Journal of Algebra ees (sese) ees—see

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

journal homepage: www.elsevier.com/locate/jalgebra

Weyl tensors, strongly regular graphs, multiplicative
characters, and a quadratic matrix equation ™

Christopher Deninger *, Theo Grundhéfer *, Linus Kramer **

 Mathematisches Institut, Universitdt Miinster, FEinsteinstr. 62, /8149 Miinster
b Institut fiir Mathematik, Universitit Wiirzburg, Emil-Fischer-StrafSe 30, 97074

Whirzburg

ARTICLE INFO

ABSTRACT

Article history:

Received 28 November 2022
Available online xxxx
Communicated by Richard M. Weiss

In Memoriam Jacques Tits

We study solutions of a quadratic matrix equation arising
in Riemannian geometry. Let S be a real symmetric n X n-
matrix with zeros on the diagonal and let 6 be a real number.
We construct nonzero solutions (S, ) of the set of quadratic
equations

Keywords:

‘Weyl tensors

curvature tensors

Ricci flow

strongly regular graphs
group rings
multiplicative characters

> Sik=0 and > S8ixSk;+ 5%, =08, fori<j.
k k

Our solutions relate the equations to strongly regular graphs,
to group rings, and to multiplicative characters of finite fields.
© 2023 Elsevier Inc. All rights reserved.

* CD and LK are funded by the Deutsche Forschungsgemeinschaft under Germany’s Excellence Strategy
EXC 2044-390685587, Mathematics Miinster: Dynamics-Geometry-Structure. LK is also funded by the DFG
through the Polish-German Beethoven Grant KR 1668/11.

* Corresponding author.

E-mail address: linus.kramer@uni-muenster.de (L. Kramer).

https://doi.org/10.1016/j.jalgebra.2023.08.028
0021-8693/© 2023 Elsevier Inc. All rights reserved.

Please cite this article in press as: C. Deninger et al., Weyl tensors, strongly regular graphs,
multiplicative characters, and a quadratic matrix equation, J. Algebra (2023),
https://doi.org/10.1016/j.jalgebra.2023.08.028




2 C. Deninger et al. / Journal of Algebra sse (sses) ses—see

1. Introduction

In the work of Bshm and Wilking [3] on spherical space forms, or for the differentiable
Sphere Theorem [4], the Ricci flow and algebraic curvature tensors play an important
role. The Ricci flow is a solution to the PDE

%<_7 _> + 2<RiC(R)_7 _> =0,

for a time-dependent Riemannian metric (—, —) with Ricci tensor Ric(R) on a manifold
M. The curvature tensor R is then also time-dependent, and satisfies the PDE

2R =AR+2(R?+ R?).

The right-hand side of this equation is a quadratic function of the curvature tensor R,
which is viewed as a selfadjoint endomorphism on /\2 T,M.

In geometric applications of the Ricci flow such as [3], one wants to show that the
Riemannian metric evolves towards a metric with constant positive sectional curvature,
i.e. towards a metric where R is a positive multiple of the identity, assuming that the
curvature tensor R at time ¢ = 0 satisfies certain positivity assumptions. Hamilton’s
maximum principle asserts that certain positivity assumptions are preserved by the Ricci
flow if they are preserved by the ODE

dp_ p2
4R =R?+R*.

It is then of particular interest to understand solutions (R, #) of the quadratic equation
OR = R? + R*.

Such solutions R can be viewed as obstructions to an evolution towards a metric with
constant positive sectional curvature.

This quadratic equation is difficult to handle, and one may impose additional condi-
tions on R. One possible assumption is that the metric is Einstein, i.e. that the Ricci
tensor Ric(R) is a scalar multiple of the identity. In addition, one can assume that R has
eigenvectors of a particularly simple form. In the present work, we study R under these
two additional assumptions. This is a purely algebraic problem about certain matrices.

In his PhD thesis [12], Jager showed among other things that this equation has nontriv-
ial solutions in dimensions n > 4 if the integer n = m/ is a composite number, or if n = p
is a prime with p = 1 (mod 4). The latter solutions were constructed using Legendre
symbols and certain finite fields. The fact that a Riemannian problem is related to num-
ber theory caught the attention of the first-named author and led to the present paper.

We construct new solutions, using strongly regular graphs and multiplicative char-
acters of finite fields. As we wrote above, these solutions can be seen as obstructions
to an evolution towards a nice Riemannian metric. For most of them it is not clear if
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they actually arise from Riemannian manifolds. Most of the solutions that we construct
have symmetries, i.e. they come with natural actions of finite groups that permute the
coordinates in R™. Our main result is as follows.

Theorem 1.1. Let V' be a euclidean vector space with an orthonormal basis ey, ... ey,
with n > 4. Then there exists an algebraic curvature tensor R which is Finstein, such
that the e; A\ e; with i < j are eigenvectors of R, and a real number 8 > 0 with

R? + R* = R,

and R is not a multiple of the identity.

Such solutions R, where the eigenvalue spectrum of R consists of precisely two real
numbers, are (up to scaling) in one-to-one correspondence with strongly regular graphs
T'. If both T and its complementary graph I'¢ are connected, then R is not the curvature
tensor of a product of spheres. In this case the dimension n is the number of vertices of

the graph.

Other nontrivial solutions in dimension n can be constructed from multiplicative char-
acters of finite fields Fy, where n = q is a prime power with ¢ = 1 (mod m) and
m = 3,4,8.

The curvature tensor of a product of round spheres of dimensions at least 2 (with
suitable radii) gives an essentially trivial example of a diagonal curvature tensor which
is not a multiple of the identity, cp. Example 2.4 and 5.2. Most of the solutions that we
produce are of a different and nontrivial nature. Theorem 1.1 follows from Theorem 3.2
below.

2. The Riemannian background

We describe how the equation arises in Riemannian geometry. We refer to [2] for the
following general facts.

2.1. Let (M, (—,—)) be an n-dimensional Riemannian manifold, and let p € M. The
Riemannian curvature tensor R at p is the trilinear map

(iU,y,Z) — R(Iay)z = [Vmavy]z - V[m,y]z

on the tangent space 1, M, where x, y, z are tangent vectors in 7, M which are smoothly
extended to vector fields on a small neighborhood of p. The curvature tensor satisfies
the identities

R(z,z) =0 (R is alternating)
R(z,y) + R(z,y)" =0 (R(z,y) is skew-symmetric)
—0

R(z,y)z + R(z,z)y + R(y, 2)x (R satisfies the first Bianchi identity).
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The equations imply the interchange symmetry (R(z,y)u,v) = (R(u,v)z,y). One can
turn R into a selfadjoint endomorphism R on the second exterior power of the tangent
space as follows. Let V' denote an n-dimensional euclidean vector space with inner prod-
uct (—, —) and orthogonal group O(V). The space of all selfadjoint endomorphisms of
V is denoted S(V'). The inner product allows us to identify V with its dual, and this
identification is implicit in some of the following notions. We endow the second exterior

power /\2 V of V with the inner product
(x Ay, uhv) = (z,u)(y,v) — (z,0)(y, u),
and the space of endomorphisms of V' with the inner product
(A,B) = tr(ATB).

An algebraic curvature tensor R is a selfadjoint endomorphism of /\2 V' that satisfies the
first Bianchi identity

(R(x ANy),zAw)+ (R(zAzx),y Nw) + (R(y A z),z Aw) = 0.

These endomorphisms form a linear subspace Sp(A”>V) C S(A° V). In the case of the
curvature tensor R of a Riemannian manifold, we obtain an algebraic curvature tensor
R by putting

(R(x ANy),u Av) = —(R(z,y)u, v).

Conversely, the left-hand side determines a trilinear map R having the symmetries of the
Riemannian curvature tensor. For linearly independent vectors z,y € V, the sectional
curvature of the 2-dimensional subspace H spanned by x, v is

(R(zAy)zhy)

K(H) = (x ANy,z Ny)

The choice of the sign in the definition guarantees that R is positive for a space form of
constant positive sectional curvature.

2.2. For the following results we refer to [3], to [6, Ch. 11], to [2, Ch. 1.G] and to [8, 120.3].
We recall that S(V) denotes the space of selfadjoint endomorphisms of the euclidean
vector space V', and that the orthogonal group O(V') acts on S(V') by conjugation. As an
O(V)-module, S(V) decomposes orthogonally into the simple module Sy(V') consisting
of the traceless selfadjoint endomorphisms, and a 1-dimensional trivial module spanned
by the identity map idy . Similarly, one may decompose S(/\2 V) as an O(V')-module.
The resulting decomposition of the algebraic curvature tensor R yields various curvature-
related quantities.

First of all, we put Up = R -id 2. The traceless part SO(/\2 V) can be decomposed
orthogonally as an O(V')-module as
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So(A° V) =U, ® Uy @ Us,

with Us = /\4 V. A selfadjoint endomorphism R € S(/\2 V) satisfies the first Bianchi
identity if and only if R € Uy ® Uy & Uy = Sp(A° V).

The module U; is isomorphic to So(V') as follows. The Ricci tensor of R is defined as
Ric(R) € S(V) via

(Ric(R)u,v) = tr(x — R(z,u)v) = Z(R(ei Au),e; Avy,

i

where ey, .. ., e, is an orthonormal basis for V. The trace of Ric(R) is the scalar curvature
s(R), and Ricy(R) = Ric(R)— %idv is called the traceless Ricci tensor. The algebraic

curvature tensor R is called Einstein if
RiCo (R) =0.

The map R — Rico(R) is O(V)-equivariant and its kernel is Uy @ Uy @ Us. It maps
the O(V)-module U; isomorphically onto So(V). An algebraic curvature tensor R €
Uy UL ® Uz = SB(/\Q) decomposes thus as

R=Ry+ R1 + Rs.

The first summand Ry = %id A2V encodes the scalar curvature, the second summand
R; encodes the traceless part of the Ricci tensor, and the third summand Ry = W(R)

is called the Weyl curvature tensor. We note also that s(R) = 2tr(R).

Example 2.3 (Round spheres). For n > 2, the curvature tensor of the round n-sphere

S™(p) of radius p > 0 is Einstein, the sectional curvature K(H) = p% is constant, and

s(R) = %. In particular,

1.
R = ﬁld/\QV

whence Rico(R) =0, W(R) = 0, and Ric = "p}lidv.

If Ry and Ry are algebraic curvature tensors on euclidean vector spaces V, W, re-
spectively, then R = Ry @& Ry acts in a natural way on /\2 Vo /\2 W, and this action
extends to

ANVeW) =\ Ve VeW) e AW

by mapping V ® W to 0. For the scalar curvature we have s(R) = s(Ry) + s(Rw),
and the sectional curvature is K(H) = 0 if H C V & W is a 2-dimensional subspace
spanned by a vector v € V and a vector w € W. For the Ricci tensor we have Ric(R) =

RiC(Rv) () RIC(Rw) .
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Example 2.4 (Products of round spheres). Let p,o > 0 be real numbers, and k,¢ > 2
integers, with kpgl = &1 = 7. Then the product M = S¥(p) x S*(c) is Einstein, with
scalar curvature s(R) = (k + £)7. The tangent space at a point (p,q) € M decomposes
as a sum V @ W, with V = T,S¥(p) and W = T,S*(c). The curvature tensor R has
eigenvalue p% on /\2 V', eigenvalue 0 on V®W, and eigenvalue 01—2 on W. We put n = k+/4.
Thus R = Ro + W(R), with Ry = - T5id 2y gw) and the Weyl curvature tensor

1 0. . k.
W(R) = (FId/\Z v @ (—T)ldV®W @ ;ld/\Q W)

n—1

is nontrivial.

2.5. Squaring is an O(V')-equivariant quadratic map on the space of selfadjoint operators.
In connection with his work on the Ricci flow, Hamilton introduced another quadratic
map # as follows. There is a natural O(V)-equivariant isomorphism ¢ : A\*V — so(V)
that maps z A y to the skew-symmetric endomorphism

Wz ANy): z— x(y, 2) — y(z, 2),

and tr(u(z A y)Tu(u Av)) = 2(z Ay,u Av). For a linear endomorphism T of A>V we
denote its push-forward to so(V) by T = 10T o1 1. We recall that every element X
in the Lie algebra so(V') determines a linear endomorphism ad(X) : Y +— [X,Y]. This
endomorphism ad(X) is skew symmetric with respect to the Killing form of the Lie
algebra B(X,Y) = tr(ad(X) o ad(Y)). In so(V) we have B(X,Y) = (n — 2)tr(XY),
where n = dim(V).

If R, T € S(A\’V) and X,Y € s0(V), then the endomorphism R o ad(X) o7 oad(Y)
is therefore selfadjoint. We define an endomorphism R#T" of /\2 V via

(R#T)(xz ANy),u Av) = —%tr(R oad(X)oT oad(Y)),

where X = ((z Ay) and Y = ¢(u A v). From the properties of the trace we see that

(B#T)(x Ay),unv) = (THR)(uAv),x Ay) = (R#T)(uAv),z Ay).

Hence R#T is selfadjoint, and R#T = T#R. We put R = R#R and we note that
(idp2 V)= (n— 2)idpz . If we choose an orthonormal basis of so(V') consisting of
matrices Z¢, we have

(RAT) (@ A y),u A v) = —

N | =

> (RIX,TIY. Z|, Ze)
¢

DN | =

Y (Y. Ze), TIX, RZ¢))
¢
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_ % STUY. Zel, Zy) (T 2, [ X, RZ))
&m

= 5 S 26 Z)) (X [RZe, T7,))
&m

which is the classical definition of #, cp. [12, 1.3.1].

IfR e .S’B(/\2 V) is decomposed into its components, R = Rg+ R + Rs, then one can
show that R+idy2y#R = (n—1)Ro+ 2-2R,. Moreover, (R*+ R*#)3 = 0. Suppose that
the algebraic curvature tensor R is Einstein, R = Ry + Rs. From the identities above we

have

R?>+ R* = (R0)2 + (R2)2 + (Ro)# + (RQ)# +2Ro(R2 + id/\2 v#R2)
= (n—1)(Ro)* + (R2)* + (R2)",
and one can show that (Ry)? + (R2)* € Us.
2.6. We now consider a special type of algebraic curvature tensors. Suppose that there
is an orthonormal basis ei,...,e, of V' such that the vectors e; A e;, for ¢ < j, are
cigenvectors of R € S(A?V),

R(ei N ej) =ri e N\ ej.

Then R satisfies the Bianchi identity and hence R is an algebraic curvature tensor. The e;
are eigenvectors of the Ricci tensor, with Ric(R)e; =) & Ti,k€i, and the scalar curvature

is s(R) = Z#j ri ;. If we put r = nz(ﬁ)lw then Ry = ridp2y,, and Ry + Ry is diagonal,
with eigenvalues r; ; = 7;; — r. Since s(R) is the trace of Ric(R), the eigenvalues of

Rico(R) are D, 7} ;. In particular, the diagonal algebraic curvature tensor 1 is Einstein
if and only if >, r; , = 0 holds for all i.

We may compute R#T explicitly if R and T are diagonal. For this, we adopt the
following convention. For i < j we put o = {i,5}, Xo = t(e;Aej), and rq =155, to =t ;.
The elements %Xa, where « is a 2-element subset of {1,...,n}, form an orthonormal
basis of so(V') with respect to the inner product (X,Y) = —tr(XY). We observe that
[(Xo,Xp] =0ifa=pForanpg=0.1If anp is a singleton, then [X,, Xg] = £X,,, where
v = a/Af is the symmetric difference of o and . For « # 8 we have therefore

D (Ko [Xe, X, 1) (X, [RXe, TXn)) = D rety (X, [Xe, X)) (X, [Xe, Xn]) =0,
& Em

while

Z<XDH [vaXU}><XOH [RX&TXWD = Z rftn<Xm [Xf’XUDZ = 4 Z Tﬁtn-
&m EAnN=a EAN=«
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If one completes the s; ; and r; ; to symmetric matrices with 0 on the diagonal, this
shows that

1
(R#T)(e; Nej) = > Z(Ti,ktj,k +ti kT k)e A ej.
k
On the right-hand side we have thus the Jordan product of the symmetric matrices (r; ;)
and (tz])
In any case, we have shown that R#T is again diagonal (and hence an algebraic
curvature tensor). Suppose that R = Ry + Ra, with Ry = ridj2y and that Ry (eiNej) =

w; je; A ej, with Y, w; ,, = 0. Then RoR2 + Ro#R2 = 0 and thus

R? + R* = (Ry)? + (Ry) + (Ro)* + (Rp)*
= (n—1)(Ro)% + (R2)* + (R2)*.

Moreover, Zj (wik + >, wikwk,;) = 0. We put Sj; =5; ; =w;; fori < jand S;; = 0.
The equation

R?+R* =0R
is thus equivalent to the equations
(n—1)r%=0r
Z Sik =0 (a)
k
S2i+ > SikSky =08 for i < j. (b)

k

We note that the ¢o-norms of the matrix S and the Weyl curvature tensor Ry = W(R)
are related by

15]l2 = V2| W(R)]|2-

In the Riemannian setting, one wants s(R) = n(n—1)r > 0, and thus 6 = # > 0. The
case where all S; ; = 0 corresponds to the round sphere, as in Example 2.3.

3. The matrix equations

Let S be a symmetric real n x n matrix with zeros on the diagonal. It is easy to check
that equation (a) has no solutions S # 0 for n = 2,3. We therefore assume that

n > 4.
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We rewrite equations (a) and (b) as matrix equations. Let J denote the all-one-matrix,
which has entries 1 everywhere and let 1 denote the identity matrix. We recall that the
Hadamard product of two matrices X = (x; ;) and Y = (y; ;) of the same shape is defined
as the entry-wise product,

X oY = (2i,;9i;)-

Let S be a symmetric real n X n-matrix with zeros on the diagonal, and let D denote
the diagonal matrix with entries D;; = >, SZ-Q, .- The two matrix equations

SI=0and S®S+S52=05+D

are equivalent to the equations (a), (b) above. Thus we are interested in real n x n-
matrices S that satisfy the four equations

S=8T Se1=0, SJ=0,andS®S+5?=0S+D, (1)
where ST is the transpose of S and D is some diagonal matrix. If S solves (1), then S has

zeros on the diagonal and thus the diagonal entries of D are given by D;; = 3", S; xSk.-
Hence

2
tr(D) = [[5][5-
Comparing the number of variables and equations in (1), we expect a finite set of solutions

S # 0 for a fixed value of §. We note the following scale invariance. If S solves (1) and
if # is a real number, then the matrix S = S solves the equations

S=S8T S§o1=0, SIJ=0,and SO S+ 8% =105+>D. (2)
If S # 0 solves (1), a scaling invariant measure for the size of § is thus the quantity

16l 19|

1Sl \/tr(D)

D>

We observe the following. First of all, every nonzero solution S to the equations (1)
in dimension n can be inflated to a nonzero solution <€ 8) in all higher dimensions

m > n, for the same value of 6. Also, we have the following.

Lemma 3.1. Suppose that we have two nonzero solutions Sy, Sa to the equations (1), in
dimensions n1 and ns and for constants 01,02, respectively. If 61,05 £ 0, then the block
diagonal matriz S = %Sl ® 9—12.5’2 solves (1) in dimension n, with @ =1 and

Please cite this article in press as: C. Deninger et al., Weyl tensors, strongly regular graphs,
multiplicative characters, and a quadratic matrix equation, J. Algebra (2023),
https://doi.org/10.1016/j.jalgebra.2023.08.028




10 C. Deninger et al. / Journal of Algebra sse (sses) ses—see

>

. 0
n=mny+ne and § = 172

D>
N

7+46

If 61 = 05 = 0, then the block diagonal matriz S = Sy @ Sy solves (1) in dimension n,
with

n=mny 4+ ns and 0 = 0 = 0.
One of our main results is as follows.

Theorem 3.2. The equations (1) have a solution S # 0 in every dimension n > 4, with
0 #£ 0. A solution S where the off-diagonal matrix entries of S assume precisely two
distinct values exists if and only if n = mt is a composite number, or if n = p is a prime
with p=1 (mod 4). In the latter case, 6 = 0.

Proof. If n = mf, with £, m > 2, then Examples 5.2 or 6.4 provide solutions with 0 # 0.
In particular, we have a solution in dimension 4, with 0 # 0. By the remark preceding
Lemma 3.1, there is a solution in every dimension n > 4.

A different, and more geometric argument runs as follows. Put n = n; + no, with
n1,ng > 2. Then the product of two round spheres of dimensions ny, ns as in Example 2.4
provides a solution with # 0. These specific solutions have typically three different
eigenvalues for the curvature tensor R, and thus the off-diagonal elements of S assume
three different values.

The last claim follows from Theorem 5.1. O

4. Adjacency matrices of graphs

For the material in this section we refer to [9], [7] and [5]. Suppose that ' is a finite
simplicial graph, with vertex set V. Then T' is encoded in the adjacency matriz A €
RV*V, which has entries

Auv:

)

1 if u,v are adjacent
0 else.

The matrix A is symmetric and has entries {0, 1}, with zeros on the diagonal. In other
words, A satisfies the three equations

A=AT, A®1=0,and A®A=A.

Conversely, every matrix with real entries satisfying these equations is the adjacency
matrix of a finite simplicial graph, unique up to isomorphism. For example, the matrix

K=J-1
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is the adjacency matrix of the complete graph. On the other extreme, A = 0 is the
adjacency matrix of a graph with no edges.

The complementary graph T'° has an edge between two distinct vertices u, v if and
only if there is no edge in I between u and v. The adjacency matrix of I'“ is thus

A=K - A,

Definition 4.1. A graph I' on n vertices is r-reqular if every vertex has r neighbors. This
translates into the matrix equation

AJ=rJ
for its adjacency matrix A.

For k > 1, the (u,v)-entry of the matrix power A* counts the number of simplicial
paths of length k from the vertex u to the vertex v. Hence the graph is r-regular if and
only if A2 has all diagonal entries equal to 7,

A2o1=r1.

Definition 4.2. A simplicial graph I" on n vertices is strongly reqular if there are integers
r, A, i > 0 such that the following hold.

(i) Every vertex has r neighbors.
(ii) Any two adjacent vertices have A common neighbors.
(iii) Any two non-adjacent vertices have p common neighbors.

Then T is called an srg(n,r, A\, u) for short. For the adjacency matrix A, this translates
into the equation

A2 =714+ M+ pA° =114+ (N — p)A+ pK.
Indeed, the matrix entry (A?),, counts the number of common neighbors of the two
vertices u,v. This yields immediately the equation for A2. In particular, a real n x n
matrix A is the adjacency matrix of an srg(n, r, A, 1) if and only if it satisfies the equations
A=AT A01=0, A0A=A and A>=\N—pA+puJ+ (-1, (3)
for real numbers 7, A, u.

The complementary graph of an srg(n,r, A, u) is an srg(n, r¢, A¢, u), with

r’+r=n—1, XN —p=n—-2(r+1), and pu°— )\ =n—2r,

Please cite this article in press as: C. Deninger et al., Weyl tensors, strongly regular graphs,
multiplicative characters, and a quadratic matrix equation, J. Algebra (2023),
https://doi.org/10.1016/j.jalgebra.2023.08.028




12 C. Deninger et al. / Journal of Algebra sse (sses) ses—see

as is easily checked.

Our definition of a strongly regular graph allows for some degeneracies, such as r = 0.
If adjacency (together with equality) is a nontrivial equivalence relation, then A =7 —1
and the graph is a finite disjoint union of k£ complete graphs on r 4+ 1 vertices. Then
the adjacency matrix A is a block diagonal matrix, with & blocks of size r + 1 with 1 as
off-diagonal entries. The complementary graph corresponds to the situation when non-
adjacency is a nontrivial equivalence relation. Then the graph is a complete k-partite
graph, where each vertex set of a given color has size r + 1. We refer to [7, Ch. 20]. A
strongly regular graph T is called primitive if both T" and I'® are connected.

Suppose that T' is an srg(n,r, A\, ), and that u is a vertex in I'. If w is a vertex at
distance 2 from u, then there are p paths of length 2 connecting v and w. The number of
vertices at distance 2 from w is then n — 1 — r, and hence there are pu(n — 1 —r) paths of
length 2 connecting u to vertices at distance 2. We may compute this number in another
way. If v is at distance 1 from u, then v is adjacent to A other vertices at distance 1 from
u. Hence v is adjacent to » — A — 1 vertices at distance 2 from u, whence

pun—r—1)=r(r—A—1). (4)

We derived this formula under the assumption that there are vertices at distance 2. A
direct inspection shows, however, that it remains valid for the two exceptional cases
r=0and r = A+ 1, hence it is valid for all strongly regular graphs in our sense.

5. The case of two matrix entries

In this section we consider the solutions to (1) for the special case that the off-diagonal
entries of S assume at most two different values. If they assume exactly one value x, then
S = 2K and thus SJ = 2KJ = 2(n—1)J, whence 2 = 0. It remains to consider the case
where the off-diagonal entries assume two different values  # y. The matrix S is thus
of the form

S=zA+yA°=(z—y)A+yK =zA+ yK,

where A # 0,K is an adjacency matrix of a graph T" on n vertices, and z = x — y # 0.
In view of the scaling invariance (2) we may put z = 1. We note that

J2=nJ, KI=JK=(n-1)Jand K>=(n - 2)K+ (n— 1)1.
The condition SJ = 0 becomes

0=98J = AJ + yKJ = AT + y(n— 1)J. (5)

This holds if and only if T' is r-regular, for
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r=y(l—n).
Next we compute

SOS=A0A+2JA0 K+’ Ko K
= A+ 2yA + ’K.

Assuming SJ = 0, we have

5% = A% 4 y(AK + KA) + y*K?
=A%+ y(AJ+JA-24)+ ¥’ (n - 2)K + y*(n — 1)1
= A% +2yrJ — 2yA + v (n — 2)K + y*(n — 1)1
=A% - 2yA — y?nK +y3(1 - n)1

and therefore
SO®S+8%=A%+ A+ yrK +yrl. (6)

Theorem 5.1. Suppose that the n xn matriz S solves (1) and that the off-diagonal entries
of S assume precisely two different values x #vy. Put z = x —y. Then

S =zA+yK

and A # 0,K is the adjacency matrixz of a strongly reqular graph T'.
Conversely, if A # 0,K is the adjacency matriz of an srg(n,r, A\, i), then S = zA+yK

solves (1), with
y r A n—1
Z = and 0= A—pu+1}{/——,
z 1l-—-n nrre

where r¢ =n —r — 1.

An integer n occurs in this situation if and only if n is either a composite number or
if n =p is a prime with p =1 (mod 4). In the latter case § = 0.

We note that the passage from I' to the complementary graph I' amounts to a sign
change of 0, since A — u¢+1=—(A—pu+1).

Proof. Suppose that S = A + yK solves (1), where A # 0,K is the adjacency matrix
of a graph T' on n vertices. Then (5) shows that T' is r-regular, with r = y(1 —n). In
particular, the matrix A? has r on its diagonal. By (6) we have

A2=(0—-1)A+y —r)K+ D —yrl.
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Hence D = r(y+1)1 and A is the adjacency matrix of a strongly regular graph. Because
of the scaling invariance (2) this conclusion remains valid for all other values of z # 0.
Assume now that A # 0, K is the adjacency matrix of an srg(n,r, A, 1), whence
A7 = (N — ) A+ puK +7rl.
If we put y =r/(1 — n), then A+ yK solves (1), with

0=A—pu+1.

Indeed, u = y(0 — r) holds by (4). We have then tr(D) = nr ”;ﬁ;l = Zlec’ which yields
the expression for 0.

If the integer n = m/{ is decomposable, then Example 6.4 provides the existence of a
non-primitive strongly regular graph on n vertices, while the Paley graphs in Example 5.7
provide examples for n = p, when p = 1 (mod 4) is a prime. A strongly regular graph
whose number of vertices is a prime p is a conference graph by [7, 10.3.4] and then

n—1 n=5 n-—1

p=1 (mod 4) by [7, 10.3.2]. A conference graph is an srg(n, 5=, 7>, *7=), whence
60=0. O

It is therefore of some interest to consider the parameters of strongly regular graphs
and the resulting solutions to (1). The first example arises from non-primitive strongly
regular graphs. It corresponds to the Weyl curvature tensor of a product of m round
spheres of dimension £.

Example 5.2 (Disjoint unions of complete graphs). Let T' be a graph which is a disjoint
union of m complete graphs on ¢ vertices. Then I is an srg(m/, £ —1,¢{—2,0). For m > 2
we obtain solutions with

L[ 1)(me 1)

= =/—1 )
n =mk, 0=17 , 0 7 mm —1)

Primitive strongly regular graphs (r, 4 # 0) exist only for very specific values for the
number of vertices n, see e.g. [5]. We mention a few examples.

Example 5.3 (Kneser Graphs K(m,2)). The vertex set of the Kneser graph K(m,2) is
the set of transpositions (4,7) in the symmetric group Sym(m). Two transpositions are
adjacent in I' = K(m,2) if they commute. Thus I" has n = (';) vertices, and T is -
regular for r = (m; 2). Two commuting transpositions commute with A\ = (m; 4) other
transpositions and two non-commuting transpositions commute with p = m; 3) other
transpositions. Thus I' is an srg((”;), (m;2), (m;4), (mgg)), and for m > 4 we obtain
solutions with

_(m 5 5 15— m m+1
”‘(2)’ f=5-m, =15 '\/m(m—1)(m—2)(m—3)'
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There exist also sporadic examples of strongly regular graphs.

Example 5.4 (Fischer’s group Fiay ). The Fischer group Fisg, which is one of the sporadic
finite simple groups discovered by B. Fischer, acts as a permutation group of degree 3
on a set V of cardinality 306936. The action of Fisqy on V X V has three orbits D, E, F
one of which is the diagonal D. The orbit E can be viewed as an edge set of a graph
with vertex set V. In this way, one obtains a strongly regular graph I', which is an
srg(306936, 31671, 3510, 3240). Hence we have

. o711 [ 785
== . = 2 1 = 2094
n=306936,  0=271, 0=

~ 2.9024382 - 10 5.

We refer to [5] for more details.

Example 5.5 (Collinearity graphs of finite generalized quadrangles). Let Q be a finite
generalized quadrangle of order (s,t). Hence there are no digons in Q, every line is
incident with s + 1 points and every point is incident with ¢ + 1 lines. For every non-
collinear point-line pair (a, ), there is a unique line h through a and a unique point b
on ¢ such that b is on h. Examples arise from symplectic forms in dimension 4 and from
nondegenerate quadratic and hermitian forms of Witt index 2 over finite fields. These

examples have s = ¢t or s = t% or s>

= t, where s is a prime power. The collinearity
graph T of Q has the points of Q as vertices, and two points are adjacent if they are
collinear. The number of points is n = sts +ts+ s+ 1 = (s + 1)(ts + 1) and every
point is collinear with r = s(t + 1) points. Two collinear points are collinear with s — 1
other points, and two non-collinear points are collinear with ¢ + 1 points. Hence I' is an

srg((s+ 1)(ts+1),s(t+1),s —1,t+ 1), and

st+t+1
Yts+ D)t(t+ 1)

st
n=(s+1)(st+1), 0=s—t—1, 0 . i1

The next two examples are Cayley graphs.

Example 5.6 (The rook’s graph). The vertices of the rook’s graph T' are the fields of an
m X m chessboard, for m > 2. Two vertices are adjacent if the rook can pass from one to
the other in one move. Hence T is 2(m — 1)-regular. Every pair of adjacent vertices has
m — 2 common adjacent vertices and every pair of non-adjacent vertices has 2 common
adjacent vertices. Thus T is an srg(m?,2(m — 1), m — 2,2) and

A — 1
n=m?2, 0=m—3, 0= [m = 3| \/m—i_ .
m(m — 1) 2

We note that the rook’s graph is a Cayley graph for the group G = Z/m x Z/m for the
symmetric generating set {(i,7) € G | (¢,7) # (0,0) and i = 0 or j = 0}.
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The following strongly regular graphs were discovered by Paley [17].

Example 5.7 (Paley Graphs). Let F, denote the finite field of order ¢, where ¢ = 1
(mod 4) is a prime power. Let Q C ]qu denote the set of nonzero squares. Then @ is the
unique subgroup of index 2 in the multiplicative group IFqX, and —1 € Q. Let T denote
the Cayley graph of the additive group [, with respect to the symmetric generating
set Q. Then T is r-regular, with r = % We note that the additive group of [F, acts
transitively on I'. The number of common neighbors of 0 and ¢ # 0 is the number of all
field elements 22 # 0, ¢ of the form 2% — ¢ = y2. The number of solutions (z,y) to the
equation 2 —y? = cis ¢ — 1. Hence there are (14;1
q—1

If ¢ is a square, then there are 5= — 1 common neighbors. Therefore the Paley graph I'

common neighbors if ¢ is not a square.

fo . g—1 g=5 g—1
is an srg(q, 55, 43>, 4 ), and

n=4q, 6=6=0.

Jager rediscovered the Paley graphs in his thesis [12, Thm. 2.2.1] for the case where ¢ = 1
(mod 4) is a prime, using Legendre symbols. The article [13] provides many interesting
details about Paley graphs and their history.

The last two examples were Cayley graphs. Strongly regular Cayley graphs can be
described in a uniform way as follows.

Definition 5.8. Let G be a finite group of order n and let S = S~! be a symmetric subset
not containing the identity. The Cayley graph I' = I'g s has G as its vertex set. Two
vertices a,b € G are adjacent if and only if a='b € S. Hence T is r-regular, with r = |S].
The group G acts on I' via its natural left regular action on itself. The common neighbors
of e and a # e are the elements s € S with a='s =t € S. Hence T is an srg(n,r, \, )
if and only if the equation a = st~! has X solutions (s,t) € S x § for all @ € S, and
u solutions for all a ¢ S U {e}. In this case S is called a regular partial difference set.
The survey article [14] contains many examples of regular partial difference sets. In
[15,16], regular partial difference sets in additive groups of finite fields are studied, using
properties of Jacobi sums.
The following construction generalizes the rook’s graph.

Example 5.9 (Families of subgroups). Let (A, +) be a finite abelian group of order n = m?

and let Hy,..., Hy be subgroups of order m, with H; N H; = {0} for i # j. We put
S = Ule H; —{0} and we note that £ < m+1. Fori # j wehave A= H,® H;.Ifa € A,
then the equation a = s —t has £(¢ — 1) solutions (s,t) € S x S for a ¢ S U {0}, and
¢2 — 30 + m solutions for a € S. Hence I'4 g is an srg(m?,£(m — 1), 02 — 30 +m, (? — ()
and for 1 < /¢ < m we obtain solutions with

A —20+1] m+1
—w? gem-20t1, f=" ,
e " o m lm—1)(m—£+1)
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For example, we may put A = F,®F, for any finite field F,, and H; = {(z,m;z) | z € F,},
for £ distinct elements m;,...,mg € Fy. For £ = 2 we recover the rook’s graph.

6. Solutions from group rings

Let G be a finite group. For K = R, C, let R(G,K) = K¢ denote the commutative ring
of all K-valued functions on G. Since G is finite, the evaluation maps ev, : ¢ — ¢(g), for
g € G, span the dual space of R(G,K). Hence the dual space of R(G,K) can be naturally
identified with the underlying vector space of the group ring K[G], which consists of
finite linear combinations of group elements. The multiplication in K[G] induces via this
duality a comultiplication A : R(G,K) — R(G,K) ® R(G,K) = K&*¢

Alp)(a,b) = p(ab).
We define the symmetry o and the augmentation € on R(G,K) as

©7(9) =plg™") and e(p) = gp(e).

These data turn R(G,K) into a symmetric Hopf algebra. We refer to [10] Theorem 3.76
and the material in this section. Since G is finite, the standard bilinear form

=Y olo)v(g)

g€eG

on R(G,K) yields a vector space isomorphism ¢ between R(G,K) and its dual K[G], with

=Y wl9)g

geG

Under this isomorphism, the (possibly noncommutative) product in the group ring K[G]
translates into the convolution product * on R(G,K), which is given by

(e *¥)(g Zso ~'g).

Theorem 6.1. Let G be a finite group of order n and let ¢ € R(G,R). We define a matriz
S € RE*C wia

Sap = Alp)(a™",b) = p(a™'0).
Then S satisfies (1) for a real constant 6 if and only if ¢ satisfies the equations
p=¢", €(p)=0, (p,1)=0, ¢ +pxp=0p+]¢l30, (7)

where 0. is Kronecker’s 0-function, 0.(g) = 0c,q. For the solution S we have then
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Proof. The first equation in (7) expresses the symmetry S = ST, the second equation
expresses the fact that S, , = 0 for all a and the third equation says that the sum over
every row in the matrix S is zero. The matrix entries in S ® S are given by

(S ® S)ap = @*(a”'b) = A(p?)(a™,b).

The matrix entries in S? are given by

(S%)ap =Y _pla te)p(c b)) =D p(g)plg 'a b) = (px¢)(a 'b) = Alp*p)(a ',b).

In particular, (5%),.. = (¢ * ¢)(e) = (p, ¢7) and hence ||S||3 =nl|¢l|3 if o =¢°. O
In a completely analogous fashion one proves the following result.
Theorem 6.2. Let G be a finite group of order n and let o € R(G,R). For a,b € G put
Ay = Ala)(a™t,b) = a(a™b).
Then A is the incidence matriz of an srg(n,r, A, u) if and only if a satisfies the equations

a=0a% €a)=0, a’=a axa=0N\—-pa+p+ (r—pud. (8)

This result corresponds to (3). If (8) holds, then the function

¢:a+1r (1—94,)

—-n

solves (7) by Theorem 5.1, with § = [A — 4 1|4/ 2=L and ¢ =n —r — 1.

nrre

Remark 6.3. We can translate this result into the group ring R(G,R), using the isomor-
phism ¢ : R(G,R) — RG] as follows. The map « € R(G, R) satisfies the conditions (8)
if and only if the element a = t(a) = }° a(g)g satisfies the conditions

a=a’, €a)=0, a®a=a, a’=\—pa+pw+(r—pe,

where (Zg agg)(7 =2, aggt, € >y agg) = e, (Zg ag9) ® (X, brh) = >y agbgg and
w = Zg g. These conditions can be found in the literature, see e.g. [14, Thm. 1.3].

Suppose that (G, +) is a finite abelian group. For subsets A, B C G with characteristic
functions x 4, xp we have
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(xa*xB)(9) = AN (g — B)|.

The following generalizes Examples 5.2 (disjoint unions of complete graphs) and 5.6 (the
rook’s graph).

Example 6.4. Let L, M be finite abelian groups of orders £,m > 2 and put G = L x M.
We put

A={(a,0) € G|a#0}
B = {(0,b) € G| b# 0}
C={(a,b) e G|a,b#0}

and we consider the function
p=sxat+txs+ xc
for real parameters s,¢. We have ¢(0,0) = 0, ¢7 = ¢, and
(p, 1) =s(l—=1)+t(m—1)+ (£ —1)(m—1).
Moreover,
¢* =s’xa+txB + xc-
We obtain
90*90:32XA*XA+t2XB*XB+XC*XC+28tXA*XB+2tXB*XC+23XC*XA-

For a,b # 0 we find that

(W 4+ @*©)(0,0) = s2(l — 1) +t3(m — 1)+ (£ — 1)(m — 1)
(©* 4+ @ *©)(a,0) = (L — 1)+ (£ — 2)(m — 1) + 2t(m — 1)
(©® + o )(0,b) =t3(m —1)+ (£ —1)(m — 2) +25(£ — 1)
(©® + @ x)(a,b) =1+ (£ —2)(m — 2) + 2st + 25(£ — 2) + 2t(m — 2),

whence

PP +pxp=(sSL=1)+t3(m—=1)+ (£ = 1)(m —1))d0,0)
+ (82U =1)+ (L =2)(m = 1)+ 2t(m — 1))xa
+ (3 (m—1)+ (L —=1)(m —2)+2s({ —1))x5
+ (14 —2)(m—2)+ 2st + 2s(£ — 2) 4+ 2t(m — 2))xc-
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The equation p? + @ x ¢ = fp + ud(o,0) then has the following solutions, for n = m/.

N

s t 0 0

1w 10 | 4-(mo1(-1) [4—(m—1)(0—1)|
2 2 2 V/me(€—1)(m—1)(m+£+2)

£(1—m) 1 /(£—=1)(ml—1)
(-1 1 1L —mt z m(m—1)

m(1—0) 1 /(m=1)(mt—1)
m—1 1 —mt m 0(e—1)

The first of these solutions is also contained in Jager’s Thesis [12, Thm. 2.2.5]. For m = ¢
we recover (the negative of) the solution given by the rook’s graph 5.6. The second and
third solution correspond to Example 5.2.

7. Solutions from multiplicative characters

We recall some facts about finite (hence compact) abelian groups. Chapter 7 in [10] is
an excellent reference for this material. We note that we invoke here Pontrjagin duality
and the Peter-Weyl Theorem for finite abelian groups, where they are readily proved by
simple means.

Facts 7.1. Let A be a finite abelian group. A character is a homomorphism
a:A—Stccn

The characters of A form under pointwise multiplication an abelian group X (A), the
character group or Pontrjagin dual of A. We denote the trivial character by . The
multiplicative inverse of a character « is its complex conjugate «. The duality pairing
X(A) x A — S! allows us in particular to view the elements of A as characters for
X (A), and Pontrjagin duality asserts that the natural homomorphism A — X (X (A4)) is
an isomorphism. Since A is finite, there is also a (non-natural) isomorphism A = X (A).
The annihilator of a subset B C A is the subgroup

BY ={a € X(A)|a(b) =1 for all b € B}.
By the annihilator mechanism, restriction of characters provides an isomorphism
X(4)/B+ = X((B)).

We observe that every nontrivial element z € S! in its natural action on C has 0 € C as
its unique fixed point. If Y is a subgroup of X (A) and if a € A, then

Z ala) =

acY

i at
{|Y| fY C -

0 else,
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because the left-hand side is a fixed point for the action of the group Y on C through
the character a. In particular, we have for o, f € X (A)

(@,8) = (ap)(a) = {|A| if af =¢

=y 0 else.

The Peter-Weyl Theorem [10, Thm. 3.7] asserts among other things that the characters,
viewed as complex functions on A, span the complex vector space R(A,C) = C4 and
that they form an orthonormal basis with respect to the hermitian inner product

(el) = 7 Z@

acA

We apply this to finite fields. Let I, denote the finite field of order ¢, for some prime
power g. A multiplicative character is a character for the cyclic group F . We extend
the multiplicative characters to the monoid (Fy,-) by putting a/(0) = 0.

Lemma 7.2. Every real solution ¢ on the additive group (Fq,+) to (7) can be written as
a complex linear combination of nontrivial multiplicative characters

@chaa

aFe

for complex coefficients ¢y, with ¢, = cg. Conversely, any such linear combination sat-
isfies the first two equations in (7).

Proof. We observed above that by the Peter-Weyl Theorem every complex-valued func-
tion ¢ on F, which vanishes at 0 can be written as a complex linear combination of
multiplicative characters, p = > X(Fy) Calt: For the constant function 1 on F, we
have

(Lg) = (¢ =1)(elp) = (g = Ve,
hence (1, ) = 0 holds if and only if ¢. = 0. The function ¢ isreal if and only if o = @. O

Now we need to evaluate convolutions of multiplicative characters «, 8. For a, 8 # ¢

we have by (9)

(ax B)(0) = Y a(@)B(—z) =B(-1) > _(aB)(z) =

+cF, e 0 else.

{MD@1> if aff = ¢

! Most textbooks on elementary number theory define €(0) = 1 for the trivial character e. However, this
convention kills the group structure on X (F ), so we will not use it.
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If a e FX, then

q

(axB)a) =Y a(x)fla—z)

z€lF,

= a(at)B(a - at)
telF,

= > at)B(l - t)a(a)s(a)
t#0,1

= J'(a, B)(aB)(a),

where

J(,8) =" a(t)B(1-1t)

t£0,1

is a modified Jacobi sum.” We note that J'(a, 3) = J'(53, ). Properties of Jacobi sums
are a classical topic in number theory, see e.g. [11] Ch. 8 §3 and Ch. 10 §3 or [1] Ch. 2.

Lemma 7.3. Let o be a nontrivial character in X(F ). Then
J'(e,e)=q—2, J(s,a)=-1 and J(a,a)=—a(-1).
If & # «, then
|7 (e, @) = q.

Proof. The first two equations are immediate from the definition and (9). If o # ¢, then
we have by (9)

J@a)=Y a(-0/)= Y aly) = -a(-1).

t£0,1 y#0,—1

If o # @, then

J(a,0)] (@,a)= > a(@)a(l —z)

z,y7#0,1

= Y a@ai)
z,y#0,1
= Y o)+ -2

z,y,x/y#0,1

=
~
NS
SN

Q1
—~

[

|

NS
=

2 Our J' agrees with the classical Jacobi sum J if o, 8 # e, cp. [1] §2.5.
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- Y aal)+(g-2)

w,v,u/v#0,1
=Y alwaw) ~ Y a(u) ~2 Y a(u)+(q—2)
u,v#0 u#0 u#0,1
=0-0-2(-1)+ (¢ —2)
=4q,

where we made again use of (9). Now we observe that J'(a, 3) = J'(&,3). O

Example 7.4 (Quartic characters). Suppose that ¢ = 1 (mod 4) is a prime power. Let
a € X(F ) denote a multiplicative character of order 4. Then

p=a
solves (7) on the abelian group (F,, +). Indeed, o® = a2, o?(0) =0, a?(—1) = 1 and for
a # 0 we have
(¢* + ¢ xp)(a) = (1+ J'(a®, 0?))a’(a).
But J'(a?,0?) = J'(a?,a®) = —a?(—1) = —1 and hence (p? + ¢ * p)(a) = 0. This
solution to (7), with
n=gq, 0= 6=0

corresponds to the Paley graph, as described in Example 5.7.

Example 7.5 (Octic characters). Suppose that ¢ = 1 (mod 8) is a prime power. Let
ae X (IFqX) denote a multiplicative character of order 8, let ¢ be a complex number of
modulus |¢| = 1 and consider the function

©p= ca’® + éa’.

Then ¢ = ¢ and ¢(0) = 0. Moreover, a?(—1) = 1 and thus ¢(—z) = ¢(z). We note that

4 4

a® = a* is real. For a # 0 we have

(W2 +px)a) =1+ J(a? a?)a(a) + (1 + J'(a2,a2))a (a) + 2(1 + J(a?,a?))
+é

=21+ J'(a?,a?)at(a) + 21+ J (a2, a2))at(a)
= 2Re(2(1+ J'(a?,a?)))a’(a).

)
)

If we choose ¢ in such a way that c?(1+.J'(a?, a?)) has real part 0, then (% +¢*@)(a) = 0.
Hence we obtain a solution with
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n=4q, 6=0=0.

If ¢ = p?* for a prime p = 3 (mod 4), this construction yields strongly regular graphs
which were discovered by Peisert [18]. These graphs differ in general from the Paley
graphs, although they have the same parameters (n,r, A, ;). Our general construction
does not necessarily correspond to strongly regular graphs. For example, if ¢ = 73, then
J(a? %) =3 + 8i and ¢ assumes four different values on 5.

Example 7.6 (Cubic characters). Suppose that ¢ = 1 (mod 3) is a prime power. Let
a € X(IF)) denote a multiplicative character of order 3, let ¢ be a complex number of
modulus |¢| =1 and consider the function

¢ = ca + ca.

We note that a(—1) = 1 since a has order 3. Thus ¢ is real, ¢(0) = 0, and p(—z) = p(x).
For a # 0 we obtain

(@* + 9 xp)(a) = A1+ J' (o, a))a’(a) + (1 + J'(a,a))a”(a) +2(1 + J (o, @)
=21+ J (o, a))a(a) + E(1+ J'(a,a))a(a),

and
(©® + ¢ )(0) = Z(a*a)(0) + (a*a)0) + 2(a* o) =2(qg—1).

For a solution to (7), we have necessarily 6 = ¢3(1+ J'(a,«)) € R and this equation can
be solved for c¢. Then

~ 1 4
I B 0]
V2q(qg—1)
Va—1 A Vatl
where 2q(q—1) 0= 2q(q—-1)"

8. Concluding remarks

We have seen that there are nontrivial solutions to the equations (1) in all dimensions
n > 4. One series of solutions arises by Theorem 5.1 from strongly regular graphs on
n vertices. These include Paley graphs, where n = ¢ = 1 (mod 4) is a prime power,
see Example 5.7, and disjoint unions of m > 2 complete graphs on ¢ > 2 vertices,
with n = m/, see Example 5.2. From the Riemannian viewpoint, these correspond to
products of round spheres. The primitive strongly regular graphs, however, yield new
and nontrivial solutions.

Another series of solutions arises from group rings of abelian groups G, with n = |G]|.
If G = L x M is a product of two nontrivial abelian groups, then there are nonzero
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solutions, see Example 6.4. Also, there are solutions if G is the additive group of a finite
field F,, provided that ¢ = 1 (mod m), where m = 3,4, 8, see Section 7. Peter Miiller
has kindly pointed out that there are also solutions for m = 10. Numerical experiments
with SageMath suggest the following conjecture.

Conjecture 8.1. Let ¢ > 4 be a prime power. Then the equations (7) in Theorem 6.1 have
real solutions ¢ # 0, where G is the additive group of the finite field Fq and n = q.
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