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Abstract

The widespread habit of “plugging” arbitrary symmetric functions as kernels in sup-
port vector machines (SVMs) often yields good empirical classification results. However,
in case of non conditionally positive definite (non-cpd) functions they are hard to inter-
pret due to missing geometrical and theoretical understanding. In this paper we provide a
step towards comprehension of SVM classifiers in these situations. We give a geometric
interpretation of SVMs with non-cpd kernel functions. We show that such SVMs are op-
timal hyperplane classifiers not by margin maximization but by minimization of distances
between convex hulls in pseudo-Euclidean spaces. This interpretation is basis for further
analysis, e.g. investigating uniqueness or characterizing situations where SVMs with non-
cpd kernels are suitable or not.

Keywords: support vector machine, indefinite kernel, pseudo-Euclidean space, separation
of convex hulls, pattern recognition

1 Introduction

In recent years SVMs have been established as methods of first choice on various learning
problems like classification or regression in many fields of applications, cf. [4]. There are sev-
eral reasons for their success ranging from theoretical foundation in statistical learning theory
to availability of easily applicable and fast implementations. A very important reason is the
clear intuitive geometric interpretation as maximizing the margin of a hyperplane classifier in
an (implicitly defined) Euclidean feature space. This is the basis for general understanding,
adequate practical application, improvements and new algorithms. However, this geometric
interpretation is only available in case of conditionally positive definite (cpd) kernel functions
(cf. Section 2 for definitions).



In practice, the requirement of a kernel function to be cpd turns out to be a very strict
assumption. It is not satisfied by many ad-hoc or sophisticated similarity or dissimilarity mea-
sures which one would like to incorporate in learning. So non-cpd kernels often are available,
but it is not clear what is the best way to use them in the SVM framework.

A practical “heuristic” approach is using the kernels in SVMs as usual, e.g. [1, 5, 8, 15].
Problems like nonconvexity of the optimization problem can be handled e.g. by the widespread
SVM implementation libsvm, as convergence to stationary points is guaranteed [10]. The em-
pirical classification results of such non-cpd kernels often are very good, but theoretical foun-
dation is missing.

The maotivation for this work now stems from these two facts: Good empirical results de-
mand for theoretical understanding, and geometry is a fundamental step towards such under-
standing. We therefore concentrate on providing a geometric interpretation of training and
classification of SVMs with non-cpd kernels.

The structure of the paper is as follows: In the next section we introduce the necessary
notations concerning SVM and the pseudo-Euclidean spaces which is the framework where the
SVM will be interpreted. Section 3 then illustrates (independent of SVMs) linear classification
in these spaces by minimizing the distance of convex hulls and giving the corresponding primal
optimization problem. In Section 4 we then illustrate that SVM-classification exactly coincides
with the pseudo-Euclidean convex hull classification, and we present examples of the corre-
spondences. Section 5 comments on uniqueness of solutions, in Section 6 we set up criteria for
deciding when a non-cpd SVM is suitable or not and conclude with final remarks in Section 7.

2 Notation

We will use the following general notations and terminology. x, b, f, etc. denote general vari-
ables or unstructured objects. w’, M stand for the transpose of a vector w or a matrix M.
I, is the n x n identity matrix. 1,,0,,e; € RP denote the vector of ones, zeros and the i-th
unit-vector. diag(vy, . .., v,,,) is the diagonal matrix with entries given by the concatenation of
the Vectors v;. Sums_wil_l be abbreviated by >, := 1L, >, = szzl. _

Having a maximization problem max¢q JJ(c) under some constraints, we will use the no-
tion feasible point a for a point satisfying the constraints of the optimization problem. A
feasible direction v in « will be a direction such that o + \v is a feasible point for some range
A € [0, €] with some e > 0. A stationary point o of the maximization problem is a point where
the derivatives of the optimization function in direction of all feasible directions are nonposi-
tive. A local optimum a of a maximization problem is a stationary point where additionally the
curvature of the optimization function in feasible directions with vanishing directional deriva-
tive is nonpositive. A stationary point includes possible saddle-points, which is the reason for
considering the second order condition for local optima.

21 SVM

A fundamental ingredient in SVMs is the notion of a kernel &, which is usually a symmetric
function £ taking two arguments of an arbitrary set X where the data stems from, i.e. % :



X? — R. For given data points (z;);-, € X" the kernel matrix K := (k(z;, z;));;—, can be
defined. If for all n, all sets of data points and all vectors v € R holds v'Kv > 0, then k is
called positive definite. If this only is satisfied for all v with 17v = 0, the kernel £ is called
conditionally positive definite.

Assuming training data (x;,y;) € X x {£1} fori = 1,... n, the usual SVM-classification
approach solves the dual optimization problem which we will refer to as (SVM-DU)

max 35, — g 2, aogyiyik(T, )
s.t. 0<a; <C and > ay; =0.

Here C > 0 is a factor penalizing data fitting errors. The classification of new patterns x is then
based on the sign of

flz) = Z aiyik(xi, ) +b 1)

where b is determined such that f has identical absolute values on unbounded support vectors
(SVs), i.e. x; with 0 < a; < C. In case of a cpd kernel £ this procedure is well established
and can be understood as optimal hyperplane classification in a Euclidean space, e.g. after the
kernel PCA-map [14].

In the following we give up the cpd assumption and let & be an arbitrary symmetric func-
tion. In this case the optimization problem (SVM-DU) is no longer convex, but still quadratic.
Starting with £, a corresponding sgquared distance can be defined by

d*(z,2') = k(x,z) — 2k(z,2") + k(2 2"). )

In case of a cpd kernel this corresponds to the induced distance in Euclidean feature space. For
general symmetric kernels this definition will not define the square of a metric, as d? might
be negative. But at least it yields a symmetric function 4> with zero diagonal. This squared
distance function will allow a representation of the data in certain vector spaces.

2.2 Pseudo-Euclidean Spaces

As the geometry of our main argumentation is taking place in pseudo-Euclidean spaces, we
shortly recall some basic notions and corresponding illustrations, for details see [6, 12]. The
relevance of these spaces is that they provide a unifying framework for both structural and vec-
torial data after appropriate embeddings, cf. [6]. In particular they can represent quite arbitrary,
unstructured data, only assuming a squared distance function on the data, cf. Proposition 1.

With R®% we denote the pseudo-Euclidean space of signature (p, ¢), where p, ¢ € Ny. This
space can be seen as a product of a “real” and “imaginary” Euclidean vector space R? x iR?,
where i = \/—1. Its elements are denoted with z = (z],z])”, the vector of real coordinates
with respect to the basis {e;}7_, and {ie;};_, of R? resp. iR?. The inner product then is
(z,2') = 2]z — z]2) = 2"Mz’ with M := diag(1,,—1,). So this inner product is the
difference of two standard Euclidean inner products. As the spaces are linear spaces, we can
define reduced convex hulls of sets of points similar to [2, 3]

conv,({zi,...,z,}) = {Zaizi|2ai:1 and Ogaig,u}.
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Figure 1: Illustration of pseudo-Euclidean spaces and partition of the spaces by the correspond-
ing isotropic cones.

For i = 1 this is the usual convex hull. For smaller values 1 the set reduces until, for . = 1/n,
it consists of a single point, the mean of the z;. The shaded regions in Figures 3, 4 and 5 are
examples of (reduced) convex hulls. In all illustrations the real space is plotted horizontally,
the imaginary part vertically.

Pseudo-Euclidean spaces in particular generalize Euclidean spaces by ¢ = 0. We now
focus on the case ¢ > 0 and the corresponding differences in the resulting geometry. The inner
product is a symmetric bilinear form as usual, but no longer positive definite. Nevertheless,
similar to the Euclidean case we obtain the squared normas ||z||* := (z, z). Note that this can
be negative in contrast to the Euclidean case, so it is not a norm in the strict sense. This notion
immediately implies the squared distance of two points by ||z — Z/||° :=< z — 2,z — 2’ >=
|z, — z;H2 — ||zq — Z;HQ- Orthogonality is defined consequently by the inner product of two
vectors being zero.

These definitions give rise to some interesting geometric phenomena. The first observation
is that there are nonzero points which are orthogonal to themselves: < z,z >= 0. These
isotropic points form the isotropic cone, which separates the regions of points with positive and
negative squared norm, cf. Figure 1.

The squared distance between points is the difference of the corresponding squared dis-
tances in real and imaginary directions. This can be negative, so the real square root can not
necessarily be defined. Even if it could be defined, the resulting distance would not necessarily
be a proper metric, as the triangle inequality does not have to be valid. This is exactly the rea-
son why arbitrary nonmetric distances can be represented in these spaces. Examples of squared
distances are given in Figure 2 (i). The shaded region demonstrates a violation of the triangle
inequality by v/4 > /0 + /0.

The mapping Mz defines the reflexion of a vector with respect to the real space. With this
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Figure 2: (i) Examples of sguared distances between points and a violation of the triangle
inequality. (ii) Hyperplanes H,H’ and corresponding normals w, w’, the flipped versions of
which are ”orthogonal” to their planes in the common Euclidean sense.

inmind, it is obvious that two vectors z, z’ are orthogonal, if the reflexion Mz is orthogonal in
the Euclidean senseto z'.

Hyperplanes can bedefined asusual: H : (w, z)+b = 0. Thenormal vector w isorthogonal
to the plane H in the pseudo-Euclidean sense. Linear classification can easily be performed by
taking the sign of any such linear function. Figure 2 (ii) illustrates these aspects.

An embedding of data in a pseudo-Euclidean space R, which allows to maintain the
distance information, was given by [6] and also used by [7, 12]. For our purpose we mainly
need the existence of such a representation. Additionally, a concrete construction following
[12] is given in the Appendix. The most important point for our purpose is that p, g are the
number of positive resp. negative eigenvalues of a so called centered kernel matrix constructed
from the distance information.

Proposition 1 (Isometric Embedding). Let {z;}?, € X" bedata points, d> : X x X — R
be a symmetric function with zero diagonal. Then there exists a pseudo-Euclidean space R -9
with p + ¢ < n and an embedding ® : {x;}7_, — R®9 such that for all 4, j holds

(i, ) = || @ () — ()| 3

The embedding can be performed such that it is centered (mean 0) and the coordinates are
uncorrelated. For many embeddings of real data, the variance in the imaginary directions is
empirically much lower than the variance in the real directions[12]. Note that the embedding
in Proposition 1 does not assume nonnegativity of d?. So in case of negative squared distances
between points, such an isometric representation still exists.

A dlightly more abstract framework called Krein- or Pontryagin-spaces [11] for embedding
the whole original space X would also have been an appropriate framework for our interpreta-
tion. But aswill be demonstrated in the next section, only the space resulting from embedding



the (finite) training datais required for understanding the SVM. So we restrict to the more eas-
ily accessible class of finite dimensiona Krein-spaces, which exactly are the pseudo-Euclidean
spaces.

These indefinite spaces provide a representation of data which only depends on a given
arbitrary symmetric kernel function. It isindependent of the specific algorithm to be applied to
this data. We therefore expect that these spaces provide the suitable geometry for investigating
other kernel-methods which involve non-cpd functions.

3 Optimal Separation of Convex Hullsin R

Different methods of linear classification in pseudo-Euclidean spaces have been proposed, e.g.
the Fisher linear discriminant [6] or a generalized nearest mean classifier etc. [12]. Also meth-
ods for using SVM in these spaces have been proposed [7, 12]. They have in common that the
non-Euclidean geometry of the space is removed and replaced by a Euclidean. This can either
be done by interpreting R as the standard RP*¢ or projecting the space on its real part with
corresponding norm and positive definite scalar product. One obtains nice convex optimization
problems by this, but the original geometry which reflects the a-priori-knowledge of the prob-
lem is changed by these procedures. Moreover, these methods require explicit operating in the
feature space. In contrast, methods that accept the non-Euclidean geometry may result in more
difficult optimization problems due to the nonconvexity, but they perfectly maintain the a-priori
knowledge given by the kernel/distance. Additionally, they may avoid explicit operationsin the
feature space.

In this section we present a classification procedure, which has these characteristics. It
turns out to be an optimal hyperplane classification method and exactly the operation that is
performed by anon-cpd SVM. However, care hasto betaken, asin certain situationsthe scheme
is not suitable. We will find criteriafor these situations. The classification method is based on
convex hulls, therefore we denote it as CH-classification.

It has been shown that maximization of the (soft) margin in Hilbert-spaces can equivalently
be formulated as minimization of distances of (reduced) convex hulls[2, 3]. This separation of
convex hulls can be applied in pseudo-Euclidean spaces, aswe a so have the notions of distance
and convex hulls.

We assume to have training data (x;, y;) € X x {£1} fori = 1,..., n which is embedded
isometrically in some R(®% according to Proposition 1. The formalization of minimizing the
distance in R”% between the reduced convex hulls of the positive and of the negative training
examplesis

min |z~ —z*||” 4)
st. z— e cov, {®(x;)|i :y; = —1} and
zt € conv, {P(x;)|i : y; = +1}.

The optimization only requires distance calculations in the original space between training pat-
terns. This can be seen analogously to the Euclidean case[9] by decomposing the squared norm



(4) dueto its bilinearity and replacing z—, z™ by their representations as convex combinations
iy, ==%1

We end up with the dual optimization problem minimizing the distance between the convex
hulls which we will refer to as (CH-DU)

max. % Zw Yy A3 (g, )
st. 0<@ <y, Y,qy=0 and > & =2

Note that this optimization problem is quadratic, but not necessarily convex, as the quadratic
form can be indefinite. This can cause phenomena like multiple local optima as will be illus-
trated in Section 5.

The natural classifier in R®% based on afeasible point & from (CH-DU) is the minimum
distance classifier with respect to the two points z* and z—, i.e. the sign of

gte) = |fo |~ le— 5" ©

Similar to the Euclidean case this is a hyperplane classifier. Interestingly, it can be evaluated
using only sguared distances to (images of) training points. This can be obtained by inserting
the representations (5), using bilinearity and the constraints of (CH-DU) which yields

9(2) = = S a2 — B + 5 3 s () — B ©

In particular this implies that if a point z has a presimage z € X (i.e. z = ®(x)), we can
perform the classification in the original space without explicit mapping by taking the sign of

fl@)= - Z aiyid? (s, ) + b 8
with b= % Z di@jyid2 (ZEZ‘, Ij). (9)

We now argue why this classification rule can be applied to the whole (possibly infinite) space
X. If 2 hasto be classified and = has no image in R, we imagine another isometric em-
bedding @’ in a pseudo-Euclidean space R4 where z is simultaneously embedded with the
training data. Asthetraining procedure (CH-DU) and the classification rule (8) are independent
of the specific embedding, training and classification of ®’(x) will exactly result in the decision
rule (8). At this point we see that it is no limitation that the embedding is data dependent, as
we do not explicitly make use of it.

Figure 3 gives an illustration of the classification behaviour of the classifier by plotting
simple data embeddings {®(z;)}"_, in the low dimensional pseudo-Euclidean space R(+") and
the corresponding decision boundaries. The classification boundary is the line passing through
the midpoint of z*z~ which is orthogonal (in pseudo-Euclidean sense) to the line connecting
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Figure 3: lllustration of pseudo-Euclidean CH-classification with ordinary convex hulls (i) and
reduced convex hulls (ii).

z",z~. So we obtain a classification method which is an optimal hyperplane classifier in the
sense that it is the minimum distance classifier with respect to closest points of convex hulls.

(CH-DU) issimilar to the »-SVM dual [13] and we similarly can set up the corresponding
convex hull primal optimization problem. We emphasize however, that there is no strict “dual-
ity” between primal and dual solutions in nonconvex optimization problems. But we keep the
notions to emphasize the relation to the cpd case. Note that the choice of b differs from (9),
but we again wanted to keep the standard notation. This result is an extension of the Euclidean
casein [3]. The proof is given in the appendix.

Proposition 2 (CH Primal in R®9). Let & be a stationary point of (CH-DU), such that there
exist two non-bounded coefficients of different classes, i.e. 0 < ag, a; < pwithy, = +1,y, =
—1, which induce a positive p as defined below. Let & : {z;}*, — R®9 be an isometric
embedding according to Proposition 1.

Then we obtain a stationary point w € R®9. b € R, p € R;, € € R" of the convex hull
primal optimization problem

min5 wWwIMw —2p+ > &
w,b,p,

st y(W'M®(z;) +b)>p—&, &>0 and p>0
by setting w = >, ay;®(x;), b := —% (W M®(z;,) + w"M®(z;)),

2

1
p = §WTM(‘I)(%) — ®(z)) (10)
and
v 0 otherwise.
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Figure 4: Illustration of unsuitable pseudo-Euclidean CH-classification dueto p < 0.

The well-definedness of b and p can be proven. An exact correspondence of local optima
can also be achieved under some more restrictive conditions, namely requiring Aw” MAw > 0
for all feasible directions v := (Aw”, Ab, Ap, A€")T in which the derivative of the primal
optimization function vanishes.

This proposition indicates that a crucial property of a good solution is p > 0. This means
geometrically that according to (10) the vector w must have positive (pseudo-Euclidean) inner
product with all vectors connecting pairs of (unbounded) support vectors ®(zy) — ®(z;). In
case of no bounded SV, thisis equivalent to the requirement w”M(z™ — z) = w"Mw > 0,
asz* are convex combinations of SVs. So Mw must point to the decision region where z* is
located.

If thisis not the case, the resulting classifier will not be suitable for the given problem. Fig-
ure 4 demonstrates such situations. We see that CH-classification performs (almost) completely
wrong aready on the training data. This can be seen as Mw, which is used for classification,
is directing towards the negative examples. As the convex hulls of the positive and negative
training points can lie above each other, the points of minimum distance (z* and z~) are not
longer located on the Euclidean closest boundaries, but on the farthest. A crucia assumption
of distance based classification is violated which requires “lower (squared) distance” meaning
“higher similarity”: In the example points have negative squared distance to points from the
convex hull of the other class, but have O distance to themselves.

In the left sketch we see that having many negative d* between the training points is a
problematic starting point for maximizing the distance between the convex hulls in pseudo-
Euclidean spaces. However, this situation can even arise if the origina squared distances be-
tween the training samples are nonnegative, as occurs in the right illustration.
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4 |nterpretation of non-cpd SVM in R®:%

In this section we establish the geometric interpretation of non-cpd SVMsin pseudo-Euclidean
space. We first state the primal optimization problem corresponding to (SVM-DU). The state-
ment is that these SVMs in both separable and nonseparabl e cases have a similar primal target
as ordinary SVMs. The proof is skipped in this presentation as it is similar to the previous
proposition.

Proposition 3 (SVM Primal in R®9). Let o be a stationary point of (SYM-DU) for arbitrary
symmetric k, such that there exist two non-bounded coefficients of different classes, i.e. 0 <
ap,ap < Cwithy, = +1,9, = —1. Let & : {2;}7, — RP9 be an isometric embedding
according to Proposition 1 corresponding to the squared distance measure induced by & in
(2). Then we obtain a stationary point w € R®9 5 € R, & € R of the primal optimization
problem

mblr% swiMw +C Y. & (11)

by settingw = >", oy ® (), b := —3w  M(®(2) + ®(x;)) and

€ = 1—y(WwIM®(2;) +b) if a;=C
e 0 otherwise.

The relation between this primal and the common SVM primal is that the common squared
norm and inner products are replaced by the corresponding pseudo-Euclidean notions. If M =
I,, we perfectly recover the common SVM primal.

The relevance of this result is twofold. First we recover a finding from [10], which states
that a stationary point of (SVM-DU) satisfies certain separability constraints, which turn out
to be equivalent to our constraints of the SVM primal. They imply that a non-cpd SVM is
a reasonable classifier in the sense that similar to an ordinary SVM it correctly classifies the
training datawith o; < Cand o; = C, & < 1. Exampleswith o; = C, & > 1 are wrongly
classified.

The second important conclusion from this proposition is that we found the regularizer
wlMw. A geometrical margin can be defined analogous to the cpd case as 2/vw!Mw, if
the regularizer is positive. This might be a starting point for learning theoretic investigations,
which could give further insights in usability and provide a further theoretic underpinning of
non-cpd SVMs.

An important comment is appropriate at this point. We have a notion of margin for a non-
cpd SVM and Proposition 3 indicates that training is related to maximizing this quantity in
the sense that we obtain a stationary point. However, in general, training of a non-cpd SVM
is not identical to margin maximization. The reason is that margin maximization by (11) isin
genera not well defined. We give a separable two point example: Takey; = +1,y, = —1 and
x; = (1;,0)7 € R, One can easily check that w := (1, A\)”,b = 0,& = (0,0)" satisfies the
constraints with equality, however the optimization value w Mw = 1 — \? divergesto —oco as
A increases. Thisisafundamental difference to the cpd case.

11



So margin maximization is not the right interpretation of non-cpd SVM, instead optimal
separation of convex hulls is adequate, which will be formulated and proven in the following.
The main consequence is a justification for using non-cpd SVM. We additionally obtain a con-
structive interpretation. This allows easy understanding of SVM classification as the operation
of separating convex hullsis geometrically easily accessible.

We now present the main result, which settles the relation between solutions of (CH-DU)
and (SVM-DU) and corresponding decision boundaries. The proposition states that a local
optimum of (SVM-DU) impliesaloca optimum of (CH-DU) for certain 1. Theimplicationin
the other direction however isnot valid in general.

For the cpd case the statements follow from [3, 13]. Their proofs however explicitly use
the Euclidean primal and positive definiteness, e.g. for optimality only first order derivative
conditions have to be checked. We present a detailed proof for the case of arbitrary symmetric
k. It emphasizes that the correspondences only rely on properties of the quadratic problems
and do not require primal solutions. We use Q for the matrix with entries Q;; = y;y;k(z;, z;).

Proposition 4 (Equivalence of SYM and CH). Let k£ be an arbitrary symmetric function and
d? be the induced squared distance as given in (2).

i) A nonzero stationary point o of (SYM-DU) induces a stationary point & := 2a/ Y . o
of (CH-DU) with n = 2C'/ >, a,.
If additionally o isa local optimum, then & isalocal optimum.

i) A stationary point & of (CH-DU) induces a stationary point o := &/p of (SYM-DU)
with C' = p/p, if there are two unbounded coefficients of opposite classes, i.e. 0 <
ag, ap < p,yr = +1,y, = —1, such that p := %&TQ(ek + ¢;) ispositive.

If additionally & is a local optimum then « is a local optimum in the case of Q being
positive semidefinite in all feasible directions v of (SYM-DU) with (1,, — Qa, v ) = 0.

iii) In both cases i) and ii) the corresponding decision planes defined by (8) and (1) are
parallel, even identical if o resp. & are not upper bounded.

We present some examples which depict the classification behaviour of non-cpd SVMsin
illustrative low dimensional feature space R(Y. An easy method of obtaining such feature
space is by directly assuming X = R? with kernel function k(x,x’) := z12} — zoa). This
kernel function is non-cpd, which can easily be checked. An isometric embedding then is
interpreting x as element of R(1). Note that the illustrated w compared to the definitions in
Prop. 2 and 3 are scaled.

We start with examples, where the corresponding non-cpd SVM is a useful classifier. The
situation presented in Figure 3 (i) already illustrated the “hard margin” case: Thefigure not only
demonstrates CH-classification, but this coincides with the corresponding SVM according to
Prop. 41) resp. ii). Thissituation is not only restricted to positive d?, as Figure 5 (i) illustrates
the same situation with several negative squared distances within both classes of training points.

Even in the “soft margin” formulation, where some «; are bounded by C' the result of anon-
cpd SVM isreasonable. The decision plane is due to Prop. 4 iii) not exact CH-classification,
but due to different choice of offset values a decision plane that is dightly shifted. The line

12
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Figure 5: Illustration of non-cpd SVM-classification in case of occasiona d? < 0. (i) identical
CH and SVM decision-line, (ii) SVM being parallel to CH.

in Figure 3 (ii) therefore is parallel to the SVM decision boundary. Again, this is not only
restricted to ¢ > 0, Figure 5 (ii) gives a demonstration for the case of some negative squared
training distances.

In the previous section we explained that CH-classification is not useful in situations where
wlMw < 0. Ontheother hand every SVM decision plane corresponds to some CH-classification
plane by simple positive scaling. So the requirement of w’ Mw > 0 transfers identically to
SVM classifiers.

This can beinterpreted as follows: For ordinary SVM the requirement for successful appli-
cation is that the data is reasonably separable by a hyperplane in some implicit Hilbert-space.
For non-cpd SVM linear separability is not enough, separability with a hyperplane that has
positive normis required.

As an example where the SVM solution violates this condition, we recall Figure 4, which
shows unsuitable CH-classification. These two examples do not have a correspondence to any
SVM-solution, so they are a confirmation that the conditions in statement ii) of Proposition 4
are not superfluous as for the other directioni).

The question arises what is the result of training a non-cpd SVM on the data points given
in Figure 4. Due to the equivalence statement Proposition 4 i) there has to be an interpretation
asa(paralel of) a CH-classifier. It turns out that during SV M-training most of the «; get upper
bounded by C' and the 1 according to Proposition 4 i) gets very closeto itslowest value. So the
SVM-solution is working as the minimum distance classifier based on highly reduced convex
hulls, cf. Fig. 6. Again, many of the training points get wrongly classified, which makes the
SVM an unsuitable classifier in this situation.

13
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Figure 6: lllustration of unsuitable SVM-classification

5 Unigueness of Solutions

In the following two sections we want to exemplify how the presented interpretation can serve
as basis for further analysis. We start with addressing the question of uniqueness of non-cpd
SVM and derive some simple statements.

An easy example in Figure 7 illustrates that in general uniqueness can not be expected.
The SVM/CH-classifier has two local optima w, w’ (with identical value of the optimization
function). The resulting classifiers are different, but both reasonable. One can easily see that
by shifting z—' down one can obtain arbitrary different norms of w’, so different local solutions
can have arbitrary differing values of the optimization function.

In this example the points z— and z~’ lie on the vertices of a line. By adding further
imaginary dimensions, i.e. increasing ¢, one can easily obtain examples where the multiple
solutions z~ are located on the vertices of a square for ¢ = 2, of acubefor ¢ = 3 etc. Thisis
the basic ideafor the proof of

Lemma 5 (Exponential Number of Local Optima). For every ¢ > 1 there exist kernels and
points with suitable labeling, such that the data can be embedded to R according to Prop. 1
and the corresponding optimization problem (SYM-DU) has 27 local optima, which all perform
correct separation.

The other extreme situation is uniqueness of solutions. Assimpleresultswerefer to Figures
3 (i) and 5 (i), which demonstrate uniqueness of local optima and stationary points in case of
non-cpd SVMs. This uniqueness does not only hold in case of thislow dimensional example,
but can be extended to R(:9), under similar conditions. The proof can again be found in the
appendix.

Lemma 6 (Uniqueness of Stationary Points). If given training data with a non-cpd kernel
induces an isometric embedding to R(:9 and (SYM-DU) has a stationary point o such that
the corresponding z*, z~ have positive squared distance and positive squared distance to all
points of their corresponding convex hulls, then z™, z~ are unique.

14
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Figure 7: Illustration of multiple local optima of non-cpd SVM-classification.

This particularly implies that the stationary point isthe global optimum. Thisis an improb-
able situation but a quite remarkable result as it states uniqueness for kernel functions which
are extremely non-cpd in the sense that their (centered) kernel matrices have only one positive
eigenvalue.

This indicates that the number of local optima may be very well behaved under certain
assumptions. More detailed investigations concerning number, quality and relation of local
optima or conditions for uniqueness might be promising.

For application of non-cpd SVM, random initializations could be performed to deal with the
problem of multiple local solutions. However, it has been found that different local solutions
tend to perform very similar [10], which indicates minor importance of randomization.

6 Suitability Criteria

Continuing with practicaly relevant aspects, we focus on criteria for problem specific suit-
ability of non-cpd SVM. The feature space interpretation provides us with different nontrivia
criteriafor checking the suitability or unsuitability of atrained SVM or kernel.

Bound on thetraining error: Aswe have seen in the interpretation of the SVM primal prob-
lem following Proposition 3, the common interpretation of the coefficients and slack variables
also holds in the non-cpd case. In particular the ratio of upper bounded coefficients is an upper
bound on the training error. So low value of this quantity is an indicator of a suitable (but
possibly overfitted) SVM solution.

Sign of w’ Mw: We have seen that a crucia property of asuitable solution isthat Mw and w
point to identical sides of the decision line. Formally this requires w” Mw > 0 or equivalently

15



w must have positive squared norm. This quantity can be calculated without explicit mapping
to R®%) by using the representation of w as linear combination of embedded training points.

w! Mw = Z iy ®(z) TM®(5) = Z ;oYK (T, ). (12)

i,j ,J

The last reformulation follows from (2) and using ) _. ow;y; = 0. If this value is nonpositive, it
isacriterion for dismissing agiven SVM solution.

Number of negative eigenvalues: In some situationsit is even possible to predict the unsuit-
ability of anon-cpd SVM before training, or even data-independently. Eq. (12) indicatesthat a
kernel matrix which is the negative of a cpd matrix clearly produces w” Mw < 0 independent
of the y; or ;. Thisis particularly satisfied, if k is the negative of a cpd function. So kernels
like k(x,x') = — (x,x/) or k(x,x/) = —e > are not suitable for SVMs, independent of
the given training data.

In general, anincreasing number of negative eigenvalues of the kernel matrix makesw’ Mw
0 more likely, so useful separation of the training data is getting more difficult. Therefore the
number of negative eigenvalues of the kernel matrix is arough criterion of how difficult it isto
obtain a suitable solution by training the corresponding SVM.

7 Conclusion

We have shown that using SVMs with arbitrary symmetric kernels, in particular non-cpd ker-
nels, isnot only aheuristic procedure, but has a reasonable interpretation as optimal hyperplane
classifiers in pseudo-Euclidean spaces. They are minimum distance classifiers with respect to
certain points from the convex hulls of embedded training points. This interpretation already
existed in the Euclidean case, we extended it to the pseudo-Euclidean case. We explained that
non-cpd SVMsin general cannot be seen as margin maximizers, although a notion of margin
can be defined.

The interpretation results in a constructive method to illustrate the classification behaviour
of an SVM in the corresponding pseudo-Euclidean space. We demonstrated how the geometric
understanding can serve as basis for further analysis. To exemplify this we commented on
uniqueness of the local solutions in certain situations. We further gave practically relevant
criteria for checking whether a given non-cpd SVM classifier is promising or can clearly be
dismissed. An important requirement is a positive squared norm of the resulting normal vector
w. For some kernels their unsuitablility can be decided without SVM-training or even data-
independently.

From a practical point of view, we conclude that it is “safe” to use non-cpd kernels for
SVM. If they work, the result has a reasonable interpretation. Requirements are to use imple-
mentations with known convergence behaviour, e.g. libsvm [10], and to be aware that obtained
solutions might be only local optima or stationary points.
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A Proofs

Proof of Proposition 1 (Isometric Embedding). We use the construction from [12]. The sym-
metric and zero-diagonal function d? allowsto define the matrix of squared distancesby D) :=
(d*(xi, 7))} ;—,- With the centering matrix J := I, — ~1,1; we can construct the centered
kernel matrix K := 1JD )J. This matrix is wmmetnc and singular, as J has eigenvalue
0. The eigendecomposm on can be performed as K = UAU? with U being orthogonal and
A being diagonal starting with the p positive eigenvalues, followed by the ¢ negative ones and
n—p—q > 1egenvauesequa 0. Thereforep + ¢ < n and

K = U|A|Y2diag(1,, —1,,0,_, ,)|A|"/*UT.

This can be interpreted as an inner product matrix in the pseudo-Euclidean space R®%): Using
the corresponding matrix M := diag(1,, —1,) and defining the mapping ® : {z;}*, — R®9
by ®(x;) being the vector consisting of thefirst p-+¢ components of the i-th column of |A|'/2U7
we obtain the matrix element K;; = ®(x;)"M®(z;) = (®(x;), P(z;)).

As||®(x;) — @(z;)||* = Kiu — 2K, + K, it suffices for the isometry to show that the right
hand is equal to d*(x;, x;). Thisfollows by simple calculations from the fact that the elements
of K are defined as

K=~ <d (xk,xl)_ﬁ;d (:Jck,l’i)—ﬁ;d (l'i,ﬂﬁl)Jrﬁled (s, ;) |-

O

Proof of Proposition 2 (CH Primal in R(”9)). We start with an equivalence that will be used:
For dl 4, j holds

w M(D(z;) — ®(z;)) = &' Q(yiei — yje;)- (13)
This can be seen by expressing both sidesin terms of kernel evaluations. For the right hand we
obtain by definition of Q

&TQ yzez y]e] Z amym .CI?Z, xm) - k<xj> xm))
For the left hand we obtain with h(z) := ® ()T M®(z) — k(x, z) and inserting (2) and (3)
T _ 1
WM () = ©(x;)) = DAt (ks ) =k, 220)+5 () =h(x;)))
The last terms cancel out dueto &’y = 0, and we get the claimed identity (13).

17



We start with the proof of (w”,b, p,&€7)T being a feasible point. Obviously w, b are not
explicitly constrained and p > 0 by assumption.

We now arguewhy ¢, > 0. If &; < max; &; then &; = 0 by definition. If o; = max; &; we
have to show that &; is nonnegative.

We assume y; = 1, the other case follows similarly. By using the definitions of p and b and

applying (13) we get
1
G o= p= oW M(O(z;) = B(xy)) — gw' M(®(w;) — &(1))
1
= p =W M(&(x;) = B(xy)) — 5w M(E () — B(x1))
= W M(®(zp) — ®(z;)) = &" Q(yrer — yi€i) = <o7TQ, e, — e2~> > 0.
Thelast step followsfrom v := e, —e; being afeasible direction of (CH-DU) and the derivative

of (CH-DU) (—a”Q, v) < 0 due to stationarity of &. Feasibility of v can be seen asfeasible
directions of (CH-DU) are characterized by

yi'v=0, 1'v=0, ;>0 if =0 and v;>0 if & =pu. (14)

We now show that the last constraint is satisfied, i.e. y;(w M®(z;) + b) > p — & holds
for dl i. In case of @; = max; &; thisisvalid by equality due to definition of the ¢;. In case of
a < max; a; weknow & = 0 and it suffices to show that

yi(WM®(2;) +b) — p > 0. (15)

Similar as above, by using the definitions of p and b, equality (13) and the stationarity of & the
statement follows. More precisely, (15) holds with equality if 0 < @; < max; @; and with ”>”
incaseof a; = 0. So (w7, b, p, ¢7)T isafeasible point.

We continue with arguing that it is a stationary point. It is sufficient to show that for every
feasibledirectionv := (Aw”, Ab, Ap, A¢™)T of the primal optimization problem J(w, Ab, Ap, £)
satisfies (VJ, v) > 0. By computing and inserting the partial derivatives, thisis equivalent to
showing

wI MAw + 1T A¢ — 2Ap > 0. (16)

If o; > 0 then the slack constraint is satisfied with equality, so afeasible direction v satisfies
Yi(AWTM®(z;)) > Ap — A& — y; Ab.
Multiplying with &;, summing over all 4, using > . &; = 2 and the definition of w we obtain
wI MAw + a’ A§ —2Ap > 0.

So (16) is particularly satisfied as 1 > a; for all i. We conclude that (w, Ab, Ap, §) isa
stationary point of the primal optimization problem. O
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Proof of Proposition 4 (Equivalence of CH and SVYM). (SVM-DU) is equivaent to
max 1Ta — %aTQa (17)
st 0, <a<Cl, and y'a=0.

Similarly (CH-DU) is equivalent to

=

AT Qa (18)

max —
a

st. 0, <a<ul,, yla=0 ad 1la=2.

ﬂl\.’)

This can be seen by replacing d> by (2), decomposing the sum and using >, @;y; = 0. So
it is sufficient to show the correspondences of local solutions of (17) and (18).
A feasible direction v of (SVM-DU) in the point « is characterized by

yiv=0 ©v>0 if ;=0 and v;>0 if o =C. (19)

Similar but with an additional constraint we already characterized the feasible directions of
(CH-DU) in (14).

i) A nonzero local optimum « of (17) clearly induces a feasible point & of (18), as the
scaling exactly resultsin 17 o« = 2 and corresponding bounding constraints. It remainsto check
that & isastationary point and even alocal optimum. Let v be afeasible direction of (CH-DU).
As v simultaneously is a feasible direction of (SVYM-DU) and « a stationary point we know
(1, — Qa,v) < 0. As1'v = 0 we get nonpositive derivatives of (18): (—Qa,v) < 0. So
a is astationary point of (CH-DU). It similarly is even alocal optimum: Let v be afeasible
direction of (CH-DU) with (—Qa&,v) = 0 Then we similarly get (1, — Qa,v) = 0. Asv
is a feasible direction of (SVM-DU), the second derivative is nonpositive —v’' Qv < 0. The
second derivatives of (SYM-DU) and (CH-DU) coincide, so we have shown that the curvature
of (CH-DU) in direction v is nonpositive, & isalocal optimum.

ii) Clearly alocal solution & of (18) induces a feasible point o of (17) for any choice of
p > 0. It remainsto show that it is a stationary point and alocal optimum.

For being a stationary point we show that for every feasible direction v satisfying (19) holds

(1, — Qa,v) <0. (20)
We have two unbounded coefficients oy, ;. Then we decompose v:
A% = Z Vi€;
= Z yivi(yie; — yrer)+ Z yivi(yie; — yier) + Z vi(Yer — yier)

iy =1 iy, =—1 By =1

= T1 +T2+T3.

So it is sufficient to show (20) for contributions v’ contained in 77, 15 or T5. We start with 77.
For v/ = yv;(y;e; — yrer) We obtain

1
<1n - Qa, V,> = YiV; <1m €; — ek> - yivi; <Q0_4, Yi€; — ykek> . (21)
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The first term vanishes, and it remains to argue why the last term is nonpositive. In case of
0 < a; < C, we know that &; due to scaling also is not bounded. So +(y;e; — yrex) are
feasible directions of (CH-DU), and the corresponding derivatives + (Qa, yie; — yrer) < 0,
thereforethelast termin (21) isO. In case of «; = 0, the corresponding v; > 0 asv isafeasible
direction of (SVM-DU). So e; — y;yrex IS a feasible direction of (CH-DU), which implies
that the last inner product in (21) has the same sign as y;. We conclude similarly in case of
a; = C that v; < 0and —(e; — y;yrex) isfeasible for (CH-DU) which again yields the desired
nonpositivity of the last term of (21). For directions v’ in 75 the argumentation is analogous,
S0 we continue with T3. The vector y,.e, — y;€; is not afeasible direction of (CH-DU), so the
argumentation is different. Similarly as before we have to show the nonpositivity of

(1, — Qo vi(er +€)) = v ((1n,ek +e) — % (Qa, e, + el>) :

Thisis particularly satisfied, if the term in brackets vanishes, i.e. if p := % (Qa, e+ ¢) and
if p > 0. Sowe conclude that « is a stationary point of (SVM-DU).

The positive definiteness of Q on the space of all feasible directions v of (SVM-DU) with
(1, — Qa, v) = 0 further impliesthat « isaloca optimum.

iii) By replacing d? in (8) by (2), decomposing the sum and using >, a;y; = 0, we obtain
exactly a(positively) scaled and shifted version of (1). So theresulting hyperplanesare parallel.

In case of no bounded coefficients & (resp. a)) one can show that for two (trivially existing)
unbounded &y, &; of different classes y, = +1,y, = —1 holds f(zy) = —f(z;) for f chosen
asthe SVM (1) or CH-classification (8) function. Thisimplies the identity of the classification
boundaries and regions.

We demonstrate it for the CH-classification function, for the SV M-function it is analogous.

For CH-classification we aready know that z* and z~ have identical value of ¢ in (6). So
it remainsto show that f(zx) = g(z*) and f(z;) = g(z~). We only show the first equality, the
second follows analogously.

Using (7) and (8) we get after replacing d? by (2)

9(z") = f(zy) = Z@iq)(mi)TM ( Z a;®(x;) — @(xk)) -

Jyj=+1

Using the definition of w from Proposition 2 and ZMFH a; = 1thisis

=w'M ( > a(®(x) - @(mk))> :

Jyj=+1

For arguing that thisis zero it is sufficient to show that all single terms in the sum vanish. By
(13) we get

wIM(®(z;) — ®(x)) = &Q(y;e; — yrer)-
This is exactly the derivative of (CH-DU) in direction v := —e; + e;,. As+v are feasible
directions thismust be 0 by stationarity of &. O
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Proof of Lemma 6 (Uniqueness of Stationary Points). Let (z—,z") be another stationary point
of (4). We denote the optimization function as J. Then (Az~,Az") := (z= —z",z" — z")
isafeasibledirectionin (z—,z"). Noting that V,- J = —V,+J = 2M(z~ — z%) it sufficesto
obtain a contradiction to the stationarity of (z—,z*) by

(VJ,(Az",Az")) <0. (22)

Inserting the definitionsand usingzt —z~ =z" —z" +2z* — 2z~ + 2z~ — z~ we have to show
the negativity of

(zt —z7)"M(z" —z" —z~ +2z")
= (zt—2z")ITM(-z" +2") + (2" —2z")"TM(—2z" +2")
+(zt -2z )TM(z" —z" -2z~ +2")
+(z= -z )"M(—z" +z27 )+ (z" —z)"M(-z" +2z")
=T+ T+ T3+ Ty +T5.

Due to the assumption of positive distance of z*,z~ to the remaining points of their corre-
sponding convex hulls, we have T} < 0,7, < 0. Stationarity of J in (z—,z") implies T3 < 0.
Soitremainstoshow 7, = 75 < 0, i.e.

(z" —2")"M(z —2z") < 0. (23)

This follows with the assumption of working in the space R(:9). In these spaces the cone
of points with positive squared norm and positive first coordinate is closed under additions,
positive scalings and reflection with M. Additionally inner products between such points are
always positive. So it remains to show that either bothz™ — z* and z— — z~ or their negatives
lie within this cone. Astheir squared norm is positive by assumption, it remains to show that
they have the same sign in thelir first component. This can be obtained as both signs must be
equal to the sign of the first component of z* — z~. If e.g. z" — z* would have different sign
in its first component, then the inner product with z* — z~ would be negative, which would be
acontradiction to the stationarity of (z—,z™). O
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