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Within the last few years, it has become clear that many descriptive
set-theoretic dichotomy theorems can be seen as consequences of a
small handful of graph-theoretic dichotomy theorems.

This has led to classical proofs of many theorems which previously
relied on sophisticated machinery from mathematical logic.

Here we give a detailed summary of the new arguments. J
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Part |

The Gy dichotomy
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Definition
A digraph on X is an irreflexive set G C X x X.

The restriction of G to Y C X isgivenby G [ Y =GN(Y xY). J
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Definition

Suppose that R C [[;c, Xi

A sequence (Y})icn is R-independent if RN [[;c, Yi = 0. J

Aset Y C X is G-independent if (Y, Y') is G-independent. J
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|. The Gy dichotomy

Graph-theoretic definitions

Definition
An (I-)coloring of G is a function c: X — | with the property that
for all i € 1, the set ¢1({i}) is G-independent.

A homomorphism from R C X x X to S C Y x Y is a function
@: X = Y which sends R-related points to S-related points.

A homomorphism from (R;)ic; to (Si)ies is a function which is a
homomorphism from R; to S; for all / € /.

A reduction from R C X x X to S C Y x Y is a homomorphism

from (R, R€) to (S,5¢). An embedding is an injective reduction.
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|. The Gy dichotomy

Graph-theoretic definitions

The digraph on 2¥ associated with S C 2<% is given by

Gs ={(s707x,s"17x) | s € S and x € 2¥}.

Definition
A set S C 2<% is dense if Vr € 2<¥3s € S (r C s).




|. The Gy dichotomy

Digraphs without large independent sets

Suppose that B C 2% is a non-meager set with the Baire property
and S C 2<% is dense. Then B is not Gs-independent.

Proof of Lemma 1
Fix r € 2<% such that B is comeager in N,.

Fix s € S such that r C s. )

Then (s707x,s717x) € Gs | B for comeagerly many x € 2¢. J




|. The Gy dichotomy

Digraphs without measurable colorings

Suppose that & is an aleph, S C 2<% is dense, and c is a k-coloring
of Gs. Then (¢ x ¢)71(<) does not have the Baire property.

Proof of Lemma 2

Set R = (c x ¢)7Y(<) and E = (c x ¢)"L(A(k)).




|. The Gy dichotomy

Digraphs without measurable colorings

Proof of Lemma 2 (continued)

If R has the Baire property, then Kuratowski-Ulam yields a least
« € k for which ¢71(<®) is non-meager and has the Baire property.

Then the E-class C = ¢ 1({a}) is non-meager. J

By Lemma 1, there exists (x,y) € Gs | C, a contradiction. J




|. The Gy dichotomy

Digraphs without measurable colorings

Lemma 3

Suppose that & is an aleph, S C 2<% is dense, and the family of
subsets of 2* with the Baire property is closed under x-length unions.
Then there is no x-coloring of Gs with respect to which pre-images
of singletons have the Baire property.

Proof of Lemma 3

Suppose that ¢ is a k-coloring of Gs with respect to which pre-
images of singletons have the Baire property.

Then (¢ x ¢)~1(<) has the Baire property.

But this directly contradicts Lemma 2. J




[. The Gy dichotomy

The canonical obstruction

Definition (Kechris-Solecki-Todorcevic)

Fix sequences s, € 2" such that the set S = {s, | n € w} is dense.

Define Go = G0(2w) = GS-

Alternatively, let Go(2") be the digraph on 2" given recursively by
Go(2™1) = (Go(2") ® 2) U {(sa"0, 50" 1)},
where Go(2")®2 = {(s"i,t"i) | i € 2 and (s,t) € Gop(2")}. Then

Go(2) = |J{(s™x, t7x) | (s, t) € Go(2") and x € 2}.

new
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|. The Gy dichotomy

An ad-hoc definition

A set A C X is weakly k-Souslin if it is the continuous image of a
kT -Borel subset of xk*.

Definition

For the purposes of these talks, we will say that an aleph & is good if
any two disjoint weakly x-Souslin subsets of a Hausdorff space can
be separated by a xT-Borel set.

Our arguments in the classical case kK = w generalize word-for-word
to the case of good alephs.
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|. The Gy dichotomy

An ad-hoc definition

In order to obtain generalizations to odd projective pointclasses un-
der AD, one must work with a different notion.

Definition

For the purposes of these talks, we will say that an aleph « is nice if
any two disjoint weakly (< k)-Souslin subsets of a Hausdorff space
can be separated by a x-Borel set.

Does ZF imply that all alephs are nice?




|. The Gy dichotomy

My, goodness!

Suppose that  is a good aleph, n € w, (Xi)icn is a sequence of
Hausdorff spaces, R C [];c, Xi is weakly x-Souslin, and (A;)icn is
an R-independent sequence of weakly x-Souslin sets. Then there
is an R-independent sequence (B;)ic, of kt-Borel sets such that
A; C B, for all i € n.

Proof of Lemma 4

We will recursively construct x'-Borel sets B; C X; such that
(Bi)iem™ (Ai)ien\m is R-independent for all m € n.

Suppose that m € n and we have already found (B;)icm. J
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|. The Gy dichotomy

My, goodness!

Proof of Lemma 4 (continued)

Set P = [jem Bi X Xm x Hien\(m+1) Ai-

Set Qm = HiEm Bi x pI'Oij(R) x Hien\(m+1) Ai.

Define A7, = projx (R N Pm) = projx._ (R N Qm).

Then A, N AL = 0 and both of these sets are weakly x-Souslin.

)

Fix a x™-Borel set B, C X,, separating A, from A/ .

J




|. The Gy dichotomy

My, goodness!

Lemma 5

Suppose that & is a good aleph, X is a Hausdorff space, G is a weakly
r-Souslin digraph on X, and A C X is G-independent and weakly
k-Souslin. Then there is a G-independent, x*-Borel set B C X
such that A C B.

Proof of Lemma 5

By Lemma 4, there is a G-independent pair (Bg, By) of x™-Borel
subsets of X such that A C By and A C B;.

Clearly the set B = By N Bj is as desired. = |
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[. The Gy dichotomy

The main theorem

Theorem 6 (Kanovei, Kechris-Solecki-Todorcevic, Louveau)

Suppose that k is an aleph, X is a Hausdorff space, and G is a
r-Souslin digraph on X. Then at least one of the following holds:

@ There is a kT-Borel x-coloring of G.

@ There is a continuous homomorphism from Gp to G.

Proof of Theorem 6
We will prove the special case of the theorem for good k.

Before discussing the proof, we first note a standard reduction. J
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|. The Gy dichotomy

The main theorem

It is sufficient to handle the special case that X = x%“.

Proof of Lemma 7

We can clearly assume that G # (), so projx(G) # 0, thus there is a
continuous surjection ¢: k% — projx(G). Set H = (¢ x »)71(G).

If there is a kT-Borel x-coloring of H, then Lemma 5 allows us to
produce a xT-Borel x-coloring of G.

If ¢: 2“ — k“ is a continuous homomorphism from Gy to H, then
o1 is a continuous homomorphism from Gy to G. 5




|. The Gy dichotomy

The main theorem

The idea behind the proof

We will try to build a continuous homomorphism ¢ from Gy to G.

Fix a tree § on k X (k X k) such that G = proj,w .« [#]-

When successful, our strategy will also produce continuous functions
P 2 — Kk verifying our success, in the sense that

(r(x), (p(sk™07x), p(s"17x))) € [#]

for all k € w and x € 2%.




|. The Gy dichotomy

The main theorem

The idea behind the proof (continued)
The functions ¢ and ¢, will be of the form

o(x) = | @nlx I n)
and

b(x) = | Yrnlx I (n—(k+1))),

kenew

where @, 2" — K" and Yy p: 2n=(k+1) 5 kM for k € n € w, and
(¢n)new and (¥k n)new are increasing.

N
N

N



|. The Gy dichotomy

The main theorem

The idea behind the proof (continued)

There are of course many possible choices of (¢n, (¥k.n)ken)-

We will consider only those which are restrictions of homomorphisms
@p: 2" — Kk from Go(2") to G and verifiers ¢ on=(k+1) 5

The inability to extend such a (¢n, (¥k,n)ken) to another such pair
(©n+1, (Vk.nt1)kent1) will yield a G-independent, xT-Borel set.




|. The Gy dichotomy

The main theorem

The idea behind the proof (continued)

By removing these sets, we obtain a derivative on k“.

If the derivative succeeds in eventually cutting out the entire space
before stage k™, then we will have our desired coloring.

J

Otherwise, we will be able to construct (¢n, (1k.n)ken) for n € w,
and thereby obtain the desired homomorphism.




|. The Gy dichotomy

The main theorem

Definition

An approximation is a triple of the form a = (n?,¢?, (V7)ken?).
where n® € w, ¢?: 2" — k™, and ¢2: 2" —(k+1) _y gon”

We say that an approximation a is extended by an approximation b
if for all k € n?, the following conditions are satisfied:

O n? < nb.
@ Vre2mVs 2™ (rCs = ¢3(r) C ob(s)).
© vr e 2~ (ktys g 2n'=(k+1) (r C s — 42(r) C 92(s)).

If n® = n? + 1, then we say that b is a one-step extension of a.

Fix a k-length well-ordering of the set of all approximations. |

N
&

N



|. The Gy dichotomy

The main theorem

Definition

A configuration is a triple of the form v = (n7, ", (¥} )kenv), where
n' €w, p7: 2" — k¥, and ) 2" (K1) 5 k@ such that

V(). (#7(5k7075), @7 (5%~ 175))) € [#]

for all k € n7 and s € 2" —(k+1),

This simply says that ¢ is a homomorphism from Gy(2"") to G,
and moreover, that this fact is verified by (¢))ken.




|. The Gy dichotomy

The main theorem

Definition

We say that a configuration ~y is compatible with an approximation
a if the following conditions are satisfied:

@ n?=n".
@ Vs €27 (¢°(s) E ¢(s)).
@ Vk € n?Vs € 27~ (k+1) (ya(s) C ) (s)).

We say that y is compatible with a set Y C s if Y[2""] C Y. J

We use '(a, Y) to denote the family of all configurations which are
compatible with both a and Y.

N
~
N
=
w



|. The Gy dichotomy

The main theorem

Definition

We say that an approximation a is Y-terminal if [ (b, Y) = () for all
one-step extensions b of a.

We use T(Y) to denote the family of all such approximations. J

Define A(a, Y) C Y by A(a,Y) ={¢"(sn2) | v €T(a,Y)}. J




|. The Gy dichotomy

The main theorem

Lemma 8

Suppose that a is an approximation, Y C k%, and A(a, Y) is not
G-independent. Then a is not Y-terminal.

Proof of Lemma 8

Fix configurations 7o,71 € ['(a, Y) with (©7(spa), ¢ (sp2)) € G.

Fix x € k¥ such that (x, (7 (sp), " (sn2))) € [#]-




|. The Gy dichotomy

The main theorem

Proof of Lemma 8 (continued)
Let v denote the configuration given by:
@ n"=n"+1
@ Vic2Vs 2™ (oV(s7i) = ¢i(s)).
@ Vi € 2vk € n?Ys € 2~ (K1) () (s7i) = ] (s)).
Q ¥L.(0)=x.

Let b denote the approximation given by:
O n=n.
@ Vs €2 (pP(s) = ¢7(s) [ n
© Vk € nPvs € 27"~ (kt1) (yb(s) = 47 (s) | nb).




Proof of Lemma 8 (continued)

Clearly v is compatible with b.

Clearly b is a one-step extension of a. J

It follows that a is not Y-terminal. = |
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|. The Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C % is k-Borel, and ais Y-
terminal. Then there is a G-independent, x*-Borel subset B(a, Y)
of k¥ such that A(a, Y) C B(a, Y).

Proof of Lemma 9
Lemma 8 ensures that A(a, Y) is G-independent.

The desired result therefore follows from Lemma 5. <)




|. The Gy dichotomy

The main theorem

Definition

There is a k*-Borel k-coloring of G | (Y \ Y/).

Proof of Lemma 10
Define c(y) =min{fae T(Y) |y € B(a,Y)} fory e Y\ Y.

As c71({a}) C B(a,Y) for all a € T(Y), it follows that c is a
coloring of G | (Y '\ Y/). 53




|. The Gy dichotomy

The main theorem

Definition

Recursively define a sequence (Yy)acn+ Of subsets of k* by

KY if =0,
Yo = Yﬁ/ if a = +1, and
Npea Y5 if ais a limit ordinal.

Since there are only x-many approximations, there exists a@ € k™
such that T(Y,) = T(Ya+1)-




|. The Gy dichotomy

The main theorem

Suppose that the trivial approximation is Y,-terminal. Then there
is a x-Borel x-coloring of G.

| A

Proof of Lemma 11
Note first that Y, 1 = 0, thus k¥ = U,Bga Y5\ Ypt1.

As all G | (Y3 \ Ys+1) admit kT-Borel r-colorings, so does G. J
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|. The Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C s“ is x*-Borel, and a is
not Y’-terminal. Then there is a one-step extension of a which is
not Y-terminal.

Proof of Lemma 12
Fix a one-step extension b of a for which ['(b, Y') # (.

Fix a configuration v € T'(b, Y’). J

Then ¢7(s,5) € Y/, thus b is not Y-terminal. = |
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|. The Gy dichotomy

The main theorem

Suppose that the trivial approximation is not Y,-terminal. Then
there is a continuous homomorphism from Gy to G.

Proof of Lemma 13

By Lemma 12, there are approximations a, = (n, ¢n, (¥k.n)ken) that
are not Y,-terminal, and each of which is extended by the next.

As promised earlier, we define ¢: 2“ — k% and ¥, : 2 — k% by

p(x) = (J enlx I n) and du(x) = | vunlx I (n—(k+1))).

ncw kencw
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|. The Gy dichotomy

The main theorem

Proof of Lemma 13 (continued)

It remains to show that if kK € w and x € 2¥, then

(i (x), (p(sk"07x), p(sk"17x))) € [#]-

It is enough to show that every open neighborhood U of the pair
(Vi (x), (¢(sk"07x), ¢(sk"17x))) contains a point of [§].

Towards this end, fix n € w sufficiently large that k € n and




Proof of Lemma 13 (continued)

Our choice of a, ensures the existence of v € I'(a,, Ya).

Then (7(s), (¢7(sk"07s),"(sk"17s))) € []lNU. 8 8 |
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Part Il

Applications of the Gg dichotomy
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II. Applications of the Gy dichotomy

The perfect set theorem

Theorem 14 (Mansfield, Souslin)

Suppose that  is an aleph, X is a Hausdorff space, and A C X is
k-Souslin. Then at least one of the following holds:

@ The cardinality of A is at most k.

@ There is a continuous injection of 2“ into A.

Proof of Theorem 14
Define G = A(A)°.

If there is a k-coloring of G, then the cardinality of A is at most . J




II. Applications of the Gy dichotomy

The perfect set theorem

Proof of Theorem 14 (continued)

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2 — A from Gp to G.

Define E = (¢ x ) "1(A(A)).

Then E is an equivalence relation on 2% with the Baire property
which is disjoint from Gg.

J
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II. Applications of the Gy dichotomy

The perfect set theorem

The equivalence relation E is meager.

Proof of Lemma 15
By Kuratowski-Ulam, it is enough to show each E-class is meager.

Suppose that C is a non-meager E-class. |

By Lemma 1, there exists (x,y) € Go | C. J

But this contradicts the fact that E is disjoint from Gp. 5 |




II. Applications of the Gy dichotomy

The perfect set theorem

Proof of Theorem 14 (continued)

By Mycielski, there is a continuous embedding 1) of A(2%) into E.

It follows that ¢ o ¢ is a continuous injection of 2“ into A. @J




II. Applications of the Gy dichotomy y
Colorings of open graphs -

Theorem 16 (Feng)

Suppose that « is an aleph, X is a x-Souslin Hausdorff space, and
G is an open graph on X. Then at least one of the following holds:

O There is a k™-Borel x-coloring of G.
@ There is a continuous embedding of A(2¢) into G°.

Proof of Theorem 16
By Theorem 6, we can assume there is a continuous homomorphism
p:2¥ = X from Gy to G.

V.
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[l. Applications of the Gy dichotomy

Colorings of open graphs

Proof of Theorem 16 (continued)

Define H = (p x ¢)71(G).

Then H is an open graph intersecting all non-empty open squares. J
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II. Applications of the Gy dichotomy

Colorings of open graphs

There is a continuous embedding ¢ of A(2¥) into H€.

Proof of Lemma 17

We will find a strictly increasing sequence of natural numbers k,
and an increasing sequence of functions v,: 2" — 2% such that

VnewVs, t €2 (s#t = Ny (s) X Ny,r) € H).

Suppose that we have already found . J




II. Applications of the Gy dichotomy

Colorings of open graphs

Proof of Lemma 17 (continued)

For each s € 2", fix (xs,ys) € H er/)n(S)'

Fix knt1 > kn such that N i, X Ny k.., C© H forall s € 2. J

n+1

Define ¥n11(s) = xs [ knt1- J

Clearly ¢ 01 is a continuous embedding of A(2) into G°©. @J




II. Applications of the Gy dichotomy

Uniformization of sets with thin sections

Theorem 18 (Lusin-Novikov)

Suppose that « is an aleph, X and Y are Hausdorff spaces, and
R C X x Y is k-Souslin. Then at least one of the following holds:

@ The set R is the union of k-many relatively x™-Borel graphs
of partial functions.

@ There is a continuous injection of 2 into some vertical
section of R.

Proof of Theorem 18

Define G = {((x0,¥0), (x1,¥1)) € R X R| xo = x1 and yo # y1}.

If there is a kT-Borel r-coloring of G, then R is the union of x-many
relatively xT-Borel graphs of partial functions.




II. Applications of the Gy dichotomy

Uniformization of sets with thin sections

Proof of Theorem 18 (continued)

By Theorem 6, we can assume there is a continuous homomorphism
p:2¥ = R from Gy to G.

Set px = projx o ¢ and gy = projy o ¢. J

Then ¢x is a continuous homomorphism from Eg to A(X). |

Let x denote the constant value of px. J




II. Applications of the Gy dichotomy

Uniformization of sets with thin sections

Proof of Theorem 18 (continued)

Define E = (¢y x ¢y) HA(Y)).

By Lemma 15, the equivalence relation E is meager. )

By Mycielski, there is a continuous embedding 1) of A(2%) into E. J

It follows that ¢y o) is a continuous injection of 2 into Ry. @J




II. Applications of the Gy dichotomy

Universally Baire sets

A set B C X is w-universally Baire if for every continuous function
©: w*” — X, the set ¢ ~1(B) has the Baire property.

Definition

| A

A set B C X is weakly w-universally Baire if for every continuous
function ¢: 2¥ — X, the set ¢ ~1(B) has the Baire property.

Does ZFC imply that there is a weakly w-universally Baire set which
is not w-universally Baire?




II. Applications of the Gy dichotomy

The perfect set theorem for equivalence relations

Theorem 19 (Silver, Harrington-Shelah)
Suppose that « is an aleph, X is a Hausdorff space, and E is a
weakly w-universally Baire, co-x-Souslin equivalence relation on X.
Then at least one of the following holds:

@ The equivalence relation E has at most k-many classes.
@ There is a continuous embedding of A(2¥) into E.

Proof of Theorem 19
Define G = E°©.

If there is a k-coloring of G, then E has at most x-many classes. J
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II. Applications of the Gy dichotomy

The perfect set theorem for equivalence relations

Proof of Theorem 19 (continued)

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2“ — X from Gy to G.

Define F = (¢ x ) L(E). J

By Lemma 15, the equivalence relation F is meager. |

By Mycielski, there is a continuous embedding 1) of A(2) into F. )

Then @ o1 is a continuous embedding of A(2¥) into E. &J




II. Applications of the Gy dichotomy

The perfect set theorem for quasi-orders

Theorem 20 (Louveau)

Suppose that « is an aleph, X is a Hausdorff space, and R is a
weakly w-universally Baire, co-x-Souslin quasi-order on X. Then at
least one of the following holds:

@ The equivalence relation =g has at most k-many classes.

@ There is a continuous embedding of A(2¥) or Riex(2) into R.

Proof of Theorem 20
Define G = R€.

If there is a k-coloring of G, then =g has at most x-many classes. J




II. Applications of the Gy dichotomy

The perfect set theorem for quasi-orders

Proof of Theorem 20 (continued)

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2 — X from Gy to G.

Define S = (¢ x )~ }(R). J

If there is a non-empty open square in which S is meager, then
Mycielski yields a continuous embedding 1) of A(2¥) into S.

Then ¢ 01 is a continuous embedding of A(2) into R. J
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II. Applications of the Gy dichotomy

The perfect set theorem for quasi-orders

Proof of Theorem 20 (continued)

So suppose that S is non-meager in every non-empty, open square.

By Lemma 15, the equivalence relation =g is meager. )




II. Applications of the Gy dichotomy

The perfect set theorem for quasi-orders

There is a continuous embedding ¢ of Rjex(2¥) into S.

Proof of Lemma 21

We will find a strictly increasing sequence of natural numbers kp,
an increasing sequence of functions 1,: 2" — 27 extensions us ; of
¥n(s), and decreasing sequences (Um s)mew Of dense, open subsets
of Ny, o X Nuyy, with (<, Uns € <s, such that

Nyo(r~0ms) X Ny(r1~t) € Unyr

foral menecw, re2m ands,t e 20 (m+l),




Suppose that we have already found ,, as well as us, vs, and
(Um,s)mew for all s € 2<".

For each s € 2", fix extensions us ; of 1,(s) such that <g is comea-
ger in Ny, x N,,, as well as decreasing sequences (Um.s)mew of
dense, open subsets of NV, x Ny, with (,,.c, Uns C <s.

Define ¢, 1: 2" — 2<% by ¢ 1 (s7i) = us,;.
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Obtain 1,11 by fixing an enumeration of the pairs of length n of the
form (r~07s,r~17t), and recursively extending ¢} ,(r"0"s) and
:H_l(rr\].f\t) so that N¢n+1(r”0”5) X an+1(r,\1/\t) - U,-,,r. X

Cleary ¢ o 1) is a continuous embedding of Rix(2) into R. |ZIJ
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II. Applications of the Gy dichotomy b,
The perfect set theorem for linear quasi-orders oy

Theorem 22 (Friedman-Shelah)

Suppose that « is an aleph, X is a Hausdorff space, and R is a linear,
weakly w-universally Baire, co-x-Souslin quasi-order on X. Then at
least one of the following holds:

@ There is an R-dense set of cardinality .

@ There is a continuous embedding of 2% into a pairwise disjoint
set of non-empty, open R-intervals.

Proof of Theorem 22
Set | = {(x,y) € X x X | (x,y)r # 0}.

Define G = {((x0,¥0), (x1,y1)) € I X I | [x0, yo]r N [x1, y1]r = 0}. ]
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II. Applications of the Gy dichotomy

The perfect set theorem for linear quasi-orders

Proof of Theorem 22 (continued)

If there is a x-coloring of G, then the family of all closed R-intervals
with non-empty interiors can be written as the union of k-many
intersecting families.

<

Under AC,, this is easily seen to be equivalent to the existence of an
R-dense set of cardinality .




II. Applications of the Gy dichotomy

The perfect set theorem for linear quasi-orders

Proof of Theorem 22 (continued)

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2 — | from Gy to G.

Define H = (i x ¢)71(G). J
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II. Applications of the Gy dichotomy

The perfect set theorem for linear quasi-orders

The relation H€ is meager.

Proof of Lemma 23
Note first that H¢ =

i je2 Hij, where

Hij = {(x0,x1) € 2¥ x 2¥ | 9i(xj) € [wo(x1—j), P1(x1-j)]rR}

By symmetry, it is sufficient to show that Hpo is meager. J

By Kuratowski-Ulam, it is enough to show that if (Hoo)x, has the
Baire property, then it is meager.
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[l. Applications of the Gy dichotomy

The perfect set theorem for linear quasi-orders

Proof of Lemma 23 (continued)

If it is non-meager, then Lemma 1 yields (x1,x2) € Go | (Hoo)x,-

Then (o(x1), p(x2)) ¢ G, a contradiction. = |
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II. Applications of the Gy dichotomy

The perfect set theorem for linear quasi-orders

Proof of Theorem 22 (continued)

By Mycielski, there is a continuous embedding 1) of A(2%) into HC.

Then @ o1 is a continuous embedding of A(2¥) into G°. &J
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II. Applications of the Gy dichotomy

The perfect set theorem for quasi-metrics

Theorem 24 (Friedman-Harrington-Kechris)

Suppose that  is an aleph, X is a Hausdorff space, and d is a quasi-
metric on X such that for all € > 0, the set d 1[0, €) is w-universally
Baire and co-k-Souslin. Then one of the following holds:

@ There is a d-dense set of cardinality at most «.

@ There is a continuous embedding of A(2%) into d~1[0, ¢), for
some € > 0.

Proof of Theorem 24

For each n € w \ {0}, define G, = d~1[1/n, ).
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II. Applications of the Gy dichotomy

The perfect set theorem for quasi-metrics

Proof of Theorem 24 (continued)

If each G, has a k-coloring, then there is a basis of size at most k.

Under AC,,, this is easily seen to be equivalent to the existence of a
d-dense set of cardinality at most «.
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II. Applications of the Gy dichotomy

The perfect set theorem for quasi-metrics

Proof of Theorem 24 (continued)

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2 — X from Gy to some G,.

Define e: 2¥ — R by e(x,y) = d(¢o(x), ¢(y)). )
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II. Applications of the Gy dichotomy

The perfect set theorem for quasi-metrics

The set e~1[0,1/2n) is meager.

Proof of Lemma 25

By Kuratowski-Ulam, it is enough to show that if Be(x,1/2n) has
the Baire property, then it is meager.

Suppose that Be(x, 1/2n) is non-meager. |

By Lemma 1, there exists (y,z) € Go [ Be(x,1/2n). |

Then e(y, z) < 1/n, thus (¢(y),¢(z)) ¢ Gy, a contradiction. 5|




II. Applications of the Gy dichotomy

The perfect set theorem for quasi-metrics

Proof of Theorem 24 (continued)

By Mycielski, there is a continuous embedding ¢ of A(2%) into the
relation e~1[0,1/2n).

v

It follows that ¢ o % is a continuous embedding of A(2“) into the
relation d~1[0,1/2n). X

4




Glimm-Effros for equivalence relations with thin classes

Il. Applications of the Gy dichotomy ﬁp%} ,
NN S

P

Theorem 26 (Dougherty-Jackson-Kechris)

Suppose that x is an aleph, X is a Hausdorff space, and E is a weakly
w-universally Baire, k-Souslin equivalence relation on X. Then at
least one of the following holds:

O There are k-many x1-Borel partial E-transversals covering X.

@ There is a continuous injection of 2“ into some E-class.

© There is a continuous embedding of Ej into E.

Proof of Theorem 26
Define G = E \ A(X).




II. Applications of the Gy dichotomy

Glimm-Effros for equivalence relations with thin classes

Proof of Theorem 26 (continued)

If there is a xT-Borel k-coloring of G, then there is a family of
k-many kT -Borel partial transversals of E which cover X.

By Theorem 6, we can assume there is a continuous homomorphism
p:2¥ = X from Gy to G.

Define D = (p x ) H(A(X)). J

By Lemma 15, the equivalence relation D is meager. J




II. Applications of the Gy dichotomy

Glimm-Effros for equivalence relations with thin classes

Proof of Theorem 26 (continued)

If the equivalence relation F = (¢ x ¢)~*(E) is non-meager, then
Kuratowski-Ulam yields a non-meager F-class C.

Mycielski gives a continuous embedding 1 of A(2%) into D | C. J

Then ¢ o4 is a continuous injection of 2¢ into [C]. |

Otherwise, F is a meager equivalence relation containing Ep. )




II. Applications of the Gy dichotomy

Glimm-Effros for equivalence relations with thin classes

There is a continuous embedding ¥ of (A(2%), Ep) into (D, F).

Proof of Lemma 27

Fix a decreasing sequence of dense, open sets U, C D¢ such that
FNN,e, Un=0.

new

It is enough to construct k, € w and u; , € 2kn such that
Vn e LL)\V/S, te2" (an+1(s”0) X Ni/’nJrl(t/\l) C Un),

where ,: 2" — QZme"km is given by an(S) = @men Us(m),m-




II. Applications of the Gy dichotomy

Glimm-Effros for equivalence relations with thin classes

Proof of Lemma 27 (continued)

Suppose that we have found kg, and uj , for all i € 2 and m € n.

Fix an enumeration (s, tx)k<¢ of 27 x 2". J

Recursively construct increasing sequences (u; k. n)k<¢ such that

Vk <L (Ny,(s0) C Up).

Aul,k,n —

X N (t)

A”O,k,n
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Set Uin = Ujgn and k, = |UO,,,| = |U1’,-,|. J

Clearly ¢ 01 is a continuous embedding of Ej into E. |ZIJ
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II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Definition

Let Fy denote the equivalence relation on 2% given by

xFoy <= (parity(x [ n))newEo(parity(y [ n))new,

where parity(s) = >, s(i) (mod 2) for n € w and s € 2".




II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Theorem 28 (Louveau)

Suppose that « is an aleph, X is a Hausdorff space, E is a weakly
w-universally Baire, k-Souslin equivalence relation on X, and F is a
weakly w-universally Baire, co-x-Souslin equivalence relation on X
of index two below E. Then at least one of the following holds:

@ There is a cover of X with k-many xT-Borel partial transver-
sals of E over F.

@ There is a continuous embedding of (Eg, Fo) into (E, F).

Proof of Theorem 28
Define G = E \ F.
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II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Proof of Theorem 28 (continued)

If there is a k™-Borel k-coloring of G, then there are xK-many k-
Borel partial transversals of E over F which cover X.

By Theorem 6, we can assume that there is a continuous homomor-
phism ¢: 2 — X from Gy to G.

<

Define E/ = (¢ x @) Y(E) and F' = (¢ x ¢)71(F).




II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Proof of Theorem 28 (continued)

By Lemma 15, the equivalence relation F’ is meager.

Kuratowski-Ulam then implies that E’ is meager. )

Observe that Fp C F' and Ey\ Fp C E'\ F'. |

Set D' = (1o x ) (A(X)). J




II. Applications of the Gy dichotomy

Glimm-Effros for quotients

There is a continuous embedding 1) of the triple (A(2%), Eg, Fo) into
the triple (D', E', F").

Proof of Lemma 29

Fix a decreasing sequence of dense, open sets U, C (D)€ such that
E'NNyen, Un = 0.

new

We construct k, € w and u; , € 2kn with differing parities such that

Vn e LL)VS, te2" (anJrl(S'\O) X NT/JnJrl(tAl) C Un),

where ,: 2" — 2Zm€"km is given by Qﬂn(s) = @men Us(m),m-
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II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Proof of Lemma 29 (continued)

Suppose that we have found kg, and uj , for all i € 2 and m € n.

Fix an enumeration (s, tx)k<¢ of 27 x 2".

Recursively construct increasing sequences (u; k. n)k<¢ such that

C Uy).

Aul,k,n —

Vk <€ (Ny,(s) X N (t)

A”O,k,n




II. Applications of the Gy dichotomy

Glimm-Effros for quotients

Proof of Lemma 29 (continued)

If parity(uo,,n) # parity(uien), then set uj, = uj s p.

Otherwise, set uj , = uj " i. J

Define kn = |uo,n| = |u1,nl- = |

Clearly ¢ o1 is a continuous embedding of (Eg, Fo) into (E, F). =)




Part 111

The hypergraph Gy dichotomy
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lIl. The hypergraph Gy dichotomy

Graph-theoretic definitions

Definition

A (< d)-dimensional dihypergraph on X is a set G C X9 of non-
constant sequences.

The restriction of G to Y C X isgivenby G | Y =GN Y9, J

Aset Y C X is G-independent if G | Y = (. J

An (I-)coloring of G is a function c¢: X — | with the property that
for all i € 1, the set ¢c1({i}) is G-independent. J
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lIl. The hypergraph Gy dichotomy

Graph-theoretic definitions

The dihypergraph on d“ associated with S C d<% is given by

Gs ={(s"1"x)jed | s € S and x € d*}.

Definition
A set S C d<¥ is dense if Vr € d<¥3s € S (r C s).




lIl. The hypergraph Gy dichotomy

Dihypergraphs without large independent sets

Suppose that d € w\ 2, B C d“ is a non-meager set with the Baire
property, and S C d<% is dense. Then B is not Gs-independent.

Proof of Lemma 30
Fix r € d<“ such that B is comeager in N,.

Fix s € S such that r C s. )

Then (s7i"x)jcq € Gs | B for comeagerly many x € d*. J




lIl. The hypergraph Gy dichotomy

Dihypergraphs without measurable colorings

Suppose that d € w \ 2, x is an aleph, S C d<“ is dense, and c is
a k-coloring of Gs. Then the set (¢ x ¢)~*(<) does not have the
Baire property.

Proof of Lemma 31

Set R = (c x ¢)7}(<) and E = (c x ¢)"}A(x)).




lIl. The hypergraph Gy dichotomy

Dihypergraphs without measurable colorings

Proof of Lemma 31 (continued)

If R has the Baire property, then Kuratowski-Ulam yields a least
« € k for which ¢71(<®) is non-meager and has the Baire property.

Then the E-class C = ¢ 1({a}) is non-meager. J

By Lemma 30, there exists (x;)jcq € Gs | C, a contradiction. J




lIl. The hypergraph Gy dichotomy

Dihypergraphs without measurable colorings

Lemma 32

Suppose that d € w \ 2, k is an aleph, S C d<“ is dense, and
the family of subsets of d“ with the Baire property is closed under
k-length unions. Then there is no x-coloring of Gs with respect to
which pre-images of singletons have the Baire property.

Proof of Lemma 32

Suppose that ¢ is a k-coloring of Gs with respect to which pre-
images of singletons have the Baire property.

Then (¢ x ¢)~1(<) has the Baire property.

But this directly contradicts Lemma 31. J




Definition
Fix sequences s, € d" such that the set S = {s, | n € w} is dense.

Define Go(d“) = Gs. J
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lIl. The hypergraph Gy dichotomy

My, goodness!

Lemma 33

Suppose that d € w \ 2, k is a good aleph, X is a Hausdorff space,
G is a weakly k-Souslin, (< d)-dimensional dihypergraph on X, and
A C X is G-independent and weakly x-Souslin. Then there is a
G-independent, xk™-Borel set B C X such that A C B.

Proof of Lemma 33

By Lemma 4, there is a G-independent sequence (B;);cq of kT -Borel
subsets of X such that A C B; for all i € d.

Clearly the set B = (1,4 B; is as desired. X




lIl. The hypergraph Gy dichotomy rs
The main theorem 0y

Theorem 34 (Louveau)

Suppose that d € w\ 2, k is an aleph, X is a Hausdorff space, and
G is a k-Souslin, (< d)-dimensional dihypergraph on X. Then at
least one of the following holds:

O There is a k™-Borel x-coloring of G.

@ There is a continuous homomorphism from Gy(d“) to G.

Proof of Theorem 34
We will prove the special case of the theorem for good k.
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lIl. The hypergraph Gy dichotomy

The main theorem

It is sufficient to handle the special case that X = x“.

Proof of Lemma 35

We can clearly assume that G # (), so projx(G) # 0, thus there is
a continuous surjection ¢: k% — projx(G). Set H = (¢9)71(G).

If there is a K T-Borel x-coloring of H, then Lemma 33 allows us to
produce a x-Borel x-coloring of G.

If : d¥ — k¥ is a continuous homomorphism from Gpy(d“) to H,
then ¢ 04} is a continuous homomorphism from Gp(d“) to G. &




lIl. The hypergraph Gy dichotomy

The main theorem

Definition

An approximation is a triple of the form a = (n?,¢?, (V7)ken?).
where n® € w, ¢?: d" — k™, and ¢2: d" —(k+1) _y on®,

We say that an approximation a is extended by an approximation b
if for all k € n?, the following conditions are satisfied:

O n? < nb.
@ Vred™Vsed” (rCs = ¢(r) C pb(s)).
@ Vr e d” (ktys ¢ gn' (kD) (r C s — Pa(r) C 92(s)).

If n® = n? + 1, then we say that b is a one-step extension of a.

Fix a k-length well-ordering of the set of all approximations. |
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lIl. The hypergraph Gy dichotomy

The main theorem

Proof of Theorem 34 (continued)

Fix a tree # on x x k9 such that G = proj(ﬁw)d[ﬁ.

| \

Definition
A configuration is a triple of the form v = (n7, o7, (¢} )kenr), where
n" €w, ¢’ d” = k¥, and P d" (k1) s o such that

(Vi(s), (¥ (5”07 5))ied) € [#]

for all k € n” and s € d" —(k+1),
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lIl. The hypergraph Gy dichotomy

The main theorem

Definition

We say that a configuration ~y is compatible with an approximation
a if the following conditions are satisfied:

@ n?=n".
@ Vs € d™ (¥7(s) C ¢"(s)).
@ Vk € n?Vs € d"~(k+1) (ya(s) T 9)(s)).

We say that y is compatible with a set Y C s if '[d"'] C Y. J

We use '(a, Y) to denote the family of all configurations which are
compatible with both a and Y.




lIl. The hypergraph Gy dichotomy

The main theorem

Definition

We say that an approximation a is Y-terminal if [ (b, Y) = () for all
one-step extensions b of a.

We use T(Y) to denote the family of all such approximations. J

Define A(a, Y) C Y by A(a,Y) ={¢"(sn2) | v €T(a,Y)}. J




lIl. The hypergraph Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C k%, and A(a, Y) is not
G-independent. Then a is not Y-terminal.

Proof of Lemma 36

Fix configurations v; € I'(a, Y) with (¢ (spa))icqd € G.

Fix x € k¥ such that (x, (¢ (sp2))icd) € [¥]- |
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lIl. The hypergraph Gy dichotomy

The main theorem

Proof of Lemma 36 (continued)

Let v denote the configuration given by:
@ n=n"+1
@ VicdVscd™ (¢V(s"i) = pi(s)).

@ Vi € dvk € n?Vs € d"~(k+D) ((s7i) = ] (s)).

Q (D) =

Let b denote the approximation given by:
O n=n.
@ Vs € d™ (pb(s) = ¢7(s) I n*).
© Vk € nbvs € d"' (k1) (yb(s) = 7 (s) | nb).
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Proof of Lemma 36 (continued)

Clearly v is compatible with b.

Clearly b is a one-step extension of a. J

It follows that a is not Y-terminal. = |
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lIl. The hypergraph Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C % is k-Borel, and ais Y-
terminal. Then there is a G-independent, x*-Borel subset B(a, Y)
of k¥ such that A(a, Y) C B(a, Y).

Proof of Lemma 37
Lemma 36 ensures that A(a, Y) is G-independent.

The desired result therefore follows from Lemma 33. 5
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lIl. The hypergraph Gy dichotomy

The main theorem

Definition

Lemma 38
There is a k*-Borel k-coloring of G | (Y \ Y/).

Proof of Lemma 38
Define c(y) =min{fae T(Y) |y € B(a,Y)} fory e Y\ Y.

As c71({a}) C B(a,Y) for all a € T(Y), it follows that c is a
coloring of G | (Y '\ Y/). 53
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lIl. The hypergraph Gy dichotomy

The main theorem

Definition

Recursively define a sequence (Yy)acn+ Of subsets of k* by

KY if =0,
Yo = YB/ if a = +1, and
Npea Y5 if ais a limit ordinal.

Since there are only x-many approximations, there exists a@ € k™
such that T(Y,) = T(Ya+1)-
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lIl. The hypergraph Gy dichotomy

The main theorem

Suppose that the trivial approximation is Y,-terminal. Then there
is a x-Borel x-coloring of G.

Proof of Lemma 39
Note first that Y, 1 = 0, thus k¥ = U,Bga Y5\ Ypt1.

| A

As all G | (Y3 \ Ys+1) admit kT-Borel r-colorings, so does G. J
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lIl. The hypergraph Gy dichotomy

The main theorem

Lemma 40

Suppose that a is an approximation, Y C s“ is x*-Borel, and a is
not Y’-terminal. Then there is a one-step extension of a which is
not Y-terminal.

Proof of Lemma 40
Fix a one-step extension b of a for which ['(b, Y') # (.

Fix a configuration v € T'(b, Y’). J

Then ¢7(s,5) € Y/, thus b is not Y-terminal. = |




lIl. The hypergraph Gy dichotomy

The main theorem

Suppose that the trivial approximation is not Y,-terminal. Then
there is a continuous homomorphism from Gy to G.

Proof of Lemma 41

By Lemma 40, there are approximations a, = (n, ¢n, (¥k.n)ken) that
are not Y,-terminal, and each of which is extended by the next.

Define ¢: d¥ — k“ and ¥ : d¥ — k¥ by

= [J @n(x I'n)and ¢u(x) = | unlx | (n—(k+1))).

ncw kencw
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lIl. The hypergraph Gy dichotomy

The main theorem

Proof of Lemma 41 (continued)

It remains to show that if kK € w and x € d“, then

(Vr(x), (p(sk 1" x))ica) € [¥]-

It is enough to show that every open neighborhood U of the pair
(Vk(x), (¢(sk"i"x))icq) contains a point of [§].

Towards this end, fix n € w sufficiently large that k € n and

ka,n(s) % H'N‘cpn(sk“i“s) c U,

ied

where s = x [ (n— (k + 1)).
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Proof of Lemma 41 (continued)

Our choice of a, ensures the existence of v € I'(a,, Ya).

Then (¢7(s), (¢7(sk"i7s))ica) € [¥] N U. b X J
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Part IV

Applying the hypergraph dichotomy
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IV. Applying the hypergraph dichotomy

Covering vector spaces

Theorem 42 (Kunen-Miller-van Engelen)

Suppose that d € w\2, x is an aleph, X is a Hausdorff space, A C X
is analytic, and X is equipped with a vector space structure for which
the set D C X=9 of dependent sequences is weakly w-universally
Baire and co-k-Souslin. Then at least one of the following holds:

@ There is a cover of A with k-many translates of (< d)-dimen-
sional, k*-Borel subsets of X.

@ There is a continuous embedding of the set of non-injective
sequences in (2¢)7™ into A9t D.




IV. Applying the hypergraph dichotomy

Covering vector spaces

Proof of Theorem 42

For each £ < d, set Gy = {(x;)i<¢ € A | (x; — x¢)ice ¢ D}.

If there is a x"-Borel k-coloring of G4, then we obtain the covering. J

By Theorem 34, we can assume that there is a continuous homo-
morphism ¢: (d +1)* — X from Go((d + 1)“) to Gg. J

For each £ < d, set Hp = (%) 71(Gy). J
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IV. Applying the hypergraph dichotomy

Covering vector spaces

Suppose that £ < d. Then Hf is meager.

Proof of Lemma 43

By Kuratowski-Ulam, it is enough to show that if £ € d, x € Hp,
and (Hyy1)x has the Baire property, then (Hyy1)x is comeager.

Suppose that (Hp41)x is not comeager. |

Then there exists (X;)icd+1 € Go((d + 1)) | (Het1)S )

Then (¢(x;))icg+1 ¢ G, a contradiction. 5 |

114 /213



IV. Applying the hypergraph dichotomy

Covering vector spaces

Proof of Theorem 42 (continued)

By Mycielski, there is a continuous embedding 1) of the set of non-
injective sequences in (2)9 into Dy.

v

Then ¢ o1 is a continuous embedding of the set of non-injective
sequences in (2¢)? into D. X

4
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Part V

The sequential Gy dichotomy
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V. The sequential Gy dichotomy

Basic graph-theoretic definitions

Definition
A set Y C X is (G")new-independent if it is G"-independent for
some n € w.

An (I-)coloring of (G")ney is a function c: X — | with the property
that for all i € /, the set ¢~ ({i}) is (G")ew-independent.

<

Suppose that (dp)new € (w\ 2)” and f: w X w — w is a bijection. ]
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V. The sequential Gy dichotomy

Basic graph-theoretic definitions

Associated with each set S C U, ., [ e, 95 (m) are the sets

Sk={sesSn deo(m) | n € wand fy(n) = k}
men
and the dihypergraphs
Gé = {(SAI'AX),'ed ‘ s e Sk and x S H dfo(n)}.

new
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V. The sequential Gy dichotomy

Basic graph-theoretic definitions

Aset S C UnEw Hme” dfo(m) is dense if

Vk € w¥n € wVr € H dp(my3s € Sk (rCs).

men

Definition
Fix s, € []

dry(

o(m) such that the set S = {s, | n € w} is dense.

men
4

Define G(I;(Hne,u dfo(n)) = Gg

Define also G§ = G&(2v).

119 /213



V. The sequential Gy dichotomy

The main theorem

Theorem 44

Suppose that « is an aleph, X is a Hausdorff space, and G¥ is a
k-Souslin, (< di)-dimensional dihypergraph on X. Then at least
one of the following holds:

O There is a k™-Borel x-coloring of G.

@ There is a continuous homomorphism from the w-sequence
(Gé‘(HnEw dfy(n)))kew to the w-sequence (G¥)kew-

Proof of Theorem 44
We will prove the special case of the theorem for good k.




V. The sequential Gy dichotomy

The main theorem

It is sufficient to handle the special case that X = x%“.

Proof of Lemma 45

We can clearly assume that every G¥ is non-empty, thus so too is
every set of the form projx(G*) # 0.

Fix a continuous surjection ¢: k% — [J,c,, Projx(G¥). J

Set Hk = (¢9)~1(G¥). |




V. The sequential Gy dichotomy

The main theorem

Proof of Lemma 45 (continued)

If there is a x+-Borel x-coloring of (H*)xc,, then Lemma 5 allows
us to produce a kT-Borel s-coloring of (G)xey.

If ¥: [l,en drny — K“ is a continuous homomorphism from
(G (ITpew dr(m))kew to (H*)kew, then @ o 1) is a continuous ho-

momorphism from (G§(IT,c., d(m))kew t© (G*)icw- 53

v

N

N



V. The sequential Gy dichotomy

The main theorem

Definition

An approximation is a triple a = (n?, ¢?, (¢'7)ken=), where n? € w,
(pa: l_ImGna dfo(m) — K ’ and ¢z3 HmEna\(kJrl) dﬁ)(m) — K"

We say that an approximation a is extended by an approximation b
if o7 and (1) kene are extended by ©P and (V) keps.

If n® = n? + 1, then we say that b is a one-step extension of a. J

Fix a k-length well-ordering of the set of all approximations. J




V. The sequential Gy dichotomy

The main theorem

Proof of Theorem 44 (continued)

Fix trees $X on k x k9 such that Gk = proj(ﬂw)d[$k].

Definition
A configuration is a triple v = (n7, ¢, (¥ )kenv), where n7 € w,
O T mem df(m) — £, and Yl Hmem\(kJrl) dfy(m) — K*, with

(W5, (97 (5K7175) e ) € [450]

forall k € n” and s € [, .com (k1) Ifo(m)-




V. The sequential Gy dichotomy

The main theorem

We say that a configuration «y is compatible with an approximation
a if the following conditions are satisfied:

@ nP=n".
@ Vs € [[,cpe diy(m) (¥7(s) E ¢7(s)).
0 Vk G naVS G Hme"a\(k+1) dﬁ)(m) (7,/Ji($) E wZ(S))

We say that ~y is compatible with Y C £ if 0[[[,er d(m)] S Y- J

We use '(a, Y) to denote the family of all configurations which are
compatible with both a and Y.




V. The sequential Gy dichotomy

The main theorem

Definition

We say that an approximation a is Y-terminal if [ (b, Y) = () for all
one-step extensions b of a.

We use T(Y) to denote the family of all such approximations. J

Define A(a, Y) C Y by A(a,Y) ={¢"(sn2) | v €T(a,Y)}. J
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V. The sequential Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C x“, and A(a, Y) is not
(G¥)kew-independent. Then a is not Y-terminal.

| \

Proof of Lemma 46
Fix configurations 7; € I'(a, Y) with (907'(5,,a)),edf0 € Ghir),

Fix x € k¥ such that (x, (gp’W(sna)),-edfo(na)) e [$H()].

M




V. The sequential Gy dichotomy

The main theorem

Proof of Lemma 46 (continued)

Let v denote the configuration given by:
@ n=n+1
@ Vi € diy(n9)Vs € [ nen dr(m) (07(571) = ().
© Vi € diy(pn)Vk € n?Vs € []nepa (k1) io(m)
(Pr(s71) = 4/ (s)).
Q ¥).(0) = x.




V. The sequential Gy dichotomy

The main theorem

Proof of Lemma 46 (continued)

Let b denote the approximation given by:
O nb=n.
@ Vs € [T nens di(m) (¥°(s) = ¢7(s) I n°).
© Vk € n’Vs ¢ [menn (k+1) 9o(m) (WE(s) =) (s) I nP).




Proof of Lemma 46 (continued)

Clearly v is compatible with b.

Clearly b is a one-step extension of a. J

It follows that a is not Y-terminal. = |
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V. The sequential Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C s“ is x*-Borel, and a is
Y-terminal. Then there is a (G¥)xc.-independent, xT-Borel subset
B(a, Y) of k¥ such that A(a, Y) C B(a, Y).

Proof of Lemma 47
Lemma 46 ensures that A(a, Y) is (G*)ke.-independent.

The desired result therefore follows from Lemma 33. 5 |
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V. The sequential Gy dichotomy

The main theorem

Definition

Lemma 48
There is a k*-Borel k-coloring of G | (Y \ Y/).

Proof of Lemma 48
Define c(y) =min{fae T(Y) |y € B(a,Y)} fory e Y\ Y.

As c71({a}) C B(a,Y) for all a € T(Y), it follows that c is a
coloring of G | (Y '\ Y/). 53
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V. The sequential Gy dichotomy

The main theorem

Definition

Recursively define a sequence (Yy)acn+ Of subsets of k* by

KY if =0,
Yo = YB/ if a = +1, and
Npea Y5 if ais a limit ordinal.

Since there are only x-many approximations, there exists a@ € k™
such that T(Y,) = T(Ya+1)-
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V. The sequential Gy dichotomy

The main theorem

Lemma 49

Suppose that the trivial approximation is Y,-terminal. Then there
is a kT-Borel r-coloring of (G¥)xew.

Proof of Lemma 49

Note first that Yo11 = 0, thus v = Uz, Y5\ Ya11.

As all of the sequences (G¥)kew, | (Y5 \ Ysi1) admit x*-Borel
k-colorings, so too does (G¥)xeu. 53
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V. The sequential Gy dichotomy

The main theorem

Suppose that a is an approximation, Y C s“ is x*-Borel, and a is
not Y’-terminal. Then there is a one-step extension of a which is
not Y-terminal.

Proof of Lemma 50
Fix a one-step extension b of a for which ['(b, Y') # (.

Fix a configuration v € T'(b, Y’). J

Then ¢7(s,5) € Y/, thus b is not Y-terminal. = |
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V. The sequential Gy dichotomy

The main theorem

Suppose that the trivial approximation ag is not Y,-terminal.
Then there is a continuous homomorphism from the sequence

(G (ITpew @r(m))kew to the sequence (G¥)ycy,.

Proof of Lemma 51

By Lemma 50, there are approximations a, = (n, ¢n, (¥k.n)ken) that
are not Y,-terminal, and each of which is extended by the next.

Define v: ], dfn) — £* and Hn@\(kﬂ) dg(ny — K* by

= U wn(x [ n) and Py (x U Vin(x | (n = (k+1))).

new kencw
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V. The sequential Gy dichotomy

The main theorem

Proof of Lemma 51 (continued)

It remains to show that if k € w and x € [], ¢\ (k+1) Tfo(n) then

(wk(x)v( (sk i X))ledf k)) S [g}gfo(k ]

It is enough to show that every open neighborhood U of the pair
(Vk(x), (go(sk“i“x)),-edfo(k)) contains a point of [$0(K)],
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V. The sequential Gy dichotomy

The main theorem

Proof of Lemma 51 (continued)

Towards this end, fix n € w sufficiently large that kK € n and

ka,n(s) 2 H N(Pn(sk/\i’\s) g U7

i€dp (k)

where s = x [ (n — (k + 1)).

Our choice of a, ensures the existence of v € '(a,, Ya). |

Then (¢7(s), (¢7(sk™i7s))ied; ) € [0 N U. % b J
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Part VI

Applications of the sequential Gy dichotomy
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VI. Applications of the sequential Gy dichotomy

The perfect set theorem for sequences of equivalence relations

Theorem 52

Suppose that « is an aleph, X is a Hausdorff space, and (E") ey is
a sequence of w-universally Baire, co-x-Souslin equivalence relations
on X. Then at least one of the following holds:

@ There is a cover of X with k-many equivalence classes.
@ There is a continuous embedding of A(2%) into |J,¢,, E".

Proof of Theorem 52
Define G" = (E™)¢.

If there is a k-coloring of (G"),cw, then there is a cover of X with
k-many equivalence classes.
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VI. Applications of the sequential Gy dichotomy

The perfect set theorem for sequences of equivalence relations

Proof of Theorem 52 (continued)

By Theorem 44, we can assume that there is a continuous homo-
morphism ¢: 2¥ — X from (G§)necw t0 (G")new.

Define F" = (p x )~ L(E"). |

Essentially by Lemma 15, each F" is meager. J

By Mycielski, there is a continuous embedding ¢ of A(2%) into the
union |J,. F".

new

Then o1 is a continuous embedding of A(2%) into |

new

E". XJ
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VI. Applications of the sequential Gy dichotomy

Bases for vector spaces

Theorem 53

Suppose that « is an aleph and X is a Hausdorff space equipped with
a vector space structure for which the set D C X<“ of dependent
sequences is w-universally Baire and co-x-Souslin. Then at least one
of the following holds:

@ There is a basis for X of cardinality at most k.

@ There is a continuous embedding of the set of non-injective
sequences in (2*)<“ into D.
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VI. Applications of the sequential Gy dichotomy

Bases for vector spaces

Proof of Theorem 53
Set G" = X"2\ D.

If there is a k1-Borel k-coloring of (G")pew, then there is a covering
of X by x-many finite-dimensional sets, thus there is a basis of
cardinality at most k.

By Theorem 44, we can assume that there is a continuous homo-
morphism ¢ from (Gé’(HnEw fo(n) + 2))new to (G™) new-

For each £ € w, set Dy = (¢*)~}(D). |
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VI. Applications of the sequential Gy dichotomy

Bases for vector spaces

Suppose that £ € w \ 1. Then Dy is meager.

Proof of Lemma 54

By Kuratowski-Ulam, it is enough to show that if £ € w\ 1, x € Dy,
and (Dyy1)x has the Baire property, then (Dyy1)x is meager.

Suppose that (Dy4+1)x is non-meager. |

Then there exists (X;j)icer1 € GgH(HnEw fo(n) +2) [ (D41)x- J

Then (¢(x;))icer1 ¢ G, a contradiction. J
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VI. Applications of the sequential Gy dichotomy

Bases for vector spaces

Proof of Theorem 53 (continued)

By Mycielski, there is continuous embedding v of the set of non-
injective sequences in (2*)<“ into | J,,, De-

Then ¢ o1 is a continuous embedding of the set of non-injective
sequences in (2*)<“ into D. X

<
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Theorem 55 (Hjorth)

Suppose that « is an aleph, X is a Hausdorff space, and G is an
acyclic, k-Souslin graph on X such that Eg \ dz'(n) is w-universally
Baire for all n € w. Then at least one of the following holds:

O There are k-many x1-Borel sets such that every Eg-class
intersects one of them in a singleton.

@ There is a continuous embedding of Ey into Eg.
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Proof of Theorem 55
We will establish the special case of the theorem for good x.

Set G" = Eg \ dz'(n). J

Suppose first that there is a k*-Borel r-coloring of (G") ey, . J

Then there is a cover with k-many k"-Borel sets of finite diameter. J
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Suppose that B C X is a k-Borel set of diameter strictly less than
2n. Then there are k*-Borel sets (B;);cn such that every Eg-class
which intersects B intersects some B; in 1 or 2 points.

Proof of Lemma 56
Set By = B.

Let A;;1 denote the domain of the tree obtained by pruning G | B;. J

By Lemma 5, there is a k-Borel set B;;,1 C X of the same diameter
as Ajy1 such that Aj11 C Biys. )
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Proof of Theorem 55 (continued)

The desired covering can therefore be obtained by intersecting with
elements of a basis.

y

By Theorem 44, we can assume that there is a continuous homo-
morphism ¢ from (G{')new t0 (G")new-
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Suppose that n € w. Then dgl(n) is meager.

| A

Proof of Lemma 57

By Kuratowski-Ulam, it is enough to show that if dz'(n), has the
Baire property, then it is meager.

4

Suppose that dgl(n)x is non-meager.

S
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Proof of Lemma 57 (continued)

Then there exists (y,z) € G&" | dz'(n)x.

Then (¢(y), ©(2)) ¢ G3", a contradiction. = |
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VI. Applications of the sequential Gy dichotomy

Glimm-Effros for treeable equivalence relations

Proof of Theorem 55 (continued)

Set D = (¢ x ) Y(A(X)) and F = (¢ x ¢)*(E).

Then F is a meager equivalence relation which contains Ep. J

By Lemma 27, there is a continuous embedding 1 of (A(2¥), Eo)
into (D, F).

Then ¢ 01 is a continuous embedding of Ej into E. @J




Part VII

The local Gy dichotomy
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VII. The local Gy dichotomy

Generalized examples

The digraph on 2% associated with T C | J,,c,, 2" x 2" is given by

Hr = {(t(0)"0"x,t(1)"1"x) | t € T and x € 2¥}.

In particular, if S C 2<%, then Gs = Hp(s). J

Definition

Aset T CJ,. ., 2" x 2" is dense if

new

Vs € 259 x 25¥3t € TVi € 2 (s(i) C t(i)).
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VII. The local Gy dichotomy

Higher-dimensional generic ergodicity

Lemma 58

Suppose that T C J,,, 2" x 2" is dense and R C 2¥ x 2¥ is a
transitive set with the Baire property for which H+ C R. Then R is
meager or comeager.

Proof of Lemma 58

Suppose, towards a contradiction, that there exist u, v € 2<% x 2<%
with R comeager in N,1) X N, (o) and meager in N,y X Ny().




VII. The local Gy dichotomy

Higher-dimensional generic ergodicity

Proof of Lemma 58 (continued)
Fix s,t € T such that u(i) C s(i) and v(i) C t(i) for all i € 2.

Then V*x,y € 2 (s(0)"0"xRs(1)"1"xRt(0)"0"yRt(1)"1"y). J

This contradicts the fact that R is meager in N(g) x Ny1). J
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VII. The local Gy dichotomy

The canonical obstruction

Definition

Fix sequences sy, € 22" and topp1 € 2271 x 227F1 such that the
sets S ={sop | n € w} and T = {t2pt+1 | n € w} are dense.

Define GgV" = Gs and H(‘)’dd = Hr. J
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VII. The local Gy dichotomy

My, goodness!

Lemma 59

Suppose that x is a good aleph, X is a Hausdorff space, E is a
weakly k-Souslin equivalence relation on X, R is a weakly x-Souslin
quasi-order on X, and (Ao, A1) is an (E N R)-independent pair of
weakly k-Souslin sets. Then there is an (E N R)-independent pair
(Bo, B1) of kT-Borel sets such that Ay C By, A1 C By, By is upward
(E N R)-invariant, and By is downward (E N R)-invariant.

Proof of Lemma 59
Set A070 = Ap and A170 = A;.
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VII. The local Gy dichotomy

My, goodness!

Proof of Lemma 59 (continued)

Given an (E N R)-independent pair (Ao, n, A1,n) of weakly x-Souslin
sets, fix an (ENR)-independent pair (Bo,n, B1,n) of xT-Borel subsets
of X such that Ag, € By, and Ay, C By p.

Set Ao, nt1 = [Bo.n]E™F and A1 i1 = [Bin]enr- J

Define By = ,,c,, Bo,n and B1 = U,c,, Bi,n- J

new new )
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VII. The local Gy dichotomy

My, goodness!

Lemma 60

Suppose that x is a good aleph, X is a Hausdorff space, E is a
weakly k-Souslin equivalence relation on X, R is a weakly bi-x-
Souslin quasi-order on X, and (Ag, A1) is an (E \ R)-independent
pair of weakly k-Souslin sets. Then there is an (E \ R)-independent
pair (By, B1) of k*-Borel sets such that Ay C By, A1 C By, By is
downward (E N R)-invariant, and By is upward (E N R)-invariant.

Proof of Lemma 60
Set A070 = Ap and A170 = A;.
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VII. The local Gy dichotomy

My, goodness!

Proof of Lemma 60 (continued)

Given an (E \ R)-independent pair (Ao,n, A1,n) of weakly x-Souslin
sets, fix an (E\ R)-independent pair (B n, B1,n) of x1-Borel subsets
of X such that Ag, € By, and Ay, C By p.

Set Ao.nt1 = [Bo.nlenr and A1 ni1 = [Bya]E7R. J

Define By = ,,c,, Bo,n and B1 = U,c,, Bi,n- J

new new )
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Definition

An equivalence relation E on X is x-smooth if there is a k™-Borel
reduction of E to A(2").
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VII. The local Gy dichotomy

The main theorem

Theorem 61

Suppose that « is an aleph, X is a Hausdorff space, G is a k-Souslin
digraph on X, and E is a k-Souslin equivalence relation on X. Then
at least one of the following holds:

@ There is a k-Borel x-coloring of F N G, for some k-smooth
equivalence relation F on X with E C F.

@ There is a continuous homomorphism from (G§'°", H344) to
the pair (G, E).
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Definition

A quasi-order R on X is k-lexicographically reducible if for some
« € kT there is a kT-Borel reduction of R to Rjex(2%).
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VII. The local Gy dichotomy

The main theorem

Theorem 62

Suppose that x is an aleph, X is a Hausdorff space, G is a k-Souslin
digraph on X, and R is a k-Souslin quasi-order on X. Then at least
one of the following holds:

O There is a k™-Borel x-coloring of =5 N G, for some x-lexico-
graphically reducible quasi-order S on X with R C S.

@ There is a continuous homomorphism from (G§¥*", H344) to
the pair (G, R).

Proof of Theorem 62
We will establish the special case of the theorem for good «.
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VII. The local Gy dichotomy

The main theorem

It is sufficient to handle the special case that X = x“.

Proof of Lemma 63

We can clearly assume that X # (), so there is a continuous surjec-
tion ¢: k¥ — X.

Set G' = (¢ x ) }(G) and R' = (¢ x )~ Y(R). ]
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 63 (continued)

If there is a x™-Borel k-coloring of =s N G’, for some k-
lexicographically reducible quasi-order S’ on k¥ with R C S’, then
Lemmas 5 and 59 can be used to produce the desired coloring ¢ and
quasi-order S.

If ¢: 2% — k“ is a continuous homomorphism from (Gge?, Hg4d)
to (G, R’), then ¢ o ¢ is a continuous homomorphism from
(Ggver, HS4) to (G, R). b
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VII. The local Gy dichotomy

The main theorem

Definition
An approximation is a triple of the form a = (n?,©?, (V¥})kenq),
where n? € w, ©?: 2™ — k™, and 7 2m—(kHD)

We say that an approximation a is extended by an approximation b
if for all k € n?, the following conditions are satisfied:

QO n? < nb.
@ Vre2m™Vs 2™ (rCs = ¢3(r) C ob(s)).
© vr e 2~ (ktlys g 2n'~(k+1) (r C s — 42(r) C 92(s)).

If n® = n? + 1, then we say that b is a one-step extension of a.

168 /213



VII. The local Gy dichotomy

The main theorem

Proof of Theorem 62 (continued)

Fix a x-length well-ordering of the set of all approximations.

Fix trees ¥ and ¥g on k X (k x k) such that G = proj,w .« |[¥c]
and R = proj,.w .« [¥R]-
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VII. The local Gy dichotomy

The main theorem

Definition
A configuration is a triple of the form v = (n7, ", (¥} )kenv), where
n' €w, p7: 2" — k¥, and ) 2" (k1) 5 k@ such that

(i (), (¢7(sk707s), 7 (sk"17s))) € [¥g]
for all even kK € n? and s € 2”7_("“), and
(Vi (s), (7 (t(0)707s), 7 (t(1)"175))) € [¥g]

for all odd k € n” and s € 27" —(k+1),
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VII. The local Gy dichotomy

The main theorem

A configuration «y is compatible with an approximation a if:
QO n?=n".
@ Vs c 2™ (¢?(s) C p(s)).
@ Vk € n?Vs € 27~ (k+1) (ya(s) C ) (s)).

Suppose that Y C k% is k-Borel and S is a k-lexicographically
reducible quasi-order on x“ such that R C S.

We say that v is compatible with S if ¢7[2""] x p7[2""] C S. J

We say that v is compatible with Y if ¢7[2"] C Y. J
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VII. The local Gy dichotomy

The main theorem

Definition
We use I'(a, S, Y) to denote the family of all configurations which
are compatible with a, S, and Y.

v

We say that an approximation ais (S, Y)-terminal if [(b,S,Y) =0
for all one-step extensions b of a.

<




VII. The local Gy dichotomy

The main theorem

Definition

We say that an approximation a is even if n? is even.

Let Teven(S, Y) be the set of (S, Y)-terminal even approximations. J

For each even approximation a, define A(a,S,Y) C Y by J

A(2,S,Y) = {¢7(s0) | 7 € T(a, S, Y)}.
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VII. The local Gy dichotomy

The main theorem

Lemma 64

Suppose that a is an even approximation for which A(a, S, Y) is not
(=s N G)-independent. Then a is not (S, Y)-terminal.

Proof of Lemma 64

Fix configurations vo,71 € ['(a, S, Y) with the property that

(©(sn2), " (5n2)) € =s N G.

Fix x € £* such that (x, (¢7(sp), " (sn2))) € [¥c]- )
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 64 (continued)
Let v denote the configuration given by:
@ n"=n"+1
@ Vic2Vs 2™ (oV(s7i) = ¢i(s)).
@ Vi € 2vk € n?Ys € 2~ (K1) () (s7i) = ] (s)).
Q ¥L.(0)=x.

Let b denote the approximation given by:
O n=n.
@ Vs €2 (pP(s) = ¢7(s) [ n
© Vk € nPvs € 27"~ (kt1) (yb(s) = 47 (s) | nb).
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 64 (continued)

Clearly ~ is compatible with b.

Clearly b is a one-step extension of a. J

It follows that a is not (S, Y)-terminal. = |
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VII. The local Gy dichotomy

The main theorem

Suppose that a is an even, (S, Y)-terminal approximation. Then
there is an (=s N G)-independent, x-Borel set B(a,S,Y) C k¥
such that A(a,S,Y) C B(a, S, Y).

Proof of Lemma 65

Lemma 64 ensures that A(a, S, Y) is (=s N G)-independent.

The desired result therefore follows from Lemma 5. 5 |
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VII. The local Gy dichotomy

The main theorem

Definition
Set Y/ = Y \ UaETeven(S,Y) B(a7 57 Y)

Lemma 66
There is a k*-Borel k-coloring of (=s N G) | (Y \ Y).

Proof of Lemma 66
Define c(y) =min{fac T(S,Y) |y € B(a,S,Y)} fory e Y\ Y.

As c71({a}) C B(a,S,Y) forall a € T(S, Y), it follows that c is a
coloring of (=sNG) [ (Y \Y). b
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VII. The local Gy dichotomy

The main theorem

Definition

We say that an approximation a is odd if n? is odd.

Let Todd(S, Y) be the set of (S, Y)-terminal odd approximations. J

For each odd approximation a and i € 2, define A;(a,S,Y) C Y byJ

Ai(2,S,Y) = {7 o tws(i) | v € [(a, S, Y)1.
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VII. The local Gy dichotomy

The main theorem

Lemma 67

Suppose that a is an odd approximation for which the pair
(Ao(a,S,Y),A1(a,S,Y)) is not (=s N R)-independent. Then a
is not (S, Y)-terminal.

Proof of Lemma 67
Fix configurations 79,71 € ['(a, S, Y) with the property that

(¢ o tra(0), " o tra(l)) € =s N R.

Fix x € k¥ such that (x, (7 o tpa(0), 7 o tpa(1))) € [¥g]. )
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 67 (continued)
Let v denote the configuration given by:
@ n"=n"+1
@ Vic2Vs 2™ (oV(s7i) = ¢i(s)).
@ Vi € 2vk € n?Ys € 2~ (K1) () (s7i) = ] (s)).
Q ¥L.(0)=x.

Let b denote the approximation given by:
O n=n.
@ Vs €2 (pP(s) = ¢7(s) [ n
© Vk € nPvs € 27"~ (kt1) (yb(s) = 47 (s) | nb).
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 67 (continued)

Clearly ~ is compatible with b.

Clearly b is a one-step extension of a. J

It follows that a is not (S, Y)-terminal. = |
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VII. The local Gy dichotomy

The main theorem

Lemma 68

Suppose that a is an odd approximation which is (S, Y)-terminal.
Then there is an (=s N R)-independent, x*-Borel pair of sets
(Bo(a,S,Y),Bi1(a,S,Y)) such that Ag(a,S,Y) C Bo(a,S,Y),
A1(a,S,Y) C Bi(a,S,Y), Bo(a,S,Y) is upward (=s N R)-invari-
ant, and Bi(a, S, Y) is downward (=s N R)-invariant.

Proof of Lemma 68

Lemma 67 ensures that the pair of sets (Ag(a, S, Y), A1(a,S,Y)) is
(=s N R)-independent.

The desired result therefore follows from Lemma 59. = |
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VII. The local Gy dichotomy

The main theorem

Definition
Let S’ denote the k-lexicographically reducible quasi-order generated
by S and the sequence (Bo(a, S, Y))aeTou(s,Y)-

Lemma 69

The quasi-order R is contained in S’

Proof of Lemma 69

The main point is that By(a, S, Y) is upward (=s N R)-invariant.

As R C S, it follows that R C S'. = |
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VII. The local Gy dichotomy

The main theorem

Recursively define a sequence (Sq, Ya)acx+ by K% by

(KY x K, KY) ifa =0,
(Sa; Ya) = { (Sp, V3) if @ =+ 1, and
(Ngea Sp:MNpea Y5)  if ais a limit ordinal.

Fix @ € k' such that Teven(Sa, Ya) = Teven(Sat1, Ya+1) and
Todd(som Ya) = Todd(Sonrla Ya+1)-
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VII. The local Gy dichotomy

The main theorem

Lemma 70

Suppose that the trivial approximation is (S, Y, )-terminal. Then
there is a k-Borel k-coloring of =sN G, for some k-lexicographically
reducible quasi-order S on X with R C S.

Proof of Lemma 70
Note first that Yo11 = 0, thus v = Uz, Y5\ Ya11.

As all (=5, N G) | (Y5 \ Ys+1) admit x1-Borel x-colorings, so too
does =5, N G. X
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VII. The local Gy dichotomy

The main theorem

Suppose that a is an approximation which is not (S’, Y’)-terminal.
Then there is a one-step extension which is not (S, Y')-terminal.

Proof of Lemma 71
Suppose first that a is even.

Fix a one-step extension b of a for which ['(b, S, Y') # (. |

Fix a configuration v € T(b, S, Y’). J

Then ¢7(s,5) € Y/, thus b is not (S, Y)-terminal. )




VII. The local Gy dichotomy

The main theorem

Proof of Lemma 71 (continued)

Suppose now that a is odd.

Fix a one-step extension b of a for which ['(b,S’,Y) # 0. )

Fix a configuration v € I'(b, S', Y). |

Then @Y ot,5(0) =5/ ¢ o t,p(1), thus bis not (S, Y)-terminal. 5|
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VII. The local Gy dichotomy

The main theorem

Suppose that the trivial approximation is not (Ss, Ys)-terminal.
Then there is a continuous homomorphism from (G§"®, H§4) to
the pair (G, R).

Proof of Lemma 72

By Lemma 71, there are approximations a, = (n, ¢n, (¥k,n)ken) that
are not (S, Y, )-terminal, each extended by the next.

Define : 2 — k% and ¥ : 2 — k“ by

= J enlx I n) and vu(x) = [ J @rnlx I (n—(k+1))).

ncw kencw
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 72 (continued)

It remains to show that if k € w and x € 2%, then

(¥i(x), (e(sk™07x), p(sk"17x))) € [¥e]

if k is even, and

(Vi (), ((tc(0)707x), p(tk(1)"17x))) € [¥g]
if kis odd.

We will handle the case that k is even, as the other case is identical. J
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VII. The local Gy dichotomy

The main theorem

Proof of Lemma 72 (continued)

It is enough to show that every open neighborhood U of the pair
(Y(x), (¢(sk"07x), ¢(sk"17x))) contains a point of [¥].

Towards this end, fix n € w sufficiently large that k € n and

ka,n(s) X (NSDn(skAOAS) x an(skﬁlf\s)) g U7

where s = x | (n — (k + 1)).
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Proof of Lemma 72 (continued)

Our choice of a, ensures the existence of v € I'(an, Sa, Ya).

Then (47(s), (¢7(57075), (k" 17s)) € (] NU. & & |
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Part VIII

Applications
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Definition

We say that a quasi-order R is k-linearizable if it is contained in a
k-lexicographically reducible quasi-order S for which =g = =s.
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VIII. Applications

The characterization of thin quasi-orders

Theorem 73 (Harrington-Marker-Shelah)

Suppose that x is an aleph, X is a Hausdorff space, and R is a
weakly w-universally Baire, bi-x-Souslin quasi-order on X. Then at
least one of the following holds:

@ The quasi-order R is k-linearizable.
@ There is a continuous embedding of A(2¥) into R.

Proof of Theorem 73
We will establish the special case of the theorem for good k.

195 /213



VIII. Applications

The characterization of thin quasi-orders

Proof of Theorem 73 (continued)
Set G = R°.

Suppose first that there is a xk™-Borel x-coloring ¢ of =5 N G, for
some k-lexicographically reducible quasi-order S on X with R C S.
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VIII. Applications

The characterization of thin quasi-orders

The quasi-order R is x-linearizable.

Proof of Lemma 74

By Lemma 60, there are (=s \ R)-independent pairs (Ay, B,) of
k-Borel sets such that c~({a}) € A, N B,, A, is downward
(=s N R)-invariant, and B, is upward (=s N R)-invariant.

Let T denote the x-lexicographically reducible quasi-order generated
by S and the sequence (B, )ack-

Then R C T and =g = =7, thus R is k-linearizable. J




VIII. Applications

The characterization of thin quasi-orders

Proof of Theorem 73 (continued)

By Theorem 62, we can therefore assume that there is a continuous
homomorphism ¢ from (G§®, H4) to (G, R).

Set S = (p x ¢)"Y(R). J

Essentially by Lemma 15, the equivalence relation =g is meager. )

By Lemma 58, the quasi-order S is meager. )
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By Mycielski, there is a continuous embedding ¢ of A(2¥) into S. J

Then ¢ o1 is a continuous embedding of A(2) into R. IXJ
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VIII. Applications

Glimm-Effros

Theorem 75 (Harrington-Kechris-Louveau, Ditzen, Foreman-Magid-

or)

Suppose that x is an aleph, X is a Hausdorff space, and E is a
weakly w-universally Baire, bi-x-Souslin equivalence relation on X.
Then at least one of the following holds:

@ The equivalence relation E is x-smooth.

@ There is a continuous embedding of Ej into E.
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VIII. Applications
Glimm-Effros

Proof of Theorem 75
We will establish the special case of the theorem for good «.

Set G = E°. )

Suppose that there is a k™-Borel x-coloring ¢ of F N G, for some
k-smooth equivalence relation F on X with E C F.

By Lemma 60, we can assume each ¢ 1({a}) is E-invariant. )
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Then E is the intersection of F with the smooth equivalence relation
generated by ¢, and is therefore smooth.

By Theorem 61, we can therefore assume that there is a continuous
homomorphism ¢ from (G§'*", H34) to (G, E).

Set D = (p x ¢) H(A(X)) and F = (¢ x ¢) (). ]

Essentially by Lemma 15, the equivalence relation F is meager. J
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VIII. Applications
Glimm-Effros

There is a continuous embedding ¢ of (A(2¥), Eo) into (D, F).

Proof of Lemma 76

Fix a decreasing sequence of dense, open sets U, C D¢ such that
Fn mnew U” = @

It is enough to construct k, € w and u; , € 2kn such that:
@ Vn e wYs,t €2" (Ny . (s~0) X Ny,i(t~1) € Un).
@ Vnewdte TVie2 (t(i)i = Yns1(0"70)).

Here t,: 2" — 2Xmenkm is given by 1),(s) = iz Vi) g
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VIII. Applications
Glimm-Effros

Proof of Lemma 76 (continued)

Suppose that we have found kg, and uj , for all i € 2 and m € n.

Fix an enumeration (s, tx)k<¢ of 27 x 2". J

Recursively construct increasing sequences (u; k. n)k<¢ such that

C Uy).

Aul,k,n —

Vk <€ (Ny,(s) X N (t)

A”O,k,n
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Fix extensions u;, of u;,, of the same length k, for which there
exists t € T such that t(i)~i = ¢,(0") " uj, for all i € 2. =

Clearly ¢ 0 1) is a continuous embedding of Ej into E. |ZIJ
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VIII. Applications ; | &
The Glimm-Effros dichotomy for quasi-orders 7 ;

Definition

Let Ry denote the partial order on 2% given by

X <p, ¥ <= (xEoy and x 0 d(x,y) < yod(x,y)),

where (x,y) = max{n € w | x(n) # y(n)}.
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VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

Theorem 77 (Kanovei, Louveau)

Suppose that x is an aleph, X is a Hausdorff space, and R is a
weakly w-universally Baire, bi-x-Souslin quasi-order on X. Then at
least one of the following holds:

@ The quasi-order R is k-linearizable.

@ There is a continuous embedding of Ey or Ry into R.

Proof of Theorem 77
We will establish the special case of the theorem for good x.
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VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

Proof of Theorem 77 (continued)
Set G = R°.

By Theorem 62 and Lemma 74, we can assume that there is a
continuous homomorphism ¢ from (G§¥e", H$%4) to (G, R). J

Set D = (¢ x »)71(2*) and S = (¢ x ©)"}(R). ]

Essentially by Lemma 15 and 58, the quasi-order S is meager. J
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VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

There is a continuous homomorphism ) from (A(2)¢, Ry, E§) to
the triple (D€, S, 5°).

Proof of Lemma 78

Fix a decreasing sequence of dense, open sets U, C D¢ such that
SNNpew Un =0.

It is enough to construct k, € w and u; , € 2kn such that:
@ Vn e wVs, t €2" (Ny . (s~0) X Ny,i(t~1) € Un).
@ Vnecwdte TVie2 (t(i) i = Yat1(i" (1 — 1))).
Here t,: 2" — 2Xmenkm is given by 1),(s) = iz ) e
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VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

Proof of Lemma 78 (continued)

Suppose that we have found kg, and uj , for all i € 2 and m € n.

Fix an enumeration (s, tx)k<¢ of 27 x 2". J

Recursively construct increasing sequences (u; k. n)k<¢ such that

Vk <L (Ny,(s0) C Up).

Aul,k,n —

X N (t)

A”O,k,n
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exists t € T such that t(i)~i = ¢p(i") " u1—jn for all i € 2. <

Fix extensions u; , of u;,, of the same length k, for which thereJ

Then the function m = ¢ o % is a continuous, injective homomor-
phism from (Ro, E§) to (R, R°).
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VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

Proof of Theorem 77 (continued)

Suppose now there are comeagerly many x € 2“ such that

vy € [X]g, (n(x) =r 7(y))-

As Ep continuously embeds into its restriction to any comeager set,
such a function can be composed with 7 to obtain a continuous

embedding of Eg into R.




VIII. Applications

The Glimm-Effros dichotomy for quasi-orders

Proof of Theorem 77 (continued)

Suppose now that there are comeagerly many x € 2“ such that

Ay € Mg (7(x) #r 7(¥))-

Let o denote the successor function for Rp. J

As every Borel partial transversal of Eg is meager, it follows that the
set C = {x €2¥| ¢(x) <g ¢poo(x)} is non-meager.

As Ry continuously embeds into its restriction to any non-meager
Borel set, such a function can be composed with 7 to obtain a
continuous embedding of Ry into R. ¢
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