HOMOTOPY FIXED POINTS FOR LUBIN-TATE SPECTRA

GEREON QUICK

ABSTRACT. We construct a stable model structure on profinite symmetric
spectra with a continuous action of an arbitrary profinite group. This pro-
vides a natural framework for the construction of homotopy fixed point spectra
and of homotopy fixed point spectral sequences for the action of the extended
Morava stabilizer group on Lubin-Tate spectra. These continuous homotopy
fixed points are canonically equivalent to the homotopy fixed points of Dev-
inatz and Hopkins but have a drastically simplified construction.

1. INTRODUCTION

For the action of a discrete group G on a spectrum X, there are well known con-
structions for the homotopy fixed point spectrum X"¢ and homotopy fixed point
spectral sequence. For fibrant X, the spectrum X" is given by the G-fixed points
of the function spectrum hom(EG, X), where EG is a contractible free G-space,
i.e. X"¢ = homg(EG, X). For each spectrum Z, the spectral sequence

(1) H*(G;X*Z) = [Z, X"

is induced by the usual filtration of the bar construction for EG. But in some
cases of interest, the group G and the spectrum X carry additional structures that
one would like to remember when applying the above constructions. This is for
example the case for a prominent group action in chromatic homotopy theory. Let
us quickly describe this example.
Let p be a fixed prime, n > 1 an integer and Fp» the field with p™ elements. Let S,
be the nth Morava stabilizer group, i.e. the automorphism group of the height n
Honda formal group law T',, over Fy»n. We denote by Gal(F,» /F,) the Galois group
of Fyn over F,, and let G,, = S,, x Gal(F,»/F,) be the semidirect product. Note
that S, Gal(Fy» /F,) and hence also G,, are profinite groups.
By the work of Lubin and Tate [19], there is a universal ring of deformations
E(Fyn,Ty) = W(Fpn)[[u1, ..., un—1]] of (Fpn,T'y), where W(F,n) denotes the ring
of Witt vectors of Fn. The MU,-module E(Fn,T',)[u, u™1] induces via the Landwe-
ber exact functor theorem a homology theory and hence a spectrum, denoted by
E,, and called Lubin-Tate spectrum, with E,. = E(Fpn,T},)[u,u"']. The profinite
group G, acts on the ring FE,., cf. [8]. By Brown representability, this induces an
action of G, by ring maps in the stable homotopy category. Furthermore, Goerss,
Hopkins and Miller have shown that there is a G,-action on the spectrum-level on
E,, that induces the action in the stable category, see [13] and [26].
Each homotopy group 7 F,, has the structure of a continuous profinite G,,-module.
The continuity of the action is an important property for stable homotopy theory.
In fact, by Morava’s change of rings theorem, the K (n).-local F,-Adams spectral
1
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sequence for the sphere spectrum S° has the form
(2) H} (G Eny) = o Lic(n)S°

where the Fs-term is the continuous cohomology of G,, with profinite coefficients,
K (n) denotes the nth Morava K-theory and Ly (,) denotes K (n).-localization, cf.
[20] and [6]. So L K(n)SO looks like a continuous G,,-homotopy fixed point spectrum
of E,, and one would like to interpret the above spectral sequence as a descent spec-
tral sequence of the G,-action, see [9]. But the drawback for applying the classical
construction of homotopy fixed points and its spectral sequence (1) is that it does
not reflect the topology on G,,. The function spectrum homg(EG, E,,) should con-
sist of continuous maps in some sense and the Fs-term of the spectral sequence (1)
should be the continuous cohomology of G.

Devinatz and Hopkins [9] have circumvented this problem and given an ad hoc ar-
gument for the construction of homotopy fixed points of F,, using specific properties
of G,, as a p-adic analytic group. Moreover, for every closed subgroup G of G,
they construct a descent spectral sequence for the homotopy fixed point spectrum
E"C with the correct Ep-term.

But the question remained if there is a way to view E,, as an actual continuous
spectrum and to find a natural framework for the continuous homotopy fixed point
spectral sequence. The purpose of this paper is to give an answer to this question.
Since the homotopy groups 7 F,, are profinite groups, a first guess would be to ask
if there is a profinite structure on F,. And, in fact, there is one. Consequently,
the natural setting to study the action of G,, on E,, is the category of continuous
profinite G,,-spectra.

A different answer has been given by Davis in [4] and by Behrens and Davis in
[1]. Davis uses the idea of Devinatz and Hopkins to start with the homotopy fixed
point spectrum of [9] for an open subgroup U C G,,, denoted by E4"YV  and defines
a new spectrum F), := colimy E¥"Y where U runs through the open subgroups of
G,. The K(n).-localization of F,, is equivalent to F,. One can regard F,, as a
continuous discrete G,-spectrum. Furthermore, Davis develops a stable homotopy
theory for continuous discrete G-spectra, for an arbitrary profinite group G, based
on the work of Goerss [12] and Jardine [18]. Then he can define systematically
the homotopy fixed points for closed subgroups of G,, and construct a continuous
homotopy fixed point spectral sequence.

Another approach has been developed by Fausk. In [11], he constructs a model
structure for pro-G-spectra, where G denotes a compact Hausdorff topological
group. If G is a profinite group, there is a completion functor from pro-G-spectra
to profinite G-spectra described below, but this is not an equivalence. Fausk also
obtained results on homotopy fixed points, descent spectral sequences and iterated
homotopy fixed points. These results are equivalent to those of [4] if G has finite
virtual cohomological dimension. If one wants to apply them to Lubin-Tate spec-
tra, one also has to use the results of [9] for open subgroups.

Hence the above question still remained open how to view FE,, as a continuous spec-
trum without using [9] for open subgroups U of G,,.

The approach of the present paper gives an answer to this question as well and is
in this sense more general than the one of [4]. In particular, we give a new uni-
fied construction of homotopy fixed points for any closed subgroup and hence, in
particular, also a new construction for open subgroups of G,. Moreover, as the
homotopy groups of F,, are not discrete, but profinite G,,-modules, it seems to be
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natural to use the profinite setting.

We will study in general continuous actions on profinite spectra of an arbitrary
profinite group G. Therefore, we show that the category Sp™(S.q) of symmetric
continuous profinite G-spectra is equipped with a natural stable model structure.
The resulting fibrant replacement functor R¢g in Sp™ (g*g) will allow us to give a
natural definition for homotopy fixed point spectra. In fact, the homotopy fixed
points of a continuous profinite G-spectrum X are defined as the G-fixed points of
the function spectrum hom(EG, Rg X)) of continuous maps in Sp™(S.¢). The homo-
topy fixed point spectral sequence is then obtained from the usual bar construction
for EG. The striking advantage of studying profinite actions in the category of
proﬁnAite spectra is that G and its classifying space EG yield natural objects in
Sp™(S.a)-

One should note that although EG and X are profinite, the function spectrum
homg (EG, X) does not in general inherit a profinite structure, since roughly speak-
ing, the limit of EG is turned into a colimit. But if one is interested in a profinite
version of the homotopy fixed points, one can use the homotopy equivalent profinite
spectrum homg (x, RgX).

Applying these techniques to the above described action of G, on the Lubin-Tate
spectrum F,,, we will prove the following results.

Theorem 1.1. FE, is a continuous profinite G, -spectrum.

This is just an observation that the decomposition of F,, as a limit of finite spectra
E, A M, where M7 denotes the generalized Moore spectra of [15], can be refined
further to get a G,-compatible decomposition as a profinite G,-spectrum. This
allows us to construct a natural descent spectral sequence for any closed subgroup
of G,,.

Theorem 1.2. Let G be any closed subgroup of G,,.

(i) There is a homotopy fized point spectrum E'S which is equivalent to the fized
point spectrum EWG of [9]. In particular, E'Gn ~ E3hGn ~ L (n)S°.

(ii) For any spectrum Z, there is a natural strongly convergent descent spectral
sequence starting from continuous cohomology

H}(G; E,Z) = (By©)Z

which is isomorphic to the spectral sequence of [9].

(iii) Let K be a closed normal subgroup of G. Then E"Y is naturally equivalent to
(EZK)hG/K. For any spectrum Z, there is a strongly convergent spectral sequence
for iterated homotopy fized points

H(G/K; (ByS) Z) = (E©)* Z.

This theorem restates the main result of [9], but has a drastically simpler proof.
In loc. cit. different methods are used to define first homotopy fixed points for
open subgroups and then for closed subgroups of G,, using special properties of
G,. We recall that, since G,, is profinite, open subgroups in G,, are exactly the
closed subgroups of finite index. One of the significant improvements of Theorem
1.2 compared to [9] and [4] is that there is one unified construction for all closed
(or open)subgroups. This advantage becomes even more apparent when we study
iterated homotopy fixed points. Part (iii) of Theorem 1.2 is more general than the
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result in [9], since it holds for closed subgroups K of arbitrary index in G, whereas
in [9] one had to assume that G/K is finite. This generalization had also been
obtained by Davis in [5], but again the proof given here is much shorter especially
in the case of subgroups of infinite index and fits in a general picture of continuous
homotopy fixed points providing a new construction for iterated homotopy fixed
points for open subgroups.

Finally, the methods of this paper might also be of interest for studying Galois
extensions of ring spectra in the sense [28]. In loc. cit. Rognes develops a Galois
theory for commutative S°-algebras in analogy to the algebraic Galois theory. The
step from finite to infinite extensions involves the action of a profinite group on
such spectra. Such infinite Galois extensions have been studied by Behrens and
Davis in [1]. The case of continuous profinite G-spectra might shed some light on
the picture from a different point of view.

Acknowledgements: The starting point of this project was a question by Dan
Isaksen if the profinite spectra of [22] fit in the theory of Lubin-Tate spectra. I
would like to thank him very much for his generosity to share this idea. I am very
grateful to Mike Hopkins for helpful discussions and detailed explanations. I would
like to thank Daniel Davis for many detailed comments and suggestions.

2. HOMOTOPY THEORY OF CONTINUOUS PROFINITE SPACES

2.1. Summary on profinite spaces. We start with basic definitions and invari-
ants for profinite spaces that will be necessary to consctruct a homotopy category
for profinite spectra.
For a category C with small limits, the pro-category of C, denoted pro-C, has as
objects all cofiltering diagrams X : I — C. Its sets of morphisms are defined as

Hompyo—c(X,Y) := lim colim Home (X, Y;).

jeJ el

A constant pro-object is one indexed by the category with one object and one iden-
tity map. The functor sending an object X of C to the constant pro-object with
value X makes C a full subcategory of pro-C. The right adjoint of this embedding
is the limit functor lim: pro-C — C, which sends a pro-object X to the limit in C
of the diagram corresponding to X.
Let £ denote the category of sets and let F be the full subcategory of finite sets.
Let € be the category of compact Hausdorff and totally disconnected topological
spaces. We may identify F with a full subcategory of € in the obvious way. The
limit functor lim: pro-F — & is an equivalence of categories.
We denote by S (resp. S) the category of simplicial profinite sets (resp. simplicial
sets). The objects of S (resp. S) will be called profinite spaces (resp. spaces). The
forgetful functor & — & admits a left adjoint (A) : & — &. Tt induces a functor
(T) : S — &, which is called profinite completion. It is left adjoint to the forgetful
functor | - | : S — S which sends a profinite space to its underlying simplicial set.
For a profinite space X, let R(X) be the set of simplicial open equivalence relations
on X. An element R of R(X) is a simplicial profinite subset of the product X x X
such that, in each degree n, R,, is an equivalence relation on X,, and an open subset
of X,, x X,,. It is ordered by inclusion. For every element R of R(X), the quotient
X/R is a simplicial finite set and the map X — X/R is a map of profinite spaces.
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The canonical map X — limger(x) X/R is an isomorphism in S, cf. [21], Lemme
1.

Let X be a profinite space. The continuous cohomology H!(X;m) of X with co-
efficients in the topological abelian group 7 is defined as the cohomology of the
complex C*(X;7) of continuous cochains of X with values in =, ie. C™(X;n)
denotes the set Homg(X,,,7) of continuous maps a : X,, — 7 and the differen-
tials 6" : C"(X;7) — C"TY(X;m) are the morphisms associating to o the map
Z?:Jrol «a o d;, where d; denotes the ith face map of X. If 7 is a finite abelian group
and Z a simplicial set, then the cohomologies H*(Z;7) and H*(Z;7) are canoni-
cally isomorphic.

If G is an arbitrary profinite group, we may still define the first cohomology of
X with coefficients in G as done by Morel in [21] p. 355. The functor X —
Homg (Xo, G) is represented in S by a profinite space EG. We define the 1-cocycles
ZY(X;@G) to be the set of continuous maps f : X; — G such that f(doz)f(d2x) =
f(dyx) for every x € X;. The functor X — Z1(X; Q) is represented by a profinite
space BG. Explicit constructions of EG and BG may be given in the standard
way. Furthermore, there is a map ¢ : Homg (X, EG) — Z'(X;G) = Homg(X, BG)
which sends f : Xg — G to the 1-cocycle z +— & f(x) = f(dox)f(diz)~t. We denote
by BY(X;@G) the image of § in Z'(X;G) and we define the pointed set H(X;G)
to be the quotient Z'(X;G)/B*(X;G). Finally, if X is a profinite space, we define
mpX to be the coequalizer in € of the diagram dy, d; : X7 = Xo.

The profinite fundamental group of X is defined via covering spaces, see [23]. There
is a universal profinite covering space (X, z) of X at a vertex z € X,. Then m (X, )
is defined to be the group of automorphisms of (X, z) over (X, z). It has a natural
structure of a profinite group as the limit of the finite automorphism groups of
the finite Galois coverings of (X, z). For any details, we refer the reader to [23].
Its relation to the usual fundamental group of a simplicial set is described by the
following.

Proposition 2.1. For a pointed simplicial set X, the canonical map from the
profinite group completion of m(X) to 7T1(X) is an isomorphism, i.e. m(X) =
m1(X) as profinite groups.

Definition 2.2. A morphism f: X —Y in S is called,

(1) a weak equivalence if the induced map fi : mo(X) — mo(Y) is an isomorphism
of profinite sets, f. :m(X,x) — m (Y, f(z)) is an isomorphism of profinite groups
for every vertex x € Xo and f*: HI(Y; M) — HY(X; f*M) is an isomorphism for
every local coefficient system M of finite abelian groups on'Y for every q > 0;

(2) a cofibration if f is a levelwise monomorphism;

(3) a fibration if it has the right lifting property with respect to every cofibration
that is also a weak equivalence.

Theorem 2.3. The above defined classes of weak equivalences, cofibrations and
fibrations provide S with the structure of a fibrantly generated left proper model
category. We denote the homotopy category by H.

Proof. See [23]. O
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We consider the category S of simplicial sets with the usual model structure of
[25]. We denote its homotopy category by H. Then the following result follows
immediately.

Proposition 2.4. 1. The levelwise completion functor (A) S-S preserves weak
equivalences and cofibrations.

2. The forgetful functor |-| : S — S preserves fibrations and weak equivalences
between fibrant objects. X

3. The induced completion functor (1) : H — H and the right derived functor

R|-|:H — H form a pair of adjoint functors.

Definition 2.5. Let X be a pointed profinite space and let RX be a fibrant replace-
ment of X in the above model structure on S,. Then we define the nth profinite
homotopy group of X for n > 2 to be the profinite group

T (X) 1= mo(Q"(RX)).

In other words, in order to get the homotopy groups of a profinite space X, we first
take a fibrant replacement of X in S, and then take the usual homotopy groups of
the fibrant simplicial set RX.

Remark 2.6. Morel proved that there is a model structure on S for each prime
number p in which the weak equivalences are maps that induce isomorphisms on
Z/p-cohomology. The fibrant replacement functor RP yields a rigid version of
Bousfield-Kan Z/p-completion. The homotopy groups for this structure are pro-p-
groups being defined as above using RP. The generating fibrations and trivial fibra-
tions are given by the canonical maps L(Z/p,n) — K(Z/p,n+ 1), K(Z/p,n) — *,
respectively by the maps L(Z/p,n) — = for every n > 0, see [21] and [23].

2.2. Profinite G-spaces. Let GG be a fixed profinite group. Let X be a profinite
set on which G acts continuously, i.e. G is acting on X and the map p: Gx X — X
is continuous. In this situation we say that X is a profinite G-set. If X is a profinite
space and G acts continuously on each X, such that the action is compatible with
the structure maps, then we call X a profinite G-space. We denote by Se the
category of profinite G-spaces. If X is a pointed profinite space with a continuous
G-action, then we call X a pointed profinite G-space if the basepoint is fixed under
the action of G. We denote the corresponding category by S

While a discrete G-space Y is characterized as the colimit over the fixed point
spaces YU over all open subgroups, a profinite G-space X is the limit over its orbit
spaces Xy. More explicitly, for an open and hence closed normal subgroup U of
G, let Xy be the quotient space under the action by U, i.e. the quotient X/ ~
with z ~ y in X if both are in the same orbit under U. It is easy to show that the
canonical map ¢ : X — limy Xy is a homeomorphism, where U runs through the
open normal subgroups of G.

Now, for Z,X € S let hom(Z, X) be the space of continuous maps. If Z is a
simplicial finite set and X € S , then hom(Z, X) has a natural structure as a profinite
space. In order to get a model structure on 5’@, one uses the fact that the model
struture on & is fibrantly generated in analogy to [12]. In a first step we enlarge the
generating sets for fibrations P and trivial fibrations @ by applying hom(G/U, —)
for any open normal subgroup U of G to P and @ respectively. This induces an
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intermediate strict model structure. A further Bousfield localization then yields
the following result whose proof is given in [24].

Theorem 2.7. There is a left proper fibrantly generated simplicial model struc-
ture on the category of profinite G-spaces such that a map f is a weak equivalence
(respectively cofibration) in S.c if and only if its underlying map is a weak equiv-
alence (respectively cofibration) in S.. We denote its homotopy category by Hec.
The underlying map of a fibration in S, is also a fibration in S, (and in S, ).

3. SYMMETRIC PROFINITE (G-SPECTRA

Let us now turn to a stable version. A profinite spectrum X consists of a sequence
X, € S, of pointed profinite spaces and maps o, : S' A X,, — X, 41 in S, for
n > 0. A morphism f : X — Y of spectra consists of maps f, : X, — Y, in S,
for n > 0 such that o, (1 A f,) = frir10n. We denote by Sp(S,) the corresponding
category of profinite spectra. By Theorem 2.36 of [23] there is a stable homotopy
category SH of profinite spectra. In this model structure, a map f: X — Y is a
stable equivalence if it induces a weak equivalence of mapping spaces Map(Y, E) —
Map(X, E) for all Q-spectra E; and f is a cofibration if Xy — Y and the induced
maps X, Hsiax, _, SYAY,,_1 — Y, are monomorphisms for all n.

Now let G be as always a profinite group. We consider the simplicial finite set S!
as a profinite G-space with trivial action. We call X a profinite G-spectrum if,
for n > 0, each X,, is a pointed profinite G-space and each S' A X,, — X, is a
G-equivariant map. We denote the category of profinite G-spectra by Sp(S*)G.
There is a model structure on profinite G-spectra such that a map is a stable
weak equivalence (resp. cofibration) if and only if it is a stable weak equivalence
(resp. cofibration) in Sp(S,). It can be obtained as the stabilization of the model
structure on S, of Theorem 2.7 using the techniques of [16] and the localization
results of [22], Theorems 6 and 14, for fibrantly generated model categories.
Furthermore, there is also a category of profinite spectra with better properties.
Based on the work of Hovey, Shipley and Smith and their category of symmetric
spectra Sp™(S.,), [16] and [17], we consider the category SpE(S'*G) of continuous
profinite symmetric G-spectra.

Let X,, be the symmetric group of permutations of the set {1,2,...,n}.

Definition 3.1. A symmetric profinite spectrum X is a sequence of pointed X, -
profinite spaces { X, }n, a pointed X, -equivariant map S' A X, — X, 11 for each
n > 0 and such that the composite

Sp/\XnHSpil/\Xn+14>...4> n+p

is Xp X Ly, -equivariant. A map of symmetric profinite spectra X — Y is a collection
of ¥y, -equivariant maps X,, — Y, in S, compatible with the structure maps of X
and Y. We denote the category of symmetric profinite spectra by SpE(S*).

We want to construct a stable monoidal model structure on Sp™(S.). We call a
map f: A — B in SpE(S*) a cofibration if the map Ag — By is a cofibration
in 3* and the induced maps A, ;o L,B — B, are ¥,-equivariant cofibrations
in S, for every n > 1, where L, is the latching object of [16], Definition 8.4. A
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symmetric spectrum X € Sp™(S,) is called an Q-spectrum if X is level fibrant and
the adjoints X,, — QX,, 11 = hom, (S, X,,11) of the structure maps of X are weak
equivalences for all n. A symmetric spectrum FE is called injective if it has the
extension property with respect to every monomorphism f of symmetric spectra
that is also a level equivalence, i.e. for every diagram in Sp™ (5‘*)

) Gy

)

where f is a level equivalence and a monomorphism there is a map h : ¥ — F
such that ¢ = hf. A map f: X — Y of symmetric profinite spectra is a stable
equivalence if Mapspz( 3*)( f,E) is a weak equivalence of simplicial sets for every

injective profinite Q-spectrum E. Finally, we call a map in SpE(S*) a fibration
if it has the right lifting property with respect to all maps that are both stable
equivalences and cofibrations.

Theorem 3.2. The above classes of stable equivalences, cofibrations and fibra-
tions define a stable monoz’dalA model structure on symmetric profinite spectra. The
profinite completion functor () is a monoidal left Quillen functor from symmetric
spectra of [17] to profinite symmetric spectra.

Proof. By Theorem 2.3, S, is a left proper fibrantly generated simplicial model
structure. This allows to deduce the result from the dual machinery and ideas of
[16] and [17] using the localization of [22], Theorem 6. O

Remark 3.3. One should note that if the stable homotopy groups 7. X of an
arbitrary symmetric spectrum X happen to have the structure of profinite groups,
then they do not change if we consider X as an object in sz(s*) and take the
homotopy groups of X as a profinite spectrum. For, . X is just the profinite
completion of 7, X, see [23].

Now let again G be a profinite group. We want to stabilize the homotopy category
of S.¢ using a monoidal model structure as above. This leads to the following
notion of (naive) continuous G-spectra.

Definition 3.4. A symmetric continuous profinite G-spectrum X is a sequence of

pointed %, -profinite G-spaces { X, }n, a pointed G x ¥, -equivariant map S* A X,, —

Xp41 for each n > 0 and such that the composite
Sp/\Xn—>Sp71AXn+1—>...—> n+p

is G x X X Xy -equivariant. A map of symmetric profinite spectra X — Y is a
collection of 3, -equivariant maps X,, — Y, in S, compatible with the structure
maps of X and Y. We denote the category of symmetric profinite G-spectra by

Sp=(S.a).

The general procedure to stabilize a model structure of [16] applied to Theorem 2.7
implies the following result.
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Theorem 3.5. There is a left proper model structure on sz(s*g) in which the
stable equivalences (respectively cofibrations) are the stable equivalences (respectively
cofibrations) of underlying profinite symmetric spectra in SpZ(S’*) and the fibrations
are the maps having the right lifting property with respect to all maps that are both
stable equivalences and cofibrations. We denote its homotopy category by SHe.

Let ¢ : SpZ(S*) — SpE(S’*G) be the functor that equips a spectrum X with the
trivial G-action. Its right adjoint is the levelwise defined fixed point functor (—)< :
Sp¥(S.¢) — Sp™(S.). Since ¢ clearly preserves weak equivalences and cofibrations,
we deduce the following result.

Corollary 3.6. The pair (t,(—)%) forms a Quillen pair of functors.

Corollary 3.7. If a map f is a fibration in sz(g*)g, then its underlying map is
a fibration in Sp>(S,).

Proof. This follows immediately from the fact that the underlying map of a trivial
cofibration in Sp™(S.¢) is a trivial cofibration in Sp*(S,). O

Stable profinite homotopy groups of a profinite spectrum X are defined as the
stable homotopy groups of the underlying spectrum of a fibrant replacement RX in
SpZ(S*). If X is equipped with the structure of a profinite G-spectrum, let RgX
be a fibrant replacement of X in Sp™ (S*G) We get an induced action of G on each
stable homotopy group 7, X = Homg;, (S™, RgX). Moreover, since S™ is a finite
spectrum, 7 X inherits a profinite structure and the action of G on each mp X is
continuous. This may be rephrased in the following statement.

Corollary 3.8. If X is a symmetric profinite G-spectrum then each stable profinite
homotopy group T X is a continuous profinite G-module.

4. HOMOTOPY FIXED POINT SPECTRA

4.1. Homotopy fixed point spectra. As for profinite spaces we define the ho-
motopy fixed point spectrum as the homotopy limit of the G-diagram of a fibrant
replacement.

Definition 4.1. Let X € Sp™(S.¢) be a profinite G-spectrum and let Rg be a fived
functorial fibrant replacement in SpE(S'*G). Then we define the homotopy fixed
point spectrum X"G of X to be X"¢ := homg(EGy, RgX) in Sp=(S,).

Remark 4.2. Since the set of maps out of a profinite set does not carry a profinite
structure in general, X"¢ is only symmetric spectrum. If we need a profinite
version, we can consider the profinite symmetric spectrum XhG .— homg (%, Rg X).
Since EG — * is a homotopy equivalence, the induced map XhG _, XhG i a natural
equivalence of underlying spectra. But one should note that although X"¢ and X"¢
are fibrant in SpE(S*), X"G might not be fibrant as a profinite spectrum. Hence if
we want to calclulate the stable homotopy groups of XhG as a profinite spectrum,
we have to take a fibrant replacement in Sp™ (S’*) The resulting profinite homotopy
groups might differ from the stable homotopy groups of X¢ as a spectrum. But if
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the stable homotopy groups 7, X" happen to have a profinite structure, they are
already isomorphic to the stable homotopy groups of X"¢ as a profinite spectrum.

By Corollary 3.6, the functor (—)¢ preserves stable equivalences between fibrant

profinite G-spectra. Since FG is cofibrant and contractible, this implies the follow-
~hG

ing result, which shows that () : SHg — SH is in fact the total right derived

functor of taking fixed points.

Lemma 4.3. If X — Y is a stable equivalence in Sp*(S.q), then X'G — YhG s
a stable equivalence in Sp¥(S.).

4.2. Homotopy fixed point spectral sequence. Let E be a symmetric profinite
G-spectrum. Its stable homotopy groups are continuous profinite G-modules. Let
{I;} be a system of ideals in E, = 7. E such that

mE = 1iin BTy F

is a compatible decomposition of 7 F' as an inverse limit of finite G-modules. Now if
Z is a an arbitrary spectrum, let {Z,, } be the directed system of its finite subspectra.
Then we can equip the E-cohomology groups of Z with the structure of a profinite
G-module by setting
E'Z = llim E'Z/1LE'Z,.
e’

Theorem 4.4. Let G be a profinite group and let E be a symmetric profinite G-
spectrum. Let Z be any spectrum. There is a descent spectral sequence whose ES’t—
term is the sth continuous cohomology of G with coefficients the profinite G-module
EtZ:

Ey' = H (G, E'Z) = (E")s*t 7,
This spectral sequence is strongly convergent if either that G has finite cohomological
dimension or if E*Z is nonzero only for finitely many t.

Proof. This is a version of the homotopy limit spectral sequence of Bousfield and
Kan [3] for profinite spectra. We can assume that E is fibrant in Sp™(S.q). A
symmetric profinite G-spectrum may be viewed as a functor £ : G — SpE(S*).
We consider the category cSpZ(S*) of cosimplicial profinite spectra equipped with
the model structure of [3] X, §4. As remarked in [3] XI, 5.7, there is a cosimplicial
replacement functor IT* E € ¢Sp™(S,) for a diagram of profinite spectra since there
exist products in SpE(S*). This cosimplicial replacement IT*F is in codimension n
given by II"E = homg(G™t!, E) € Sp™(S.). Since E is fibrant in Sp™(S.q), its
cosimplicial resolution is a fibrant object in ¢Sp™(S.,). Let A[#] be the cosimplicial
simplicial finite set which in dimension n is the standard n-simplex with the usual
coface and codegeneracy maps, and let sk;A[*] be the cosimplicial space which in
dimension n is the s-skeleton of A[n]. Recall that, given a cosimplicial spectrum
Y, the total profinite spectrum of Y is defined to be the limit

TotY :=lim Tot,Y

where Tot,Y := hom(sksA[x],Y") is the profinite function spectrum of continu-
ous cosimplicial maps from A[x] to Y. By mapping a spectrum Z into the tower
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{Tot,Y}, there is a spectral sequence [3] X, §6:
Ey' =1im*((Z,Y]") = [Z, Tot Y]"**

where [Z,Y]" denotes maps in the stable homotopy category SH that lower di-
mension by ¢ and lim® the sth derived functor of the inverse limit. Now we apply
this to Y = II*E. We have to check that the FEs-term is continuous cohomol-
ogy of G. By [3] X, 7.2, there are natural isomorphisms Ey' = 7°[Z, II*E]* for
t > s > 0, where m° denotes the cohomotopy of a cosimplicial group. Since II"E is
fibrant, there are natural isomorphisms [Z, II*E]* = IT*[Z, E]* by [3] X1, 5.7. This
implies that the above cohomotopy groups are cohomology groups of the complex
C*(G;|Z, E]t) given in degree s by the set of continuous maps from G* — [Z, E],
where [Z, E]t = E'Z is equipped with the above profinite structure. Hence we have
identified the Fs-term with the continuous cohomology groups of the statement.

It follows immediately from the definition of II*E that the total spectrum of this
cosimplicial object is equal to homg(EG4, F) € SpE(S*)7 i.e. the abutment of the
spectral sequence is (E"?)***Z. Finally, if one of the assumptions is satisfied, we
get limi E$' =0 and the spectral sequence is strongly convergent. O

Corollary 4.5. Let G be a profinite group and let X be a symmetric profinite
G-spectrum. There is a descent spectral sequence, whose Eg’t—term s the sth con-
tinuous cohomology of G with coefficients the profinite G-module m(X):

ES' = H3 (G m (X)) = m_s(XMO).

This spectral sequence is strongly convergent if either that G has finite cohomological
dimension or if m¢ X is nonzero only for finitely many t.

4.3. Iterated homotopy fixed point spectra. Let H be a closed subgroup of
G. It is a natural question how the homotopy fixed points under the action of G,
H and, if H is a normal subgroup, G/H are related to each other. The answer
is given by the following theorem, which is an analogue of [1], Proposition 3.3.1.
When H is not also open, it turns out that the picture for a profinite group acting
on a profinite spectrum is much more convenient than for discrete spectra.

Theorem 4.6. Let X be a symmetric profinite G-spectrum and let H be a closed
normal subgroup of G. Then the following statements hold.

(1) The fized point spectrum (RgX)™ is fibrant as a profinite G/ H -spectrum.

(2) The fibrant profinite G-spectrum RgX is fibrant as a profinite H-spectrum.

(3) The profinite homotopy fixed point spectrum XM s q continuous G/ H -spectrum.
(4) There is a stable equivalence X"G ~ (XMIhG/H

(5) For any spectrum Z, there is a spectral sequence for iterated homotopy fixed
points

HI(G/H; (XY 2) = (X"9) 2.

Proof. The proof is essentially the same as of [1], Proposition 3.3.1. We repeat it
on the one hand for the convenience of the reader and on the other hand to point
out that there is an essential advantage when proving assertion (2).

(1) It is clear that (RgX) is a G/H-spectrum. It remains to prove that it is
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fibrant as a G/H-spectrum. The restriction along the quotient map G — G/H
induces a functor

Resg,/p - Sp¥(Si)a i — Sp™(Sic)

which is the left adjoint of the fixed point functor (=) : Sp™(S.q) — SpE(S*)G/H.
Since Resg /i obviously preserves cofibrations and stable equivalences, the functor

(—)* preserves fibrant objects.
(2) For a profinite H-spectrum Y, the Borel construction

md%Y =G AgY

defines an induction functor Ind$ : Sp*(S,) g — Sp™(S.)q- It is the left adjoint to
the restriction Resg along the inclusion H — G. Since there is a non-equivariant
isomorphism Inde =G/HL NY, Indg preserves cofibrations and stable equiva-
lences. Hence ResZ preserves fibrant objects. The difference to [1], is that G4 Ay Y
is a profinite spectrum for any closed subgroup H, since G, H and G/H are profi-
nite, whereas for discrete spectra one needs that H is open in G, i.e. that G/H is
finite.

(3) By (2), RgX is a fibrant profinite H-spectrum. Since X — RgX is an H-
equivariant trivial cofibration, it is a trivial cofibration in Sp™(S,)y. Hence we
may consider XhH — (RgX)H as the H-fixed point spectrum of RgX. As re-
marked above, this is a G/H-spectrum.

(4) Combining the three previous assertions yields the following sequence of stable
equivalences of profinite symmetric spectra which proves the last assertion:

XhG ~ (RGX)G _ ((RgX)H)G/H ~ (XhH)hG/H.
(5) This follows immediately from (4) and Theorem 4.4. O

5. MORAVA STABILIZER GROUPS AND LUBIN-TATE SPECTRA

We return to our main example of the introduction. So for a fixed prime number
p and an integer n > 1, G, denotes the extended Morava stabilizer group. Its
arithmetical origin and importance has been mentioned in the introduction. We
focus on its impact for homotopy theory. The profinite group G,, can also be
described as the group of automorphisms of the Lubin-Tate spectrum F,, in the
stable homotopy category. Hopkins and Miller have shown that G, is in fact the
automorphism group of F,, by A.-maps, cf. [26]. Later on, Goerss and Hopkins
extended this result to the F-setting. Hence G, acts on the spectrum-level on F,
by E-ring maps, cf. [13]. We will show now that this action is in fact a continuous
action of the profinite group G,, on the profinite spectrum FE,,.

Let BP be the Brown-Peterson spectrum for the fixed prime p and let I be an ideal
in BP, of the form (p', uil, —oyu;" ). These ideals form a cofiltered system. By

Remark 1.3 of [9], for any finite spectrum X, the group
i (Ep A X) & li}nﬂt(En ANX)/Im(E, N X)
is a continuous profinite G,-module. In fact, for ¢ odd these groups vanish, for ¢

even the quotients 74 (E, AX)/Im(E, AX) are finite discrete groups and the decom-
position as an inverse limit of these finite discrete G,,-modules is G,,-compatible.
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For a cofinal subsystem of such ideals I, there is a finite generalized Moore spec-
trum M with trivial G,-action such that 7(E,,)/I = 7, (E, A M;). Moreover, not
only the homotopy groups of E,, may be written as such an inverse limit but also
E, itself, i.e. E, = lim; E,, A My, cf. [15].

Although m¢(E, A M) is a finite and hence discrete G,-module, G, does not act
discretely on the spectra F, A M, i.e. there is no open subgroup U of G,, such
that the G),-action factors through G,,/U. A proof of this fact may be found in [4]
Lemma 6.2. Instead of being discrete, we show that F,, may in fact be viewed as a
continuous profinite G,-spectrum in the sense of the previous sections. The point
is that one has to decompose E,, further.

For two integers a < b, we define an endo-functor P? on profinite spectra as the
composite of taking connective covers and the usual Postnikov sections. Since both
constructions are functorial, P’ is compatible with the group action on a spectrum.
So for any G,,-spectrum X, P’X is a G,-spectrum, the homotopy groups m; P’ X
are isomorphic as G,-modules to the homotopy groups of X when a < ¢t < b and
vanish otherwise. By the construction, there are natural maps P?X — P?~1X and
P’ X — P’X. Then E, has the following G,,-equivariant decomposition

(3) E,, = colim lim lim PY(E, A My).

Since each spectrum PY(E, A M) is finite for every ideal I and every pair of
integers a < b, the limit lim;, lim; P?(E, A M) is naturally a profinite spectrum for
every a. Moreover, as the homotopy groups of E,, are all profinite groups, we can
take the colimit over a in the category of profinite G, -spectra, which is just the
profinite completion of the colimit of the underlying spectra. Hence F,, is in fact a
continuous profinite G,-spectrum. This proves Theorem 1.1 and allows us to apply
the machinery of the previous section.

Definition 5.1. Let G be any closed subgroup of G,. The homotopy fized point
spectrum EZG of the Lubin-Tate spectrum is the homotopy fized point spectrum of
Definition 4.1 of E,, considered via restriction as a profinite G-spectrum, i.e.

E"S .= homg(EG4, RE,).

Another example of a profinite spectrum is given by Morava K-theory. Let K(n)
be the nth p-primary Morava K-theory. Its homotopy groups are profinite in each
dimension. The same argument as for F,, shows that we may consider K(n) as a
profinite spectrum. Just as for ordinary spectra, applying the localization results
of [14] and [22] shows that there is a Bousfield localization for profinite spectra and
hence a localization functor also denoted by L=1L K(n)-

Now we prove Theorem 1.2 of the Introduction. If Z is a spectrum, let {Z,} be the
directed system of its finite subspectra and let I,, = (p,v1,...,0n—1) C Enx. Then
we can regard

E,Z =lim B}, Z, JIYE? Z,,

as a profinite G,,-module, see [9], Remark 1.3. The Bousfield-Kan spectral sequence
of Theorem 4.4 then yields a spectral sequence

H}(G,E;Z) = (E}°)*Z

for any closed subgroup G of G,,. Since G, is a p-adic analytic group, so is G' and its
continuous cohomology groups with profinite coefficients are also profinite groups,
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cf. [30]. Hence the spectral sequence above converges strongly. This proves the first
assertion of part (ii) of Theorem 1.2. Part (iii) of Theorem 1.2 on iterated homotopy
fixed point spectra is an immediate consequence of Theorem 4.6. It remains to show
that E'“ is equivalent to the construction of Devinatz and Hopkins in [9].

Let us quickly recall the construction of loc.cit. We will use the notation of [1]
and [4] to denote the Devinatz-Hopkins fixed point spectra of E,, by EY. First
let G = U be an open subgroup of G,,. In order to construct EZ"V Devinatz and
Hopkins define a contravariant functor F from the category of continuous finite left
G,-sets together with the left G, -set G, to the category of spectra. Then every
element g € G, induces via right multiplication 74 on G,, a map F(ry) : E,, — E,,
F(G,) = E, and they define E¢"V .= F(G,,/U), see [9], Theorem 1.

The functor F defines a natural map of spectra F(G,,/U) = BV — E, = F(G,,)
corresponding to the canonical quotient map G,, — G,,/U. Since F is a functor, this
map is G,-equivariant and thus its image lies in the actual fixed point spectrum EY
of E,,. Moreover, there is a canonical map from the fixed points EY = homy (¥, E,,)
to the homotopy fixed points EV of Definition 5.1. We conclude that there exists
a canonical map of spectra

(4) B, ghU

In a second step, the homotopy fixed points for a closed subgroup of GG, are defined.
Since G, is a p-adic analytic profinite group, it is possible to find sequence of open
normal subgroups of G,

Gn=Ug2U1 2Us 2 2U; D~

with (), U; = {e}. After choosing such a sequence, for a closed subgroup G of G,
Devinatz and Hopkins set

EC .= [(hocolim EIh(ViG))

where the colimit is the homotopy colimit in the category £ of commutative S°-
algebras in the category of S%-modules of [10].

As remarked in [9], p. 5, the maps in the colimit to define E%*¢ are compatible
with the Gj-action and induce a canonical map E¢ — E into the G-fixed
points of E,. Composition with the map ES — E"C yields again a canonical map
EﬁhG N E'ZG'

Hence for any closed (or open) subgroup G of G,, we have constructed a comparison
map between the homotopy fixed points such that the diagram

) B s 1O

E,
commutes.

In order to show that this map EY¢ — E"C is a weak equivalence for any closed
G, we apply the homotopy fixed point spectral sequences of Corollary 4.5 and of
[9], Theorems 1 and 2. By comparing both constructions of the descent spectral
sequences, we will see that the commutative diagram (5) comes equipped with a
natural map of spectral sequences. But to see this, we need a few more details of
the constructions of [9].

First let G = U be an open subgroup of G,, such that G,,/U is a finite set. Then
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the spectral sequence of [9], Theorem 1, is the Bousfield-Kan spectral sequence
associated to the cosimplicial resolution II*(Cg, ,ir), where Cq, /u is the Eo-lift
[9], Theorem 3.2, of the cosimplicial diagram of spectra Cg,, i given in degree j by

C = L(g, ,uE, NEY)

J .
G /U *
where Ilg, ,u B, denotes the finite product of copies of E,, one for each element
of G, /U, and the coface and codegeneraccy maps are defined as in [9], 4.11. This
construction is functorial on G,,-sets such that the quotient map G, — G,/U
induces a map

*(Cq, v) = 1*(Ca,)

where Cg,, is defined by C’én = L(E, A EY H)). Moreover, there is a canonical
map from Cf, = to the constant cosimplicial diagram F;, which is a weak equivalence
by [9], Lemma 5.4. Since all these maps are G,-equivariant, the image of this map
lies in fact in the U-fixed points EY = homy (*, E,,) of E,, considered as a constant
cosimplicial diagram. Now let 1I7;E,, be the cosimplicial resolution of the diagram
defined by the action of U on E,,. There is a canonical map II*EY — 11} E,, given
in degree j by homy (*, E,) — homy (U1, E,). Composing all these maps yields
a map of cosimplicial diagrams

(6) I*Cq, v — *EY — I} E,.

The homotopy fixed points E4"U are defined as the total space of the cosimplicial
object II*Cg, ju7, i.e. BEMY .= Tot (I*Cg, jiy). As it becomes apparent now, the
comparison map (4) is induced by taking total spaces of the map (6). Hence we
have defined a map of strongly convergent spectral sequences compatible with (5).
Using the identifications of the Fs-terms of Theorem 4.4 and of [9], Lemma 4.20,
4.22 and Proposition 4.25, we conclude that (6) induces an isomorphism of spectral
sequences from the Es-terms on. Thus the comparison map E4"Y — EMU is a weak
equivalence of spectra.

If G is an arbitrary closed subgroup, the descent spectral sequence of [9], Theorem
2, computing the homotopy groups of E¥"¢ is defined as the K (n),-local E,,-Adams
spectral sequence of E%"Y. Devinatz and Hopkins show that the Adams spectral
sequence obtained from mapping S° into a K (n),-local E,-Adams resolution is iso-
morphic to the Bousfield-Kan spectral sequence obtained from mapping S into the
tower of the total space of the cosimplicial resolution of C¢, /¢, see [9], Appendix,
especially Remark A.9, where the cosimplicial diagram Cg, /¢ is defined in degree
J by

CL. o = LB NEFTY).

We deduce from this, that the comparison map E"¢ — E" is in fact also induced
by a map of cosimplicial diagrams as above

(7) I*Cg, )¢ — I*ES — 1L E,.

This shows again that we get a map of strongly convergent spectral sequences which
is an isomorphism from the FEs-terms onward. This follows again by Theorem
4.4 and by [9], Lemma 4.20, Proposition 6.3 and the natural transformation (6.5)
in [9]. We conlcude that the map E¢ — E'® in (5) induces an isomorphism
1. EMG — 1, EP"S on homotopy groups for every closed subgroup G of G,,. Hence
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there is a canonical equivalence between both homotopy fixed point constructions.
Finally, the equivalences E%"Cn ~ [, K(n)S 0 and E"Gn ~ EhGn give an equivalence

EZG" ~ LK(H)SO.

This completes the proof of Theorem 1.2.
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