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Part |

Introduction



larly useful in the graph-theoretic approach to descriptive set theory.

Dichotomy theorems for sequences of graphs have proven particu-J

We will discuss one family of such dichotomy theorems. J

This is joint work with Clinton Conley and Dominique Lecomte. )

For the sake of notational and technical simplicity, we work in ZFC. J




|. Introduction
Basic definitions and notation

Suppose that / C N.
Let [/]" denote the family of countably infinite subsets of /.




|. Introduction
Basic definitions and notation

Definition

The limit inferior of a sequence of sets (X;);e/ is the set

liminf;c; Xj = UieN jE’\in

of points which appear in all but finitely many of the sets X;.

Definition

The limit superior of a sequence of sets (X;);e/ is the set

limsup;¢; Xi = mieN Ujel\f Xj

of points which appear in infinitely many of the sets X;.




|. Introduction
An example

Suppose that U; = {x € 2V | x(i) = 0} for all i € N. Then for all
I € [N]Y both of the following hold:

@ The set liminf;c; U; is meager and null.

@ The set limsup;¢; U; is comeager and conull.

Remark

Suppose that | C N is co-infinite and identify 2V with P(N). Then:
O Nig Uin NN = [/,
@ liminfig U; N [N]Y = Ui finite [/ Y JN.
© limsup;g; Ui N NN = U e/ coinfinite [V 1™




|. Introduction
An example

We are interested in notions of size for which there are no corre-
sponding sequences of this form.

RENEILS

| A

We focus on notions originating in descriptive set-theoretic di-
chotomy theorems.




|. Introduction
A theorem

Theorem 1 (Komjath, Laczkovich)

Suppose that X is a Polish space and (A;)ien is a sequence of
analytic subsets of X. Then there exists /| € [N]" such that at least
one of the following holds:

@ The set limsup;.; A; is countable.

@ The set

ic) Ai has a non-empty perfect subset.




|. Introduction
A theorem

Such results can be turned into true dichotomies by asking that
either of the alternatives occurs for densely many / € [N]N.

Remark

When X = [N]Y, such results yield information connecting the un-
derlying notions of size with the structure of Ramsey blocks.

<
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Il. Two ubiquitous examples
Fubini products

There is a sequence (U;);en of clopen subsets of 2N 5 2N with the
property that for all / € [N]" both of the following hold:

@ There exist a meager set M C 2N and a function f: M — 2N
such that liminf;c; U; = graph(f).

@ The set limsup;¢; U; is comeager.

Fix an enumeration (s;)ien of 2<N and put £; = |s;].

For each i € N, set U; = {(7,x) € ([Tpen S2v) x 2V | 74,(si) C x}. J




Il. Two ubiquitous examples
Fubini products

Proof of Proposition 2 (continued)

Suppose that / € [N]Y.

For each 7 € [],en S2n, set Tr = Ui/ {s € 2<N | s T 74,(si)}- J

Fix ¢: [Tnen S2n — 2N such that V7 € [ ,cn S2» ¢(7) € [T7]. J

Clearly liminf;c; U; C graph(yp). J




Il. Two ubiquitous examples
Fubini products

Proof of Proposition 2 (continued)

For each k € N, let M denote the set of 7 € [] Son such that

neN

Vi,j € /\k (Tgi(s,') C ng(Sj) or ng(Sj) C TZ,-(Si))-

Clearly each My is meager and liminf;c; U; C UkeN M, x 2N, J

Clearly Vx € 28*7 € [], oy S2» (7,x) € limsup;¢; U;. @J




Il. Two ubiquitous examples
Basic definitions

Definition
A partial transversal of an equivalence relation is a set which inter-
sects every equivalence class in at most one point.

The equivalence relation Eg on 2% is given by

x Ey y & dm € NVn > m x(n) = y(n).




Il. Two ubiquitous examples
Non-smooth equivalence relations

Proposition 3

There is a sequence (U;);en of clopen subsets of 2N such that for
all I € [N]Y both of the following hold:

@ The set liminf;c; U; is a partial transversal of Ey.

@ The set limsup;c, U; is comeager.

For each i € N, define U; = U, coi Ns-s-

Given I € [N]V, it is easily checked that limsup;; U; is comeager. J

Clearly liminf;c; U; is a partial transversal of Ey. &J
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l1l. Families of independent sets
Basic definitions

Definition
A graph on X is an irreflexive symmetric set G C X x X.

—

Definition
The restriction of Gto Y C X isgivenby G | Y =GN(Y xY).

Definition
A set Y C X is G-independent if G | Y = 0.




l1l. Families of independent sets
Basic definitions

Definition
Let IND¢ denote the family of G-independent subsets of X.

Definition
Let o(-#) denote the o-ideal generated by the Borel sets in .%.

Definition

We say that a graph G has uncountable Borel chromatic number if
X is in o(INDg).




l1l. Families of independent sets
Basic definitions

The graph Gy on 2N is given by
Go = Upen{(sn(1)"x,5,"(1 = i)"x) | i € 2 and x € 2V},

where the sequences s, € 2" are dense in the sense that

Vs € 2N3p e N sC s,.

For each n € N, let G(") denote the graph given by
G ={(x,y) | x#£yandIxg G-+ G xp (x =x0 and y = x,)}.




l1l. Families of independent sets
Locally countable graphs

Theorem 4
Suppose that X is a Hausdorff space and G is a locally countable
analytic graph on X of uncountable Borel chromatic number. Then
there is a sequence (K;);en of compact subsets of X such that for
all I € [N]Y both of the following hold:

@ The set liminf;c; K; is G-independent.

@ There is a continuous homomorphism from the graph Gy to
the graph G | limsup;¢ Ki.




l1l. Families of independent sets
Locally countable graphs

Proposition 5

Suppose that X is a Hausdorff space, G is a locally countable an-
alytic graph on X, u is a Borel probability measure on X, every
G-independent Borel set is p-null, and (B;);en is a sequence of pu-
measurable subsets of X. Then there exists / € [N]Y such that at
least one of the following holds:

O The set limsup;¢; B; is p-null.

@ The set [, Bi is not G®@)-independent.




l1l. Families of independent sets
Zeed graphs

Definition

The tower number is the least cardinal t for which there is a sequence
(Ia)a<t of infinite subsets of N which is maximal with the property
that Voo < 8 < t (“a \ /ﬁ| =Ny and |/5 \ Ia| < No).

Definition

We say that G is zeed if for every sequence (X4, Ya)a<t Of directed
edges of G, there exist & < § < t such that (x., y3) € G.




l1l. Families of independent sets
Zeed graphs

If G is the union of fewer than t-many rectangles, then G is zeed.

If the complement of G is transitive and |X| < 2%, then G is the
union of k-many rectangles.




l1l. Families of independent sets
Zeed graphs

Proposition 6
Suppose that X is a set, G is a zeed graph on X, and (X)jen is a
sequence of subsets of X. Then there exists | € [N]" such that at

least one of the following holds:
@ The set limsup;¢; Xj is G-independent.
@ The set [, Xi is G-dependent.




l1l. Families of independent sets
Zeed graphs

Suppose that (X;)jcy is a sequence of subsets of X.

Suppose, moreover, that V/ € [N]Y limsup;; X; ¢ Zg. J

Recursively construct I, € [N] and x,, yo € X such that:
O Vo <t (X, Ya) € G [ limsup;¢, Xi.
@ Vo <txq €y, Xi
O Va < <t|lg\ I < No.




Proof of Proposition 6 (continued)

Fix & < B < t such that (xu,y8) € G.

Set I ={iel.Nlg|ys € X} J

Clearly (xa,y8) € G | (i) Xi- IZIJ
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IV. From independent sets to Ny-colorings
Technical strengthenings

Proposition 7
Suppose that X and Y are sets, G is a zeed graph on X, and (R;);en
is a sequence of subsets of X x Y. Then there exists | € [N]" such
that at least one of the following holds:

@ The set projx(limsup;c; R;) is G-independent.

@ The set projx((;c; Ri) is not G-independent.




IV. From independent sets to Ny-colorings
Technical strengthenings

Proposition 8

Suppose that X is Hausdorff, Z is a o-ideal on X, .# C P(X),
and for all sequences (A;);en of analytic subsets of X, there exists
I € [N]Y such that at least one of the following holds:

O The set limsup;c; A; is in Z.

@ The set ()¢, Aj isin 7.
Suppose further that Y is Hausdorff, R € X x Y is an analytic
set with countable vertical sections, and (R;)icn is a sequence of
analytic subsets of X x Y. Then there exists / € [N]" such that at
least one of the following holds:

@ The set projx (R Nlimsup;c; R;) is in Z.

@ The set projx(RN ;g Ri) isin 7.




IVV. From independent sets to Ng-colorings

The main theorem

Theorem 9

Suppose that X is a Hausdorff space, G is an analytic graph on X,
7T is a o-ideal on X, every analytic set in Z is contained in a Borel
set in Z, and (A;)jen is an N-sequence of analytic subsets of X such
that for all n € N and analytic sets R C (J,cx[x]g; % [x]E,. there

exists | € [N]" such that at least one of the following holds:
@ The set projx (R N limsup;c; Aj x AT) is in Z.
@ The set projx (R N();c; Ai x A7) is not G-independent.
Then for some / € [N]V at least one of the following holds:
@ The set projy (R Nlimsup;c; Aj x A?) is in Z.
@ There is a continuous homomorphism from the graph Gy to
the graph G | projx(R N ;e Ai X A7).




The natural generalization to k-Souslin graphs holds for xk < t. l
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V. Applications

Borel chromatic numbers

Theorem 10

Suppose that X is a Hausdorff space, G is a zeed analytic graph on
X, and (Aj)jen is a sequence of analytic subsets of X. Then there
exists | € [N]" such that at least one of the following holds:

@ There is a Borel N-coloring of G | limsup;¢; A;.

@ There is a continuous homomorphism from Gg to G [ ;¢ A;.




V. Applications

Borel chromatic numbers

Theorem 11

Suppose that X is a Hausdorff space, G is a locally countable an-
alytic graph on X, u is a Borel probability measure on X, every
G-independent Borel set is p-null, and (A;)ien is a sequence of an-
alytic subsets of X. Then there exists | € [N]Y such that at least
one of the following holds:

O The set limsup;¢; A; is p-null.

@ There is a continuous homomorphism from the graph Gy to
the graph G F'Nies Ai




V. Applications

The open graph axiom

Theorem 12

Suppose that X is a Hausdorff space, G is an open graph on X, and
(Aj)ien is a sequence of analytic subsets of X. Then there exists
I € [N]Y such that at least one of the following holds:

@ There is a Borel N-coloring of G | limsup;¢; A;.

@ The set [, A contains a perfect G-clique.




V. Applications

Counting equivalence classes

Theorem 13 (Gao-Jackson-Kieftenbeld)

Suppose that X is Hausdorff, E is a co-analytic equivalence relation
on X, and (Aj)ien is a sequence of analytic subsets of X. Then
there exists | € [N]" such that at least one of the following holds:

@ There are only countably many (E [ limsup;c; A;)-classes.

@ There are perfectly many (E [ (1, Aj)-classes.




V. Applications

Linear orders

Theorem 14

Suppose that X is a Hausdorff space, R is a linear co-analytic quasi-
order on X, and (A;);en is a sequence of analytic sets of non-empty
open R-intervals. Then there exists / € [N]" such that at least one
of the following holds:

@ Some countable set intersects every interval in limsup;; A;.

@ There is a perfect pairwise disjoint subfamily of (;, A;.




V. Applications

Sets with countable sections

Theorem 15
Suppose that X and Y are Hausdorff spaces, R € X x Y is an
analytic set with only countably many uncountable vertical sections,
and (A;)jen is a sequence of analytic subsets of R. Then there exists
I € [N]Y such that at least one of the following holds:
@ There are countably many partial functions f,, whose graphs
are Borel subsets of R, with limsup;¢; A; = (U,cx graph(fs).

@ Some vertical section of [);.; A; contains a perfect set.




V. Applications

Sets with countable sections

Theorem 16
Suppose that X and Y are Hausdorff spaces and R € X x Y is an
analytic set with uncountably many uncountable vertical sections.

Then there is a sequence (Kj);en of compact subsets of X such that
for all I € [N]Y both of the following hold:

@ The set liminf;; K; is the graph of a partial function whose
domain’s complement contains a perfect set.

@ There is a perfect subset of X on which the vertical sections
of limsup;¢, K; have perfect subsets.




V. Applications

Non-smooth equivalence relations

Theorem 17

Suppose that X is Hausdorff and E is a non-smooth Borel equiva-

lence relation on X. Then there is a sequence (Kj)jcn of compact

subsets of X such that for all / € [N]Y both of the following hold:
@ The set liminf;c; K; is a partial transversal of E.

@ There is a continuous embedding of Eg into E [ limsup,¢; K.




V. Applications

Non-smooth equivalence relations

Theorem 18
Suppose that X is a Hausdorff space, E is a non-smooth countable
analytic equivalence relation on X, p is a Borel probability measure
on X, there are no Borel partial transversals of E of positive u-
measure, and (Aj)ien is a sequence of analytic subsets of X. Then
there exists | € [N]Y such that at least one of the following holds:
O The set limsup;¢; A; is p-null.
@ There is a continuous embedding of Eq into E [ (;¢; A;.




V. Applications

Non-smooth equivalence relations

We say that a family .# of co-infinite subsets of N is dense if every
co-infinite subset of N is contained in a set in .Z.

Theorem 19

Suppose that E is a countable analytic equivalence relation on [N]Y
whose Borel partial transversals are p-null. Then there are densely
many co-infinite sets C C N for which E [ [C]" is non-smooth.

| A




