banach space. This
space is not relevant for us, and $Ini will not be considered below.

(3) For & = €mp = {K < X | K is compact} we obtain on Cemp(X) the topology Tem, of uniform convergence
on compact sets, which coincides with the compact-open topology. Since X is a metric space, a function on
X is continuous if and only if its restriction to every compact subset of X is continuous, see [10, VI.8.3 and
X1.9.3]. Thus Cemp(X) = C(X) is a complete locally convex topological vector space.

(4) If & = Bno is the collection of all bounded sets, then Ty, is the topology of uniform convergence on
bounded sets, and Cy,p(X) € C(X) is the space of all continuous functions which are bounded on all
bounded sets. If we fix a base point o € X, then the set {B.(0) | k € N} is cofinal in Bnd and {szk(o),z_e(go) |
k, ¢ € N} is a countable neighborhood basis of ¢ € Ca3n5(X). In particular, we may work with sequences in
this space if we wish so.
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We note that the natural maps

(C3in(X), Tin) «— (Cemp(X), Temp) «— (Cpno(X), Tnno) «— (Cuni(X), Teini)

are continuous, because we have inclusions §in € €mp < Bnd ¢ Uni. If X is proper, then Tanp = Temp and if X
is discrete, then Tgin = Temp. In general, all four spaces and topologies are different. Now let 0 € X be a base
point and put

Is,0(X) = {p € Cs(X) | p(0) = 0}.
This is the kernel of the evaluation map at o,

Ces(X) — R, ¢+ 0(0),

and hence a maximal ideal in the ring Cs (X). The evaluation map at o is continuous, hence Is o (X) € Cs(X) is
a closed hyperplane. There is a continuous linear projector

pry i Ce(X) — Is,o(X), @ +— @ —0(0).

The kernel of pr,, is the subring of Cs (X) consisting of all constant real functions on X, which we identify with R.
Therefore Cs (X) splits as a topological vector space as

Cs(X) =Relso(X).

To see this, we note that the natural homomorphism R & Is ,(X) — Cgs(X) is continuous and bijective. Its
inverse is the map ¢ — (¢(0), pr,(¢)), which is also continuous.
It follows from the diagram

inc
Co(X) = Iso(X)
Cs(X)/R
that there is a natural isomorphism of topological vector spaces
Ces(X)/R = Ig,0(X)
that maps ¢ + R to ¢ — ¢(0). In particular, there is an isomorphism of topological vector spaces

IG,O(X) = IG,p(X)
for all o, p € X. We also recall Ascoli’s Theorem.

Theorem 2.1 (Ascoli’s Theorem). Assume that F ¢ Cemyp(X) is equicontinuous and that for each p € X the set
E(p) = {p(p) | ¢ € F} < R is bounded. Then F has compact closure Fin Cemp(X) with respect to the compact-
open topology Temp.
This closure F coincides (set-theoretically and topologically) with the closure of F in Cgin(X) = X® with respect
to the topology Tin.

Proof. The first claim is classical, see [10, XIL.6.4]. Since the closure Fc Cemp(X) is compact, the continuous
injection Cemp(X) — Cgin(X) restricts to a closed embedding on F. )

The isometry group Isom(X) acts in a natural way from the left on Cg(X), for & = Fin, Cmp, Bnd. This
action fixes the subring R ¢ Cg(X) of constant functions pointwise, and from this we get an induced left action
on Cg(X)/R. If we put

&YX =Yg (x) - (g (0))

for g € Isom(X) and ¥ € Ig o (X), then the following diagram is Isom(X)-equivariant:

Co(X) —22 Is 0(X)

L

Cs(X)/R
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Suppose that A < X is a closed subset. We put G|A = {QNA | Q € &}. For & = Fin, Cmp, Bno, the set S|A
is the set of finite/compact/bounded subsets of A. We have a natural continuous restriction homomorphism of
topological vector spaces

Cs(X) — Csja(4)

that maps a function ¢ to its restriction ¢|A. In the commutative diagram

Cs(X) —— Cea(4)

l‘"\ |

Ces(X/R — Ceu(A)/R,

the map pr is open and thus ry4 is a continuous homomorphism.

3 Asymmetric norms and asymmetric metrics

Definition 3.1. Let X be a set. An asymmetric metric on X isamap § : X x X — R such that the following hold
forall u,v,w e X.

@) 6(u,v)=0.
(i) 8(u,v)=0ifand onlyifu = v.
(iii)) 6(u, w) < 8(u,v) + (v, w).

In contrast to a metric we do not require that §(u, v) = §(v, u). Thus, every metric is in particular an asymmetric
metric. If § is an asymmetric metric on a metric space (X, d), we put

Isoms(X) = {g € Isom(X) | 6(g(w), g(v)) = §(u, v) for all u, v € X}.

In a similar vein, we may define asymmetric norms.

Definition 3.2. An asymmetric norm on a real vector space V isamap v : V — R such that the following hold
forallu,v e Vandallr > 0.

i) v(u) =0.
(i) v(u) =0ifandonlyifu = 0.
(iii)) v(ru) = rv(u).

@(iv) v(u +v) < v(u) + v(v).

In contrast to a norm, we do not require that v(u) = v(-u). Thus, every norm is also an asymmetric norm. If v
is an asymmetric norm, then v(u) := max{v(u), v(-u)} is a (symmetric) norm.

Remark 3.3. Any asymmetric norm v induces an asymmetric metric § via §(u, v) = v(u — v). Indeed, we have
for u,v,w e Vthat S(u,w) = v(u-w) =v((u-v)+ v -w)) <vu-v)+vy-w)=34U,v)+8&v,w).

Lemma 3.4. Let(V,||.||) be anormedrealvector space (not necessarily finite-dimensional) and assume that B ¢ V
is a closed convex, bounded neighborhood of 0. Put

v(u) =inf{A >0 | u € AB}.
Then v is an asymmetric norm, with unit ball B. Moreover, there exist real constants a, p > 0 such that
[lull < av(u) and v(u) < Blull

hold for allu € V.
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Proof. Itis clear from the definition that Condition (i) from Definition 3.2 holds. Since B is bounded, there exists
a > 0 such that the closed ball B,(0) of ||.||-radius a around 0 contains B. Since

r(1+¢e)B cr(l+e)Bq(0) = Br(1+s)a(0)

holds for all r > 0 and all € > 0, we have ||u|| < arif v(u) < r. This shows (ii), and also that ||u|| < av(u).Ifr > 0,
thenru e ABifand onlyifu € %B. This shows (iii). For s, ¢t > 0 the convexity of B implies that sB+tB < (s +t)B.
Suppose that u, v € Vwith s = v(u) and t = v(v). For all € > 0 we have then u € (¢ + s)B, v € (¢ + t)B, whence
U+v e (s+t+2e)B. Therefore v(u + v) < v(u) + v(v) + 2¢. Since this holds for all € > 0, we have (iv). Since B is
a 0-neighborhood, there exists > 0 such that B1;5(0) < B. Then

Br1+6)(0) < pr(1+¢)B

forallr > 0 and ¢ > 0, and thus ||u|| < r implies that v(u) < S][u]]. O
In the converse direction we have the following.

Lemma 3.5. Let v be an asymmetric norm on a finite-dimensional real vector space V. Then there is a unique
compact convex 0-neighborhood B < V such that

v(v) =inf{fA >0 | v € AB}.

Proof. Weput B = {u € V| v(u) < 1} and m = dim(V). The definition of B yields v(u) = inf{A > 0 | u € AB}. By
the triangle inequality for v, the set B is convex. Let ey, .. ., e be a basis for V, and put r = max;{v(e;), v(-e;)}.
Then B contains the convex hull of the 2m points J_r%ej. In particular, B is a convex neighborhood of 0 in the
standard topology of V. We claim that B is bounded with respect to the Euclidean norm |[|.|| determined by the
basis ey, ..., ep. Otherwise we find a |[.||-convergent sequence (ux)k»1 0f ||.|[-unit vectors ux such that kux € B
holds for all k > 1. Here we use that the closed unit ball B1(0) is compact, because V has finite dimension. We
put u = limy ux and we note that u # 0, since ||u|| = 1. Given s > 0 and k large enough, we have suy € B
(because B is convex) and s(u — ux) € B (because B is a 0-neighborhood). Hence %u € Bfor all s > 0. But then
v(u) = 0, a contradiction. Hence B is bounded. Since B is a 0-neighborhood, it contains a ball B.(0), for some
€ > 0. Therefore v is %-Lipschitz and in particular continuous. Hence B is closed and thus compact. If A < V' is
a compact convex identity neighborhood with v(v) = inf{fA >0 | v € AA}, then A = {u € V| v(u) = 1} and thus
A=B. O

4 The asymmetric bordification

In this section we introduce horofunction bordifications of metric spaces with respect to asymmetric metrics.
We discuss conditions under which the space X can be topologically embedded into its bordification.

Throughout the section we assume that (X, d) is a metric space and that § : X x X — R is an asymmetric
metric on X which is bi-Lipschitz equivalent to d. That is, there exist real constants a, § > 0 such that the
following condition (bL) holds:

(bL) for all p, q € X, we have d(p, q) < ad(p, q) and 8(p, q) < Bd(p, q).

For a finite-dimensional Euclidean vector space every asymmetric norm has Property (bL) by Lemma 3.4 and
Lemma 3.5.

Lemma 4.1. Assume that (X, d) is a metric space and that § : X x X — R is an asymmetric metric satisfying
condition (bL). Then the map
LG :X — CG(X)) p — 6[7 = a(py _)

is an embedding for & = Fin, Cmp, Bnd.



DE GRUYTER Ciobotaru, Kramer and Schwer, Polyhedral compactifications,I = 419

Proof. First of all we notice that
Sp(x) = 6p(y) < 8(y, x) < Bd(x, ). 1)
Hence each 6, is Lipschitz continuous and therefore contained in Cos 4 (X). For all p, ¢, x € X we have

Sp(x) = 84(x) < 6(p, @) < Bd(p, q).

This shows that the maps ts3no, lemp and (3, are continuous. Since p is the unique minimum of &, these maps
are injective.

It suffices to show that tgi, is an embedding. This will imply that tp34p and temp are also embeddings.
Suppose that A ¢ X is closed and that p € X — A. Then there exists € > 0 such that B;(p) N A = @.Fory € A we
have that

1 1
Sy(p) = ad(y, p) = 58'

Since the evaluation map ¢ +— ¢(p) is continuous on Cgi, (X) and since §,(p) = 0, we see that (3, (p) ¢ (Fin(4)
(where the closure is taken with respect to Tziy,). Thus t3i, is an embedding. m]

Corollary 4.2. For every o € X the map
e, X — Ig,0(X), p — 6p - 6p(0)
is a continuous injection, with respect to S = §in, Cmp and Bno.

Proof. The map 8, — 6p(0) has a unique minimum at the point p. Hence (g, is injective. The map (s, is the
composite of the continuous map tg and of the continuous projector pr, : Cs(X) — I 0(X) and hence con-
tinuous. O

Remark 4.3. Contrary to claims made in the literature (e. g. [6, p. 268]) the map (s, need not be an embedding
with respect to S = Fin, Cmp or Bnd, even if X is proper. For an example, put X = IN, with the metric

0 fork=1¢
d(k,e) =
k+¢ else.

Then (N, d) is a discrete proper metric space, whence §in = €mp = Bnd. Put § = d. For 0 = 0 we have
(Fin,o(K)(€) = (€ + K) — k = £ = L5in,0(0)(€)

for all ¢ # k. It follows that the sequence (tgin,0(k))k>0 cOnverges pointwise to tzin,0(0). In particular, the image
{Fin,0(IN) € Igin,0(X) is not discrete.

We need a geometric condition on X that ensures that (s , is an embedding.

Definition 4.4. We say that an asymmetric metric § on a set X satisfies the interval condition, or has Property (ic)
if the following holds:

(ic) forall p,q € X and s € [0, 6(p, q)], there is z € X such that §(p, q) = §(p, z) + 6(z, q) and &(p, z) = s.

Every asymmetric metric induced by an asymmetric norm on a vector space has Property (ic). Also, every
geodesic metric space (X, d) has this property for § = d.

Proposition 4.5. Assume that (X, d) is a metric space and that § is an asymmetric metric on X satisfying the
conditions (bL) and (ic). Then the map

IBn0 : X — ConoX)/R, pr— 6[7 +R
is a topological embedding.

Proof. Being the composite X m Cxno(X) — Cono(X)/IR, the map issqp is continuous. Suppose that A € X
is closed and that p € X — A. We claim that 753,45 (p) is not in the closure of T53,5(A). For this it suffices to show
that ta3no,p(p) is not in the closure of tgno,p(A) i Inno,p(X) = Cno (X)/R. This is what we will show.
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There exists ¢ > 0 such that B.(p) N A = @. We claim that for every y ¢ A there exists a point z in the
bounded set By (p) such that

|500,5(P)(@) ~ tmno,p(0)(2)] = min{ Le, Zrel.

This will show that ts3n0,p(p) is not in the closure of txs,p,p(A). In order to prove the claim, lety € A. If d(p, y) <
2e,we put z = y. Then

tBno,p(V)(2) = 8y(2) - 8y(p) = -6y(p) <0,
and

tno,p(P)(2) = 8,(2) - 8p(p) = 8(p, 2) = ¢,
whence

|t n0,p(D)(2) — tmnop(V)(2)] > 1

in this case. If d(p, y) > 2¢, then §,(p) > %e. By (ic) we can find a point z € X with 6,(z) + &,(p) = 6y(p) and
with 8,(p) = 2&. Then d(p, z) < 2¢ and

tno,p(V)(2) = 6y(2) - 6y(p) = -6:(p) <0,

while
tsno,p(P)(2) = 8(p,2) - 8(p, p) = 3d(p, 2) = 3d(z, D) = 556(2,p) = Zz¢.
Hence
|tB10,p(P)(2) = Lm0, p (@] 2 i5E
in this case. 0

Proposition 4.6. Assume that (X, d) is a metric space and that § is an asymmetric metric on X satisfying (bL).
Then tgwmp,0(X) has compact closure in Igmyp,o(X), and the same set is also the closure of tgin,0(X) in Igin,o(X).

Proof. We put
F={6p-6p(0) | p € X} S Cemp(X).
We have
[(8p(x) = 8p(0)) = (6p(¥) = 6p(0))] < 8(y, x) < Bd(x,y)
by Inequality (1), which shows that F is equicontinuous. For x € X fixed we have

16p(x) = 6p(0)| < 6(0, x) < Bd(0, X),
which is a bounded set. Hence we may apply Ascoli’s Theorem 2.1. O

Definition 4.7. Let (X, d) be a metric space and assume that § is an asymmetric metric on X having properties
(bL) and (ic). We call the closure of iz o (X) in Casno (X)/R the bordification X of X (with respect to §),

X = Tpno(X) € Conno(X)/R.

If (X, d) is a complete CAT(0) space, then this construction gives, for § = d, the bordification of X=XU 000X by
its visual boundary 9, X, as described for example in [6, II1.8].

The space X is a complete uniform space. The uniform structure on Cas o (X)/R is defined by means of the
countable family (dk)xen of pseudo-metrics

di(@, ¥) = sup{l(p(x) - 9(0)) = (Y(x) - Y(0))| | x € X and d(x, 0) < 2"},

where o € X is a fixed basepoint.

If (X, d) as in Definition 4.7 is in addition proper, then Tz o = Temp and thus X is compact by Proposition 4.6.
The representatives in Cas 4o (X) of the elements of X are called horofunctions. Horoballs are the sublevel sets of
horofunctions. Every horofunction h has a unique representative in I3 np,0(X), namely h — h(o0). We call these
representatives normalized horofunctions with respect to the base point 0. The group Isoms(X) acts in a natural
way from the left on the bordification of X, because every isometry g preserves &, and maps N ((6(p, -)) to
Ng(0),:(6(gp, —)). We recall that the action of Isoms(X) on the set of normalized horofunctions is given by

(0)(x) = (g~ () - (g (0)).
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5 Horofunctions via nonstandard analysis

Our aim now is to describe horofunctions using nonstandard analysis. We fix a free ultrafilter ¢ on a countably
infinite index set J. Given any set X, we denote by *X the ultrapower of X with respect to u. Thus

X=X/,

where two sequences X, y € []; X are identified in []; X/u if {j € J | x; = y;} € u. There is a natural diagonal
injection
X—"X

which allows us to view X as a subset of *X.If f : X — Yisa function, then f has a natural extension *f: *X — *Y.
If X = R, then *R, endowed with the extended multiplication and addition, is a field, the field of nonstandard
reals. Los’ Theorem [1, 5.2.1] guarantees that the ultrapower of a given first-order structure satisfies exactly the
same first-order formulas as the original first-order structure. Thus *R is an ordered real closed field, because
this is a first-order property: we may write out a sentence, for each n > 1, saying that every polynomial of degree
2n + 1 has a zero. Likewise, we can write out that every positive element is a square. We put |r| = max{+r} for
re R

The reason why nonstandard structures are interesting is that they contain in general new elements with
remarkable properties. This phenomenon is called w1-saturation of ultrapowers. If f,, is a countable sequence of
first-order formulas in a free variable and if for each n there is an element x, € X that witnesses fy for all k < n,
then there is an element x € *X that witnesses all formulas f,, simultaneously, see e. g. [1, 11.2.1]. For instance,
there exists for every n € IN a real number r such thatr > k, for k = 0,1,2,...,n(e. g. r = n + 1). It follows
that in *RR, there exist elements r such that r > n holds for every natural number n, i.e. “R is a non-archimedean
ordered real closed field * which contains R as a subfield. The set of finite elements in *R is defined as

“Ren := {r € "R | |r| < n for some n € N}.
This subset is a local ring, whose unique maximal ideal is the set of infinitesimal elements, defined as
"Ring := {r € "R | |r| < 27" for every n € N}.
The natural map std : *Rgn, — *Ran/*Rins = R is called the standard part map. It splits surjectively as

<
0 — Rinf — Ran s R — 0,
mc

compare [26] 9.4.3.

Definition 5.1. Assume that (X, d) is a metric space with basepoint o and that § is an asymmetric metric on X
which satisfies conditions (bL) and (ic). Then d and § extend to maps

A (X xX)="Xx*X — "R and *§:"X xX)="Xx"X — "R.

By Los’ Theorem, *§ and *d have the same first-order properties as § and d. In particular, they satisfy the axioms
(i)-(iii) from Definition 3.1, and the conditions (bL) and (ic).
We recall that X may be viewed as a subset of “X. For p € *X we define amap hp : X — Rby

hy(x) := std(*6(p, x) - *6(p, 0)).

The right-hand side is well-defined, since the triangle inequality for *§ implies that *§(p, x) — *6(p, 0) € *Rgy for
all x € X. We note that h), is B-Lipschitz for the constant § in Condition (bL) and that hy € I3np,0(X). For p € X
we obtain hy = 6, — 8,(0), which is a horofunction.

1 An ordered field is called archimedean if for every field element r, there exists an integer n such that r < n.
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In general, not every such h, is a horofunction. We therefore introduce the following notion. Let us call a
metric space (X, d) almost proper if the following holds. For every bounded set Y ¢ X and every ¢ > 0, there
exists a finite set Yy € X such that Y < [J{Be(X) | x € Yo}, where B¢(x) := {y € X | d(x,y) < &}. 2 Every proper
metric space is almost proper. Conversely, the metric completion of an almost proper metric space is proper. An
example of a non-proper, almost proper metric space is Q, endowed with the Euclidean metric induced from R.

Theorem 5.2. Let (X, d) be a metric space and assume that § is an asymmetric metric on X having properties (bL)
and (ic). Let o € X be a basepoint. For every normalized horofunction ¢ € X, there exists p € *X with ¢ = hy. If
(X, d) is almost proper, then conversely every h, with p € *X is a normalized horofunction.

Proof. Suppose that ¢ : X — R is a normalized horofunction. Let *¢ : *X — "R denote its extension to the
ultrapower and consider the countable set F = {fk ¢(v) | k, € € N} of formulas fx ¢ in one free variable v, where

fre(v) = Vx[d(x, 0) < 2K — |p(x) - (8(v,x) - 8(v, 0))] < 27¢].

For every finite subset Fy < F, there exists a point p € X such that if we substitute p for the free variable v,
then fx ¢(p) holds simultaneously for all formulas fx ¢ € Fo. This is true since ¢ is a horofunction, which can be
approximated to arbitrary precision on each ball of radius 2X by a map x — &(p, x) — 8(p, 0), for some choice
of p € X. By the aforementioned wi-saturation of ultraproducts based on countable index sets, there exists a
point p € *X such that fx »(p) holds simultaneously for all formulas fx , € F. Hence

P(x) = ("6p(x) = "6p(0)) € Rint

holds for all x € X, that is, hp = .

Assume now that (X, d) is almost proper, and that § < Sd. Since X is almost proper, we find finite sets
Yi.e € X such that Byc(0) € [ J{B2¢(y) | y € Yi¢}. Let p € *X and put hp(x) = std(*8,(x) — *6,(0)). Let (p;)jes be
a sequence in [; X representing p in the ultrapower []; X/u. We put

0j(x) = 8(pj, x) - 6(pj, 0)

and we note that these maps are normalized horofunctions. Given £ € IN and x € X, the set

Jex) :={j € J | 1hp(x) — 9;(0)| < 27B}

is in the ultrafilter y, by the definition of hy. Since Yy, is finite, the set

Jie=[Je®) 1y € Yied

is also in u and in particular nonempty. For x € B,x(0), there exists y € Yx, with d(x,y) < 27¢. For j € Jx, we
have thus

[hp () = ;001 < [hp () = hp W] + [hp(Y) = @;W] + 19 () = @ (X)]
<3.27¢B.

Thus the set of normalized horofunctions {¢; | j € J} has hy in its closure (with respect to the topology T o),
whence h, € X. O

If X is not almost proper, not every h, needs to be a horofunction. Put X = N with the discrete metric
d(i,j) = 1if i # j. Then X = X. Put J = N, and consider the point p € *X which is represented by the sequence
(0,1,2,3,...) ¢ NN, The *d(k, p) = 1 for every k ¢ X, whence hp = 0.

Corollary 5.3. Let (X, d) be an almost proper metric space and assume that § is an asymmetric metric on X.
Let A € X be a closed subset and assume that both § and the restriction of § to A have properties (bL) and (ic).
Then every horofunction on A is the restriction of some horofunction on X.

2 In other words, we require that every bounded subset of X is totally bounded.
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Proof. Let ¢ be a horofunction on A. We may assume that ¢ is normalized with respect to a base point o0 € A.
There exists p € *A such that ¢(x) = std(*§(p, x) — *6(p, 0)). Since X is almost proper and since *A < *X, the map
hp is a horofunction on X, with hy|A = ¢. ]

In the setting of proper metric spaces the previous corollary follows also directly. If A < X is a subspace, we

may consider the commutative diagram

A inc X

th{mpm lICmp

Cempla(A)/R <5— CempX)/R.

By continuity we have an inclusion 4 (lgmp (inc(4))) < lempja(A) and by compactness of the set igmp(inc(4))
we have equality. Hence r4 (Igmp(inc(4))) = Aif Aand X are proper and satisfy (bL) and (ic). In particular, r4
maps l¢mp(inc(4)) homeomorphically onto Aifand only if r4 is injective on ¢y (inc(4)).

6 Polyhedral norms

In this section we introduce asymmetric norms determined by compact convex polyhedra. We fix a finite-
dimensional real vector space V, with dual V¥ = Homg(V, R) and assume that d(u, v) = ||u — v|| is a Euclidean
metric on V. Then the metric space (V, d) is proper. We also fix o = 0 € V as the base point.

Let B ¢ V be a compact convex polyhedral 0-neighborhood and let Ay, ..., An < B be the codimension-1-
faces of B. Corresponding to each A; ¢ B, there is a unique linear functional & € V¥ such that A; = {v € B |
&j(v) = 1}. This allows us to write B as

B={ueV|&),...,Emu <1}
The asymmetric norm v determined by B as in Lemma 3.4 is then given by
v(u) = max{So(u), ..., Em(u)}.

We put K = {0, ..., m}. Anonempty subset L ¢ K is called a dual face if there exists v € V with v(v) = 1 such
that
L={keK]| &) =1}

The geometric motivation for this is as follows. The set B has a polyhedral dual BY ¢ V¥, which is given by
BV ={¢eVV|&u)<1forallu e B}.

Thus BY is the convex hull of &, ..., &y,. The proper faces of the polyhedron BY are precisely the convex hulls
of the sets {&, | € € L}, where L ¢ K is a dual face as defined above. We emphasize that a dual face in our setup
is just a subset of the index set K. We denote the set of all dual faces by

X ={L c K| Lisadual face}.
For any nonempty subset L ¢ K we put
vy (u) = max{&e(u) | € € L}.
Thus v = vg. The negative cone of L is the set
Np={veV]|&(W)<O0forall¢eL}.

If W ¢ Vis alinear subspace with W n Ny, = {0}, then the restriction v;|W is an asymmetric norm on W.
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Lemma 6.1. There is a real constant y > 0 such that

ve(p) —vi(@l < yllp - qll

and
[ve(p - u) —vi(p) —ve(q - u) + vi(@)| < 2yllp - ql|

hold for all subsets L < K and allu,p,q € V.
Proof. We choose y in such a way that |(§x — &,)(u)| < y||u|| holds for all k,¢ € Kand u € V. O

The metric space (V, d) is proper. If we put
6(u,v) =v(u-v),

the asymmetric metric § satisfies conditions (bL) and (ic). Its normalized horofunctions are by Theorem 5.2 the
maps

hp(v) = std(*v(p - v) - "v(p)),
for p € *V. The first aim of this section is to show the following.

Theorem 6.2. The normalized horofunctions of V with respect to the asymmetric metric § as above are precisely
the maps

u— v(p-u)-v(p),

for p € V, and the maps
ur— vi(p-u) - vi(p),

forp e Vand L < K a dual face.

The following picture illustrates the result. It shows on the left the polygonal unit sphere h, = 1, and on the
right the level set hy, = 0, for p at infinite distance from o.

N \ ¢

The proof of this theorem requires some preparations and can be found on page 426.

Lemma 6.3. Let V be a finite-dimensional real vector space and let n1, . . . , N be nonzero linear functionalson V.
Let d be a Euclidean metric on V. Then there exists a real constant ¢ > 0, depending only on n1,...,n, and d,
such that the following holds. If v € V is a vector with |n;(v)| < 1foralli = 1,...,n, then there exists a vector
wenyn---nnywithd(v,w) < c.

Proof. Recall that n;- = {v € V | n;i(v) = 0}. First suppose ny n---n Ny = {0}. Then the n; generate the
dual space VV. We may assume that 11, . .., x is a basis for the dual space. Let ey, . . ., ex be the dual basis in V
associatedto n1, ..., nkx.If v e Visavector with |n;(v)] < 1foralli=1,..., k,thenwehavev € Q := {Zle eili |
Ai € [-1,1]} = [-1,1]X. This set Q ¢ V is compact and hence bounded.

For the general case we put H := n; n---n Ny and we choose a complementary subspace W ¢ V such that
V = W & H. The previous argument shows that every vector v € V, with |ng(v)| < 1forall k = 1,...,n,is
contained in Q + H, where Q is compact. The claim follows. O

Our proof of Theorem 6.2 will rely on the results about ultrapowers in the previous section. The ultrapower
*V of V is a finite-dimensional vector space over *IR, with dual space (*V)V = *(VV). We put

“Van =1{v € "V | *|Ivl| € "Ren} and “Vint = {v € "V | IVl € "Rint},
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where ||.|| is a Euclidean norm on V. There is a split short exact sequence of *Rg,-modules

0 — Vit — Vin oo V — 0.

mnc

By property (bL) we have
Vin = {v € *V | *v(v) € "Ran} and  *Vips = {v € *V | *v(V) € *Rinf}. 2)
By Theorem 5.2, the horofunctions are the maps
hy(u) = std(*6(p, u) - *8(p, 0)) = std("v(p - u) - *v(p)),

for p € *V and u € V. Our goal is now to analyze these horofunctions more closely. We define some more
combinatorial data.

Definition 6.4. For k, £ € K we put
Hye = (Ek =) ={v e V| &(v) = &)} c V.
For a nonempty subset L < K we put

Hy = ()| Hie={ueV|&u) =&u)forallk,¢ e L}.
k,teL

If k + ¢, then the set Hy ¢ is a hyperplanein V.If L = {k} then H;, = Vandif L = K then H;, = {0}.IfL € K is
a dual face, then Hj, is the linear subspace of V which intersects the affine span Fy, of {&; | £ € L} orthogonally
(if we identify VV with V via the Euclidean inner product). In the case where L is a dual face, we have thus

dim(V) = dim(Hy) + dim(Fp).

All these objects &;, H¢ etc. extend in a natural way as *¢;, *Hy ¢ etc. to the ultrapower *V of V which we consider
now.

Lemma 6.5. Let L < K be a nonempty set. Then

*Hp + *Van = (] CHye + *Van)-
k,ecL

Proof. The claim is true if L consists of a single element, so we may assume that L contains at least two elements.
Also, the left-hand side is contained in the right-hand side, since

*HL + *Vﬁn C *Hk,f + *Vﬁn

fork,¢ € L.

Letv e ﬂk’eéL(*Hk,g + *Vn). We claim that v € *H; + *Vn. Let ¢ > 0 be the real constant from Lemma 6.3,
for the set of linear forms {{x — &¢ | k, € € L and k > ¢}. Since v € *Hy ¢ + *Van holds for k, € € L, we have that
(*¢k — *€¢)(v) € "Rpyp. Therefore there exists an integer n > 0 such that for every k, € € L

1"k = "Ce) (W) < n.
Then *|(*Ek—*(fg)(%\))| < 1.ByLos’ Theorem, there exists w € *Hy, such that *||W—%V|| < c.Thusnw-v € *Vg,. O

Definition 6.6. We say that two nonstandard reals s, t € *R have the same order of magnitude, denoted by s = ¢,
if s — t € *Rapn. Since “Rgn € *R is a subgroup, this is an equivalence relation. For p € *V we put

Kp ={k e K| "¢k(p) = "v(p)}

and we note that
(p) = max{"x(p) | k € K} = max{"¢k(p) | k € Kp} = *vk, (D). (3)

If p € "V, then Kp = K.
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Lemma 6.7. Forp € *V and q € p + *Vin we have
Ky = Kp.

Proof. Since p — q € *Va, we have "v(p — q), *v(q — p) € *Ran by Equation (2). Now *v(p) < *v(p — q) + *v(q) and
v(q) < *v(q-p) + *v(p), whence *v(p) = *v(q). For all k € K we have *¢x(p — q) € "Ran, whence *§x(p) = *€k(q).
The claim follows. O

We record at this stage the following.
Lemma 6.8. The normalized horofunctions of V are the maps
hp(u) = std("vg, (p - w) - vk, (P)),
forp e *V.
Proof. Thisistrue foru € V,since Kp—, = Kp by Lemma 6.7, and since *v(p-u) = *vg,_,(p—u) by Equation (3). O
Definition 6.9. We write s > 0if s € "R is a nonstandard real with s > n for all n € N (an infinitely large
nonstandard real), and we write s > tif s — t > 0. For a subset L ¢ K we put
*HlLarge ={v e Hy | ") > *E(v)forall £ € L and all k € K — L}.

large large

If g € "H; °, then K, = L. Note that *Hy " = {0}.

Lemma 6.10. For p € *V we have
srrlarge
p € kK Ven.

. 1
In particular, * I?:ge + @.

large

Proof. If K, = {k}, then *Hy = *V. Moreover, *$x(p) »> *¢,(p) for all € # k and thus p € * ik} Jfk, € € K,
are different indices, then *¢x(p) = *¢,(p) and thus p € *Hk ¢ + “Vin. By Lemma 6.5 we have p = pq + pa, with
pP1 € *HKF and p; € *Vgn. Suppose that k € Kp and £ € K — Kp. Then *Ex(p1) = *Ek(p) » *Ee(p) = *Ee(p1). Thus

large large
p1e’ Kpg andp € *HKpg + *Vn. O

Note that p € *Vgy, if and only if K, = K. For the remaining points p € *V we have the following result.

Lemma 6.11. For every p € *V — *Vgy, the set K is a dual face.

large

Proof. We put p = p1 + p2, with p; € *HKp and py € "V, as in Lemma 6.10. Then K, = Kj,, by Lemma 6.7.
Also, p1 # 0 because p ¢ *Vg,. We put q = %pl)pl. Then *v(q) = 1 and

Kp = Kpl = {k € Kl *ER(Q) = 1})

because *x(p1) > *E,(p1) holds for all £ € K — K, and all k € Kj,. Los’ Theorem shows that a subset L ¢ Kis a
dual face if and only if there exists v € *B with *v(v) = 1, such that L = {£ € K | *¢,(v) = 1}. Hence K, is a dual
face. O

We are now ready to prove Theorem 6.2.

Proof of Theorem 6.2. By Lemma 6.8, a normalized horofunction for V with respect to the asymmetric metric §
is of the form hy (u) = std(*vg, (p — u) - *vk, (p)), for some q € *V.Letu € V.1f q € *Vgn, we put p = std(q). Then

std(*v(q — w)) = std(*v(p - w)) = v(p - u)

by Equation (2) and thus
hq(u) = std(*v(q - w) - *v(q)) = v(p - u) - v(p).
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Suppose now that ¢ € *V - *Vg,. Then q = q1 + g2, with q1 € *H}?;ge and gz € *Vgn. We put p = std(qz) and
X ="v(q1) > 0, using Lemma 6.10. For all k € K, we have *¢x(q1 + q2 — u) = x + *¢x(q2 — u) and thus

V(g -uw) ="vg,(q1 + qz2 - u) = X+ Vg, (G2 — ).
Similarly, *v(q) = *vk,(q1 + q2) = X + "Vk,(q2) and therefore
V(g - u) - "v(q) = "Vk,(q2 - W) - "Vk,(q2).

Hence
hq(u) = std(*v(q - u) - *v(q)) = std(*v, (q2 - u) - *Vi,(q2)) = Vk, (D — u) — Vi, ().

This shows that all horofunctions are as claimed in Theorem 6.2.
Conversely, we claim that each of these functions is indeed a horofunction. This is clear by definition for
the functions
ur—v(p-u)-v(p), forpeV.

Suppose that L ¢ K is a dual face. We fix a vector w € V with v(w) = 1 such that L = {€ € K | {,(w) = 1}. There
exists € > 0 such that x(w) < 1 - ¢ for all k € K — L. We choose a nonstandard real ¢ > 0 and we put q = tw.
Since te > 0, we have K; = L and *vz(q — u) = t + *v.(-u) for all u € V, whence

hq(u) = vi(-u).
Hence this map is a horofunction. But translation by —p is an isometry in Isoms(V) and thus
ur— vr(p-u) - vi(p)
is also a horofunction, for all p € V. This completes the proof of Theorem 6.2. O
Remark 6.12. The previous proof gives us in addition the following. For p € *V — *Vg, and u € V we have
hp(w) = vi(q - w) - vi(q), 4

where L = Kp and q = std(p2) in the decomposition p = p1+p2, with p; € H}?:ge and p; € *Vgp asin Lemma 6.10.

We noted above that the abelian group V ¢ Isoms(V) acts on the set of normalized horofunctions. To fix
some notation, we put
Tw(X) = w+X,

for x, w € V. Now we calculate the V-stabilizers of the normalized horofunctions. Since V is abelian and acts
transitively on the sets

vi—vp-v)-v(p)lpeV} and {v+—v(p-v)-vi(p)IpeV}
it suffices to do this for the horofunctions
vi— v(-v) and v+ vp(-v),

where L is any dual face. The first horofunction has 0 as its unique minimum. Hence its V-stabilizer is trivial.
To analyze the second case, we put, for k € L,

Crr ={veV]|&)>¢&(v)forall € € L —{k}}.

Lemma 6.13. Let L be a dual face, and k € L. Then Ci 1, is a nonempty open set.

Proof. Recall that Ay, ..., An are the codimension-1-faces of B. We choose a point u € Ak such that &, (u) < 1
for all £ € K — {k}. Therefore u € Cy . Itis clear from the definition that Cy s, is open. O
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The Cy 1, are thus nonempty open positive cones *® in the vector space V, with
V=|JCrr I keLyu| JiHke | k. € € L k+ 8}
In particular, | J{Ck . | k € L} is open and dense in V.
Lemma 6.14. If L is a dual face, then the V-stabilizer of vy, is Hy.
Proof. For w € V we have
(Twvr)(W) = ve(u—-w) —vi(-w).

Hence if w € Hy, then 7,,v; = vi. Therefore H;, is contained in the stabilizer of vy.

Let w € V and suppose 7,V = vi. We choose ¢ € L in such a way that vi(-w) = &(-w). Let k € L
be arbitrarily. Since Cy y, is an nonempty open cone, Cx N (W + Ck ) # @. Hence we may choose an element
v € Ckr insuch a way that v — w € Cx 1. Then vy (v) = &k(v) and v (v — w) = (v — w). Since

v (V) = vp (v —w) - vi(-w),
we conclude that
Ek(V) = &k (V) = Ee(w) = e(-w),
whence ¢x(w) = & (w). Since k € L was chosen in an arbitrary way, {x(w) = & (w) holds for all k € L, whence
w € Hy. O

Lemma 6.15. Let L, L’ < K be two different dual faces and let p € V. Then v # t,vy, # vy

Proof. The V-stabilizer of v is trivial, while the V-stabilizer of 7,vy, is Hy, + {0}. This shows the first inequality.
Assume towards a contradiction that 7,v; = vp. For every k' € L', there exists some k € L such that
U= (p+Ckr) N Cy is nonempty. For u € U we have

& (u) = &E(u - p) —vi(=p). (5)

Since U is open, Equation (5) holds for all u € V, because two affine hyperplanes in V x R which intersect in
a nonempty relatively open set are equal. Thus k = k' and hence L’ ¢ L, Similarly, we have L' > L. This is a
contradiction. ]

Lemma 6.16. Let L be a dual face. Then there exists a linear subspace Wi, < V such that V = Hy & Wy, and such
that vy, is an asymmetric norm on Wy.

Proof. We need to find a subspace W, which is a complement of Hy, such that the intersection W n Ny, = {0},
where N;, = {v € V| v (v) < 0} is the negative cone of v;. Then vy, restricts to an asymmetric norm on Wi,.
We put p = Y ,;. &e. There exists u # 0 such that £ (u) = 1 holds for all £ € L. Therefore n(u) # 0 and thus
n # 0. Since u € Hy, we have V = Hp + n*. We choose a subspace W, ¢ n* such that V = H; & Wy. Suppose
that w € Wi n Ni. Then &(w) < 0 for all ¢ € L. On the other hand n(w) = 0, whence &(w) =0forall ¢ € L.
Thus w € Hj, and therefore w = 0. This shows that vy restricts to an asymmetric norm on Wi a

Combining these results, we can describe the bordification V of V now as a stratified space. Recall that
X ={L ¢ K| Lisadual face}. We put

Vi =V/H forL e Xand Vg = V.
Theorem 6.17. There is a V-equivariant bijection
@:V—>|_]{VL | L eZU{K}}

given by
PV v(p-v)-v(p)l=p and D[v+— v (p-v)-v(p)l=p+Hy.

The restriction of ! to each of the vector spaces Vi, is a homeomorphism.

3 A cone Cin areal vector space W is a subsemigroup € ¢ W such that sC < C holds for all s > 0.



DE GRUYTER Ciobotaru, Kramer and Schwer, Polyhedral compactifications, I == 429

On the right-hand side we have to use the disjoint union since it may happen that H, = Hj holds for
different dual faces L, L', e. g. if B is a cube.

Proof. By Lemma 6.15, the map & is well-defined and surjective. By Lemma 6.14, it is also injective. The V-
stabilizer of the map [v +— v(p - v) — v(p)] is trivial and the V-stabilizer of the map [v +— vi(p — V) = v(p)]
is H;, by Lemma 6.14. Hence @ is an equivariant bijection.

For the horofunctions v +— v(p — v) — v(p), the map @ is just the inverse of the topological embedding
V — V and therefore a homeomorphism.

Assume now that L ¢ Kis a dual face and put ¢,(v) = vz (p—v)-vi(p). Let Wi, ¢ Vbe asin Lemma 6.16. The
map p — @p is a continuous map W; — Vc Issno,0(V) by Lemma 6.1. If we combine it with the restriction
map Igno,0(V) — Imnojw,,0(Wr), we obtain an embedding Wy, — /I/ﬁ Therefore the map W, — Vis also
an embedding. Now there is an isomorphism of topological vector spaces Wy, — Vi = V/H; and thus ¢~ 'isa
homeomorphism on V. O

The description of the horofunctions in Theorem 6.2 allows us also to describe the horofunctions using rays
inV.
Definition 6.18. Let L < K be a dual face. We put
Hf ={veH | &) > &) foralle e Landk € K- L}.

From the definition of a dual face we see that H; # @. Thus H; is a nonempty open cone in H;. For formal
reasons it will be convenient to put
Hj = Hg = {0}.

Lemma 6.19. Let L be a dual face and assume that w € Hj. Then the family of functions (7_qwV)s-0 converges in
Isno0(V) to vy as t gets large.

Proof. There exists € > 0 such that &(v) > &x(v) holds forall ¢ € L, k € K - L and v € B.(w). Hence 7_s,v and
T_twVL = vy, agree on the ball B (0), for ¢ > 0. As t grows, this ball becomes arbitrarily large. m]

We note also the following. If w € V is a nonzero vector, then the set
K(w) = {£ € K| &e(w) = v(w)}

is a dual face 4, and w ¢ H;}(W). Moreover {u € Hj | v(u) = 1} is an open face of the polyhedron B = {u € V |
v(u) < 1}. In particular,
V-{0} = |_|{Hzr | L c K is a dual face}.

.
The sets H (e

Proposition 6.20. Let p, w € V. Then the family of normalized horofunctions

for ¢ € K, are pairwise disjoint open cones in V, and their union is dense in V.

ur— v(p+tw-u)—v(p+tw)

converges to the normalized horofunction u — Vgu)(p — U) — Vkw)(p) as t gets large, where K(w) = {€ € K |
Ee(w) = v(w)}. In particular, every normalized horofunction arises as such a limit along an affine line in V.

Proof. This follows from Lemma 6.19 and the remark preceding this proposition. O
Now we improve on Theorem 6.17 by describing the topology on the right-hand side.
Definition 6.21. Let L be a dual face. Given € > 0 and q € V, we put D = q + B¢(0) + H] and
UlL,e,q)=Du |_|{(D +Hp)/Hp | L' e Zwith L' o L} |_|{VL: | L' € ZU{K}}.

We put also
UK,e,q) = q+Be0) V| |(Vi | L' e ZU{K}}.

4 The relation between K, and K(w) is as follows. If t > 0 is a nonstandard real, then K¢, = K(w).
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We note that the collection of these sets is invariant under the action of the group V by translations. Now
we show that these sets form a basis for the topology imposed on | |{V, | L' € £ u {K}} by the bijection @ in
Theorem 6.17.

Lemma 6.22. Let L € X U {K}. Given real numbersr, s > 0 there exist € > 0 and q € H; such that
lv(-uw) - o] <s
holds for every u € B,(0) and every normalized horofunction ¢ with ®(¢) € U(L, €, q).

Proof. Wepute = % where y > 0isasin Lemma 6.1. If K = L, then |v(-u) - v(p — u) + v(p)| < s holds for every
p € UK, g,0) = B¢(0).

Now suppose that K + L. We choose q ¢ Hz in such a way that for all u € By..(q) we have (& — &)(u) >0
whenever ¢ € Land k € K—L.°Letp1 € B¢(0)and p; € H; .If L' c Kisany subset containing L and if u € B,(0),
we have

[vp(=u) = v (q +p1+p2—u)+vp(q+p1+p2)l
= v (=u) = vp(q + p1 + p2 — u) + vi.(q + p1 + p2)l

= [vp(-uw) = vr(p1 - w) + vi(p1)l < 2ye =s.
The claim follows. d
Proposition 6.23. Let L € X U {K}, let ¢ > 0 and q € V. Then the set & (UL, &, Q) < Vis open.

Proof. We have to show that for every normalized horofunction ¢ € ¢~1(U(L, ¢, q)) there exist r, s > 0 such
that every normalized horofunction i with

lo(u) — ¥(u)| < s for all u € B.(0)
is contained in the set & 1(U(L, ¢, q)). From the definition of U(L, €, q), we may write
o) =vp(q+q1+qz—u)-ve(q+q+q),
with g1 € B¢(0) and g € Hf and L' > L a dual face, or L’ = K. We put
D =q+B0)+H;].
IfL' o Lisadual face orif L’ = K, then
Hj, < Hf < B.(0) + H;. ©6)

We argue by contradiction, using again the ultrapower.
Suppose that the claim is false. Then we find for every pair of natural numbers (m, n) a counterexample,
that is, a normalized horofunction

l/)m,n(u) = Vi (pm,n -u)- Vi (pm,n),

which satisfies
|@(u) — Y ()] < 27™ for all u € Byn(0),

and which is not in U(L, €, q). We note also that then

|9(W) — Ymn(w)] < 27™ for all u € B, (0)

5 This is possible because every w € HZ has a small neighborhood such that for every u in this neighborhood, (¢, — &)(u) > 0, for
k, ¢ as above. Then we multiply w by a large real number to obtain q.
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holds for all m’ < m and all n’ < n. The w;-saturation of the ultrapower gives us therefore an L € X u {K}, a
point p € *V, and nonstandard reals r, s > 0 with r > 0 and s € "Ryys, such that

To(u) - *vpr(p —u) + *vpn(p)l < s (7

holds for all u € *B,(0). The map *V — *R given by v +— *vpn(p — v) — *v»(p) is not contained in *U(L, &, q).
In case L' 2 L', we have therefore necessarily p ¢ *D + *Hp». The Inequality (7) shows that for all u € V we
have

@(u) = std(*vpr (p - u) = *vpr(p)),
because r > 0 and std(s) = 0. We distinguish three cases.

Case (i). If p € *Vgn we put w = std(p). Then
v (q+qi+qa—u)—vp(q+q1+qz) = @) =vpr(w-u) —vpr(w)

holds for all u € V. But then L' = L" by Lemma 6.15, and q + q; + g2 + v = w for some v € Hys by Lemma 6.14.
Thus w is contained in the open set D + Hy. This set is open and contains therefore a small £’-neighborhood of
w, for some real ¢’ > 0. Hence *D + *Hys contains p, because *d(w, p) < &' holds for every positive real & > 0.
We have arrived at a contradiction.

Case (ii). Suppose next that p € *V — *Vg, and that L = K. For u € V we have then
std("vk(p — w) - "vk(p)) = hp = @.
We decompose p as p = p1 + pa, with pg € *H}?:ge and p; € *Vg, as in Lemma 6.10. If we put w = std(p), then
hp(u) = vk, (W - u) - vg, (w).

Therefore L' = K, and w + v = q + q1 + q2 for some v € Hys by Lemma 6.15 and Lemma 6.14. We have

large T
pi-ve *H % ¢ *Hi, < *(Hy)

by Equation 6, and the right-hand side is a subsemigroup of *V. As in the previous case, we have also
P2 +V €D = q+*Be(0) + *Hf = q+ *Be(0) + *(H).
Thus o
P =p1+p2€q+ Be(0) + "(Hy) ="D.
Again, we have arrived at a contradiction.

Case (iii). Suppose finally that p € *V - *Vg, and that L ¢ K. We choose p’ € *Hj, in such a way that
Ee(@ +p+u)> &' +p+uholdsforall ¢ € L”,allk e K- L" and all u € *Vfp. ® Thus Kp,pr < L"”, and

Vpn(p—u) = *vpr(p) = vpr(p+p —w) = vpr(p+p') =v(p+p' —uw) - *v(p+p")

holds forall u € *Vgy. Therefore Ky, = L' by Remark 6.12,and thus L" > L' > L. We decompose p+p’ = p1+pa,
with p; € *HZ, and py € *Vgp as in Lemma 6.10, and we put w = std(pz). Then w + v = q + q1 + g2 for some
v € H; and hence

P2+ Ve D=q+ Be(0) + *(H})

as in the previous case. Moreover, p1 — v € *Hj, < *(H_Z). Thus p + p’ € *D and therefore p € *D + Hy». Again,
this is a contradiction. This last case finishes the proof. O

Theorem 6.24. The sets U(L, €, q), for € > 0,q € Vand L € X U {K}, form a basis for the topology imposed on
| I{VL | L € Z U {K}} by the bijection ®.

Proof. By Proposition 6.23 the sets U(L, q, €) are open and by Lemma 6.22 the sets containing a given point form
a neighborhood basis of this point. O
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Corollary 6.25. Let p € V. Then the set
{UL,e,p+q) | q€Hf and e > 0}

is a neighborhood basis of the point p + Hy, € Vi in| [{VL | L € Z U {K}}, in the topology imposed by .

Proof. Assume first that p = 0. Then 0 € q+B¢(0)+H} + Hy, = B¢(0)+ Hy, hence each of these open sets contains
the point H;, € V. By Lemma 6.22, these sets form a neighborhood basis of the point. The general claim follows
now by translation by p. O

Corollary 6.26. Let (pn)nen be a sequence in V. Then the sequence of normalized horofunctions

U+ v(pp — u) — v(pn)

converges to the normalized horofunction
ur— vr(p—u) - v(p),
for L € U {K}and p € V ifand only if for each q € H}, we have
. o
nh_)rgo d(pn,p+q+H])=0.

Proof. Wehave U(L,&,p+q) NV =p+q+B:0)+Hj. O
This yields in particular another proof of Proposition 6.20.

Corollary 6.27. For L € X U {K}, the closure of Vi in | {V. | L € X U {K}}, in the topology imposed by ®, is
| {Vy | L' e ZU{K} with L 2 L'}.

The combinatorial structure of the stratification of V in Theorem 6.17, with respect to the closure operation,
is therefore poset-isomorphic to the poset (X U {K}, €). This poset, in turn, is anti-isomorphic to the poset of all
proper faces of B, including the empty face.

Now we show that there is a homeomorphism between V and the dual polyhedron B" of B. We use gener-
alized moment maps, similarly to [11; 18]. To construct such a homeomorphism we define auxiliary maps. For
L € X U {K} we put

ar(p) = ). exp(Ek(p))éx

keL

br(p) = ). exp(¢k(p))
keL

cLp) = 3

Remark 6.28. We note the following.
(i) The Taylor expansion of by (p + tv) at the point p is
br(p +tv) = Yyep eXp(Ex(P))(1 + tE(V) + 32 E(W)* +...).

Hence the derivative of by, at p is
Db (p)(v) = a(p)(v)

and the Hessian of by, at p is the quadratic form

Hbr(p)(v) = ) exp(Ek(p))&x(v)*.

keL

(ii) Therefore c;(p) is the derivative of the map

fr(p) =1og(bL(p)).
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(iii) The image of ¢y, is contained in the convex hull B\L’ of {&x | k € L}, which is a face in the dual polyhedron
BV c VY,

(iv) If v € Hy, then c(p +v) = c(p), because ar(p + v) = exp(&r(v))ar(p) and br(p + v) = exp(§e(v))br(v),
for any choice of £ € L.

(v) Since V — V is an open map, the map V, ~— VY, p + Hy — cL(p) is continuous.
Lemma 6.29. Let L € X U {K}. Then the map p + Hy, — cr(p) is injective and open on V.

Proof. Let W, ¢ V be alinear subspace such that V = Wy & Hy. We claim that

(cL(q) - cL(p))(q-p) >0
holds for all p, g € W, with p # q. This will clearly show that c;, is injective on Wy. The Hessian of the map f7, is

b (p)Hbr(p)(v) — Dby (p)(v)*
br(p)? ‘

We claim that this quadratic form is positive definite. We put ex = exp(¢x(p)) for short, and we have to show
that

HfL(p)(v) =

Y exedk(v)?: > Y exerr(v)Ee(v)

k€L k,eeL

holds for all v # 0. Equivalently, we have to show for v # 0 that

Y eker(&)’ + &) > ) 2exeep(v)Ek(v), 8)

(k,e)eM (k,&)eM
where M = {(k,¢) € L x L | k < ¢}. Young’s Inequality says that x> + y? > 2xy, with equality if and only if x = y.
Hence the left-hand side of Inequality (8) is not smaller than the right-hand side. If we would have equality, then
we would have &x(v) = & (v) for all k, £ € L and thus v = 0. Therefore the Hessian of f; is positive definite. This
implies by convexity that
(Dfi(q) - DfL(p))(q-p) >0

holds for all p, g € W, with p # q, see e. g. [27] Thm. 2.14. This follows also directly, since

1
(Df(q) - Dfi(@)(q - p) = j HF,((1- t)p + tq)(q - p)dt.
0

Since Hf}, is positive definite, the derivative Dcy (p) of ¢z, has rank dim(Wp) = dim(V}) at every point p € Wi.
Hence ¢y, is an open map on Wy = Vy. O

Definition 6.30. We define a map
c:| |{vi L eZu{k} — BY
by putting
c(p+Hp)=cr(p)forL € Zand c(p) = cx(p) forp e V.

Lemma 6.31. The map c is continuous.

Proof. Letqp € Vand L € Z U {K}. We show that c is continuous at the point
qo+Hg e| (Vi |LeZuiK}.

To this end, we show that given a real number s > 0, we can choose a neighborhood U(L, €, qo + q) of qo + Hy,
in such a way that ||c(p + Hyr) — ¢(qo + Hr)|| < s holds for all p + Hy» € U(L, €, qo + q). Here [|.|| is the dual
Euclidean norm on Vv determined by the Euclidean norm ||.|| on V.

We choose ¢ > 0 in such a way that

llar(qo + q1) — ar(qo)llbz(qo) -

s
- 9
br(qo)? 8 ©
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llaL (qo)l11b1(qo +q1) — bL(qo)l _ s
bL(qo)? 8

and
br(qo) < 2br(qo + q1)

hold for all q; € B¢(0). Then we choose £ € L and q ¢ HZ in such a way that

u ' L
b(qo)? };{exp@‘ﬂ% +q) - G- §)@) <

S

|

holds for all q; € B.(0), where
p = max{|laz(qo)ll, 1§111bL(qo), - - -, [IEmIIbL(q0)}-
Suppose that p + Hyr € U(L, €, qo + q). Then L’ 2 L and
pP+v=qot+tq1+q2+4q,
for some v € Hys, q1 € B¢(0) and g3 € Hz. We compute

b(p+v)=) exp(E(qo+ 1+ qz+ @)+ Y exp(&(qo+q+qz+q)
keL jeL'-L

DE GRUYTER

(10)

(11)

(12)

= exp(&e(qz + q))( Y exp(&r(qo +q))+ ). exp(&i(qo+q1) — (§e - §)(qz + q)))

keL jeL'-L

= exp(@e(az + D) (b0 + 4+ Y, exB(E(0 + q1) - (G - §)@ +))-

jeL'-L
We expand a;- similarly and obtain

ar(qo+q1) +a

cp(p)=cp(p+v)= W’

with

a'= Y exp(§(qo+qi) - Ee-&)q2+ )& and b'= ) exp(§(qo+q1) - (& - &)(q2 + Q)

jeL'-L e
We note that Il 11b1.(q0) llaz(qo)||b’
a'lbi(qo) s az(qo S
———<-and ——— < -
b1(qo)? 8 b1(qo)? 8

by Inequality (12) and that

1

EbL(QO)Z < br(qo)(bL(qo + q1) + b")
by Inequality (11). Hence we have, by the Inequalities (9) and (10),

aL(qo+q1) +@ _ ay(qo)
ez (p) = c1(qo)] = || br(qo+q1) + b br(qo) ||
_ i@z (qo + @1) + @)bu(qo) - ar(@o)(br(qo + 41) + b))
b1(q0)(br(qo + q1) +b")
_ o 1@s(qo + q1) + a)bi(q0) ~ a1 (o) (bL(qo + q1) + D)

b1(qo)?

_ @@+ 40 + @ — a(@)libi(qo)  , l1a(@)lIb(qo + 41) + b’ = bi(qo))

br.(qo)? b1.(q0)?

< 2(||(aL(qo +q1) — ar(qo)lbr(qo) 49 lla’|1bL(qo)
br(qo)? b1(qo)?
v 9 llar(qo)ll(IbL(qo + q1) — br(qo)]) 49 llaz(qo)lIb’
br(qo)? br(qo)?
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We need at this stage a topological result.

Lemma 6.32. Let f: (X, A) — (Y, B) be a continuous map of compact topological pairs. Assume that A = f~(B)
and that the restriction f: X — A — Y — B is injective and open. If X — A and Y — B are homeomorphic to R", then
the restriction f: X - A — Y — B is surjective.

Proof. We consider the induced map f : X/A — Y/B. Both spaces are compact (they are Hausdorff since X
and Y are regular) and may therefore be identified with the Alexandrov compactifications of X — A and Y - B,
respectively. Hence X/A = $" = Y/B. It suffices to show that f is surjective. Let p € X — A and q = f(p).

Since f is a homeomorphism near p, we obtain by excision in singular homology an isomorphism f, :
Hy(X/A, (X - {p})/A) — Hu(Y/B, (Y - {q})/B). From the long exact homology sequence we obtain an iso-
morphism f, : Hy(X/A) — H,(Y/B). Thus f has degree +1 and is therefore surjective. Indeed, if f was not
surjective, then f would factor through a map X/A — Y/B — {y} — Y/B, for some y € Y/B. But Y/B - {y} is
contractible, whence f, = 0. On the other hand, f, # 0 because H,(X/A) = Z. Hence f is surjective. ]

For L € ZU{K} welet BY denote the face of BY whose vertexsetis {¢, | € € L},and U;, < BY the corresponding
open face.

Theorem 6.33. The map c is a homeomorphism between V and BY that maps V;, homeomorphically onto Uy, for
each L € X U {K}.

Proof. The restriction of the continuous map c to any stratum V7, is injective by Lemma 6.29. Since ¢, is an open
map, ¢(Vy) is contained in the open face U;, < By. These open faces partition B and thus c is injective. Given
L € Z U {K}, let A denote the union of all V;» with L' ¢ L, and put X = V;, U A. Then (X, A) is a compact pair. Let
M denote the union of all proper faces of the face B). Then (B}, M) is also a compact pair, and c restricts to a
map of pairs f: (X, A) — (B}, M). The assumptions of Lemma 6.32 are satisfied and thus f is surjective.
Hence c is surjective. Being a continuous bijection between compact spaces, it is a homeomorphism. O
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