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We study the Borel structure of quotient spaces of the form X/FE, where X
is a Polish space and F is a countable Borel equivalence relation on X. Our
main result is the classification of finite Borel equivalence relations on the non-
smooth hyperfinite quotient space 2V /Eo. In particular, we see that for each
natural number n € N, there are only finitely many Borel equivalence relations
on 28 /Eo whose classes are all of cardinality n, up to Borel isomorphism. We
achieve our main result by classifying Borel cocycles from hyperfinite equiv-
alence relations into finite groups, up to Borel reducibility. This, in turn,
depends on a parameterized family of embedding theorems in the style of
Glimm-Effros and Dougherty-Jackson-Kechris.

1. Introduction

A topological space X is Polish if it is separable and completely metrizable. The
Borel subsets of such a space are those which can be obtained from the open sets via
countable unions and complements. A function f : X — Y between Polish spaces
is said to be Borel if the preimages of open sets under f are Borel.

The study of Borel sets and functions on Polish spaces is a central focus of de-
scriptive set theory. Part of the motivation for this study comes from the fact that
numerous spaces appearing throughout mathematics are Polish. There are other
objects, however, which are naturally realized not as Polish spaces, but as quotients
of the form X/FE, where X is a Polish space and E is a countable Borel equivalence
relation on X.

The space X/E inherits a Borel structure from X. We say that a set B C X/F
is Borel if its lifting B = {z € X : [z]g € B} is Borel. A transversal of E is a
set B C X which intersects every E-class in exactly one point. We say that E is
smooth if it admits a Borel transversal. If E is smooth, then the quotient Borel
structure on X/FE is standard, i.e., it is induced by a Polish topology on X/E. If E
is non-smooth, then Theorem 1 of Harrington-Kechris-Louveau [2] can be used to
show that the quotient Borel structure on X/FE is not even countably generated.

Suppose now that E and F' are countable Borel equivalence relations on Polish
spaces X and Y. We say that a set R C X/E x Y/F is Borel if its lifting R =
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{(z,y) € X xY : ([z]g, [y]r) € R} is Borel. It is important here that we do not
simply take the product of the o-algebras on X/FE and Y/F (i.e., the o-algebra
generated by the sets of the form A x B, where A C X/F and B C Y/F are
Borel), for if either E or F' is non-smooth, then the product of the o-algebras is far
too small (e.g., if E is non-smooth, then it does not even contain the graph of a
countable-to-one function).

We say that a function f : X/E — Y/F is Borel if its graph is Borel. This is
equivalent to the existence of a Borel lifting, i.e., a Borel function f : X — Y such
that Vo € X (f(z) € f([z]g)). One could also ask that the pre-image of Borel
subsets of Y/ F are necessarily Borel subsets of X/FE. While the former requirement
implies the latter, as soon as X is uncountable and F' is non-smooth, it is consistent
with ZFC that the converse is false.

We say that E is hyperfinite if it is of the form UneN F,, where Fy C F; C ---
are finite Borel equivalence relations on X. The typical example is the equivalence
relation Ey on 2V, which is given by

aEyf < In € NVm > n (a(m) = B(m)).

Theorem 1 of Dougherty-Jackson-Kechris [1] implies that if F and F are non-
smooth, hyperfinite equivalence relations, then X/F and Y/F are Borel isomorphic,
i.e., there is a Borel bijection 7 : X/E — Y/F. In particular, all such quotient spaces
are Borel isomorphic to 2N/E;. We therefore refer to this as the (non-smooth)
hyperfinite quotient space. Theorem 1 of Harrington-Kechris-Louveau [2] implies
that 2%/FE, is the minimal quotient space whose Borel structure is not countably
generated, in the sense that if £ is non-smooth, then there is a Borel injection of
2N/ Ey into X/E.

Suppose now that £ C F are countable Borel equivalence relations on X. We
use F'/E to denote the equivalence relation on X/E given by

[z]e(F/E)lyle < «Fy.

Given E; C F; on X;, we say that F|/E; is isomorphic to Fy/Fs5, or F|/E; g
F5/Es, if there is a Borel isomorphism 7 : X;/FE; — X5/F5 such that

Var,y € Xa/Er (w1(Fy/ By < w(21)(Fo/Eo)m(y1)).

The main goal of this paper is to give a complete classification of finite Borel equiv-
alence relations on 2/ Ey, up to Borel isomorphism.

Given a positive natural number n, we say that F is of index n over FE, or
[F : E] = n, if every equivalence class of F/FE is of cardinality n. In this case,
we say that F//E is smooth if X/E can be partitioned into n Borel transversals of
F/E. Tt follows easily from Theorem 1 of Dougherty-Jackson-Kechris [1] that all
smooth equivalence relations on the hyperfinite quotient space whose classes are of
cardinality n are Borel isomorphic. As it turns out, one obtains a complete invariant
for Borel equivalence relations on the hyperfinite quotient space whose classes are of
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cardinality n by measuring the fashion in which the equivalence relation in question
fails to be smooth.

Suppose that £ C F' are countable Borel equivalence relations on a Polish space
X and [F : E] = n. We define Enum(FE, F') C X" by

Enum(E, F) = {(z1,...,2,) € X" : [t1]p = [t1]g U - U[z,]E}.

We say that a set S C S, is an essential value of (E,F) if, for every cover B of
Enum(FE, F') by countably many Borel sets, there exists B € B such that

Vo€ S3(x1,...,20) # (Y1, Yn) € BYL <0 <n (2:Eys-1(;).

We use Ess(E, F') to denote the family of all essential values of (E, F'). Our main
theorem is that this family is a complete invariant for Borel isomorphism:

Theorem A. Suppose that X1 and Xo are Polish spaces, E1 C F, and Ey C Fy
are non-smooth, hyperfinite equivalence relations on X1 and Xo, and [Fy : Ey] =
[Fy: Es]) =n. Then

Fl/El =p FQ/EQ 4 ESS(El, Fl) = ESS(EQ, F2)
As there are only finitely many possibilities for Ess(F'), we therefore obtain:

Theorem B. There are only finitely many Borel equivalence relations on the non-
smooth hyperfinite quotient space whose classes are of cardinality n.

Our proof of Theorem A relies primarily upon an investigation of Borel cocy-
cles. Suppose that G is a countable group. A function p : F — G is a cocycle if
VeEyEz (p(x,z) = p(x,y)p(y, z)). For each B C X and z € B, let

Val(p, B,z) = {p(z,y) : zEy and z # y and y € B},

and set Val(p, B) = U,cp Val(p, B,x). We say that a set H C G is an essential
value of a Borel cocycle p : E — G if, for every cover B of X by countably many
Borel sets, there exists B € B such that H C Val(p, B). We use Ess(p) to denote
the family of all essential values of p.

We use E* to denote the equivalence relation on Enum(E, F') which is given

by (z1,...,2,)E*(y1,...,yn) < z1Ey1, and we use F* to denote the equivalence
relation on Enum(E, F) which is given by (z1,...,2n)F*(y1,...,yn) < z1Fy;.
Then the projection (z1,...,2,) +— 1 induces a Borel isomorphism of F*/E* with

F/E. The advantage of considering F'* /E* in place of F'/E is that it comes equipped
with a cocycle into S,,, which is defined by setting p(g r)((z1,...,%n), (Y1, -+, Yn))
equal to the unique o € S, such that V1 <4 <n (7;Ey,-1(;)). It is easy to see that
the families of essential values of F//E and p(g ) are one and the same.

Suppose that p; : 1 — G1 and py : E5 — G are Borel cocycles. We say that p;
is Borel reducible to pa, or p1 <pg pa, if there is a Borel 7 : X7 — X5 such that:
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L. Va,y € Xy (xEvy & 7(x)Ezn(y));

2. VxFEy (p1(33,y) = pQ(ﬂ'(l‘),?T(y))).

We say that p: E — G has everywhere full range if Val(p, X,z) = G, for all z € X.
We actually obtain Theorem A as a corollary of the following fact:

Theorem C. Suppose that X1 and X5 are Polish spaces, E1 and Es are non-
smooth hyperfinite equivalence relations on X; and Xo, G is a finite group, and
p1: F1 — G and py : E5 — G are Borel cocycles with everywhere full ranges. Then

p1 <p p2 < Ess(p1) € Ess(p2).

We say that p; is Borel embeddable into ps, or p1 Cp po, if there is an injective
Borel reduction of p; into pa. The proof of Theorem C consists essentially of two
separate embedding theorems. The first is a Glimm-Effros style theorem which
describes the circumstances under which a Borel cocycle p : E — G has a given set
H C G as an essential value, in terms of whether p contains a copy of a canonical
Borel cocycle py : Eg — H, whose somewhat technical description we give in §2:

Theorem D. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, G is a countable group, p : E — G is a Borel cocycle, and H < G.
Then the following are equivalent:

1. H is an essential value of p;
2. pa Cp p.

The second ingredient in the proof of Theorem C is the following Dougherty-
Jackson-Kechris style embedding theorem:

Theorem E. Suppose that X is a Polish space, E is a hyperfinite equivalence re-
lation on X, G is a countable group, H < G, and p : E — H is a Borel cocycle.
Then p Cp pg-

We prove Theorem D in §2, Theorem E in §3, Theorem C in §4, and Theorems A
and B in §5. In §6, we turn our attention to a measure-theoretic problem. The main
result of Shelah-Weiss [5] is a characterization of the circumstances under there is an
atomless, E-ergodic, E-quasi-invariant probability measure. For 2 < [F': E] < Ny,
we characterize the circumstances under which there is an atomless, F-ergodic,
F-quasi-invariant probability measure.

2. Glimm-Effros-style embeddings

In this section, we describe the circumstances under which a given set is among the
essential values of a Borel cocycle. We begin by giving “combinatorially simple”
examples of cocycles with a given essential value.
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For each countable group H, fix a sequence (g, gf,...) of elements of H in
which every element appears infinitely often. Let g?{ = 1y, and set

gt = (961" V(91> - (97>,
for each n € N and s € 2""L. Define a Borel cocycle py : Eg — H by setting
pH(Sa7 ta) = g;{(g%)_lv
where s,t € 2<N are of the same length and o € 2N.

Proposition 1. Suppose that H is a countable group and B C 2" is a non-meager
Borel set. Then H C Val(py, B), thus H is an essential value of py.

Proof. Suppose that h € H, fix s € 2<N such that B is comeager in N, and fix
k € N such that

9iy s = (g3) "R gl

As B is comeager in Nj, there exists a € 2" such that s0*0a, s0¥1a € B. Then

pr(s0"00, s0°10) - = g5 (g7?"") ™"
= gu(giy) Hom)
= h’
so h € Val(pm, B). As h € H was arbitrary, it follows that H C Val(py, B). O

Remark 2. The above argument really shows that H = Val(py, B, x), for all but
meagerly many x € B. We will not need this stronger fact, however.

We will now show that pg is the minimal Borel cocycle with essential value H:

Theorem 3. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, G is a countable group, p : E — G is a Borel cocycle, and H < G.
Then the following are equivalent:

1. H is an essential value of p;
2. pu Epg p.

Proof. To see (2) = (1), suppose that 7 : 2% — X is a Borel embedding of py into
p, and B is a cover of X by countable many Borel sets. Then 7~1[B] is a cover of 2
by countably many Borel sets, thus Proposition 1 ensures that there exists B € B
such that H C Val(py,n ![B]) = Val(p, B), thus H is an essential value of p.

It remains to prove (1) = (2). Let Zy denote the o-ideal generated by Borel sets
B C X such that H Z Val(p, B). Fix a countable group I' of Borel automorphisms
of X such that E = F¥, as well as an increasing sequence Ag C Ay C - -- of finite,
symmetric neighborhoods of 1p such that I' = UnGN A,. By standard change of
topology results (see, for example, §13 of Kechris [3]), we can assume that X is a
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zero-dimensional Polish space, I' acts by homeomorphisms, and for each v € I' and
h € H, the set {x € X : p(x,y-x) = h} is clopen. We will find clopen sets 4,, C X
and v, € I', from which we define §; : X — X by dp = id and

(0) (n)

8s =75 .oyt

for s € 21, We will ensure that, for all n € N, the following conditions hold:

)
)

(¢) Vo € Antr (p(yn - 2,2) = g1);

(d) Vs,t € 2"V6 € Ay (804[Ania] N 0ym[Ania] = 0);
)

(e) Vs € 2"t (diam(84[An11]) < 1/n).

We begin by setting Ag = X. Suppose now that we have found (4;);<, and
(Vi)i<n. For each v € T', let U, denote the set of z € A,, Ny~'[A4,] such that

p(y-z,2) =g and Vs, t € 2"V5 € A, (v -z # 6; 166, - x).
Our choice of topology ensures that each of these sets is open.

Lemma 4. There exists v € I such that U, ¢ Tg.

Proof. It is enough to show that the set

B=4,\J U,

el

is in Zp. Observe that if z,y € B, zFy, and p(y,x) = g, then there exists v € T
such that v -z = y, and since x ¢ U,, we can find s,t € 2" and § € A,, such that
y=r-x=20; "6, x. It follows that for each = € B, there are at most k = 22"|A,,|
points y € BN [z]g such that p(y,z) = gZI. Define a directed graph G on B by
setting

(,9) € G & ply,x) = g}

Then the vertex degree of G is at most k, thus Proposition 4.6 of Kechris-Solecki-
Todorcevié¢ [4] ensures that there is a partition of B into Borel sets By, B, ..., By
which are G-discrete. This implies that

gx & Val(p, Bo) U--- U Val(p, By),
and it follows that B € . O

By Lemma 4, there exists v € I" such that U, ¢ Zg. Set v, = . As I acts by
homeomorphisms, we can write U, as the union of countably many clopen sets U
which satisfy the following two conditions:
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(d') Vs, t €2V € A, (66,[U] N Sya[U] = 0);
(¢') Vs € 20+ (diam(8,[U]) < 1/n).

Fix such a U which is not in Zp, and set 4,11 =U.

This completes the recursive construction. For each s € 2", put By = d5[4,].
Conditions (b) and (e) ensure that, for each o € 2N, the sets Bajo, Baji, - .. are
decreasing and of vanishing diameter, and since they are clopen, they have singleton
intersection. Define 7 : 2¥ — X by

() = the unique element of ﬂ By
neN

It follows from conditions (d) and (e) that 7 is a continuous injection.

Lemma 5. Suppose that n € N, s € 2", and « € 2V. Then 7(sa) = 6, - 7(0"a).

Proof. Simply observe that

{7'('(8&)} = m B(sa)\i

i>n

= ) 600" (aliy[Aitn]
i>0

= s ﬂ(son(ai)[Ai-‘rn}J

i>0

= 05 ﬂana)z}

i>n
= {5 7(0"a)},
thus 7(sa) = ds - (0" ). O
To see that 7 is an embedding of pg into p, we must check the following:
(i) Yo, 3 € 2V (aEoB = (o) En(B));
(i) Yo 8 € 2¥ (() En(B) = akof);

(iit) V(e, B) € Eo (pr (e, ) = p(m(), 7(5)))-

To see (i), suppose that aEpf, and fix n € N such that ¥Ym > n (a(m) = B(m)).
Lemma 5 then ensures that 6;&1 cm(a) = 5;& -7(B), so w(a)Ew(f).

To see (ii), it is enough to show that if a(n) # [(n), then there is no § € A,
such that ¢ - 7(a) = 7(B). As A, is symmetric, we can assume that a(n) = 0
and f(n) = 1. Suppose, towards a contradiction, that there exists 6 € A, with
§-m(a) = 7(B). Then m(a) € dajn[Ans1] and w(B) € OgjnVn[Any1], so ©(8) €
00ain[Ant1] N 081nYn[Any1], which contradicts condition (d).
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To see (iii), suppose that aEy3, and fix n € ZT such that Vm > n (a(m) = B(m)).
Lemma 5 then ensures that (5a|n cm(a) = (55‘11 -m(83), and condition (c) ensures that

p(r(@),x(8)) = plr(),55) - w(@)p(65L - 7(8),7(8))
- p(&al m(a), 3 - 7(@) - p(S oy - (@), 6 - ()
P35 (), 0511y - 7(B)) -+ (05 - (B). 35 - (B))
= (g7 )“(0)~-~(gn, )a(n U(an )~ B(n— 1)...(90 )6(0)
= o
= pu(ap),
which completes the proof of the theorem. O

3. Dougherty-Jackson-Kechris-style embeddings
In this section, we show that the cocycles pg of §2 contain copies of all Borel cocycles
from hyperfinite equivalence relations into G.

A selector for an equivalence relation E on X is a function f : X — X such that:

1. Va,y € X (xEy = f(z) = f(y));
2. Vr € X (zEf(x)).

A coherent sequence of Borel selectors for Fy C Fy C -+ is a sequence (fo, f1,...),
where f; is a Borel selector for Fj, such that fo[X] 2D f1[X] 2

Proposition 6. Suppose that X is a Polish space, E is a countable Borel equiv-
alence relation on X, H is a countable group, and p : E — H is a Borel cocycle.
Then there are finite Borel equivalence relations A(X) = Fop C Fy C --- and a
coherent sequence of Borel selectors (fo, f1,...) such that:

1. E= UnEN

2. VYneNVe e X3y e X ([z]r,,, = [#]r, UWlF,);

3. Vn € NV € X (fur1(2) # ful®) = p(fri1 (), fulx)) = gk).

Proof. Fix finite Borel equivalence relations F] C F| C --- such that E =
U,en Frn» as well as a Borel linear ordering < of X. We define I, and f,, recursively,
begmnlng with Fyp = A(X) and fy = id.

Suppose that we have already found Fy, ..., F, and fo,..., f,. For each z € X,
let kn(z) be the least natural number k such that [z]r; & [2]F,, and put

kn([2]F,) = min{k,(y) : y € [7]F, }.

Let @, (x) be the <-least y € [z]F, such that k,(y) = kn([z]F,), and let ¢, (z) b
the <-least element of the F} on (2], ) ~C1ASS Of ¢n(z) which is not in [z]p,. We say
that (z,y) € X x X is a good pair if the following conditions are satlsﬁed
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L z= ‘Pn(x) = "/)n(y)a
2. y= (Pn(y) = ¢n(ff)7

3.z <y;

4. p(z,y) = gH.

Define F)/ on X by
zFy & x =y or ((z,y) is a good pair),
let Fj,11 be the equivalence relation generated by F,, and F)/, set

o) = ¥ (z) if 2 is the 2°¢ coordinate of a good pair,
ntl - T otherwise,

and define f,, 41 = f),; 10 fu-

It is clear that Fy C F; C --- are finite Borel equivalence relations and UneN F, C
E. Suppose, towards a contradiction, that E # (J, o Fn, let k be the least natural
number such that Fy Z U, oy Fr, fix © € X such that [z]p € U, cn[2]F,, and fix
¢ > k sufficiently large that [y|r, = U, cn[Y]F,, for all y € [2]r. Note that the
definition of Fy ensures that each such [y]r, is contained in [z]r/. Let y be the
<-least element of [z]z, let z be the <-least element of [z]r/ \ [y]F,, and fix m > ¢
with p(y, 2) = gX. Then yF! z, thus yF,, 12, the desired contradiction. O

We are now ready for the main result of this section:

Theorem 7. Suppose that X is a Polish space, E is a hyperfinite equivalence
relation on X, H < G are countable groups, and p : E — H is a Borel cocycle.
Then p Cp pg.

Proof. As in Proposition 6, fix finite Borel equivalence relations Fy C Fy C ---
and a coherent sequence (fo, f1,...) of Borel selectors such that E = (J, oy Fn. Fix
a separating family Uy, Uy, ... for X. For each z € X, let |0 = () and z|(n + 1) =
XU, (%) ... xu, (z). For each n € N and s € 27, define ¢, : X — 2™ by

e 0™ if no such y exists.

Our embedding 7 : X — 2N will be of the form 7(z) = |J 7, (z), where

7 (x) = @ w;(x)v; (2)w; ().

i<n
Here, the function u,, : X — (2")?" is given by

un(z) = @ os(@)In,

se2n
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and the function v, : X — 2 is given by

’Un(l‘) :{ 0 if fn+1(x) :fn(x)v

1 otherwise.

We define w,, : X — 2knt1-ky, by induction on n. We begin by setting ky = 0.
Given k,, set kI, =k, +n-2" + 1, put 7, (z) = 7p(2)un (x)v,(x), and define

U (x) = (ggn(fn(a:)))fl(gf)flggn(fnﬂ(x))'

As there are only finitely many possibilities for 1, (), it follows that there exists
k > k!, such that every g € v,[X] is of the form g, for some k!, < i < k. Let
Kpny1 be the least such k. If f, () = fu(z), set wy(z) = 0Fn+17Fn Otherwise, let
¢ > k!, be least such that ¢, (z) = g&, and put w, (z) = 0~ Fn10knr1—¢-1,

To see that 7 is injective, suppose that m(x) = m(y), and observe that for all
neN,if s =@, , vi(r) = D,, vi(y), then z|n = p(z) = ps(y) = yIn, so z =y,
thus 7 is injective.

To see that Ey = 7(x)Eom(y), simply note that if x E'y, then there exists n € N
such that xF,y. It then follows that ., (2)vm (2)wm(2) = U (y)vm (y)wm (y), for
all m > n, thus w(z)Eyn(y).

To see that m(x)Egn(y) = xFEy, suppose that 7(z)Eym(y), and fix n € N such
that U, (2)vm (2) W () = U (Y)Vm (y)wm(y), for all m > n. For each m > n, set
Sm = ®i<m vi(fn(2)) = ®i<m vi(fn(y)), and observe that f,(z)[m = ¢, (z) =
D5 (Y) = fn(y)Im, so fuo(x) = fu(y), thus zEy.

To see that zEy = p(z,y) = pa(w(z),7(y)), note that if zF,, 1y, then

p(z,y) = p(fo(@), fi(@)) - p(fu(@); fas1(@)p(frs1(®), fu(y) - p(f1(y); fo(y)),

so it is enough to show that

p(frs1 (@), fu(@)) = pa(7(fata(2)), 7(fn(2))),

for all x € X and n € N. Towards this end, observe that if f,+1(z) # fn(z), then

pa(m(fusi (@), w(fa@)) = gt (gger )
= ggLL(fm(w))(ggk%w,xfn(x)))_l(gg;m(w)))_l
— ggn(fn+1(z))wn(m)—1(ggn(fn(f)))—l
- gg;(fnﬂ(ﬂi))(gg;(fnﬂ(ﬂi)))flgH
g Un @) (gr(fn(e))y 1

It now follows that 7 is the desired embedding of p into pg. O
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As a corollary, we obtain the following:

Theorem 8. Suppose that X, and X5 are Polish spaces, E1 and E5 are countable
Borel equivalence relations on X, and Xs, G is a countable group, p1 : E1 — G1
and po : Fo — G5 are Borel cocycles, F is hyperfinite, and G is an essential value
of p2. Then p; Cp po.

Proof. Simply note that Theorem 7 implies that p; Cp pg,, and Theorem 3 implies
that pg, Tp p2. O

4. Reducibility of Borel cocycles
In this section, we classify Borel cocycles from hyperfinite equivalence relations into
finite groups up to Borel reducibility. We need first several preliminaries.

We begin by noting that if H is an essential value of a Borel cocycle p: E — G,
then so too is the group (H) generated by H. This is a consequence of:

Proposition 9. Suppose that X is a Polish space, E is a countable Borel equiva-
lence relation on X, G is a countable group, H C G is non-empty, and p : E — G
is a Borel cocycle. Then Ty = 1.

Proof. It is enough to show that Z;gy C Ty, or equivalently, that
VB C X Borel ((H) € Val(p, B) = B € Iy).

We will show that if B C X is a Borel set which is not in Zy, then (H) C Val(p, B).
As Val(p, B) contains H and is therefore non-empty, it is enough to show that if
hi,...,hn, € H and €1,...,€, € {1}, then g = h{' --- h is in Val(p, B). Towards
this end, fix a countable group I' of Borel automorphisms of X which generates E.

Lemma 10. There are Borel sets By, By,...,B, C B andv1,...,7, € I such that:
1. Vi<n (B; € ZIn);
2. Vi <nVx € Biy1 (p(yigr - x,2) = i );
3. Vi <n (Bit1,%i+1[Bi+1] € Bi);
4. Vi <n (Biz1 Nvip1[Bis1] = 0).

Proof. We begin by setting By = B. Suppose now that ¢+ < n and we have found
By,...,B; and ~1,...,7;. Define A;11 C B; by

A’i-‘y—l = {.T € BZ : h:;11+1 S Val(p, BZ‘,J:)}.
As hiy1 & Val(p, B; \ Aiy1), it follows that A;1; & Ty. For each v € T, set

€it1

Al ={re€ A1y xe€Biand x # -z and p(y-2,2) = hy{T'},

and note that A;,; = U’yGF AZ_H, so there exists v;11 € I’ such that A;Y_;’ll g Ty.

As this latter set is the union of countably many Borel sets A with the property
that A N ~;11[4] = 0, it follows that there is a Borel set B;11 C Az_ﬁl, outside of
IH, such that Bi+1 N ’Yi+1[Bi+l} = @ O
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Fix B=By2---2 By and 71,...,7, € I' as in Lemma 10. As B,, € Ty, it is
non-empty, so we can fix some z,, € B,,. For each ¢ < n, set ©; = V41 Yn - Tn, SO

that x; € B; \ B;y1, thus zg, ..., 2, are pairwise distinct. Finally, observe that
p(wo, ) = p(wo, 1) p(Tp-1,Tn)
= A ... RS
= 9
thus g € Val(p, B). O

We will use the following fact to organize the domains of our reductions:

Proposition 11. Suppose that X is a Polish space, E is a countable Borel equiv-
alence relation on X, G is a finite group, and p : E — G is a Borel cocycle. Then
there is a countable family B of Borel subsets of X such that:

1. The sets [B]g, for B € B, partition X;

2. For each B € B, the set Val(p, B) is an essential value of p|(E|B).

Proof. We begin by defining a family Bp corresponding to each Borel set B C X.
If Val(p, B) is an essential value of p|(E|B), then we set Bg = {B}. Otherwise,
there are Borel sets By, By, ... such that B = |J,, oy Bn and Val(p, B,,) € Val(p, B),
for all n € N. In this case, we set B = {B, \ U,,, <, [Bml|e : n € N}.

Now set By = {X}, and recursively define B;1+1 = Upcp, Bp. Letting n = |G],
we claim that B, is as desired. To see this suppose, towards a contradiction, that
there exists B € B,, such that Val(p, B) is not an essential value of p|(E|B). Then
there exist B; € B; such that B =B, C --- C By C By = X and Val(p,B,) €

=

.-+ C Val(p, B1) € Val(p, By), thus Val(p, B,,) = (), the desired contradiction. ]

We will use the following fact to organize the ranges of our reductions:

Proposition 12. Suppose that X is an uncountable Polish space, E is a countable
Borel equivalence relation on X, G is a finite group, and p : E — G is a Borel
cocycle. Then there are uncountable Borel sets By C X, for each H € Ess(p), such
that:

1. The sets of the form [By|g, for H € Ess(p), are pairwise disjoint;

2. For each H € Ess(p), the set H is an essential value of p|(E|Bpy).

Proof. By a straightforward induction, it is enough to show that if H € Ess(p),
then there are uncountable Borel sets By, By C X, with [Bo]g N [B1]g = 0, such
that H is an essential value of both p|(E|By) and p|(E|B;). By Proposition 9, it
is enough to show this in the special case that H is a subgroup of G. In light of
Theorem 3, it is enough to show this for the cocycle py. Fix disjoint infinite sets
50,51 C N such that N = Sy U S; and each h € H is of the form g, for infinitely
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many n € Sy and infinitely many n € S;. The support of a € 2V is given by
supp(a) = {n € N: a(n) # 0}. For each i € {0,1}, define B; C 2" by

B; = {a € 2" : supp(a) C S;}.

Then [Bolg, N[B1]E, is the Ey-class of the eventually constant sequence. As throw-
ing out a countable set has no effect on essential values, it only remains to prove
that H is an essential value of pp|(Eo|B;), for each i € {0,1}. For this, it is enough
to produce a continuous embedding of py into pg|(Ey|B;). Towards this end, fix a
strictly increasing sequence of natural numbers kg, k1, ... € S; such that g2 = gfgl ,
and observe that the map m; : 2% — 2N, given by

m(a) = 0% a(0)0F ~Fola(1)0R2 R~ 1a(2) .. .,
is as desired. O
The following fact will allow us to paste together reductions:

Proposition 13. Suppose that X, and X5 are Polish spaces, F and Es are count-
able Borel equivalence relations on X1 and X5, G is a countable group, p1 : B4 — G
and py : E5 — G are Borel cocycles with everywhere full ranges, and B}, B, ... C
X, for i € {1,2}, are Borel sets such that:

1. Un€Z+ B} is an E;-complete section;

2. [B}g,, | B3)E,, - - - are pairwise disjoint;

3. p1|(E1|BL) <p pa|(E2|B2), for all n € N.
Then p1 <p ps.

Proof. Fix Borel reductions m, : BL — B2 of pi|(E1|B}) to pa|(E2|B2). Set
A} = B \U,cn[Bh]B, and A2 = m,[AL]. For each i € {1,2}, put A; = U, o AL
For each x € Xj, let n(z) denote the unique n € N such that z € [A}]g,. Fix
a Borel function ¢ : X7 — A; such that graph(y) C E, and for each g € G, fix
a Borel function 9, : Ay — X, such that graph(i¢y) C FEs and Vo € AyVg €
G (p2(x,¢g(x)) = g). Define m: X; — Xy by

(%) = Ypy (p(@),2) © Tn(a) © P(2)-
It is clear that 7 is a reduction of F; into Fs, and if zFE;y, then
p2(m(z), m(y)) = p2(m(x), Tn(a) © 9(2))p2(Tn(z) © P(T), Tn(y) © ©(Y))
P2\Tn(y) © ( ) (y))

(
(
= pilp(@), 2) " pr(e(@), o) (e(y),y)
= pi(x,y),

thus 7 is a Borel reduction of p; into ps. O
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We our now ready for the main result of this section:

Theorem 14. Suppose that X; and X5 are uncountable Polish spaces, Fy and
E5 are hyperfinite equivalence relations on X; and X, G is a finite group, and
p1: Fh1 — G and ps : E5 — G are Borel cocycles with everywhere full ranges. Then

p1 <B p2 < Ess(p1) C Ess(p2).

Proof. To see (=), suppose that 7 : X; — X, is a Borel reduction of p; to pa,
fix H € Ess(p1), and fix a Borel set Y C X; such that H is an essential value
of p1|(E4]Y) and 7|Y is injective. If B is a countable family of Borel sets which
cover X, then 771[B] is a countable family of Borel sets which cover Y. As H €
Ess(p1,Y), it follows that there exists B € B such that H C Val(py, 7~ [B]NY), thus
H C Val(ps, B). As H € Ess(p1) was arbitrary, it follows that Ess(p;) C Ess(p2).

To see (<), note first that Proposition 11 implies that there is a countable family
B of Borel subsets of X7 such that:

1. The sets [B]g,, for B € B, partition X7;
2. For each B € B, the set Val(p1, B) is an essential value of p;|(E1|B).

For each H € Ess(p1), let Bff = |J{B : B € B and Val(p;, B) C H}. By Propo-
sition 12, there are uncountable Borel sets B4 C X,, for each H € Ess(ps), such
that:

1. The sets of the form [B¥]g,, for H € Ess(pz), are pairwise disjoint;
2. For each H € Ess(ps), the group H is an essential value of p|(E,|B&).

Theorem 8 implies that p;|(F1|Bf) Cp pa|(Ea|B), for each H < G in Ess(p;)
such that B{{ # (), and Proposition 13 therefore implies that p; <p pa. O

We close this section by noting which subsets of a finite group G can occur as the
set of essential values of a Borel cocycle from a non-smooth (hyperfinite) equivalence
relation into G.

Proposition 15. Suppose that G is a finite group and F is a family of subsets of
G. Then the following are equivalent:

1. There is a Polish space X, a non-smooth hyperfinite equivalence relation E
on X, and a Borel cocycle p : E — G such that F = Ess(p);

2. F satisfies the following conditions:

(a) The trivial group is in F;

(b) If K C H and H € F, then K € F;
(c) If H € F, then (H) € F;

(d) If H € F and g € G, then gHg™ ' € F.
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Proof. To see (1) = (2), note first that (a) follows from the non-smoothness of
E, (b) holds trivially, and (c) follows from Proposition 9. To see (d), suppose that
H € Ess(p) and g € G. For each set B C X, let

glBl ={z € X :3y € B (p(z,y) = 9)},

and observe that if B is a cover of X by countably many Borel sets, then the family
g~ !B] also covers X. Fix B € B such that H C Val(p, g *[B]), and observe that
for each h € H, there exist x,y € g~![B] such that p(z,y) = h. Fixing 2/,y' € B
such that p(x,z’") = p(y,y’) = g~ 1, it follows that

p(@'y') = p(a', 2)p(z,y)p(y,y') = ghg™",

so gHg~! C Val(p, B), thus gHg~! € Ess(p).
To see (2) = (1), let 7/ ={H € F: H < G}, define

X ={(H,g,0): Hc Fand g € G and o € 2"},
define an equivalence relation £ on X by
(H1,91,01)E(Ha, g2, 2) & Hy = Hy and ay Egae,
and define a cocycle p: E — G by

p((H, g1,01), (H, g2,02)) = g1pm (a1, a2)g5

For each H € F, let Xy = {(H,g,a) : g € G and o € 2} and Yy = {(H,1g, ) :
a € 2V}, To see that F = Ess(p), it is enough to show that Ess(p, Xp) = {K C
G :3g9 € G (K C gHg™!')}. For this, it is enough to check that Ess(p, Yy) is the
powerset of H, and this follows from Proposition 1. |

5. Finite Borel equivalence relations on 2V/E,
In this section, we classify finite Borel equivalence relations on the non-smooth
hyperfinite quotient space up to Borel isomorphism.

We say that Fy/E; is invariantly embeddable into Fy/FEs, or Fy/Ey CY Fy/FEs,
if there is a Borel injection 7 : X7 /FEy — Xa/Es, for which 7[X;/E4] is (Fy/E>)-
invariant, such that

Vo, € Xa/Ey (x1(F1/ By € w(x)(Fa/E2) ().

Theorem 16. Suppose that Xy and X, are uncountable Polish spaces, E1 C Fy
and Ey C F, are hyperfinite equivalence relations on X, and X, and [F} : E| =
[Fy : E3] = n, for some n € N. Then the following are equivalent:

1. ESS(El,Fl) Q ESS(EQ,FQ),’

2. F\/E, Ciy Fy/Es.
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Proof. In light of Theorem 14, it is enough to show that

P(EL,F) <B P(EyFy) & F1/EL Ch Fy/Es.

To see (=), simply note that if 7 : Enum(FE1, F1) — Enum(FE,, F5) is a Borel
reduction of p(g, r) t0 p(E,, ), then 7 is a reduction of EY to E5 and of Fy to
F5, and therefore induces a Borel embedding of F}'/EY into Fy/E;5. As F;/E; =g
F/E; and every equivalence class of these equivalence relations is of cardinality n,
it follows that Fl/E]_ EZB FQ/EQ.

To see (<), suppose that 7 : X;/E; — X5/F5 is a Borel embedding of Fy/E;
into Fy/FE>, and fix a Borel lifting 7 : X; — X5 of . Then 7 is a reduction of F; to
E5 and of Fy to Fy, and it follows that the map (z1,...,2,) — (7(z1),...,7(z,))
is a Borel reduction of p(g, r) t0 p(E,, Fy)- O

As a corollary, we obtain the main result of the paper:

Theorem 17. Suppose that X, and Xo are uncountable Polish spaces, E41 C F}
and Ey C F, are hyperfinite equivalence relations on Xy and X, and [Fy : Ey] =
[Fy : Es] = n, for some n € N. Then

Fl/El =p FQ/EQ <~ ESS(El,Fl) = ESS(EQ,FQ).

Proof. In light of Theorem 16, it is enough to show that if Fy/E; C% Fy/Fs and
Fy/Ey Ty Fy/Es, then Fy/Ey 25 Fy/Es, and this follows from a straightforward
Schroder-Bernstein argument. |

6. Measures

A (Borel) probability measure p on X is E-ergodic if every E-invariant Borel set
is p-null or p-conull, and FE-quasi-invariant if the family of p-null sets is closed
under FE-saturation. The following well known consequence of the Glimm-Effros
dichotomy characterizes the circumstances under which E admits such a measure:

Theorem 18 (Glimm, Effros, Shelah-Weiss). Suppose that X is a Polish space
and E is a countable Borel equivalence relation on X. Then exactly one of the fol-
lowing holds:

1. There is a Borel transversal of E;
2. There is an atomless, E-ergodic, E-quasi-invariant probability measure on X.
Here we prove an analogous theorem for pairs of equivalence relations:

Theorem 19. Suppose that X is a Polish space, E C F' are countable Borel equiv-
alence relations on X, and [F : E] = n, for some natural number n > 2. Then the
following are equivalent.

1. There is no E-invariant Borel set B C X such that both B and X \ B are
F-complete sections;
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2. There is a group G € Ess(E, F) which acts transitively on {1,...,n};

3. There is an atomless, E-ergodic, F-quasi-invariant probability measure on X.

Proof. To see (3) = (1), fix an E-ergodic, F-quasi-invariant probability measure
won X, and suppose that B C X is an E-invariant Borel set. Then, by reversing
the roles of B and X \ B if necessary, we can assume that u(B) = 0, so u([B]r) =0,
thus B is not an F-complete section.

To see —=(2) = —(1), appeal to Proposition 11 to find a countable family B of
Borel subsets of Enum(FE, F') such that:

1. The sets [B]p+, for B € B, partition Enum(E, F);
2. For each B € B, the set Val(p(g, ), B) is an essential value of p g, py|(F*|B).

For each B € B, observe that because the group Ess(p(g, ), B) does not act tran-
sitively on {1,...,n}, the sets [B]g« and [B]p+ \ [B]g~ are (F*|[B]p+)-complete
sections. Letting By, B1, ... be an enumeration of the elements of B, it follows that

Py ([BTJE* U [Bm]p)

neN m<n

is an E*-invariant Borel set such that both B and Enum(E, F')\ B are F*-complete
sections, and since F//E =g F*/E*, it follows that there is an E-invariant Borel set
B C X such that both B and X \ B are F-complete sections.

To see (2) = (3), suppose that G € Ess(E, F') acts transitively on {1,...,n}.
The idea of the proof is to push the product measure on 2~ through to X via the
(continuous) embedding of pg into p(g, ) given by Theorem 3. However, it will be
a bit simpler to use a slightly different cocycle.

Let Eo(G) denote the equivalence relation on G given by

aFEy(G)f < In € NVm > n (a(m) = B(m)),
and define pf, : Eo(G) — G by
pa(sa,tf) = (s(0) -~ s(n))(¢(0) - t(n)) ™,

where n € N, 5, € G"*1, and a € GY. As Ey(G) is obviously hyperfinite, Theorem
8 implies that there is a Borel embedding ¢ : GY — Enum(E, F) of pf; into p(g, ).
Define a subequivalence relation E{|(G) of Eo(G) by

aBy(G)B < aBo(G)B and [pg(a, B))(1) =1,

and let 4 denote the product measure on G obtained from the the uniform prob-
ability measure on G.

Lemma 20. The measure y is Ej{(G)-ergodic.
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Proof. We must show that if B C X is a non-null, E{(G)-invariant Borel set and
e > 0, then u(B) > 1 —e. By the ultrametric analog of the Lebesgue density
theorem, there exists s € G<N such that u(N;\ B)/u(N5) < €/|G|. Let A = {sha €
B :3g € G (sga € B)}, and observe that

PN\ A) < ) |GIpNyg \ B)

geG
= |Glu(N:\ B)
< EM(NS),

thus pu(A)/pu(Ns) > 1 — €. As B is Ey(G)-invariant, it follows that [A]g, ) € B,
thus (B NN;)/u(N;) > 1 —¢, for all t € 21°1 so u(B) > 1 —e. O

Note that ¢ is a reduction of E{(G) into E* and of Ey(G) into F*. By composing
© with the function (z1,...,z,) — x1, we therefore obtain a continuous function
¢ : 2V — X which reduces Ej(G) to E and Ey(G) to F. Fix a group I' = {7, }nen
of Borel automorphisms of X which generates E, and define v on X by

v(B) =Y p(v,'[B])/2" .
neN

It is easily verified that v is the desired probability measure. O

References

[1] R. Dougherty, S. Jackson, and A. Kechris. The structure of hyperfinite Borel equivalence
relations. Trans. Amer. Math. Soc., 341 (1), (1994), 193-225

[2] L. Harrington, A. Kechris, and A. Louveau. A Glimm-Effros dichotomy for Borel equivalence
relations. J. Amer. Math. Soc., 3 (4), (1990), 903-928

[3] A. Kechris. Classical descriptive set theory, volume 156 of Graduate Texts in Mathematics.
Springer-Verlag, New York (1995)

[4] A. Kechris, S. Solecki, and S. Todoréevié. Borel chromatic numbers. Adv. Math., 141 (1),
(1999), 1-44

[5] S. Shelah and B. Weiss. Measurable recurrence and quasi-invariant measures. Israel J. Math.,
43 (2), (1982), 154-160



