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Kernel Quadratic Discriminant Analysis for
Positive Definite and Indefinite Kernels

Elzbieta Rekalska and Bernard Haasdonk

Abstract— Kernel methods are well established and successful procedures for measure derivation [23], partial projeticor

algorithms for pattern analysis thanks to their mathematical
elegance and efficient solutions they provide. Numerous nénear
extensions of pattern recognition techniques have been pposed
based on the so-called kernel trick.

The objective of this paper is twofold. First, we derive an
additional kernel tool, namely kernel quadratic discriminant
(KQD). We discuss different formulations of KQD based on the
regularized kernel Mahalanobis distance in both full and chss-
related subspaces. Secondly, we propose suitable extemsioof
kernel linear and quadratic discriminants to indefinite kernels.
We provide classifiers that are applicable to kernels definedy
any symmetric similarity measure. This is important in practice
because problem-suited proximity measures often disobeyhe
requirement of positive definiteness. As in the traditionalcase,
KQD can be advantageous for data with unequal class spreadsn i
the kernel-induced spaces, which cannot be well separatedyta
linear discriminant. We illustrate this on artificial and re al data
for both positive definite and indefinite kernels.

Index Terms— Machine Learning, Pattern Recognition, Kernel
Methods, Indefinite Kernels

I. INTRODUCTION

occlusions [16], context-dependent alignments or objexh-c
parisons [5], [25], or derived from intrinsic non-Euclicear
non-metric dissimilarities, such as modified Hausdorfftatises
[5] or non-pd similarities, such as Kullback-Leibler digence.
Consequently, there is a practical need to properly haricieet
measures. While many researchers choose to regulariz@don-
kernels to make them pd, a natural extension of Mercer kernel
leads to indefinite (Krein ) kernels [2], [20], [17], [10]21]
or dyadic kernels [14]. Both these are examples of proximity
representations, i.e. matrices whose elements encodeedegf
similarity between pairs of examples or examples and opéchi
prototypes [21]. Therefore, developing and investigatimethods
for indefinite kernels is of high interest. In particular, @ther
contribution in this paper lies in the extension of kerneéir and
guadratic discriminants to indefinite kernels. We providsoand
underpinning of the methods. Experiments on toy and realdvo
data show the good performance of the KQD method for both
positive definite and indefinite kernels.

The paper is organized as follows. Section Il starts withire
inaries on kernels. Section Il presents the indefinite &kRisher

Kernel methods are powerful statistical learning techegu discriminant analysis. Section IV is the main part thatadtices

[33], [31], widely applied to various learning scenariosrks

different formulations of KQD analysis for both positivefithite

to their flexibility and good performance. A kemel is a (cbnd @nd indefinite kernels. Section V focuses on an experimstudy

tionally) positive definite (pd) functiok(x,z’) of two variables

illustrating performance of kernel discriminant analyaistoy and

z andz’, and interpreted as a generalized inner product, herf&®l world data. The final discussion is presented in Seafion

natural similarity, in a reproducing kernel Hilbert spa¢enduced
by k [28], [34]. Thanks to the reproducing property /afkernel-

To maintain clarity, the detailed derivations of the methae
left out from the main text, but included in Appendix I.

based classifiers are indirectly built # and often expressed as

linear combinations of kernel values. Many traditionalrieag
methods have been proposed in their kernel-based forrongati

Il. PRELIMINARIES ON KERNELS

These include Support Vector Machines (SVM), kernel PCA We will first introduce some notation and provide basics for

kernel Fisher discriminant (KFD), kernel k-means, etc.][#n

Hilbert spaces and positive definite kernels. Then we witiui

additional tool that is still missing within the set of sirepl O" Krein spaces and indefinite kernels.

approaches is the kernel quadratic discriminant (KQD).His t

paper we derive KQD as a natural extension of the quadrajic pgsitive definite kernels

discriminant in a Euclidean space. Three variants are deresi
in either full or class-related kernel-induced subspaces.

Assume X is a collection of objectse, either an index set,

Although traditional kernel methods have now been applied & set of original objects or their vector representationsame

general non-vectorial data descriptions, such as stripggs of
words, graphs, shapes, probability models [30], [31], thexof
permissible kernels is often, and frequently wrongly, édeed to
be limited due to their requirement of being positive deéinin
practice, however, many non-pd similarity measures aii$és

may occur when invariance or robustness is incorporateal ift Sequence ofn vectonrls inH is denoted byt = [&1, ...
the measure [32], [16], [12], due to suboptimal optimizatioGven a vectorv € R™, we define{v :
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input space. Lety: X — H be a mapping of patterns from
to a high-dimensional or infinite dimensional Hilbert spake
with the inner product(-,-),,. Here, we will use notation that
extends matrix-vector multiplications to Hilbert spacEsr two
functions¢,, &, € H we will equivalently write¢ ¢, := (€1,8&2) -
7€m]
S, vi& as an
abbreviation of linear combinations. Similarly, for a naty” =
., vp] € R™XM LV = [évy,...,€Evy] IS a sequence
of linear combinations defined by the columns Wf Hence,
&vl = [vi€, ..., um€] for a single¢ € H and vectorv. For
two sequenceg = [£1,...,&m], € = [£1,...,€,] In H, we



write G := £7¢’ e R™*™ for a cross-Gram matrix with entries (K_

G’Lj = <§zv§;>H

We address a-class problem, given by the training datg, =
{z;}izq C X with labels{y;};—; C Q, whereQ := {w1,...,w}
is a set ofc target classes. Leb := [¢(z1),...,¢(zn)] be a
sequence of images of the training déa in H. Without loss

of generality the vectors inb are grouped into classes suc

that® = (@l o .. &l wheredl] .= [¢(z),...
represents thaj-element class); and 325 _; nj = n.
Given the training dat@® = [¢(x1),. .., ¢(zn)], the empirical
mean is defined as, := 1 =7 | ¢(x;) = 2 @15, wherel, is an
n-element vector of all ones. The mapped training data veete
centered by subtracting their mean such tj?(ag) = ¢(xi)—¢,,
or, equivalently,® := [¢(z1), .. .,qﬁ(m)] =0 —21¢,1) =0 -
1$1,1) = ®H. Here,H := I, — 11,1 is then x n centering
matrix, while I, is then x n |dent|ty matrix. H is symmetric,

I Qb(xnj )]

H = H', and idempotentH = H?2. The empirical covariance g1

positive definite inner products. The inner produckpfhowever,
is the difference of-,-), and{(-,-)_, i.e. for anyé., &, € Ky
and anyé_, ¢~ € K_ holds

(€4 + &, &4 +ED )k = (€4, €4 )4 — (€, €0 )-

Rrhe decomposition is orthogonal with respect to this inmedp

uct, i.e. (¢4,&-) = 0 holds for any¢{; € £ and¢_ € K_.
In particular,(¢4,£4 ) > 0 and{¢_,&_)x < 0 for any non-zero
vectorséy € K4 and - € K_. Therefore,K4 is a positive
subspacewhile K£_ is anegative subspace

The orthogonal projection®, onto K and P— onto K_ are
fundamental projectionsAny ¢ € K can be represented gs—=
P&+ P_¢ andIx = Py + P_ is the identity operator. The
linear operatoty = P4 — P_ is called thefundamental symmetry
and is the basic characteristic of a Krein spigesatisfying7 =
= 7. The spaceC can be turned into itassociated Hilbert

operatorC': H — H is a continuous linear map defined by 'tSspace|IC| by using the positive definite inner produgt ¢') . :=

operation onj(x) € H asC ¢(x) = 3 311 ($(xi)—,,) (¢(i)—
G S H = = iy d(wi) (S ) o) = Lo3Tp(x). We can

therefore |nterpref;<I><I> as an operator and identify the empiricain the sense thate, ')k

covarianceC' as
c=185"= LonmaT
n n
Assuming that the empirical covariance operator is inkksfi
the empirical square Mahalanobis distanD@I(q{qbu,C}) :

H — R>q is defined forg(x) € H by

Dir(6(2); {6, C}) = (¢(x) — 6,) C  (o(x) = 4,). (1)

(¢, T¢ Y. A countable orthonormal bast,. for £ andB_ for
K_ yields a basisB := By U B_ for K, which is orthonormal
=0forales#ce €B, (ee)c =1
for all e € By and (e,e)xc = —1 for all e € B_. Similarly as
in the pd case, we use the “transposition” abbreviad¢l :=
(&, g’)m and now additionally (motivated hy operating as a sort
of “conjugation”) a “conjugate-transposition” notatigt ¢’
€€k = (TEE K = (TOTE =€'T¢.

Finite-dimensional Krein spaces with,. = R?” and KX~ = R?
are denoted withR®? and calledpseudo-Euclidean spaces
They are characterized by the so-callsidnature (p,q) € N2

The transformationy acts as a (usually) non-linear map to a7 becomes the matrix7 = diag(1,, —1,) with respect to
high-dimensional spac@( in which the classification task canan orthonormal basis iR Krefn spaces are important as
be handled in either a more efficient or more beneficial way. they provide feature-space representations of dissiiyilaata
practice, we will not necessarily know, but a kernel function [8] or indefinite kernels. For indefinite kernels, i.e. syntrize

k: X x X — R that encodes the inner product#t instead. The functions & :

kernelk is a positive (semi-)definite function such thdt:, =) =
¢(x)T¢(z') for any z,2’ € X. Consequentlyk := ®'® is an

n x n kernel matrix derived from the training data. Moreovetthat k(z,z’) =

we can also define the centered kernel mafkix:= ®'®d =

X x X — R, and finite dataX, the resulting
kernel matrix K yields an embedding : ¥ — K into a finite-
dimensional Krein space by its eigenvalue decompositoich
(¥(x),¥(z"))c. In analogy to the pd case, an
indefinite kernel represents an inner product in an impjicit

H®'®H = HKH. In addition to the quantities defined for thedefined feature space. Hence algorithms working with indefin
complete training sequence, we can define analogous classkernels have a geometric interpretation in these spaces.

wise quantities forel! j = 1,...
indicated with the superscripf]. Further, for an arbitrary: € X,

k., denotes the vector of kernel valuesoto the training data,

while k, is the centered vector:
= [k(z1,), ..., k(zn,2)] = ® ¢(z)
o= 3To(@) = H(ky — ~K1,,).
n

Finally, we will also make use of the self-similarity.. and its
centered versiof;:

koe 1= (Z)({E)T(Z)(x) = kax —

@)

®)

2 Tkx+ 1K1,

. Indefinite kernels

,¢, which are consequently

Lety: X — K be a mapping of the data into a Krein space
and V¥ := [¢(x1),...,%(zn)] be a sequence of images &, in
K. In the following, we adopt the matrix-vector multiplicati no-
tation from the previous section. All quantities derivedSec. II-
A can now be defined analogously, ifp, ®,¢,} are replaced
by {v,¥,¢.}, inner products(-,-),, are replaced by(:, ),
transpositiong ' are replaced by conjugate-transpositigis but
transpositions of vectors € R™ are maintained. In particular,
the empirical mean is defined &s, := & 37" ¢(z;) = 3 ¥1a.
The data vectors i are centered such thai(z;) := Y(zi)—,,
hence¥ := [{(z1),...,¢(xn)] = ¥ — 2¥1,1, = VH. The
empirical covariance operatar: X — K is a continuous linear
map that acts ony(z) € K as Cz/;(a:) = =3 (W) -
U) (W) = @)k = 5 DLy bl (@), b)) =
LS () () () = 2 19 ¥(z). We will therefore iden-

The above terminology and notation can be extended to Kreuﬂ, the empirical covariance operator as

spaces; see [1], [8], [4], [26], [21] for details. Kreln spaceover

R is a vector spac& equipped with an indefinite inner product
: K x K — R such that admits an orthogonal decompo-

<'7 '>IC

sition as a direct sumi = K4 @ K—, where(Ky,(-,-),) and

bt = L§9Ty = okl g,
n

1Kl —

whereC %\if\iﬁ is the empirical covariance operator|ig]|.

,{-,-y_) are separable Hilbert spaces with their corresponding



TABLE |
where the between-class scatter operator actsas = (wﬂ] —
KERNEL-INDUCED QUANTITIES FOR PD AND INDEFINITE KERNELS DATA

21y, 1] (2] _ 21y, (1] [2\T
EMBEDDINGS® AND W ARE IN KERNEL-INDUCED HILBERT AND KREIN Y ) Wp — v, wie = Wi —Yn) (W — i) Jw. Hence,

K K 1 2 1 2 :
SPACES RESPECTIVELY oE = Yp'J, where Z‘Bl = (¢L] - ¢L])(¢L] - wL])T IS
the Hilbert between-class scatter operator [}6. Similarly,

Positive definite Indefinite e
s A the within-class scatter operator can be expressedjas:=
6 =11 S Ewlj with the Hilbert within-class scatter operatdrlﬂ =
Hoon n nwn n . - . . .
C=1 g c=1 g 32, Plwy) X)) o) (w(ad) — vl T based on suitable
K=dTd K=U*T estimates of prior probabilitie®(w;). The bias in the classifier
K=3Td R=0"F can be chosen ds=—2 (w, [+ ¢ = — LT g+,
ky = ®To(z) ky =0 y(z) such that the midpoint of};] and” is on the decision line.
k, =H (ks — %Kln) ke =H (ks — %Kln) The Fisher criterion can therefore be rewritten to
koo = d(2) o (z) kza =1 () () T wIK|
ko =kae = 21 ke + 51T K1y | koo =koo— 21] ke + 51T K1, _wJIXp Jw (6)

w) = .
wT 7Sl 7w
An important insight at this point is a geometric interpreta
The operatorC is not pd in the Hilbert sense, but in the Krelntion of the indefinite Fisher discriminant: inserting theeop
sense [1], [26], i.e{&, C&) > 0 for £ # 0, hence in agreement tor representations and substituting:= Jw into the Fisher
with the inner product of this space. Assuming tfais invertible criterion (6) and the discriminant function (4) yieldis(u? =
(which requires > dim (K)), the empirical square Mahalanobisy sy /(o 1v) and f(x) = v () +b with b = —LoT(wl +
distanceD}; (s {1,,,C'}): K — Rx of a vectory(z) € K to the »2)). This means that the Fisher discriminant in the Krein space
data described byy,,,C} is defined as K is identical to the Fisher discriminant in the associateitbét
2 . __ . * ~—1 _ space|K|. This is by far not clear a priori and not valid for other
D (@) {9, OF) 2= (le) =) € (0(w) = ). indefir|1itt|a kernel classifiers, e.g. indefinite SVM.
Since K represents the kernel matrix with respect to the inner A kernel method should avoid such explicit embeddings into
product in K, we get K := ¥*¥ = W'7W. Similarly to a Krein space and constructions of new inner products based
traditional kernels, the centered kernel matrixis:= ¥*¥ =  ejgendecompositions. The kernel function should be usstsad.
UT7¥ = HKH. Analogously, definitions (2) and (3) &f, kz, And indeed, the discriminant can be obtained in a kernelized
kzz and kz2 can be extended to indefinite kernels by suitablyrm by using the original indefinite kernel. Assume that the
replacements. Table | summarizes these definitions for typés indefinite kernel functionk : X x X — R encodes the inner
of kernels. In particular,7 = I in the positive definite case, productk(z;, ;) = w(xi)Tjw(-’Ej) in IC. As a result, the kernel
hencec* = ¢ and all definitions from this section reduce to thenatrix for the training data i& = ¥ "7 V. Sincev = w1 @),
ones from Sec. II-A. Note that we could have focussed on th@ can decompos® = [K1, K»], whereK; is ann x n; kernel
mere indefinite notation as the pd case is just special instangypmatrix for thej-th class. The normalv can be written as
This would however have hampered the reading of subsequgpt expansion of the formw = S ai(z) = Ya. As a
sections and the distinction between the positive definitd aresult, the indefinite kernel Fisher discriminant (IKFD)nche

indefinite parts. Consequently, we deliberately wsend ¥ in  expressed ag(z) = S | aik(x;,x) + b. Moreover, given that
the indefinite case in contrast to and ¢ from the pd case to ,.— L] _.1 17,]Tis ann x 1 vector andM := (Kz)(Kz)",
ni no 1

ni» n

make this distinction more obvious. we have
T K| T4, T Tq, T
I1l. K ERNEL FISHER DISCRIMINANT ANALYSIS w IS Jw=0V J(¥z)(z ¥V)TVa
Kernel Fisher discriminant (KFD) was proposed and success- = a'(Kz)(Kz) a = a Ma.

fully applied by Mika et al. [18], [19]. Since it is well known | . T oIkl T
we will directly focus on the extension to the indefinite case Slr;llarly, we can derive thab 7 Xy, ' Jw = o Na, whereN :=
2im1 P(wj)KjH[J]KjT. The objective (5) becomes now

A. Indefinite Kernel Fisher Discriminant Ty
ini | (@) = 20 )
Assume the training data for a two-class problems 2, is a'™Na

embedded into a Krein spadeé by the mappingy, i.e. ¥ :=  gince v is positive semidefinite and singular, its regularized

[7’[’[%”1)’2' -, ¥(an)] is the sequence of mapped training data ar\gersionNB := N+ I for 3 > 0 is used instead. The coefficients
U € IC.are the.clas.s means. The Fisher linear discriminapt o (7) are determined by the leading eigenvecto(NglM),

attempts to find a directiom € K such that the between-classwhiCh is equivalent (up to scaling) i@ — NEIKZ- The bias is

scatter is maximized while the within-class scatter is mined

= 1T (14T 1 4TT .
alongw. Analogously to the positive definite case, the indefinité ~ ~ 2< Kz, wherez,. := [7%1 L, n2 1"2]_ - Hence, given
Fisher linear discriminant thatk, = [k(xl,m), .. ,k(xn,x)] , IKFD is defined as

« T _ 1 T _
fl@) = (w, (@) +b=w"(a) +b @ J(@) = (2"KNg ke = 52" KNg ' Kay.. ®)
is defined by the vectow that maximizes the Fisher criterion By comparing IKFD to KFD [18], [19], we observe that the
oK final formulations are exactly the same: the difference lies
<w’ Bw> _ w*Sw ®) the definitenes®of the kernel used. This result has an important

J(w)

- (w,Sfw)  wEfw implication in practice - independently of the definitenegshe



kernel matrix, the kernel Fisher discriminant obtained By i€ A. KQD-IC, based on invertible covariance operators
applicable for indefinite kernels and has a geometric fotioda

o Dy L ] We assume an embedding of the training data by a kernel-
and geometric interpretation in indefinite spaces. DetailtKFD

induced mappingy into a Hilbert spacet. We require here

can be found in [13]. invertible (non-singular) empirical class covariance rapers C
in the kernel induced space. This limits our reasoning to itefin
IV. K ERNEL QUADRATIC DISCRIMINANT ANALYSIS dimensionalH, as the image of an empirical covariance operator

S i o ~ C based onn samples has a finite dimension < n. The
_Quadratic discriminant analysis originally assumes a dinifollowing considerations require identical class-wiseidions.
dimensional vectorial input spac := R". Each classv; is  Therefore, we concentrate on a single class:@lementsd =

assumed to be normally distributed [¢(x1), . ..,¢(zn)] and drop the super-/subscripto simplify the
N el D notation. Remember that the empirical meaba$ ¢, := Lo,
pmwﬂ)_/\/(m’{zl L })T - , the centered configuration i® = & — %15 = ®H and
_ exp{—3(z — u")T(BV) (@ — uliT)} the invertible (thanks to our assumption) empirical couace

(27) % (det(Sl])) 2 operator isC := 13T, We want to kemelize the empirical

, ) square Mahalanobis distandé@(qb(x);{%,c}) given in (1).
with a covariance matril’) € R*** and a mean vectqi’!! €  This can be computed without performing the explicit magpin
R*. Each class has an individual prior probabilifj(w;) with 4 as we will now derive. Similar derivations for the subsequen
>-; P(w;) = 1, cf. [6] for details. The maximum a posteriorimethods are presented in Appendix I. Sifi¢és m-dimensional,
probability (MAP) decision for a patternrelies on a comparison with m < n, we may interpretb as anm x n matrix. Hence, it
of ¢ functions p(z|w;) P(w;)/p(z), which simplify to quadratic has a singular value decompositién= USV T with orthogonal
discriminant functionsf;, j =1,...,c matricesU e R *™, V e R™*" and a diagonal matri$ ¢ R"*",
By using the orthogonality of/ and V', we have:C = 163" =
Lyssw™ and K = '@ = vSTSVT, with an invertible

©)  matrix 55T € R™*™ but singularSTS € R"™*", So ¢! =
nU(SSTY™'UT and K~ = V(STS)~ VT, where the superscript
~ denotes the pseudo-inverse of a matrix. Multiplicationhafsie
equations with® yields

(@) i= =5 — T @ — ) + by,

b, = _% In(det(200)) + In(P(w;)).
Given c classes, a new objeatis assigned to the class; if

f3(2) > fi(x), foralli# ;. (10)

In case of ties, a deterministic rule is applied that e.g.oshe
minimal j that yields the maximunf; (). In practice, covariance
matrices, means and prior probabilities are frequentlynomk  SinceS € R™*" is diagonal and has: nonzero singular values,
and estimated from the training data. In particular, theorpri poth middle matrice§(STS)_ and(SST)‘ls arem xn diagonal
probabilities can be estimated B(w;) := n; /n. matrices with inverted singular values on the diagonal.r&tuee,

As discussed in [15], nonlinear classifiers may be required these matrices are identical and we conclude that
the kernel-induced feature space and Gaussian disthitzutan R
be observed. However, the authors state that for an operator K = gc . 12)
Lhe term(y(z), Ty (z) )3 c?annot b.e expressed by Inner proqumSGiven an arbitrary centered vectotz) = ¢(z) — £ ®1,, C acts

ence cannot be kernelized. It is actually possible to doifso, = "~ ] n
e.g.T = C is the empirical covariance operator. This is our mo" ¢(z) as follows:
tivation for studying quadratic classifiers based on Mataibés ~ 1zx7 1 1= 1 1=~=
distances in the implicit kernel feature space. Colo) = 70D (d)(z)*ﬁq)l") - E(I)H<kxiﬁK1”) = 5 ke

Hence, in order to describe Kernel_ Quadratic Plsc”mmar\}\t/herekx and k; are defined in (2). Sinc€' is invertible, this
(KQD), we replacez by ¢(x) on the right hand side of (9) . . .
. . R ; implies with (12) that

and provide suitable approximations for the covarianceaipe
and the mean. Most importantly, we need to find the kernel b(z) = lcfléf{x — K Ky, (13)
formulation of the square Mahalanobis distance. The datisi n
rule f; in (10) remains unchanged. The biasin (10) can be The identities (12) and (13) allow us to express the Mahdi&no
expressed by operations on the kernel only, but it will gettlaer  distance in its kernelized form as:
gﬁf?émﬁgém Sec. IV-D in order to elegantly avoid numer|cab]2w(¢(x);{¢wc}) :d)(x)Tqub(x) :¢(x)TC’1<I>K’kz

We will now derive three approaches to kernel quadratic dis- = nky (K ™)%ke.

criminant denoted: KQD-IC folnvertible Covariance operators In a c-class problem, a quadratic discriminant for théh class

KQD-RC for Regularized Covariance operatoasid KQD-FK for s optained from (9) by inserting our estimated quantities a
Full Kernel matrix Each of these methods has a proper extension i i
J J

to indefinite kernels yielding IKQD-IC, IKQD-RC and IKQD-FK fi(@) = ==L (K 7)) +b;. (14)
respectively. Different regularization methods are iatkd by
additional sub-/superscripts. In particular, supersctipndicates KV is singular as rani ) < n; due to kernel centering.
regularization by a suitableddition while superscript indicates Hence, we can rely on the pseudo-inverseidf! with a given
regularization by a suitableemoval(or simplification step. tolerancea; > 0, which means that singular values smaller than

Lo—16 —uessTytsvT
o (11)
K~ =US(S'S)" V.

Ny
2



a; are treated a®. Alternatively, we can use the inverse of\We refer to this method as KQD-R@Kernel Quadratic Discrim-

aregularized kernek [}, := Kll1a;1,,, wherea; > 0isasmall inant with Regularized Covariance operators). There isewmirto

regularization constant. This leads to alternative disizrant use a pseudo-inverse here[ei,%}, is invertible. Note, instead, that

functions of the form nja?- In; is a dominant component ﬁiég, for a sufficiently large

f(@) = _%(R[xj])T(Rr[ge']g)fzﬁ[xj] +b;. (15) - Hence,(KZ})~! can be approximated %Inj. This leads

) ) ] to the following simplified discriminants, denoted by KQIER:
We will denote method (15) as KQD-IQKQD with Invertible ‘ ‘
Covariance matrices), while method (14) is denoted KQD-IC 1 (o &R
ot indi zat i file) = —— (W - Be e ) oy (19)
Here, the superscript” indicates regularization bydiagonal J 952 ;02 j
J J

addition, while ~ indicatesremovalof kernel matrix information
by a thresholded pseudo-inverse.
IKQD-RC, extension to indefinite kernels

IKQD-IC, extension to indefinite kernels Similarly to the pd case, we deal with finite samples in a

We again assume non-singular empirical class covarianee @fgh-/infinite-dimensional Krein spack. So, regularization of
erators of data embedded into a finite-dimensional Kre&csp the empirical covariance operator is necessary to prevdram
K. One can show with a slightly refined argumentation that thgeing singular. Here, however, the regularization shoelpect
analogue of (12) also holds for the indefinite case. Hence, W& indefinite character of the space, i.e. positive or megaub-
can express the kernel Mahalanobis distance as before. We ospaces. The derivations in Appendix I-C are based on thecehoi
the derivation here and refer to Appendix I-A for detalils. Ag}r[gg; — f([j]+njo']2-U[j]J[j](U[j])TWhel’ef([j] - U[j]A[j](U[j])T
a result, we obtain the following quadratic discriminargs the s eigendecomposition of the centered kernel submatritHer-
IKQD-IC ™ approach: th class and/V! .= diag(1p,, —1q,, 1n;—p;—q;) With p; andg;
N =[6\T,  2[5]y— 21 1] being the number of positive and negative eigenvalues f
fiw) = 77(1% ) ((K[J]) ) ke +bj. (16) respectively. This leads to the kernel Mahalanobis digtaaned
This is equivalent to (14) except for the definiteness of tmé&l allows us to define a quadratic discriminant for ghth class as:
matrix. The inverse of regularized’! can again be used in- 1
stead of the pseudo-inver¢& ’l)~. Remember that regularizing fi(x) =
KUl by adding a constant; to the diagonal, KV + a; 1y,
is equivalent to enlarging the original eigenvalueslbﬁf'j] by Note that the above expression is the same as (18), excdpt tha

;. R[J] is however an indefinite kernel that has both pOSlUVg’[J] is now an indefinite kernel matrix anﬂ'r[ggl is regu|arized

and negative eigenvalues. Regularization should thexeferin in agreement with the indefinite character of the kernel. We
agreement with this property. Let us consider an eigendpoem wil| denote this method as IKQD-RC If n;o? is dominating
sition KU1 = gWIAUl(@wU)T, where AU = diagA?, A% 0)  the terms in&, we can simplify this method further on by
is a diagonal matrix withp; positive, ¢; negative and(n; — approximatingf?r[gg], by njU?U[j]J[j](U[j])T. Hence,(l?r[gg,)*l _

pj —aq;) zero eigenvalues, while the corresponding eigenvectors. [l JU(U)T. This leads to the IKQD-RCdiscriminants
are stored inul7 = [V v gl By introducing JU1 = "%

wlil  liNT 2]y~ 1]
~5m (R = )RR TS ) 4. 0)

i _ i [ — (91} 7] Ts S PR
diag(1p,, 1q171nj—_1)j—fh')_n we '[“[P}W _that[A]j o [|./]Xj |[J] JT. P (k_[,f])TU[J]J[J](U[J])TkEg] _
We can then easily verify thaklV! = UV AVl U@l f(z) = 557 | ke —— +bj.
Hence, we will therefore definé(r[?g]g = UU]ArJe]g(UU])T, where J 773

_ , } _ ) (21)
Al[p]e]g = A[j] + aj J[J], and aj > 0 bemg a chosen constant. ThlSNOte U[J] J[J] (U[J])T is not diagonaL in contrast to KQD-R‘C
leads to the IKQD-IC discriminants expressed as:

oy g =N T Sl 2]
filz) = _T(kf ) (Kreg) “kz +bj. an c. KQD-FK, derived in the complete kernel space
This is equivalent to (15) ifcV! is a pd kernel matrix. Both KQD approaches considered so far build discriminant
functionsf; in class-wise subspaces. The functigihsely on the
B. KQD-RC, based on regularized covariance operators class kernel matrices /!, which means that the between-class

Since we deal with finite samples in a high-dimensional Arrwformation is unused in the M_ahalanot_)is distan(_:es. The thi
e approach we want to propose is to define KQD in a complete

kernel space. This can be practically realized in a kerneh PC

hgftPCA) space as derived in detail in Appendix I-D. L&t =

essary to prevent it from being singular. One can s_]how t K K] be the centered kernel matrix for all training objects
an additive regularization of the covariance oper = b--eo e - '
g P atﬂig where the column-blockg’; € R™*" correspond to the kernel

1 U HUNT L 527 i i iti izati
PV (D “I is equivalent to an additive regularization of : o .
" (@) "+ q 9 vectors of different classes. The lower subscript is chésevoid

the centered kernel matrik 7, := K17l + njoi1,;. This allows confusion with the class-wise centered matridedl ¢ R™ %™
subsequent derivation of the corresponding kernel Mabaian from KQD-IC. The kernelized Mahalanobis distance is based o
distance. See Appendix I-B for details. In aticlass problem, a e matrix K17 .= f(jH[j]f(T € R™". Since rankkl) < nj
quadratic discriminant for thg-th class is therefore defined as: by construction, its inversé cannot be derived. In analagy t
1 /306 N T, 2l —11 0] KQD-IC, we either use a pseudo-inverse &) or regularize
(z) = ——= (k] — (k K, ks ) +b;. 18) . 7 iy . . A
Ji(@) 202 ( 2o = (ko) (Kreg) ko ) I (18) it by diagonal addition. This leads to the following disciivant

infinite dimensional Hilbert space(, the empirical covarianc
operator may not be invertible. Regularization is themfoec-



TABLE Il
KQD AND IKQD APPROACHES FOR Ac-CLASS PROBLEM BASED ON DECISION FUNCTIONg;, j = 1,...,c. THE SAMPLEx IS CLASSIFIED TOw; IFF
fi(x) > fi(z), FORALL # 5. THE VALUES b; ARE FOUND BY ERROR MINIMIZATION ON THE TRAINING SET WITHOUT LOSS OF GENERALITY WE USE
T AND * (FOR THE CONJUGATETRANSPOSE TO ACCOMMODATE FOR BOTHHILBERT AND KREIN SPACES PINV(A, o) DENOTES A PSEUDGINVERSE OF
THE MATRIX A, TREATING SINGULAR VALUES SMALLER THAN |a| As zERo. KUU! = U1 AL JUI(U1T1)T sTANDS FOR AN EIGENDECOMPOSITION OF
KUl wrHere Al = D|AG(>\E], AL 0) = |AU)|7U] HAS p; POSITIVE AND q; NEGATIVE EIGENVALUES AND J1I := DIAG(1p;, —1g;, Ln,—p,—q;)-

BASIC DEFINITIONS
KUl = (wlihy*glil ¢ grsxn; KUl = gUlgUl bl ¢ grixn;
KJ = \Ij*\Ij[]] c Rnxnj Rj = \Ij*\ij[]] c Rnxnj
KV = R HVIRT ¢ R7X7
kY = (0l y(z) e R X1 f([lﬂ = gl - %K[j]lnj) c R %1
ke = [k(z1,2), ..., k(@n,2)]" | ke = H(ks — £K1,) € R**!
kY = k. — K1, € R
kea = $(2) () R = ke — 210 K 4+ L1l KU1,
KQD AND IKQD METHODS
KQD-IC T/ IKQD-IC T KQD-IC ~/ IKQD-IC ~
fi@) = (DT (&) 2 fi@) = g DT (&) )R 1o
e Kl v a1, for KQD-IC* o o
Kr[]e]g = . +% . , Q (KU~ = pinv(K1, o)
UVl (AV] 4o, 001 (0T, for IKQD-ICT
KQD-RC ™/ IKQD-RC ™ KQD-RC ~/ IKQD-RC ~
Jiw) = g (R — I TREY ) + 0 fi(@) = 5k (%Lﬂ- - L&A REZ]) "y
yy s In., for KQD-RC™ In, for KQD-RC™
K= KW ynjo2d 0 Q A= Q -
vl il wbhT  for IKQD-RC* Ul Jul(wbhT for IKQD-RC
KQD-FK T/ IKQD-FK T KQD-FK ~/ IKQD-FK —
fiw) = 5 () (K "' 4y i) = =D TRV) R b,
Kl = KU 4,1, (KD~ = pinv(KU] o))

functions, denoted as KQD-FKKernel Quadratic Discriminant means that the IKQD-FKdiscriminants are described by formula

in the Full Kernel space), (22), while the IKQD-FK"discriminants are expressed by formula
nj = HENT, AL — 2] (23). The difference again only lies in the definiteness @& th
fi(z) = *7(1(96 ) (K ks +b; (22) kernel. The summary of all KQD approaches is presented in
Table II.

with kY = k, — 77K;1n,. The approach KQD-FKis based

on Kl := KV + a1, leading to b. Choice of bias

fi(@) == —%(Ry])T(ﬂgé)_ll}[ﬁ] +bj. (23)  As stated before, it is possible to derive the bigsin the
discriminant functionf; of a MAP decision only by operations on
IKQD-FK, extension to indefinite kernels kernels. For instance, we ggt= —+ li:l ln()\gj])—Hn(P(wj)),
We again denotek = [Ki,...,K.] as the centered ker- where )\Eﬂ are nonzero eigenvalues of a non-singular covari-

nel matrix for all training objects, where the column-blsckance matrixCl’! in a I-dimensional space. This holds because
K; € R™ " describe kernel vectors of different classes. An(det(CV)) :ln(HﬁzlAEJ]) = Zﬁzlln(/\y]). It is well known,
data representation obtained from indefinite kernel PCA@R) e g. from KPCA, that)\gj] can be obtained as the nonzero
[22] allows 0ne~t0 derive the kernel Mahalanobis distanceeta eigenvalues of the scaled and centered kernel m%r&[]],

on the matrix KUl := RJ‘HP]R;‘F € R™*" as worked out in c¢f. [28]. In articular, it is straightforward to show thatet
Appendix I-E. Again, rankik/l) < n; by construction, so its eigenvalues\”’ of C/] are identical to the eigenvalues geK U]
inverse cannot be computed. We can either use a pseudseénvesy ; — 1,... 1 = rank(X!). Similar procedures can also be

of KU or regularize it appropriately. Note that independentlgerived for regularized covariance matrices.

of the definiteness ofk, K7 is always positive semidefinite However, numerical problems arise because a kernel matrix
because it is an inner product matak’) = (K; HV)(K;HUNT.  has often a slowly decaying eigenvalue spectrum. In order to
Consequently, both pseudo-inverse and regularizatioridgodal take all nonzero eigenvalues into account one has to contipete
addition work identically as in the positive definite caséisT logarithm of the eigenvalue-product. This is numericalhstable



TABLE Il

p is the dimension of the KPCA space. The test complexities of
TRAIN AND TEST COMPLEXITY FOR DIFFERENT CLASSIFIERS

the KQD methods rely ore evaluations of decision functions.

Method Train complexity Test complexity ; i S . )
KOD-ICT IKOD-IC OW¥ et n? + &) | O/c) These are either matrix-vector multlpllcatlpns of sizefor class
KQD-RCt/ IKQD-RC* Om3/c+n?+c) | On?/c) wise methods (except for KQD-RQ, of sizen for full kernel
KQD-RC~ O(n? +¢c?) O(n/c) approaches, or merely vector inner products of the length
IKQD-RC™~ O(n’/e+ n? +¢%) | O(n?/c) for KQD-RC™. This leads to the test complexities for a single
ESE'?/"TIEA'DKS)E(;FVE ) ggmd)* c?) SEC")) pattern reported in the right column. The bias derivationtfe
-VS- cn cn e . B . .

SVM /ISVM (one-vs-all) | O(en?) O(env) classifiers requiregn Mahalanobis dlstanc_es, e_qual m_tlmes
KNN / IKNN - O(kn) the test-complexity. For these values, the bias-diffezezatimates
KPCA-QD / IKPCA-QD | O(pn® + cp?) O(np + cp?) A;; are computed inO(c’n?) = O(n®) and the solution of

a least square problem finds the desired bias valued(if) as
described in Sec. IV-D. The computation of(pseudo-)inverses
matrix for the decision functions can be realized in eit@((:mf)

or O(cn®) depending on the size of the involved matrices. Again
KQD-RC is a special case as here only auxiliary vectors need
to be computed irO(cn?). This gives the training complexities
as shown in the left column. Note that centering of a kernel
vector can be realized i@(n;) or O(n) depending on the vector
length, so it does not influence the estimated values. Refere
classifiers are based on matrix inverses of the compleity*)

for many small eigenvalues. The restriction to a fixed nundfer
eigenvalues is equivalent to the choice of intrinsic din@msA
variation of this factor can lead to large variations in thasb
as the logarithms of small eigenvalues become arbitraatgd
in magnitude. In addition to this instability with respect the
estimated intrinsic dimension, this resulting (unconfijidaasb;
experimentally turns out to dominate the Mahalanobis dista
contribution frequently. As a result, it spoils the preditity c o ; 3
of the resulting classification rule. Therefore, we applytaer 0 KFD, eigendecomposition complexitg(n") f02r KPCA-QD
interpretation of the bias valugs in the traditional QDA, which and empirical SVM complexity scaling wit®(n”) (based on

leads to a stable and elegant computation scheme for thesbid@Ptimized training routines, otherwise, the exponent 3 would
of kernelized classifiers. be realistic for general QP solvers).

In case of class-wise normally distributed data, the timaad ~ OPServe that the KQD-IC and KQD-RC approaches are clearly
QDA (with exact mean and covariance) is the Bayes classifigfneficial in case of multiple classes as the domlnz.a’iﬁ}germ IS
[6]. In particular, no other choice of bias values will rasid Mainly inversely proportional te. The more expensive KQD-FK
a lower classification error than the Bayes error. Therefdre aPProaches still have identical training complexity ag, &FD.
bias values off; can equivalently be defined as the ones th&tS We have quadratic classifiers, the test complexity is dbase
minimize the QDA prediction error. Since the training eripra  ON Non-sparse matrix multiplications, hence asymptdioabore
good surrogate for the Bayes error in QDA for a large traimag €XPensive than in case of linear kfernel classifiers such a4 SV
we apply the following procedure to determibgon the training 2nd KFD. The KQD-RC approach is clearly advantageous over
data. For a two-class problem, sayandw;, a greedy search can the remaining classifiers due to its simple classificatida.ru
be applied to determine the optimal estimate for the biasasd
b;, or more precisely, their differendg — b;. This difference is F. Related methods

the only relevant quantity for the class decisions, as antiadd  \/arious nonlinear kernel-based techniques, includingéreel

of a constant to all bias values keeps the decisions unctang@analanobis distance. are considered in [27]. As such, the p
Fixing one valueb;, only a finite number of values for the secontiarnel Mahalanobis distance (KMD) is used there in a clasg-w
biasb; need to be tried to obtain the minimal training error fopyanner, This is analogous to our KQD-1@pproach relying on
these two classes. Forcaclass problem, this can be applied in ghe pseudo-inverse of the class kernel submatrix but wittue:
class-wise manner which yleld?(c— 1) estimatesi; Ior the  yse of bias values. The authors report a good performance of
differencesb; —b;, j > i. The desired bias valugs= [b;];_; ar¢  KMD on RBF kernels defined for some standard vectorial data

found by solving a small least squares problem from Machine Learning Repository.
c—1 ¢ ) The assumption of Gaussian distributions in kernel spaces
ménz Z (bi —bj — Agj)”. suggests a relation to Gaussian processes, i.e. collscton
i=1 j=i+1 random variables whose any finite number has a joint Gaus-

sian distribution. Indeed, there is an interesting linkwesn
E. Computational complexit KQD-RC"and Gaussian process regression [24]. A Gaussian
' y rocess is used in Machine Learning as a prior probability

Table Ill presents computational complexities of the KQ_'ﬁistribution over functions and used for Bayesian infeeenia
approaches and some reference methods. The latter are lingg case, these functions are defined in a centered kemhetéd
kernel classifiers, such as KFD and SVM, and nonlinear ON&pace ag(z) = w'é(x). In practice, we also assume additive iid
such as the kernel k-Neare/st-Nelghbor (KNN); bas?d on tussian noise with variancea?2, which leads to the relation
kernel-induced dlStb}nQﬁ?(x,x )= k@, 2)=2k(x, 2" )+k(z,2'), = f(z)+e As a result,f(z) is a Gaussian process with the
and KPCA-QD, which is a quadratic discriminant trained in fheanm(z) = 0 and covariance:(z, z'). Given the training data
feature space obtained from KPCA. Indefinite versions osehe{xi i)™, a centered kernel matrik is the covariance matrix

o e ’ =1
are denoted by 'I' in the front of the used abbreviations. Wgs ihe corresponding Gaussian process. The joint distoibuf

assume a-class problem with: training samples. For simplicity, ihe gbserved target values and the function valuat a test point
we assume equal class-priors and sgt= n/c for all classes. . [ ”
7]

f(-ﬁ-ailn kT . .
The valuev denotes the fraction of support vectors of SVM, whilé 'S ~ N(O’ { k, F..l/) The Gaussian posterior
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Fig. 1. Classifiers on 2D toy data based on the Gaussian RBfelkeThe classifier parameters are determined via crd&fatian. The left plot shows
results for all KQD methods, while the right plot shows résdbr the reference methods.

TABLE IV
AVERAGE TEST ERRORYIN %] OF DIFFERENT KERNELBASED CLASSIFIERS FOR THERBF KERNEL ON 2D NONSEPARABLE DATA. THE KERNEL
PARAMETERS VARIES. AVERAGING IS PERFORMED OVER TEN DATA DRAWINGS

Classifier Kernel parametes
0.5 1 5 10 50 100 500

KQD-ICT || 36.3(8.4)| 123 (1.9)| 6.6 (0.7) | 6.8(1.0)| 6.9(1.3)| 7.4(1.3)| 8.6(2.3)
KQD-IC™ || 37.7(8.4)| 116 (1.4)| 6.6(0.7)| 6.7(1.0)| 7.0(0.8)| 6.9 (1.0)| 9.5 (3.0)
KQD-RC™ || 10.7 (1.4) | 10.0 (3.1)| 14.3 (1.7) | 14.6 (4.5) | 16.8 (3.3) | 12.8 (1.8) | 22.8 (3.6)
KQD-RC™ || 10.9 (2.0)| 11.8 (2.2)| 17.3 (5.8) | 16.1 (4.3)| 15.0 (5.9) | 17.6 (4.6) | 22.7 (3.7)
KQD-FK™ 95(1.1)| 78(.7)| 64(11)| 6405 84(16)| 91(20)| 101 (2.2
KQD-FK™ 9.6(1.2)| 78(0.8)| 67 (11| 69(13)| 9.0(26)| 9.6(2.0)| 10.0(2.1)
KFD 9.8 (1.8) | 10.3 (2.5)| 12.7 (2.2) | 13.2(2.5) | 16.2 (3.3)| 21.9 (3.0)| 23.7 (2.6)
SVM 99 (1.7)| 93(0)| 78(19)| 92(26)| 13.0(24)| 13.1(2.9)| 18.9 (3.4
KNN 10.3 (1.3) | 10.0 (1.3)| 10.0 (1.3)| 10.0 (1.3)| 10.0 (1.3)| 10.0 (1.3) | 10.0 (1.3)
KPCA-QD 9.4(1.9)| 103(2.8)| 11.6(2.0)| 9.7 (26)| 95(1.4)| 95(14)| 95(1.4)

distributionp(fz| X, y, x) has the meaif, = 121([(+a%[n)*1y reference methods are also applicable for indefinite keyrefl

and the variance Vaf;) = kiz — 1}1([{ + o21,) 'ky; see [10], [22] and Sec. lll-A. Consequently, the reference rodth

[24] for details. Hence, in particular, V@k) with o2 = no2  Will be denoted ISVM, IKFD, IKNN and IKPCA-QD in case of

is equivalent to the kernel Mahalanobis distance derived fiidefinite kernel matrices. All experiments rely on the MARE:

KQD-RC', i.e. when the covariance operator is regularized ipackage PRtools41 [7]. SVM/ISVM is trained by using MATLAB

the kernel-induced space. inherent optimization routines for small data sets and MBS
Kernel discriminant analysis is more specifically discasse [3] for large data sets. In particular the latter is guaredt¢o

[15]. In particular, the authors present a statistical supfor converge for indefinite kernels.

KFD and they show an approach of “kernel Fisher’s quadratic

qliscriminant analysis”. This method uses a vectorial repnéa- A positive definite kernel on 2D data

tion of patterns by the kernel valuds, and performs QDA on

them. Our approaches are quite different and do not reghéct

kernels to be Gaussian or Epanechnikov as considered by [15]/2SSes are generated by two normal distributions, slighahs-
Kernel methods are mostly nonlinear extensions of linefgrmed in a nonlinear way such that the resulting distrimgiare

algorithms and one might ask whether KQD techniques can B8 longer Gaussian. Each class in the training set is repiese
interpreted as linear classification in an extended kensleed PY 50 sampl?s. We choose tt“; Gzaussmn Radial Basis Function
space with a suitably chosen kernel. The answer is negathien  (RBF). k(z,27) = exp(—|z —a'|"/s%), as the kernel. The same

can be most obviously seen in the KQD-RC approaches, as ffgularization parameters are used for all classes and rierpe
diagonal kernel values(z, =) are required. No linear classifier 10-fold cross-validation to determine the following paraeret

in kernel space could make use of these for classification. ¢ 67[10_10’ 10~°] for the KQD-IC and KQD-FK mfth°d372 €
[1072,10%] for the KQD-RC approachesy € [107°,10] for
KFD, C € [10~1,10%] for SVM, anda € [1077,10°] for KPCA-
QD, where each parameter interval is discretized by eighitega
In our experimental study we focus on various classificatioon a logarithmic scale. The valuee {1, ...,8} is optimized for
problems in order to compare the performance of the KQD akNN. Classification results are found on independently draw
IKQD methods to relevant reference classifiers, such as SVMst sets 0600 + 500 examples, as also reported in Table IV.
KFD, KNN and KPCA-QD as introduced in Sec. IV-E. The For illustration purposes, we select the best kernel paeme

Let us consider an artificial data set as illustrated in Fig-tHe

V. EXPERIMENTS AND RESULTS



classification boundaries in R?. classification boundaries in R?.
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Fig. 2. Classifiers on 2D checkerboard data based on anamvaaind indefinite Gaussian RBF-kernel. The classifier petens are determined via cross-
validation. Left plot shows results for all IKQD methods, ilehright plot shows results for the reference methods.

TABLE V
INDICES OF INDEFINITENESS AND AVERAGE TEST ERRORS FOR DIFFERT KERNEL-BASED CLASSIFIERS BASED ON THE INVARIANTGAUSSIAN RBF
KERNEL FOR CHECKERBOARD DATA THE KERNEL PARAMETERS VARIES. AVERAGING IS PERFORMED OVER TEN DATA DRAWINGS

Indefiniteness Kernel parametes

0.05 0.1 05 1 5 10 50
Tneg 0.160 0.180 0.211 0.218 0.214 0.207 0.128
(p,q) (56,44) (54,46) (52,48) (52,48) (51,49) (51,49) (49,51)
gl — o213 0.165 0.180 0.150 0.075 -0.068 -0.027 0.062
Classifier 0.05 0.1 05 1 5 10 50
IKQD-ICT 46.1 (3.4) | 43.7 (3.6) | 16.2 (1.9) | 15.0 (2.9) | 20.6 (3.9) | 21.6 (4.8) | 20.7 (3.0)
IKQD-IC~ 495 (3.9) | 39.2 (4.5) | 13.7 (2.0)| 12.4 (1.8)| 17.2 (4.0)| 18.7 (2.2)| 18.6 (2.8)
IKQD-RC* 15.0 (2.3) | 15.0 (3.3) | 19.5 (3.0) | 30.4 (4.8) | 37.5 (7.3) | 47.6 (4.2) | 35.7 (5.1)
IKQD-RC™ 15.3 (2.3) | 15.0 (2.3)| 13.5 (3.5) | 12.9 (3.2) | 42.9 (3.7) | 50.0 (2.7) | 35.4 (5.2)
IKQD-FK* 145 (2.5)| 15.1 (2.2) | 12.5 (1.8)| 12.7 (1.8) | 13.9 (2.3)| 13.5(2.3)| 19.5 (2.0)
IKQD-FK ™~ 21.6 (4.1) | 19.3 (4.0) | 15.2 (2.5)| 17.1 (4.0) | 14.9 (2.9) | 13.3 (2.9)| 20.0 (1.7)
IKFD 14.0 (1.6) | 11.7 (2.6)| 14.3 (1.9) | 13.6 (3.4) | 14.6 (3.5) | 12.8 (1.3)| 21.7 (3.3)
ISVM 20.6 (3.1) | 22.8 (3.3) | 28.7 (4.6) | 45.2 (6.0) | 46.1 (6.4) | 49.4 (5.8) | 38.5 (5.8)
IKNN 15.0 (2.4) | 15.4 (2.3) | 15.4 (2.3) | 15.4 (2.3) | 15.4 (2.3) | 15.4 (2.3) | 15.4 (2.3)
IKPCA-QD 13.7 (1.4)| 12.4 (2.6) | 13.0 (2.3)| 12.0 (3.2)| 12.9 (2.4)| 12.8 (2.4) | 18.6 (3.8)

(by cross-validation) for each classifier. Example KQDsslfiers is independent of the choice effor the RBF-kernel, which can
are depicted in Fig. 1, left plot. The right plot illustratesfer- easily be verified. For lows, however, we reach a range where
ence classifiers: KFD, SVM, KPCA-QD and KNN. The traininghumerical inaccuracies destroy thisndependence.
samples are marked by squares and additionally a randoretsubsTo analyze classification performance, we address the over-
of 200 test-samples is plotted. Note that the cross-validatedall mean and standard deviation of the test errors de-
are reflected in the variability of the decision lines, e.ghkr termined by §, C,a)-cross-validated classifiers in ten runs.
variability or lower s for KQD-RCtand KQD-RC . The KNN These are 6:81.0 (KQD-IC"), 6.7+1.0 (KQD-IC™), 10.3+1.9
rule is, as expected, highly nonlinear. (KQD-RC'), 11.742.1 (KQD-RC"), 6.9+1.4 (KQD-FK'),

To assess the statistical significance and independencer-of - 1£1.2 (KQD-FK™) for the KQD approaches and 1€:3.1
nel parameter choice, we repeat the above data-drawings{:r({KFD)’ 8.9£1.8 (SVM), 9'&2,",?' (KPCA-QD), and 10114
validation and test-error determination ten times. Thiscpdure (KNN) for the reference classifiers. The KQD-IC and KQD-FK
is repeated for different parameterswe do not select during nonl|lnear kernel classifiers seem to perform much betten tha
the cross-validation as this implicitly changes the dafrasen- e linear SVM and KFD. But they are also superior to other
tation in the feature space. Instead, we consider clagsifica nonlinear kernel classifiers KPCA-QD and KNN.
performance on the given kernel-feature space repregantat
different s. The results are presented in Table IV. B. Indefinite kernel on 2D data

We can observe that the KQD-R@nd KQD-RC approaches  We consider an artificialt x 4 checkerboard data based on
are mostly inferior to the reference classifierssif> 1 is fixed. a uniform distribution on[—2,2]?> ¢ R?, cf. Fig. 2. The results
These methods seem to favor smaller values,ofvhereas the of experiments are reported in Table V. We first define the
KQD-IC classifiers are better for larger However, KQD-IC and base kernek(z,z’) := exp(—d(z,z')*/s?) by usingd(z,z’) :=
KQD-FK perform mostly better than the reference classifiers 3°,_, , |z;—}|*. Practical source of indefiniteness in kernels can
all fixed s > 1. Note that KNN, despite of being a kernel classifiehe caused by incorporation of prior knowledge about invenga



TABLE VI
CHARACTERISTICS OF REALWORLD KERNEL DATA. 3 IS THE FRACTION
OF DATA USED FOR TRAINING IN THE HOLD-OUT EXPERIMENTS THE
INDICES OF INDEFINITENESS OF THE KERNELTnes € [0, 1] AND (p, q),
ARE AVERAGED OVER25 RUNS.

into kernels, deriving kernels from distances or combirkamels
[21], [11]. We observe that the checkerboard distributien i
invariant wrt. the point reflectior(z) := —z through the origin.
We incorporate this knowledge by comblnlng two base kernels
into a new onek(x, ') := max{k(z,z), k(z,7(x'))}, which can

alternatively be motivated by invariant distances [12]. deose | D'Ss'm"a”tTywo'f;?gproglggg [ 5 | negp.0)
these kernel s_etting_s, because of significgnt indefinitertd_asnce, Mucosa Derivative [; | —d2 | 2 (132/856)] 0.60] 0.15 (216,378
the example is suitable for demonstrating the behavior ef thHeart Euclidean —d? | 2(139/164)| 0.80| 0.00 (242, 0)
methods for indefinite kernels. Note that this kernel is syrim, | Nist38-EU || Euclidean fdz 2 (1000) | 0.10) 0.00 (199, 0)
ask(z, 7(x')) = k(r(x),2’) for the RBF-kernel. pontt || Heedot | 22| 3 2000) | 005 0.90 (113, oy
We follow the same expgrlmental setup as in Sec..V-A, i.e. f()q;oly MH Mod. Hausd. | —d2 | 2 (2000) |0.05| 0.25 ( 91,108
a fixed kernel value, a training set 060+ 50 elements is drawn. Multi-class problems
Parameters of all classifiers are found Wafold cross-validation. | Cat-cortex || Prior knowl. —d; 4 (10-19) [0.80] 0.19 ( 35, 18)
Test error rates are determined on an independent test 5@ -of PrOte'”COR EVO'UIWZ_”""W *32 44 532-23)3 8-28 g-fg (115577’2038)
500 samples. This is averaged over ten data drawings and repedtg >~ soucra | T8, ((271__1051) 025 001 ((518’ %
for different kernel parameter The ranges of anda are slightly | chicken1s || Edit-dist. —d?| 5(61-117)] 0.80| 0.27 (202,156
shifted as compared to the previous section. Chicken29 || Edit-dist. —d?| 5 (61-117) | 0.80] 0.31 (192,166
Example classifiers are illustrated in Fig. 2, where botind E"GSANG ESTETGSS'OH *Zz 1(5) (222222)3 g-ig 8-35 (ggi,zfé?é
the regularization parameters are determinedibyold cross- |pon il || EGRGSt |~ 10 E334:363 015 028 5253’276
validation. One can clearly observe the perfect point symn@ | zongker Shape-match| s 10 (200) |0.25|0.36 (274:226
all classifiers thanks to the use of invariant kernel, evengh the | Chromo-DIF || Edit-dist. —d?| 21 (200) |0.10|0.21 (206,213
training set is asymmetric. To maintain the clarity of preagion, | Chromo-ABS| Edit-dist. —d?| 21(200) |0.100.18 (198,221

the test examples are not plotted.
We assess some measures of the indefiniteness of the result-
ing kernel matrices. First, we determine the signatire;) of \vell as unbalanced class sizes. We compare the performdnce o
the kernel, defining the dimensionsg € N of positive and e IKQD methods to the reference classifiers.
negative subspaces, respectively. It results from an edibgd  The data are defined either by a symmetric dissimilarity func
of the training data into a finite-dimensional Krein spaceln jgn d(z,2’) or symmetric similarity functios(z, =), designed or
addition, Table V provides an index of indefinitenesseg :=  optimized for the given task. Examples of such measuresdite e
(E,\ <0 M |) / (32, IAi]), the ratio of negative variance to overalldistance, variants of Hausdorff distances, compressistantie,
variance measured by the sums of e|?envamlesf K, and the structural similarity or shape matching similarity. ThqxﬂrWlse
squared distance of the class meﬂ ||,C Finally, the functions allows us to define suitable kernels bfr,z') :=
corresponding average test errors are also reported there.  —(d(z,2"))? or k(z,z') := s(z,2’) after appropriate linear scal-
Concerning indefiniteness, we note that the fraction of tiega ing. The scaling is done such that all dissimilarities axedgid by
energy is the highest in the middle rangesoénd is decreasing the average dissimilarity in the training set, or by the agerself-
towards both lower and higher values. This is expected, Useca similarity if we deal with similarity data. This is only imptnt
kernel matrices converge to eithgr for s — 0 or to the matrix for practical reasons in order to use identical ranges airpaters
1,1} for s — oo, which are both positive semidefinite. Note thain cross-validation for different datasets.
the square distance between class means in the embedded KreThe centered training kernel matrix obtained from a dis-
space may by negative for someThis gives rise to difficult sep- similarity function is pdonly if the dissimilarity matrixD :=
aration with indefinite SVM [10]. Indeed, ISVM performs bgdl (d(zi,z;));';=; is isometrically embedabble into a Euclidean
in these cases. We again observe that both IKQD-RC methag®mce [9], [21]. Since this does not often occur for optimize
seem to favor smalles values, while the IKQD-IC approachesproximities, we will mostly encounter indefinite kernelsorSe-
give better results for larger. In order to compare classificationquently, we use the indefinite notation throughout thisisador
performance, we address the overall mean and standardidaviaall IKQD and reference classifiers.
of the test errors determined by, C, a)-cross-validated classi- The data sets are described in Appendix Il, while kernel
fiers in ten runs. These are 163.3 (IKQD-IC'), 13.5:2.4 matrices are briefly characterized in Table VI. Note that the
(IKQD-IC™), 14.8:1.7 (IKQD-RCY), 14.2+2.3 (IKQD-RC™) indefiniteness indicesn.; and (p,q) are derived on the centered
12.9+1.9 (IKQD-FKT), 14.3:3.6 (IKQD-FK™) for the IKQD kernels (as the IKQD and IKFD methods rely on either global or
approaches and 13t2.1 (IKFD), 19.6:4.5 (ISVM), 14.6:4.1 class-wise centering).
(IKPCA-QD), and 16.7-2.8 (IKNN). In conclusion, we see that We run hold-out experiments in which the complete data i spl
all IKQD-approaches outperform ISVM and IKNN and all excepinto the training and test kernel matrices such that theipeg-
IKQD-ICTand IKQD-RCare slightly superior to IKPCA-QD. fraction is used for training; see Table VI. In each run, paeters
Finally, IKQD-FK'is on average better than IKFD. of all classifiers are determined lig-fold cross-validation. Here,
the class-wise regularization parameters are kept iddrfoc all
classes, i.ea; := o and o := o®. The following parameter
ranges are considered:e [10_6,0.5] for IKFD, IKQD-IC Tand
We now consider both two-class and multi-class problem(QD-FK™, o e [1078,0.5] for IKPCA-QD, IKQD-IC~and
ranging from positive definite kernels, slightly indefinkernels IKQD-FK ™, ¢2 € [107%,2] for the IKQD-RC approaches; ¢
to strongly indefinite kernels, and covering equally batahas [107!,10%] for ISVM. The total number of investigated values

C. Real-world kernel data
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TABLE VI

AVERAGE CLASSIFICATION ERRORYIN %] FOR POSITIVEDEFINITE AND INDEFINITE KERNEL DATA. NUMBERS IN PARENTHESIS DENOTE STANDARD

DEVIATIONS. BESTIKQD AND REFERENCE CLASSIFIER ARE HIGHLIGHTED IN EACH COLUMN

Two-class problems
Mucosa Heart Nist38-EU | Nist38-MH Poly-H Poly-MH
IKQD-ICT 21.0 (2.2) | 50.0 (0.0) 3.8 (0.8) | 10.7 (1.5) 20.5 (2.0) 19.8 (2.1)
IKQD-IC™ 21.0 (2.3) | 50.0 (0.0) 45 (1.0) | 12.0 (1.3) 24.3 (3.0) 21.3 (2.8)
IKQD-RC* || 27.6 (6.3) | 17.9 (3.0) 6.7 (0.9) | 10.7 (1.3) 5.4 (1.3) 2.7 (0.7)
IKQD-RC™ || 45.0(6.5) | 17.5(4.4)| 7.6 (1.0) | 12.4 (1.6) 6.6 (1.9) 2.8 (0.9)
IKQD-FK ™ 12.6 (2.2) | 25.6 (4.4) 3.8 (0.7) 5.9 (1.3) 6.6 (1.2) 1.5 (0.4)
IKQD-FK™ 19.3 (4.1) | 50.0 (0.0) 45 (1.1) 7.7 (1.2) 10.7 (2.0) 2.5 (0.5)
IKFD 18.7 (1.4) | 15.4 (3.4)| 4.0 (0.7) 7.5 (1.4) 6.5 (1.0) 0.9 (0.4)
ISVM 9.0 (1.1) | 19.5 (4.5) 7.7 (0.5) | 15.6 (0.9) 21.6 (7.7) 7.6 (2.4)
IKNN 22.3 (2.9) | 17.7 (3.6) 6.4 (0.6) 6.4 (0.8) 7.0 (1.5) 5.6 (0.9)
IKPCA-QD || 23.1 (4.1) | 20.4 (4.4) 7.2 (0.4) 6.9 (1.0) 7.2 (1.6) 2.2 (0.4)
Multi-class problems

Cat-cortex Protein News-COR| Prodom Chicken15 Chicken29
IKQD-IC™ 84.3 (12.7)| 34.3(8.6) | 74.5(4.4) | 70.0 (3.8) 37.7 (4.1) 30.8 (3.8)
IKQD-IC ™ 84.2 (13.7)| 35.5(8.2) | 73.6 (2.8) | 70.5(4.4) | 40.2 (5.1) 34.0 (3.7)
IKQD-RC* 8.7 (9.1) 15(2.8) | 241 (2.4) 1.5 (0.7) 7.0 (2.8) 5.3 (2.4)
IKQD-RC™ 7.0 (7.1) 1.3 (2.8) | 24.2 (2.6) 1.5 (0.6) 14.3 (4.9) 6.1 (2.4)
IKQD-FK ™ 7.3 (7.4) 0.4 (1.7) | 26.1(2.8) 2.0 (1.0) 15.7 (3.7) 9.3 (1.9)
IKQD-FK™ || 27.8 (14.8)| 1.6 (2.3) | 45.7 (4.4) 4.3 (2.2) 28.1 (3.8) 25.5 (3.9)
IKFD 13.0 (10.3)| 0.6 (2.5) | 25.8 (2.6) 1.8 (0.6) 11.3 (2.9) 12.9 (2.5)
ISVM 32.0(9.5) | 85(9.7) | 23.3(25) | 6.9(10.9)| 22.9(3.8) 16.0 (3.3)
IKNN 16.3(9.9) | 3.6 (3.5) | 29.7 (2.7) 3.0 (0.6) 8.5 (2.9) 4.7 (2.7)
IKPCA-QD || 10.5 (10.6)| 0.5 (1.1) | 26.5 (2.7) 1.3 (0.5) 17.9 (3.7) 14.0 (2.4)

Files Pen-ANG | Pen-DIST Zongker | Chromo-DIF | Chromo-ABS

IKQD-IC™ 64.9 (10.6)| 4.3 (0.6) 5.4 (1.2) | 39.7 (1.6) | 43.4(4.2) 26.4 (3.6)
IKQD-IC ™ 64.0 (9.4) | 5.2 (0.7) 6.4 (1.1) | 45.7 (2.6) 60.5 (3.7) 47.0 (5.5)
IKQD-RC* 6.2 (1.8) 6.6 (1.2) | 11.8 (2.1) 5.6 (0.7) 6.0 (0.8) 9.1 (1.0)
IKQD-RC™ 6.8 (2.0) | 11.0 (2.5) | 18.2 (2.4) 5.6 (0.9) 6.4 (1.1) 10.8 (1.1)
IKQD-FK ™ 6.9 (1.6) 3.3 (1.0) 3.0 (0.9) 4.4 (0.6) 40.7 (6.5) 30.8 (6.0)
IKQD-FK™ 17.3 (4.0) | 3.9 (1.0) 3.5(.0) | 314 4.2 81.4 (3.1) 81.0 (3.3)
IKFD 6.6 (1.4) 1.4 (0.5) 1.5 (0.5) 5.8 (0.6) 8.6 (0.8) 7.7 (0.4)
ISVM 8.9 (2.2) | 41.0(2.5)| 42.0(2.2) | 92.9 (1.5 89.0 (1.6) 87.1 (2.2)
IKNN 36.3 (3.3) 1.1 (0.5) 1.7 (0.5) | 11.5(1.4) 7.7 (0.5) 8.0 (0.7)
IKPCA-QD || 14.1 (2.5) 1.1 (0.4) 1.4 (0.3) 6.6 (0.7) 8.6 (0.7) 9.7 (0.8)

is 11—13. For IKNN, the valuek € {1,2,...,45} is optimized.

IKPCA-QD has two parameters, the amount of preserved vegian

pvar iN the IKPCA and the regularization of QDA in the IKPCA

space. We sebvar = 0.8 in all experiments as IKPCA usually

gives very long eigenvalue tails which are not very inforireat
The complete procedure is repeatgd times for all classifiers
and the results are averaged.

Table VII shows average classification errors and standard-

deviations for the IKQD classifiers and reference methodsb-P
lems with nearly pd kernels areMist38-EU (pd), Hart (pd),

Protein, Prodom and Files. Problems with moderately indefi-

discriminants do not make use of the between-class infor-
mation. So, they can only work well for 'clean’ separation
between the classes (as e.g. in tist38-EU case), which
means that the between-class kernel values are much smaller
than the within-class kernel values. Secondly, there are nu
merical difficulties caused by the use of the second power of
(pseudo)-inverse of the class-wise kernel submatrix; $ég (
and (16). If there is insufficient discriminative informeatiiin

the class-related kernel, it will be enhanced in this preces
One of the best methods are usually either IKQDRE
IKQD-FK .

nite kernels areMucosa Chromo-ABS Cat-cortex News-COR  Among the reference methods we see that:

Chromo-DIF andNist38-MH while the remaining problems deal

with highly indefinite kernels. The following observatiooan be
made for the IKQD methods:

o All IKQD-* * approaches perform usually similarly or better

than their corresponding IKQD=* variants.

o IKQD-ICTand IKQD-IC frequently perform badly. There
are two reasons. First, except for the search of biases, the

11

o ISVM performs badly for multi-class indefinite kernel prob-

lems and is mostly outperformed by IKFD or IKNN.

IKFD works in general very well with indefinite kernels,
which is an empirical support in addition to its sound
geometrical motivation.

There is no clear favorite among the reference classifiers
IKFD, ISVM, IKNN and IKPCA-QD.



By comparing our IKQD approaches and the reference classifigeneral, the IKQD-RC and IKQD-FK methods mostly outperform

we conclude that

ISVM, which becomes apparent with growing indefiniteness

« ISVM is outperformed by IKQD-FK in all cases except for of the kernel. The best IKQD method, IKQD-FK frequently

the Heart and Mucosadata.
« IKNN is outperformed by IKQD-FK in all but theChicken-
* Pen-* and Chromo-* examples.

outperforms the reference classifiers IKNN and IKPCA-QD.
In summary, we provide a comprehensive approach to kernel
guadratic discriminant analysis based on the suitablylaeged

« IKQD-FK*outperforms IKPCA-QD for a small number ofkernel Mahalanobis distance in either class-wise or futhke

classeg. IKPCA-QD tends to work better than IKQD-FKf
c > 10.

induced subspaces. More research is however needed ttyclear
identify conditions under which the nonlinear KQD/IKQD rhet

« IKFD achieves better results than IKQD-R@® 9 out of the 0ds will outperform linear KFD/IKFD and SVM/ISVM.

18 data sets and outperforms IKQD-Fiif 8 cases.

e ISVM is usually significantly outperformed by either

IKQD-RC"or IKQD-FK™.

These findings are also supported by further experimentsosn p

itive definite kernels resulting from vectorial data with (Baian
RBF kernel, which we omit here.

V1. SUMMARY AND CONCLUSIONS

In this paper we have presented different formulations for
[1] J. Bognar,Indefinite Inner Product Spaces Springer-Verlag, 1974.

kernel quadratic discriminants. In particular, we make stinic-

tion between approaches based on invertible covariance opéZ]
ators KQD-IC, regularized covariance operators KQD-RC and
full kernel space approaches KQD-FK. All methods rely on

kernel Mahalanobis distances appropriately regularinedeinel-

induced feature spaces. They differ in the amount of kerneih]

information they use. Ignoring the computation of the bas

the approaches KQD-IC and KQD-RC do not use between-
class information. In contrast, the KQD-FK methods rely onl]

the full kernel information for the computation of Mahaléie
distance. In addition to the test-versus-train matrix, KiggD-RC

approaches require the diagonal kernel vaki(esx). Concerning
computation complexities, the KQD-IC and KQD-RC approanchem
have the conceptual advantage of reduced test time for lar

number of classes. The dominating complexity contribugtiane
inversely growing with the number of classes. However, pkés

KQD-RC™, the classification time of the methods grows quadratlg]
ically with » in contrast to linear kernel methods. Future worlyg)

will aim at acceleration, e.g. by sparse matrix approxioregifor
the inverses of covariance matrices or training subsettete

KQD is a true multi-class approach, not depending on seffies 3
binary decisions. As the computation schemes are idenfiical

all classes, the decisions functions can easily be paratél

The methods are genuinely nonlinear, which is conceptually
wider and may be favorable in comparison to kernel metho
obtained from linear algorithms. The methods have natuxal e

tensions to indefinite kernels. In particular, we presentavd-

tion of indefinite KFD, which has a geometric interpretatio
in Krein spaces. We also propose extensions of all disdus
KQD discriminants to indefinite kernels. All the methods é&av

a sound mathematical motivation, hence extend the classroék [16]

methods that can work with indefinite kernels.

Experimentally, the IKQD-RCand IKQD-FK"seem to be
favorable among the IKQD approaches. The latter seems {hé
most beneficial, but is computationally more expensive due
full kernel matrix processing. The IKFD is frequently sianil
or better than the IKQD approaches, but there are also many
situations in which IKQD-RC or IKQD-FK T are strong winners. [19]

This especially occurs for suboptimally designed dissinty
measures, e.Nist38-MH, Poly-H, Chicken-18nd Chromo-DIF

or imbalanced data such as tGat-cortexor News-CORcases. In
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APPENDIXI B. KQD-RC

DERIVATIONS As an ansatz we directly regularize the covariance operator

Here we provide derivations details of the IKQD methods. Creg:= C + 0’1y, = l@f’ﬂF oI, (27)

wheres? > 0 is a parameter to be chosen. By multiplying by
A. IKQD-IC from both sides, usingd = ®'® and definingKreg := K + aly

o ] L for o := no?, we get
Remember that the empirical mean 4g, := ;¥1,, the

centered configuration i¥ = WH, the empirical covariance Creg® = lé(k+n52[n) = léf(reg,

operator isC := L¥¥T7 and the centered kernel matrix is "

K = U7, As we assume invertibility olC, we implicitly ~As a result, bothCreg and Kreg are strictly positive definite, in
restrict to finite-dimensional spacés as the image of” is at particular non-singular, aso? > 0. Hence, the inverses are well-
most (n — 1)-dimensional. Hencel is interpreted as an x n  defined and we can equivalently write

matrix for m < n. Recall thatK is singular due to centering. 1 -

We are now interested in a kernel formulation of the terms OKreg = Creg ® (28)
D2, ((x); {,,C}) for new observations: € x. Analogously

~ =T ~
to the pd case, we haVe NOte thatanb( ) P (¢( ) (I)ln) = (I)H(kz Kln) =

dk,, wherek, andk, are deflned in (2) Henc«ﬂreg acts on an

b — l\i’\i’Tj\i/ _ l\i/i(. arbitrary centered vectas(x) as: Cregd(z) = —<I>kx + o2p(x).
n n SinceCreg is invertible, we obtain
Assuming the singular value decompositign= USV’ with b(x) = lcrgglél}z +020r;gl<z3(x). (29)
n

orthogonall € R™*™, V € R™*™, diagonalS = [S,0] € R™*"
and invertible diagonaf € R™*™, we see thatsS” = S? is By multiplying (29) on both sides by(z)" (from the left) and
invertible. SinceC™! =nU(SST"'UT and K~ =V (STS)" VT, thanks to (28), we can write
we arrive at slightly extended terms as compared to (11) T T 1- o~ T~
. o(x) d(x) = ¢(x) PKregks + 07 ¢(x) Creg d(x).

5071‘1’ = JU(ssHtsvT=gU [571, 0] vt (24) BY abbreviatingk.. = ¢(z)'¢(z) and solving for the last term,
N US(STUTJUS)—VT. we get the desired square Mahalanobis distarmeTCrgglqb(x) =
L (kgx — Ky +Kregkz). This leads to the class-wise decision
We aim at the identity of both right hand side terms and mdeédnctlon (18).
by abbreviating := U'JU € R™*™ and, observing that’ =
W1, we obtain for the middle matrix in the last term

C. IKQD-RC
- G S7'wtsTt o —1[a-1 Regularization of an empirical covariance operator iniKre”
S(STWs)” =8,0 =w= 1571 o|. L
( ) [5,0] { 0 0 } [ ] spaces should respect definiteness of the space. Therefsst
Therefore, the second equation in (24) simplifies to Creg:= C + o2 = l\i/\i/* +027, (30)
n

US(Sws)" v =uWw'gu) [5‘*1,0] vi=gU [S’*l,o] V' wheres® > 0 is a parameter to be chosen. After multiplying by
U from both sides and thanks 6§ = UT.7 ¥, we get

and is equivalent to the first line in (24). Hence, we get the B T T -
analogue of (12) as: Creg¥ = E\I“Ij JY +0°TJ¥ = E\IIK +o°J¥. (31)

1 . 1: =-~_ We want to express the right-hand side of (31) a8 Kreq for
—CTN =UK". (25) . . 7 )

n some specifically regularized kernel. Therefore we mustitew

. . ~ 1 the last term7¥. Assume an eigendecomposition of ¥ = K
Given an arbitrary .centered vectox) = (z) — 5 ¥1n, CACIS  4q§*§ — yAUT such thath = diag A+, A—,0) is a diagonal
on ¢ (z) as follows: matrix consisting ofp positive, ¢ negative andn—p—q) zero

g p g
~ 1.1 1 1. eigenvalues, while the corresponding eigenvectors amedtn
Co(x) = WV T (1/)(17) - quln) = —Vks,  (26) the columns ofU = [Uy,U-,Up] € R™*™. To simplify the
following reasoning we assume a specific feature space embed

wherek, = UT7y(z) and ke = U749 (x). Hence,d(z) = ding ¥ of the data, which will “cancel out” later on due to the
Lo=1yk, = WKk, thanks to (25). Then we can express théernellzatlon So, the epr|C|t centered feature spaceeeldiing is
gmpirical Mahalanobis distance as = [diagA+, A-)|#[U, U-]" into a finite-dimensional
Kreln spacelC = R We then easily verify that indeed
D3 ((2); {0, C}) = P(2) T C ™ (x) U*0 = [U4, U_]diag A+, A_)[U4+,U-]" = UAUT and further-

B B T more W W = U|A|UT. We introduceJ := diag(1p, —1¢, 1n—p—q)
= P(2) 0T UK ke = nky((K) ) ke which impliesA = |A|J. Thanks to orthogonality of/, we get

This yields the decision function (16) of IKQD-IC 7V =vANUTUIUT =8 NUIUT (32)



As ¥ spansk, we conclude that7 = JUJUT because they centering). With regulars, Qs and A would be regularn xn
are not discriminating within the span &, i.e. all inner products matrices satisfyingQ!Qs = A~'. Hence,Q; ! = AQ! = A2Q

with ¥ are identical. As a result, (31) becomes and (Q1Y™! = QsA. In such a case, straightforward compu-
S 9 T 1= tation shows that)s cancels out in the Mahalanobis distance
Cregl = ~ V(K +no”UJU') = ~VKireg, D2,, which is greatly simplified toD2,(v(z); {y},cll}) =

T = s . L. .
where Kreg = K +no?UJU" = U(A +no?J)U'. Consequently, njkLZ] (K[J])*lkgﬁl. This leads to decision functions (22) and
Kreg is invertible because the magnitudes of all eigenvalues
enlarged byno? and therefore nonzero. This allows us to write

E. IKQD-FK

We consider now a vector space extracted from indefinite

Similarly as in (26),Creg acts on an arb|trary centered vectokernel PCA (IKPCA) [22]. We determine an eigendecompositio
1{’(17) such thatCregth(z) = £Uks + o’4(x), wherek: = £ — QAQT, where A € R™*" is a diagonal matrix withr
‘I’ T (). §|nceCreg is invertible, we geh/;( ) = 1Cieg Wkz + nonzero eigenvalues, including positive andq negative ones.

o*(Creg) ' (). By multiplying with ¢(x) .7 from both sides on e R"*" is the matrix of orthonormal eigenvectors. The IKPCA
the left and thanks to (33), we observe that = ¢ (z)*¢(z) = mapping is defined by(z) := QTkz, whereQs := Q|A|~%. The
P(x) TV Kieg ke + 0?4 () "I Cieg b (x). By resolving for the last explicit IKPCA space representation of thigh class is denoted
term, the desired square Mahalanob|s distance can be erpregs ¢l .— Q;’f(j, which leads to the empirical mean vector
as Y (z )TJCrEglU;( ) = L (koo — Ky +Kieg k), Which yields the o = Lwlbh, = Q! 1K;1,,. Consequentlygll(z) :=
class-wise decision function (20). e )_wm _ QTR wherekm _— —Lf( 1. Equivalently,

gl .— (4] T _ _ L T~ ok, gl
D. KOD-FK —wbl gyl — QT (K, - LK; 1nJ1 ) QTR H

- _ This leads to the emplrlcal class covarlance matrix in the@A

Let K = [Ky,...,K.] be a centered kernel matrix for thespace as:

training data, where the column- bloclféj € R™*"™ correspond 3
to the kernel vectors of different classes. The lower supiscrclil — 1y Ul [J]) - LQ-SFRjH[j]R;-Qsj — iQIf(MQsJ,
is chosen here to avoid confusion with the class-wise cedter mj nj nj
matrices K1l € R"*" from KQD-IC. Consider now a vector where ZUl — &, HUIET € R and HU) — HUVHU). Given
space extracted via the kernel PCA (KPCA) [29]. We determmere lar matnxC[J] the empiricalD?. in the IKPCA space is
an eigendecompositiols = QAQT, where A € R™" is a gu P M P
diagonal matrix withr nonzero eigenvalues, ar@ € R"*" is D3 (Y (z); {1/)[] o] D = ((z) — w[y )*(CJ ) (W(x) — U] )
the matrix of column-wise orthonormal eigenvectors. TheCIAP .

~ o~ 1 1=~
UKieq = —Creglxp.

mapping is defined bys(z) := Qlk., where Qs = QA 2. (Q-srk[]) (QSK[J Qs J) Q;rl:([j]
The explicit KPCA space representatlon of th&h class is O E 4] 1 T[]
then denoted awl/! .= QIK;, which leads to the empirical = n; (k) Qs (QIEVQs) 1 QTKY,
mean vectory! = ;L wl] lnj = 7-QIK;1,,. Consequently, thanks to the identities’ ' = 7 and I;, = J.7. We can now

Ul (z) = ¥(z) — wg] = Q(ks — FKjlnj) QT where simplify this method and remove the dependency on the IKPCA
y space by removin@s from the Mahalanobis distance. By follow-

ing the same reasoning as in Sec. I-D, the square Mahaladisbis

tance D3, can be approximated bp2, (v(x); {7, (Clih}) =

AT = ;. i
njk[zj] (K[J])*lk[j], which leads to decision functions identical

K = kx—nijf(jlnj. For the completg-th class we get
. 1 - - .
U= gl gl T = @f (Kj - n—jKlej 111,) — QIK;HU.
This yields the class covariance matrix in the KPCA space as!© (22) and (23).

cll = %j,[j](j,[j])T: %Q-srf(jH[j]f(;'rQs = %QIRU]Q& APPENDIX I
~ ! ! ! DISSIMILARITY DATA USED IN EXPERIMENTS
where KU .= K;HUIKT € R thanks torl) = gllgll,
Note thatK isa submatrlx of the centered kernel matkix while
KU involves additional centering with respect to tjih class.
Given a regular matrixC!, the empirical square Mahalanobis
distance in the KPCA space is

A collection of dissimilarity data sets is used in our stublyey
are briefly characterized below:
« Mucosadata consist of autofluorescence spectra acquired
from healthy and diseased mucosa in the oral cavity by
using the excitation wavelength afé5nm; see [35] for

D?w(qp(x);{qu],cm}) = (Y(z) — wﬁf])T(CU])*l(qp(x) _ ¢£{]) gletails. There ares57/112 nermalized spectra represent-
2T T 1 =g ing healthy and diseased tissues, respectively. Firstrord
= n'(Q km) (Q K[J]Q) QLY Gaussian-smoothed derivatives of the spectra are compared
1 by the use of city block distances (smoothing based 3
= n; (¥ TQs (QIE Q) 1 QIkY. samples)

We now motivate our method by a simplification step in order to « Heart data is a two-class vectorial data set and consists of
remove the KPCA dependency. Formally, we propose to remove 303 examples and3 continuous and categorical features. It
the matrice€)s from the above Mahalanobis distance. This would  comes from the Machine Learning Repository [36] for which
naturally occur ifK was regular (which is not true due to kernel the Gower distance was computed as proposed in [37] to



handle different types of features. It is isometric to Ededin
distance.

Poly-H and Poly-MH data consist of two classe2000
examples each, of randomly generated convex quadrilateral
and irregular heptagons. The polygons are first normalized
and then the Hausdorff and modified Hausdorff distances are
computed between their vertices [38].

News-CORs a small part of the 20 Newsgroups data, basqgg]

on four classes: the 'comp.*, rec.*, ’'sci.* and ’talk’*

newsgroups. Each message is described by occurrence
vectors in a 100-dimensional space. The d|SS|m|Iar|ty[36]
data is derived based on the non- meguc correlatiorg

|2— oxTx/ /"
able front3e]

based measurel(x,x’) = (1 — e
The Newsgroups data is avai
http://www.cs.toronto.edu/ roweis/data.html

ProDomis a subset 02604 protein domain sequences from[39]

the ProDom set [39]. We use the four-class problem defined

by pairwise structural alignments computed by Roth [40]40]

The asymmetric similarities are averaged out.
Files data describes five classes of different types of com-
puter files: *.cc’,*.tex’,”.bib’,”*.ps’ and *.pdf’. T he asym-
metric compression distance, approximating the Kolmogoro
complexity, is derived between the files based onghip -
compressor [41]. What is interesting here is that the self-
dissimilarity, d(x, ) is usually non-zero.
Cat-cortex dissimilarity data describe the connection

strengths between 65 cortical areas of a cat [42]. Four
cortex functions are distinguished. The dissimilarityues

are measured on the ordinal scale and take the values of

1,2,3 and 4.

Protein data compare the protein sequences based on #d

concept of an evolutionary distance. The proteins are -origi
nally assigned to four classes of globins [43], [44].
Pen-angle and Pen-dist refer to pen-based handwrit-
ten digit data from the UCI Machine Learning Repos-
|tory, http://www.ics.uci.edu/ mlearn/MLRepository.html

Each digit is represented by a string of 2D vectors on
a contour. The distance between the strings is an edit
distance with fixed insertion and deletion costs. Two défer
substitution costs, angle and Euclidean distance between t
consecutive vectors lead to two different dissimilaritytada
Here, only a part of the pen-digits data is used. See also [45]
Zongker digit data describe ten digit classes, each20d
examples. Digits are represented by binary images. An
asymmetric similaritys;; based on deformable template
matching is used to compare the digit shapes [46]. The
similarities are averaged out.

Chicken15 Chicken29dissimilarity data sets are derived
from the five-class Chicken Pieces Silhouettes data [47. Th

edges are first approximated by straight line segments of a

fixed lengthL = 15 (Chickenl% and L = 29 (Chicken29

[42]

[43]

[44]

[46]

[47]

difference-coded six-level nonlinear profiles. Edit distas
are used to derive the dissimilarity sets. Cost functiores ar
defined based on either difference cod€hromo-DIF or
absolute codesQhromo-AB§ The data sets are available
from http://www.iam.unibe.ch/fki/databases
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edit distances with fixed insertion and deletion costs etpal
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04/06 - N
05,/06 - 1
06/06 - S
01/07 - S
02/07 - S
03/07 - 1
04/07 - 1
05/07 - 1
06/07 - N
07/07 - N
08/07 - 1
09/07 - N
10/07 - S
01/08 - N
02/08 - S
03/08 - S
04/08 - S
05/08 - S
06/08 - N
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