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ABSTRACT. Based on Nessyahu and Tadmor’s nonoscillatory central difference
schemes for one-dimensional hyperbolic conservation laws [16], for higher di-
mensions several finite volume extensions and numerical results on structured
and unstructured grids have been presented. The experiments show the wide
applicability of these multidimensional schemes.

The theoretical arguments which support this are some maximum-principles
and a convergence proof in the scalar linear case. A general proof of conver-
gence, as obtained for the original one-dimensional NT-schemes, does not exist
for any of the extensions to multidimensional nonlinear problems.

For the finite volume extension on two-dimensional unstructured grids in-
troduced by Arminjon and Viallon [3], [4] we present a proof of convergence
for the first order scheme in case of a nonlinear scalar hyperbolic conservation
law.

1. INTRODUCTION

The Nessyahu-Tadmor schemes, introduced in [16], are Godunov-type schemes
for hyperbolic conservation laws. Their characteristic property is the use of two
alternating staggered grids combined with MUSCL-type linear reconstruction and
a predictor step, which yield second order accuracy. Due to the staggering the need
of solving local generalized Riemann-problems at cell interfaces is bypassed. Easy
application to systems of hyperbolic conservation laws is possible due to this. For
these one-dimensional schemes theoretical foundation was established by the proof
of convergence to the unique entropy solution for the scalar genuinely nonlinear
case in the introductory paper of Nessyahu and Tadmor. Some modifications of the
schemes have been proposed in [9], [13], [15].

The idea of the construction was extended to two-dimensional cartesian grids by
Arminjon, Stanescu, Viallon [2]. Discrete maximum-principles for a slightly differ-
ent extension were obtained by Jiang and Tadmor in the scalar case [10], by Levy
and Tadmor in case of the vorticity transport equation for the 2D—-incompressible
Euler-system [14].

A formulation of the NT-schemes by Arminjon, Viallon for two-dimensional un-
structured grids was presented in [3], [4] and convergence has been proven for the
case of a linear hyperbolic equation [5]. Recently an extension of the scheme to
three space dimensions has been proposed by Arminjon[1].
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In this paper we consider the Cauchy-problem given by the full nonlinear scalar
conservation law with flux f = (f1, f2)? and initial values ug

-

(1) u+ V- fu)=0 in IR*x][0,T],
(2) u(-,0) =uo in IR

Our result is summed up in Theorem 4.1. We consider the basic first order
scheme as proposed by Arminjon and Viallon for unstructured grids, which is the
most simple NT-scheme, the staggered Lax-Friedrichs scheme.

We show that any sequence of discrete solutions defined by this staggered Lax-
Friedrichs scheme converges to the unique entropy solution of the Cauchy-problem.
For this we need regularity of the data, i.e. f € C' (R)*, up € L' (IR?) NL> (IR?),
and a non-degeneracy condition on the underlying sequence of refining space-time-
grids. This is formulated by a CFL and inverse CFL-condition for the time-
discretization At and by geometrical bounds for the finite volume cells.

To obtain this result we make use of measure-valued solutions, particularly means
of DiPerna [8], which have been applied in several other convergence proofs, e.g.
[11], [7], [12]. The plot of our proof is the following: After collecting some results
concerning measure-valued solutions in Section 2, it just remains to show several
properties of the sequence of numerical solutions in Section 4. First we derive an
L*>-bound for our sequence of numerical solutions. We continue with two discrete
entropy inequalities, yielding uniform L'- and L2?-stability. These inequalities are
the crucial point in the proof. By an estimate of the entropy-dissipation for a special
entropy-function, we obtain a kind of weak BV-estimate. This finally enables to
derive estimates of weak consistency in the conservation law and the associated
continuous entropy inequality, finishing the proof.

2. CONVERGENCE FRAMEWORK

In this section basic notations and existing results concerning measure-valued
solutions are introduced. They are collected in a general convergence Theorem 2.6
at the end of the section, which will be applied to show the convergence of the
staggered Lax-Friedrichs scheme. This will be formulated in Theorem 4.1.

Notation 2.1. Let Prob(K) denote the space of probability-measures on the com-
pact set K C IR. For all g € C°(IR), u € Prob(K) we denote

(1, 9) :Z/Kgdu-

Definition 2.2 (Young-measure, emv-solution). A (uniformly bounded) Young-
measure is a map v : IR? x [0,T] — Prob(K) for some compact K C IR such that
for all g € C°(IR) the map (v, g)(x,t) := (v(x,t),g) is measurable.

A Young-measure v is an entropy measure-valued solution of the conserva-
tion law (1) if
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are satisfied for all entropy pairs (U, ﬁ) (i.e. U € C*(IR) strictly conver, F' = U’f’
) and all ¢ € C§°(IR? x (0,T)), where in (4) we additionally assume ¢ >0 . We
used the notation (v, f) := (v, f1), (v, f2))7.

This notion of emv-solution naturally extends the well known notion of weak
entropy solution:

Remark 2.3. If an entropy measure-valued solution v is identical to a Dirac-
measure 0y, of a function u(x,t) almost everywhere, then the definition exactly states
that u is an entropy solution of the conservation law.

We need several results from the theory of measure-valued solutions in our proof,
we list the most important ones. The first one is due to Tartar, fitted to our needs,
cf. [18],[19].

Theorem 2.4 (Tartar). Let (ug),cp be a sequence in L®°(IR* x [0,T]) which is
uniformly bounded by B > 0. Then a subsequence (u,);cpy and a Young-measure
v exist, such that v maps IR? x [0,T] to Prob(K) with K = [—B, B] and for all g €
C°(IR) the sequence (g(ug,))ien converges weak-x towards (v, g) in L* (IR?x[0,T7).

We formulate a second theorem following DiPerna [8]. It states that a Young-
measure is identical to a Dirac-measure almost everywhere under certain conditions.

Theorem 2.5 (DiPerna). Let fi, f» € C* (IR), up € L' (IR*) N L™ (IR*). Let us
further assume the existence of a Young-measure v with the following properties:
a) the function (v, [id|) is in L> ([0,T], L' (IR?)),
b) v is an entropy measure-valued solution to the conservation law (1),
c) v assumes the initial values in the sense that

.1t .

%{1(1);/0 /IRz(vas,hd—uo(x)Ddxds = 0.

Then v is a.e. identical to the Dirac-measure 6, ) associated to the unique
weak entropy solution u(z,t) of the Cauchy-problem (1), (2), i.e. (Vgu,id) =
(Ou(a,t),1d) = u(z,t) almost everywhere

With these tools we formulate and prove a general convergence theorem. This
is not a new result, it simply collects sufficient conditions which allow to apply
the powerful tools mentioned above. By satisfying these conditions, one can prove
convergence of any sequence of functions (not necessarily numerical solutions).

Theorem 2.6 (General convergence). Let f1, fo € C* (IR), ug € L*(IR?>)NL>(IR?),
T > 0, (uk)renv be a sequence of functions in Ly, (IR* x [0,T]), (hx)kew a se-
quence of nonnegative real numbers with limy_, o, hy = 0.

Let nonnegative constants Cl,Cg,n,C¢,CU7ﬁ’w exist, such that for all k € IN the
following conditions hold:

a) ||Uk||Loo(R2><[o,T]) < Ch,

b) [l (1) lpncoey < Co for all £ € [0,T),

¢) for all p € C§° (IR? x [0,T))
r -

| ] (wen+ Fan o) + [ uapt,0)
0o Jme R?

(5)

< Cuhy,
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d) for all ¢ € C§° (R2 X (O,T)), @ > 0 and all entropy pairs (U, F_”)

(6) Aé@lvwww+ﬁwwVQz—qua

e) for U(u) = tu® and all t € [0, T

| vt [ ).

Then the sequence (uy),cp converges in L (R2 X [O,T]) for all 1 < ¢ < o

loc

strongly towards the unique entropy solution of the Cauchy-problem (1), (2).

Proof. Because of assumption a) Thm.2.4 is applicable and we find a subsequence
(ug,)iev and a Young-measure v which describes weak-*-limits of composition-
sequences (g (ur,));c -

By proving the strong convergence for this subsequence, we immediately gain
strong convergence of the whole starting sequence. This follows from the uniqueness
of the weak entropy solution under the assumed regularities of ug and f Therefore
we only deal with this subsequence and denote it as (ug)kev-

Further it suffices to show that Thm.2.5 is applicable to v. After that we know,
that the values of v are Dirac-measures d,(, ;) almost everywhere, where u denotes
the unique weak entropy solution. This fact implies due to [8, Cor. 2.1] the strong
convergence of the sequence (ug)rey as we claimed.

So we prove that v satisfies conditions a) to ¢) of Thm.2.5.

For Thm.2.5 a) it is necessary to prove

ess sup [ fid] () < lluoll e
te[0,7] J IR?
This follows from assumption 2.6 b) and the weak-* convergence of (|ug|)kemn to-
wards (v, |id|), cf. [12, Thm. 7.1].

Thm.2.5 b) directly follows from assumptions 2.6 ¢) and d). By taking ¢ €
C§° (IR* x (0,T)), we obtain by k — oo that the right-hand terms of (5) and (6)
disappear as hj goes to zero and the left-hand sides also converge. We directly
end up with the inequalities (3), (4), stating that v is an entropy measure-valued
solution.

Condition 2.5 c¢) can be proven identical to e.g. [11], [7]. O

3. SCHEME

We introduce some notations needed for the definition of the scheme’s finite
volume cells. For illustration consider the figures below.

Notation 3.1. Let T be a conform unstructured triangulation of IR?, that is a
partition in triangles, pairwise intersections of which are either empty, a common
vertex or a common edge.

I denotes the set of vertices in T,

N; for i € I denotes the set of i’s neighbouring vertices,

M;; denotes the midpoint of the edge in T which connects i,j € I,
ij, (G;]) denotes the center of gravity of the unique triangle in T which has
vertices i,j,k € I and for which this enumeration is positively (negatively)
oriented,
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o C; for i € I denotes the dual cell around i, that is the polygonal area with
boundary UjGNi G;;Mij UGy My,

o L;j fori € I,j € N; denotes the quadrangular area given by the convexr hull
of the vertices i,Gi_j,j, G;’;

These cells C; are taken as finite volume cells for the first step of the scheme,
the cells L;; are taken for the second step.

\ . 1 N -7

1
1
. 1 AN
1
1

Wz - . ~ 4 N

FV cells L;; for second step

We need some further notations where A(P) denotes the area of the Polygon
PC R

Notation 3.2. For alli € I,j € N; we define
. 7_7;—;: (7;;) := outer scaled normal of C; for the edge Mile‘»;, (M,-jGi_j), (that

N
means |nij | = ‘MijGij ),
7. — a2t L7
o Bij == Mij + M »
. A(Li;NCy)
 Tij = Aoy

Normals to C; and L;;

Remark 3.3. With these notations for alli € I,j € N; hold
Mij = My, Gf; =G5, je€N; < iecNj,
A(L,‘j N C,) = A(L,‘j N C]) f A(L”_)’/Q,
Lij = Lji, 175 =15, bij = —bj, 3

rij = A(Lij) [(2A(CY),  Yjenriy =1 and 3oy 0 =0.
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For our convergence proof we need a nondegeneracy-condition on the triangula-
tion.

Definition 3.4. A conform unstructured triangulation T will be called an (a,b)-
nondegenerate triangulation, if the length of its edges are bounded, i.e. the
supremum h of these exists, and the areas of all triangles D € T are bounded by

ah® < A(D) < bh®.
From these bounds we gain some geometrical estimates.

Lemma 3.5. Let T be an (a,b)-nondegenerate triangulation. Then for all i €
I,j € N; the following geometrical estimates hold, where diam denotes the diameter

of a polygon:

2 . 2
L1 1 L2
b) |nij| < gh; |nij| < gh; 0:5] < gh
4

4
c) diam (C;) < gh and A(C;) < §7rh2.
The proofs are trivial remembering that G;;- resp. G are centers of gravity.
Finally we define the discrete solution obtained by the staggered Lax-Friedrichs
scheme. In [3], [4] these formulas are obtained by applying evolution-projection
ideas on the finite volume cells C; and Lj;;.

Definition 3.6 (StgLxF-scheme). Let T be an (a,b)-nondegenerate triangulation,
At > 0. We define for alli € I,j € N;,n € 2IN

1
0 ._ u
(8) Usg T A(Cz) Ll 0>

n 1, ., n At 2 n n
(9) U’ij+1 = 5 (U'i + U,j) — ) (Lz]) (f (U]) — f (Uz )) Qij,
At - R
(10) w o= Yl - gy 2 F W)
JEN; Y jen;

These values define the numerical solution
o ull  for (z,t) € C? x [nAt, (n + 1)At)
(1) un(w,1) = { W For (z,t) € LY x [(n+ 1AL, (n +2)At)

ij
4. CONVERGENCE
We formulate the main result of this paper.

Theorem 4.1 (Convergence of StgLxF-scheme). Let fi, fo € C' (IR), ug € L' (IR*)N
L> (IR?) with B := ||ug||pe and T > 0. We define

L:= ! .
wer Dax | fi(w)]

Let further (Ti) e be a sequence of uniformly (a,b)-nondegenerate triangulations
in the sense of Def.3.4 (a,b independent of k) with

lim hy, = 0.

k—o00
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Let 3,7 be constants with the relation 0 <y < 8 < §. Let (At),cpn be a sequence
of timesteps, such that for all k € IN the CFL-condition

(12) %L <B
hi
and the lower bound
At
(13) v< =L
hy,

hold. (up,),c denotes the associated sequence of numerical solutions defined by
the StgLzF-scheme (8) - (11).

Then the sequence (up, )rew converges in Lj . (R2 X [O,T]) forall1 < g < o0
strongly towards the unique weak entropy solution of the Cauchy-problem (1) and

(2).

Remark 4.2. Although Theorem /.1 is restricted to pure convergence we stress
that an a—priori error estimate of the type ||u — upl/pr < Ch'Y* can be achieved
easily following the lines of Bouchut-Perthame[6], for instance. Furthermore, gen-
eralizations of 4.1 to higher-order schemes as in [12] or to the case of weakly coupled
systems[17] can be realized. We believe that the proof can also be extended to the
three-dimensional scheme on unstructured grids recently presented by Arminjon [1].

This formulation of convergence allows the existence of v > 0 just in the case of
L > 0, which means f’ Z (0,0)T. For the trivial case L = 0 the proof is identical
after choosing arbitrary L > 0. The proof of Thm. 4.1 consists of showing that the
conditions 2.6 a) to e) are satisfied by the sequence (up, )rev. This will be done
in the sequel. In particular a) will be proven by Prop. 4.3, b) is obtained by Prop.
4.6, c) and d) are the statement of Prop. 4.10 and e) is a consequence of Prop. 4.7.

Proposition 4.3 (L*°-bound). Let the assumptions of Thm.4.1 be valid, up, be an
element of the sequence of numerical solutions. Then we have for alln € IN,i €
I;j € Nz

(14) |u(~)| <B,
(15) min {u},u}} < u”+1 < max {uj,u}},
(16) jnel}\r,l {unJrl} < unJrZ < jnéaNX {unJrl}

and therefore condition 2.6 a) is satisfied by C; := B.

Proof. (14) follows directly from the definition of u{ as average of the function up,
which is bounded in L* by B.

(16) needs some calculations: First we obtain with (10) for an arbitrary v €
[_B7 B]

2 1_ )
v—ult? = ’U—E TijU n+ n+

JEN; JEN;
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As ZjeN rij = 1 and Z]eN ;j = 0 we can insert terms dependent of v in both
sums. Therefore the right hand is equivalent to

nal At d 2 ont1l
Zrij(v_uij+)_A(Ci)j§i(f() f (u +)) g

JEN;
N (ot - O ( fi () = A ) ;
= jgi Tij (U Uy ) A(C)) jg,- fa (v) — f2(uij'+1) Oij-

For some 1, &;2 between v u™! we continue with

) (%]

n 1 At n+1 { i1 o
= S rulo=u™) - 5 3 - () )

JEN; JEN;
We conclude with an equivalence for any v € [—B, B] with appropriate &;1,&j2 €
[-B, B]:
‘ At i)\ z
17 v—u't? = v —ul) |y — < Fieny ) Ol
(17) =0 o=y e - gy \ e )0

JEN;

For (16) it is sufficient to prove

(18) né%({u”“ —u? > 0 and
j
(19) ]IIGI}\I[l{U,rH_l} uft? < oo,

For (18) it is with v := maxjeNl{u 'Y in (17) sufficient to prove, that all

addends on the right are positive. We already have for all j € N;: v — ’H‘l >0,
therefore the first factor in the sum is positive. It remains to show that the factor
in angular brackets is also positive.

For (19) we have with v := min;ep; {u”“} that for all j € IV; holds: v — ZH <0,
such that the first factor in the sum of (17) is negative. Sufficient for the inequality
in question is again that the factor in angular brackets is positive.

This follows from geometrical estimates, the Lipschitz-bound of f and the CFL-

condition (12), as for any &, &> € [—B, B] holds

A(L;j) At <f{ (fl)> At 2
: < 2y - 5——-2L-Zh
A(Cy)  A(Ly) [\ f5(&) = T 7 3
2
(20) < 215 Eﬂ < Tij-
(15) can be proven analogously. O

To verify conditions 2.6 b) to e) we first need two discrete entropy inequalities.

Proposition 4.4 (Discrete entropy inequalities). Let the assumptions of Thm. 4.1
be valid, up be an element of the sequence of numerical solutions. Then for all
n € IN,i € I,j € N; and entropy pairs (U, F') hold

n+1 1 n u At — U = n N
@) U (uih) < E(U(ui)+U( ))_A(L )(p( ) - F(ui))eij,
(22) U (ur?) < Z riU n+1 _ Z F n+1

JEN; jEN
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This Proposition turns out to be the most important point in the proof, as it
is fundamental for all further results. The problem of the initially unknown struc-
ture of the entropy inequalities turns out to be perfectly solved by the inequalities
(21),(22): first these inequalities are actually satisfied by the scheme and secondly
they allow to derive the further properties which are sufficient for convergence of
the scheme.

Proof. We just prove the second inequality, as the proof for the first one is similar.
Let (U, ﬁ) be an entropy pair, n € 2IN,i € I fixed. We sort and enumerate the set
{u?jﬂ}jem by size.

For this we take m := |N;|. Let a : {1,...,m} — N; be a bijection, such that with
up = ufojzll) holds

(23) U <us < ... < Uy

This map « also induces an enumeration on r;; and 0_;] For the second step of the
scheme (10) we obtain the alternative representation

i At - =
24 nt2 — - )
(24) u; lz:; (T'zuz A(Ci)f(ul)el>
The inequality in question is written accordingly
(25) U (un+2) < zm: (T[U(U,l) - At ﬁ(uﬂé}) .
RS i)

To reformulate this once more, we define

" At =~
gty ..., tm) = <rt——f(t) > and
1 ; = oy W

Ui At = »
Pltrestn) = Ulat)) = Y (nU ) = - F @)
=1 A(C)
This implies ¢ (u1,...,upm) = u?+2, compare (24). Thus (25) is equivalent to the
statement

This will be proven in the following.

As p is differentiable it is sufficient for (26) to find points Py, ..., P, € IR™ such
that
i) p(P) =0, i) o= (e un)”
iii) forall k=2,...,m andall P€ P,_1P, holds

VP|P'(Pk_Pk—1)§O
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These conditions are satisfied by the choice

Pl = (ula"'aul)T
Py = (ui,us,...,up)’
Py = (Ula---aum—laum—l)T
T
Py = (u,...,up) .

It remains to check the conditions i) and iii) because ii) holds trivially. Proof of i):
We obtain with Remark 3.3

qur,...,u) = i(mm—%ﬂul)o})

=1
m ¢ . m .
= Ul;” A(Ci)f(UI); 1 51

This is used in the definition of p and we obtain with Remark 3.3

p(Pl) = p(ula"'aul)
i At - ~
= Ul =3 (00 ) - ) )
= U(U,l)—U(U,l) = 0.

It remains to prove iii). Choose k € {2,...,m}, P € Py_1P;, that means
(27) P=(uy,...,up_1,u,...,u) forsome u € [up_1,uz].

We reformulate the inequality of iii) using the notation & for the I-th unit-vector
of IR™. This yields for the difference-vector

m
Py — Py = (up — up—1) Zé}a
1=k
and herewith
m m a
Vplp  (Pr— Pr—1) = (up — up—1) ; Vplp - € = (ur — up—1) lz:; 8_tlp n
As the first factor is nonnegative due to (23), it is sufficient to show that
0
(28) forall I=k,...,m holds —p| <0
ot |p
Let [ € {k,...,m} be fixed. We obtain by definition of p
0 0
—p(t,. . tm) = U (q(ts,...,tm)) =—qt1,. .., tm) —
St t) (@t t) 5 b, t)

(nU' () - Afcti)ﬁ' (t) 97) .

From the definition of ¢ we obtain

8_tl (tla"'atm):rl_
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-

This yields together with F'(t) = U’(t)f'() in the partial derivative of p

P ltnstn) = U (g(tret) (m—%f'(m@)—

-

(mU' (1) - %U ) F' (n)o?)

(U et =0 @) (= 57 @06)

There exists some £ between ¢ (t1,...,%,) and ¢;, such that

@) gl tn) =0 O (tnst) =) (1~ 5157 7).

The first factor is positive with convexity of U, the last one is positive with the
calculations in (20). Therefore it is sufficient to prove that the middle factor is
negative if evaluated in P. With definition of ¢ we rewrite it again

q(tr,...,tm)—t = Z <7'jtj_ %f@)é}) — U

S (W (t — 1) — % (Ft) - Fw) 03)

p
(30) = g;(tf —t) <7"f - A?cty-) ( g Eg;; >§’>

for certain {;1,&;2 between t; and ¢;. Evaluation in P yields ¢j|, = u; or u and
ti|p = u with (27). Therefore we obtain by (20) again that the last factors in (30)
are positive if evaluated in P. The first factors seperate in two cases:

If j <k —1wehave t; —t;|p, =u; —u < uj —up—1 <0 due to (27) and (23).

If j > k we have t; —t|, = u —u = 0. Thus (28) holds and herewith the
proposition. O

Notation 4.5. Let D C IR? be a disc. We denote Ip := IND as the set of vertices
in D. Let a,b, hy be nonnegative constants. Then there exists a constant Cp, such
that for all (a,b)-nondegenerate triangulations with h < hg holds (cf. Not. 3.1)

1
(31) > INil < Cpos.
i€lp

Regarding the geometrical estimates of Lemma 3.5 the proof is obvious. From
the entropy inequalities now follows the uniform L!-stability.

Proposition 4.6 (Uniform L!-stability). Let the assumptions of Thm. 4.1 be valid,
up, be an element of the sequence of numerical solutions. Then for all n € IN,i €
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I,j € N; hold

(32) YAC) ] < ol »
i€l
1 n

(33) > 3 A (Lig) ™| < > ACH) Jupl,

i€l,jEN; i€l

(34) DACH [ < 0 SALy) .

iel i€l,jEN;

and therefore condition 2.6 b) is satisfied by Cs := ||u0||L1(,R2).

Proof. (32) again follows directly from the definition of the initial-values (8).

Proof of (33): Let (Umm)m>1 be a sequence of nonnegative convex functions with
Lipschitz-bound 1 and which approximate |- | from below with 0 < |u| — Uy, (u) <
1/m for all u € IR. For such entropy U,, and entropy flux ﬁm, we multiply the first
discrete entropy inequality (21) with A(L;;)/2 and sum it over i € I,j € N;. This
yields

> %A(Lij)Um(“%ﬂ) < X %A(L“) <%Um(u?)+%Um(u?)>

iel,jEN; el,jEN;
1 . R o
DI (Fm (u?) — B (uy)) g;;
iel,jeN;
(35) = 1IN —T5.

We restrict the sum on the left hand to ¢ € Ip for an arbitrary disc D with radius
R and use the properties of U,,:

1 1
> §A(Lij)Um(u%+1) > ) SA(Ly) Un (uth)
iel,jEN; t€lp,jEN;
1
2 2 AT
t€lp,jEN;
1
- > A(Lyj) — = Ts — Ty
i€lp,jEN;

We obtain with (35)

Ty — Ty <Ty —Ts.
The terms on the right hand are absolutely convergent, which can proven easily with
the help of ), ; A(C;) [u}| < co. Rewriting the sums in 7} and 7> by swapping
1,7 directly yields

Tl S ZA(Cl) |U/;n| ) T2 =0.

iel
In the limit m — oo, Ty disappears, thus 73 is bounded independent of D by T7.
By the limit R — oo we obtain (33). (34) can be proven analogously. O

Proposition 4.7 (L?-stability). Let the assumptions of Thm.4.1 be valid, up be
an element of the sequence of numerical solutions, U(u) = u?/2. Then

U (un (- O g1 ey < 1U(wo))ll 1 gy < 00
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and for all 0 <t; <ty <T
10 (n s )l ey < N0 ot )l e
hold. Therefore condition 2.6 e) is valid.

Proof. The first statement follows from the definition of the initial values and the
relation ||u0||i2(1R2) < [luoll g1 2y lluoll =~ - The second statement follows identical
to the proof of the previous proposition: We obtain (35) containing U(u) = u?/2
instead of U,,. Again absolute convergence of T; and T can be proven and rear-
ranging the sums yields the result for the first step of the scheme. The second step
follows similarly. O

For the proof of the remaining conditions 2.6 ¢) and d) we need a weak BV-
estimate. This is based on a more accurate estimate of the entropy dissipation for
a quadratic entropy.

Lemma 4.8 (Entropy dissipation). Let the assumptions of Thm.4.1 be valid. Then
there ezists a nonnegative constant C such that for all numerical solutions uy, of
the sequence, alln € IN,i € I,j € N; and entropy pairs (U, F) with U(u) = u®/2
holds

n 1 n n At o o(.n (N q.
U () = 5 (U @) + U (@) + (F (u) - Fup) by
(36) <—C(u} - u?)2 .
The constant might be chosen as C = C (a,f) = % (% - = )2-

Proof. We define similar as in the proof of Prop. 4.4

At

q(ty,t2) = %(h +ty) — ALy (f(tz) - ﬁ(h)) 9:;

Pl 1) = U gl ) — 3 (U(1) +Ult) + % (Ft) - F(t)) 0.

Further calculation yields a representation similar to (29), (30)

0 1 JAN " 3
gptnt) = (G- ) U O (- )
1 At (O fi(&) ) 7 )
37 (3 HED ) dy),
(37) (2 * A (Lgj) ( f3 (&2) /
for certain &, &, & between t; and to. With r(t1,t2) := —C(t; — t2)? it is sufficient

to show that p(t1,t2) < r(t1,t2). As p and r are identical zero for ¢, = ¢, this is
equivalent to proving

0 0
38 t1 —to)=—p(t1,t2) > (t1 —t2) =—r(t1,1
(38) (= t2) g plta, t2) 2 (= ta) g or(tr, 1)
for all ¢1,t, € [-B, B]. We rewrite the left hand with (37). Using (20) we see that
the first and last factor in (37) are greater or equal to § — % B. Therefore we obtain

with U" =1 and C

0
(t — t2)a—p(t1,t2) > 2C(t; — ta)?.
to

This is exactly the statement of (38). O
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Using this estimate, we now derive a weak BV-estimate. This kind of estimate
is weaker than a BV-estimate, but strong enough to obtain convergence. A similar
estimate was derived in the proof for the case of the linear equation [5], called an
estimate on the weighted total variation.

Proposition 4.9 (Weak BV-estimate). Let the assumptions of Thm. 4.1 be valid,
D C IR? be a disc. Then there exists a constant C, such that for all numerical solu-
tions up, of the sequence and corresponding h, At with N := maxz{n € 2IN|nAt < T}
holds

(39) ST Rul —ul| < ChTE.

t€Ip,jEN;
ne2IN,n<N

Proof. For every n € 2IN and C as given in Lemma 4.8

W) ¢ Y Ay @ -w) < Y JATy) (@) - @),

i€Ip,jEN; tel,jeN;

1 2 2

n o< Y SAy) () - @)
iel,jeEN;

hold. (40) follows by multiplying (36) with A(L;;) and summing over i € I,j € N;.
The sum over (uf )? is rewritten as sum over (u?)? by swapping i, j, the sum over the
entropy fluxes equals zero and the sum of the squares of the differences is restricted
toi € Ip,7 €N;.

(41) follows by multiplying the second entropy inequality (22) by 2A(C;), using
U(u) = u?/2, ri;A(C;) = A(Lij)/2 and Y-y, 77 = 1. This is summed up over
all ¢ € I, the sum over the fluxes again cancels after splitting and swapping ¢, j, as
Qij = —Hjl-:

ST 2AtF (w0 = >0 AtF (ul) G+ Y ALF (ulf™) 6.
icl,jEN; iel,jeN; icl,jEN;

Let E”n denote the sum over alli € Ip,j € N;,n € 2IN,n < N and ) denote
the sum over these n. We sum the inequalities (40) and (41) over alln € 2IN,n < N,
by this the right hand simplifies as the addends cancel pairwise except two remaining
terms

n 02 1 2 2
42) O ALy (up—u) < > 54 (L) ((ug) — (uM+?) )
5,j,n i€l,jEN;
Let us denote the term on the right hand by RH, the left hand by LH. Proposition
4.3 and 4.6 yield an upper bound for RH:

1 2
RH< > 54 (Lij) (u?)” < Bllun(-,0)llp1 2y < Blluoll g1 ey -
i€l,jEN;
Further the left hand can be estimated from below using (7):
C’ a b (u ‘< LH.
ij,n
We conclude with a new constant C'

(43) Sor?(ul —ut) <0

4,3,n
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The statement of the proposition follows easily by using the Cauchy-Schwarz in-

equality:
S0 fut ] < \/Z hyz e (ap — )’

i,3,n i,3,n 4,j,n

The last factor can be bounded with help of (43) by +/C, the first one can be
estimated with assumption N < T'/At, the inverse CFL-property (13) LAt/h > ,
(31) and hg := maxgen I

2. 2.

n i€lp,jeEN;

IN

1, N
ZC’Dmh = (5+1> Cp
n
TL  hg TL 1
< —+—)Cp = |=—+hy|Cp- ="
- (27h+h> P <27+0> Zh
This yields the statement of the proposition

ST h|up —ul| <VC'Ch7E,

,J,n
as both C and C' are independent of the choice of up,. O

With this weak BV-estimate we can prove a last proposition, which completes
the convergence proof.

Proposition 4.10 (Weak consistency). Let the assumptions of Thm. 4.1 be valid,
peCE (R2 X [O,T)). Then nonnegative constants C, and C\, , ETist, such that
for all k € IN the numerical solution up, satisfies

/OT /B2 (uhkgot + f (un,) V(p) + /]R2 uop(+,0)

and for all entropy pairs (U, ﬁ), o with o(x,0) =0, ¢ > 0 holds

T ol

< Cuh

)

LI

T
[ ] (Ve Fun) Vo) 2 ~Cyp b
o Jm2
Thus conditions 2.6 c¢) and d) are satisfied by k :=1/2.

Proof. Let uj be an element of the sequence of numerical solutions, (U, F ) be an
arbitrary entropy pair. We first give some notations which will be used in the proof.

e Let N be defined as in Prop. 4.9, N := maz {n € 2IN |[nAt < T'}.

o Let hg := maxgen hg.

e Let D C IR? be a disc, which covers the support of (-, t) for all ¢ and is large
enough, that ¢ vanishes on all boundary-cells C; of the set {C;}icr, for all
t € [0,7T] and all triangulations 7 from the sequence (T¢)rem-

Let C, be an L*>-bound of ¢ and all of its derivatives up to degree 2.

We denote ¢" := p(-,nAt),  ¢f = p(-,nAt).

S; denotes the center of gravity of cell C; for all i € I.

Let @ := o™ (S;) for all n € 2IN,i € I.

The frequently used sums are abbreviated by °, = >, con pcns 2o =

2
EiGID7 Din = 2o Dons Zm’ =2 ZjeNi and Zm’,n = Zi,j don

)
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With these notations the statement of the proposition follows from

n+2

Z2AtA Atu \/H-BJr /Rzuh(ptﬁ—/ UpP +O(h%)

ZA u? )= [ /]szmh)ww(hé),
U@ -U@y) , 3

ZzAtA SA7 _/]R+ ]R2U(uh)¢t+o( )

ZA (wi™?) = U (u) o¥f /]R+ ]RZF(uh)V¢+O( )

-

This is obvious as the left hand of a) and b) resp. ¢) and d) are identical.

Proof of a). For technical reasons, we extend ¢ on the domain IR? x IR, such
that ¢(-,t) = 0 for t > T, ¢ and its derivatives still can be estimated by C, and
¢ € C§° (IR* x IR). This is obviously possible.

Rewriting of the left hand by partial summation yields

n+2

LHofa) = _ZQAtA(c,-) 7“%

+ZA uapl ZA N+2 N+2.

The last term disappears as ¢ (-, (N + 2)At) = 0. Thus for a) is sufficient to prove
two relations:

(45) and upp® = ZA Yudp) + O (h).
IR2

(45) follows from elementary calculations remembering the definition of the ini-
tial values (8), the Lipschitz-bound of ¢ and using that the integration-error of the
midpoint-rule on polygons with diameter of O(h?) has order of magnitude O(h*).

Proof of (44): Starting with the left hand we successively cut off terms which
are small, that means of magnitude O(h'/?). First we discretize the time integrals
pointwise with error R(x)

T (N+2)At
/ / Uppt = Z / / UnPt
0 R2 ij Li]‘ nC; JO

— Z/L--nc-ZAt ullop +u"+1 Aan) +Z/
i,j iV p

=: T5+T6.

l,mc
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We obtain T = O (h) as |R(z)| < C,TAt for all z € IR*. T5 is rewritten as
Z At/ Y+ Z At/ n+1<p?+1 ulloy)
ij.mn L,-jﬂC, ij,mn L;; nC;
(46) = T7 + Tg.
Ts again is small, as further decomposition yields
Z At/ uanrl _ U,?) 90? + Z At/ n+1 ((p?+1 (,0?)
irjn ncs i Y LunG
=: Tg + TlO-
First we obtain with (7), the CFL-condition (12) and |u};*! —u?| < |u? — u}| from

the maximum-principle (15)

Ty < ZAt AL N Cy) - Juig™ —uf| - Cy

1,5,
1
< Z —bh2 Juj — '] - Cp = 2 BbCoh Y h* fujf —uil,
4,j,n i,,n

where we can apply the weak BV-estimate (39) and conclude
1 _1 L
(o] < 57 BbCuh- Ch™% = O (n?).
Second we obtain
Tio| < Y At-A(LiNGCy)-B-Cy-At=0(h),
i,J,n
thus T in (46) shown to be O(h'/?). The main term is T7. With cellwise midpoint-
integration we continue with error-terms R}

> 2Atuy / oF = 2Atufel (S;) A(Ci) + > 2Atul R}
i,n Ci in

in
=: T+ Tio.
Every R? is bounded by Ch* for a common constant C, therefore T1» = O (h2).
By Taylor-expansion we get ¢} (S;) = (¢ — %) / (2At) + O (At). This yields

n—2
P
T = 2Atul A (C; g - At) .
11 ;; ui A(G) = — T 04y
Let the dominating addend on the right hand of this equation be denoted by T}s.
A reformulation of T}3, shows that it is equal to the main term of the right hand
of (44) plus two small terms:
n

. (pr.b+2 — ©; 90(') — (P'_2
Tis =Y 2AtA(C) U;WW + Z 2AtulA (C;) oAl

N+2

Z 2AtuNT2A (Cy) %.

in

The two last terms have order of magnitude O (h) because the fractions are bounded.
This finishes the proof of (44) and herewith a).
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Proof of b). It is sufficient to prove

(47 S AC) (W - up) el = sz/ Fur)ver +O(h2)

(48) and /]R+ R2f(uh)V<p - sz/ Fm) +0( )

(48) can be proven similar to (44). Starting with the left hand, again pointwise
discretization of the time-integral is applied and the remaining terms are estimated
using Lipschitz-bounds of f, the discrete maximum principle and the weak BV-
estimate.

Proof of (47): We first rewrite both sides. The left hand contains terms
A(C;) (ult? —ul). These are rewritten inserting both steps of the numerical scheme
(9) and (10).

(49) A(Cy) (u’-”r2 — u?)

(3

n At 2 n Y n
= A (Cz) Z <rijuij+l — A (C’l) f (uij+1) 92']> - Ui
JEN;
Z rij A (C n“ —uf) — At f’(“nﬂ) ‘gij =17 - Tj.
JEN; JEN;

T} can be further decomposed

= 5 o (30 3 (7 - rn)

JEN;
]. ]_ - — —
(50) =Y 14 (L) (uf —uf) — At Y 3 (f (uf) = f (U?)) 0ij = Tjp — Tjs-
JEN; JEN;

This decomposition 4 (C;) (ul't? —ul) = T — T — T4 is inserted in the left hand
of (47).

LHof (47) = Y 7 LA @ -y or - At( ) fiser
i,5,n hJm

— Z Atf n+1 z]% = T1 T2 — T3.
i.j,n
The dominating term on the right hand of (47) is rewritten with the divergence
theorem and edgewise midpoint-integration. We use the notation np%"' (pi; ) for

the evaluation of ¢ in the midpoint of the edge belonging to ﬁ; (ﬁz;) at time nAt,
cf. Figures on page 5, and 7 denotes the outer normal of C;.

Z2At/c_f*(u;l)wn = 22&/@0_ (f(u?)cp”) dit

2) At ful) (e iy +eitit) + O (k)

i,n jENl
= 2T, + O (h) .
With these notations the statement (47) reads

T - Tz—T3—2T4+O( %)
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This will be proven in 3 steps:

(51) T = o(h%),
(52) L+Ty = 0(n?),
(53) Ty Ty = o(h%).

Proof of (51): T} can be made symmetric by splitting the sum, swapping i, j in
one of the two parts and merging them again. This procedure is allowed although
the summation range is not symmetric in ¢, j, as the boundary terms vanish due to
the assumption on D. We obtain

1
T = Y SAWLy) (uf —uf) (e} = ).
i,7,n

The Lipschitz-bound of ¢, the area-bound (7) and the weak BV-estimate (39) yield
exactly (51):

11 < ChY R uy —uf] = 0 (n}).

4,3,n

For (52) we rewrite T» with 9_;]' = ﬁJ + 77;;, Ty is symmetrized as described
above. We obtain the representations

1 - - . o
T, = §At (f (U?) - f (U?)) (UJ‘P? + 75 er),
i,7,m
1 g g n— —— n+ -
T, = Z EAt (f (ui) = f (U?)) (‘Pij i +<pij+nier) )
2,7,

as @Z_ﬁl; + @ZJ’_’[_]’J_ = —gp?l_’l_fj; — QO;T_TT?T This ylelds
1 Flon Foon —+ n n+ = n n—
(54) Tn+Ty = Z EAt (f (Uj) - f(Ui)) (mj (‘Pi — ¥y ) + 75 (‘Pi — Pij ))
i,7,n

The absolute values of the single differences appearing in this term can be estimated
using Lipschitz-properties of ¢ and f. With 3.5 b) and the weak BV-estimate we
conclude with statement (52)

Ty + Tu| < CALY uf —ul| - b2 zo(h%).

i,5,n

Proof of (53): First T is rewritten by changing the sign of the second flux
contribution. This is allowed as this term vanishes in the sum over j.

7, = 3 5 (F(u) + F ) Byt

4,g,n
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We subtract 75 and 7%, the result is made symmetric resulting in

T =T
= Y Ay (Fwn) 2 ) - F () o1
i,J,n
_ iAt (—f(u;‘) +2f (uph) —f(ug‘)) (07 — o) 63
i,J,n
-3 3& (F i) = F () (er = 3) G
# YA (Fan™) - F@) (e = ¢}) By = T5 +Ts.

Both sums can be estimated similar to (54) additionally using the discrete maximum-
principle. Both terms T and T turn out to have order of magnitude O(h'/?), thus
the last relation (53) is shown to be valid, herewith (47).

c) and d) can be proven in a similar manner since their structure agrees with
the structure of a) resp. b). This finishes the proof of Proposition 4.10. O
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