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Modules of Witt Vectors

Friedrich Ischebeck and Volker Kokot

Abstract

Parallel to the construction of the (big or small) Witt vectors
ring A(R) resp. W®)(R) over a commutative ring R we construct
a module L(A) and L(p, A) over A(R), resp. W®P)(R) if a graded
R-algebra A is given.

Introduction

The original ring of Witt vectors W(R) = W®(R), the ‘small Witt
vectors ring’ is a functor from the category of commutative rings R to
itself, defined with respect to a fixed prime number p. It has the following
remarkable property: If K is a field of characteristic p, then W(K) is
a complete local domain of characteristic 0 with residue class field K.
Moreover, if K is perfect of characteristic p, then W(K) is a discrete
valuation ring with maximal ideal pW (K) and W (K)/pW (K) = K.

The ‘big (or universal) Witt vectors ring’ A(R) was constructed much
later independently by several authors, including Witt himself. The
small Witt rings W) (R), for all prime numbers p, are residue class
rings of A(R). The additive group of A(R) is isomorphic to the subgroup
1+TR][T1]] of the unit group of the formal power series ring R[[T]] (in one
variable). (In [1] one finds the notation U(R) for the big Witt vectors
ring, whereas A(R) in [1] denotes its underlying additive subgroup.)

In this paper we consider the analogous group L(A4) :=
1 + [[;514; for any ‘product-graded R-algebra A = [[;5qA4;
(see 1.1) and equip it with the structure of a A(R)-module.

*Sponsored by the DFG



Analogously to the small Witt vectors ring W) (R), attached to the
prime number p, we construct the small Witt vectors module L(p, A) as

a residue class module of L(A), in a manner that L(p, A) also becomes
a W®)(R)-module.

Our construction is functorial in (R, A).

If A is reduced of characteristic p, then L(p, A) is Z-torsion free, which
generalizes the fact that W®) (K) is of characteristic 0, if K is a field of
characteristic p. (See Proposition 3.6.)

If R is a domain of characteristic p and A reduced, then L(p, A) is torsion
free over W®)(R).

Let K be a perfect field of characteristic p > 0. Then it is easily seen
that for every finitely generated W (K)-module N there is a product
graded K-algebra A with L(p, A) = N. On the other hand, the quotient
field of W(K') as a W (K )-module is not of this form.

By N we denote the set of integers > 0, by Ny the set of integers > 1,
by P the set of prime numbers.

We thank Hendrik W. Lenstra, who allows us to use freely ideas we found
on his web site. Also we thank Dale Husemdller for advice.

1 Fundamental Constructions

1.1. Here we consider ‘product graded’ rings A =[] jeN A;. This notion
means a variation of the notion ‘graded ring’ insofar as we consider
[1;en 4; instead of ;< A;. The elements of A can be uniquely written
as formal infinite series )y fn With f,, € A,. Multiplication is given
by the Cauchy product (> ey fa) (Xt 9n) = Sen(Sip s fig)- In
a canonical way Ag is a subring of [[ 4; and we require that Ay has
a 1 which is also the 1 of [] A;. A morphism of product graded rings
a:[[; Aj — [1; A} is a ring homomorphism with (1) = 1, a(4;) C A}
and a(Z]’eN fi) = ZjeN a(f;)-

Let A; denote the (‘irrelevant’) ideal J[;5; A; of A = [[;504;.
We equip A with the Aji-adic topology. The subgroup 1 + Ay
= {1+ 2,51 fi | f; € Aj} of the group of units A* of A will here
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be denoted by L(A). If A = R[[T]] (with one indeterminate and the
canonical graduation) we will write A(R) := L(R[[T]]) = 1 + T'R[[T]].
This is compatible with Exercice 42) of §1 in [1] p. 56, and also with [4].

In the case where Ag, hence A, is an R-algebra we will define a product
1 A(R) x L(A) — L(A), which in the case A = R[[T]] gives A(R) the
structure of a ring (clearly the known one) and, for general A, equips
L(A) with a A(R)-module structure.

1.2. Every element of L(A) can be uniquely written as an infinite prod-
uct of the form

H(l — f]) with f; € A;.

Jjz1
(This follows from the fact that (1 + f,) Y(1 + fo + fog1 + ) with
fi € A; is of the form 1+ gp11 + gnt2 + - -+ with g; € A;.) This means
that L(A) is topologically generated by the (1— fj)*1 with homogeneous
fj of positive degree with respect to the A -adic topology.

Note that one can construct an extension of the ring R over which the
term 1 — a7V splits into a product of linear factors. Therefore we will
first define the *-product in the special case (1—aT)'*u with u € L(A),
and see then that this forces the definition in the general case o * u with
a € A(R),u e L(A).

Leta € R, u:=1+% 5, f; € L(A), f; € Aj (where the case A = R[[T]
clearly is not excluded). For these special left factors our definition of
‘%7 s
(1—al) P su:= 1—|—Zajfj .
j>1
Note 1.3. For A = R[T]], v = (1 — bT)~! this means
(1—aT) ' (1—bT)"' = (1—abl)" L

It is not possible to give L(A) — for general A — the structure of a ring
in this way. One would come into trouble with graduation: Try e.g.
A-=f)"tx(1—-9g)t=00-fg)!for f,g € A;. Applied to A = RJ[[T]]
this would give (1 —aT)™ ' % (1 —bT)" ' = (1 — abT?)~! # (1 — abT) L.

Definitions 1.4. a) By A we denote the category of pairs (R, A) where
R is a commutative ring and A is a commutative product graded R-
algebra, the R-algebra structure of A given by one of its zeroth part
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Ag. A morphism (R, A) — (R, A’) is a pair of a ring homomorphism
p: R— R and a morphism of product graded rings o : A — A’ that are
compatible with the algebra structures.

b) By M we denote the category of pairs (R, M) where R is a commu-
tative ring and M an R-module. A morphism (R,M) — (R',M') is a
pair of a ring homomorphism p : R — R’ and an R-module homomor-
phism p : M — M’ where the R-module structure of M’ is induced by
its R'-module structure and p.

Theorem 1.5. For (R, A) € Ob(A) there are biadditive maps
*: A(R) x A(R) — A(R) and * : A(R) x L(A) — L(A)

which are continuous with respect to the topologies defined by the irrele-
vant ideals TR[[T]] and A4, such that

A—M, (R,A)~ (AMR),L(A))
s a functor and

(1—al) ' (14> bT) =1+ albT7

Jjz1 j>1
(1—aT)71*(1+ij):1+Zajfj
i>1 i>1

fora,bj € R, f; € Aj.

We will prove this in the remaining part of the section.

1.6. We will compute and argue modulo [],,, A; in L(A) resp. mod-
ulo 7" in A(R). Tt is not difficult to see L(A)/(1 + [];, 4j) =
L(A/Tlj>nAj). We define L,(A) := L(A/]];., 4;) and Ay(R) :=
L(R[[T)]/(T™*1)). Taking inverse limits and using continuity, we will
get definitions and statements for A(R) and L(A).

We will not be too pedantic in our notations. So we will write
> iy fj and also (1—aT ™) =1 for their residue classes modulo ] jon A
Also if R’ is a nongraded R-algebra we will write L,(R' @ A) :=
Ln(Ilj50(R ®r Aj)). (There may be some justification in the fact that
one may identify L, (A) with @7:0 A; with an adjusted multiplication.
Also one may regard A as the sequence of the A; instead of their prod-
uct.)



Definition 1.7. Let a € R, uw:=1+ ", fj € Ly(A). Then define

walu) = (1 — aT)_1 xu=1 +Zajfj
j=1

Remark 1.8. The following is easily verified: ¢, is a group endomor-
phism of L, (A) and for a,b € R we have .00 = @ap.

1.9. By Z[R] := Z|(R,-)] we denote the monoid ring over Z of the
multiplicative monoid of R. Then, a € R operating as ¢,, the group
L, (A) becomes a Z[R]-module.

Considering the case A = R[[T]], we get a Z]|R]-module homomorphism
Z[R] — A, (R), defined by 1+ (1 — T)~L. Its kernel is an ideal. There-
fore its image, denoted by M, (R), has the structure of a ring. And
L,(A) is a module over that ring. Note that

(%) the assignment (R, A) — (M, (R), L,(A)) is a functor.

There is a ring extension R C R such that every nonconstant polynomial
over R splits into linear factors. One can even choose R so that it is free
over R with a basis containing 1.

To see this, note that R[X]/(f) is free over R with basis the classes

1,X,...,X" ", if f is monic of degree n.
The rest of the construction is similar to that of an algebraically closed
extension field in [3] V, Theorem 2.5.

1.10. Note that if over some ring one has X" —a = (X —a1) -+ - (X —aup)

then 1 —aT™ = (1—ayT) - (1 —a,T). Therefore M, (R) = A,(R). So
there is a product A, (R) X L,(A®; R) — L,(A®g R), (\,u) — X\ *u.

The following lemma (of Lenstra) now is crucial:
Lemma 1.11. Let R C R’ be a ring extension and X € A(R), u € L, (A)
such that X € My(R'). Then Az u = X*p u € Ly(A).

Proof. Let R C R" be a ring extension. Then by functoriality, 1.9 (x),
we have \ xpr u = X xgr u. Apply this to the case R” = R’ @ g R. Write



R = @,cr Rei with eg = 1. Then R'" = Dicr R'e;. Considering R', R
canonically as subrings of R” (especially R’ = R'eg), one has R'NR = R.

So one has A ¥ u = X *gr u = Az u, and this element lies in L,(R' ®
A)NL,(R® A) = L,(A). O

This means there is a unique possibility to define the x-multiplication
with those properties, which are required in the Theorem.

2 Elementary Properties

Proposition 2.1. Let d,e € Ny, p := lem(d,e), ¢ := ged(d,e) and
a€ R, feA.. Then

(L aT?) ™ s (1= )7 = (1= an/dpriey el = (1— a®l? f49)0. (1)

FEspecially for A = R][[T]] the *-product is commutative.

Proof. Let ¢ € C be a primitive d-th root of unity. One knows that
Z[¢] is free over Z with basis 1,¢,...,(?@~1 Now let R’ O R be a ring
extension (with R’) containing a d-th root « of a.

Then we may write R’ @z Z[¢(] = R ® R'(® --- ® R'¢?(D~1. (Especially
we write a¢/ instead of a ® ¢7.)

From H?Zl(l —IT) = 1—T%in Z[¢][T] one derives H?zl(l —ad’T) =
1 —aT? in (R ®zZ[¢])[T)]. By distributivity of “*’ with respect to ‘-’ we
see

d
(1—ar) w1 -7 =] (1 —adT) (- f)7) =
j=1
d ‘ d/é ] -5
[T -ascpn= = (TT-a%c?p) .
P =1

The last equality holds, since the series (¢%/); has the period d/§, i.e. (¢

is a primitive (d/8)-th root of unity. Since further (a®)%? = a®/% we see
d/s s
<H(1 o aec@jf)) — (1 _ ae/(Sfd/(S)f(S ]
j=1



O

Note 2.2. Before we knew of Lenstra’s notices [4] we defined the
s-product by equation (1). This defines ‘«’ for general factors by biaddi-
tivity and continuity, which means biadditivity with respect to infinite
series. To show the ring, resp. module axioms we first considered the
case A = R[[X1,...,X,]]. We used formal logarithmic derivations with
respect to 17" and the X;. The general case was then handled, using
homomorphisms R[[X7,...,X,]] — A.

Remarks 2.3. We compute some *-products.
@) (1—aTH P x(1—f) =10 —afH~ 1 if f € A, and ged(d,e) = 1.
B) Let j,k,p € Nand p > 1, further f € A . Then

ATV a1 - )l (L—a? ) i j <k
(1—aT”)™ (1~ f) —{(1—afp”)‘pk it j >k

v) In addition to the assumptions of [3) let p be a prime number and
R (hence also A) be of characteristic p. Then () reduces to the simple
formula

(1—aT?)ts(1— )"t =1 —a )L

The rest of this section does not concern the *-product.

2.4. a) The order of (1 — T)~! in the group A(R), i.e. the additive
order of the (unit element) 1 in the ring A(R), is oo, if R # 0. IL.e. the
canonical ring homomorphism Z — A(R) is injective for R # 0.

b) When is L(A) torsion free as abelian group? Not always:

Ifin Ay = szl A;j there is a nilpotent nonzero element f of finite
additive order, then L(A) has torsion.

Namely some power g = f™ has the property g # 0, g> = 0. Let
n > 0and nf = 0. Then ng = nf-f" ' =0. Sol+g # 1, but
Q+g)"=1+ng+(5)g*+ =1

Especially, if in A4 there is an element whose order is not squarefree

then L(A) is not torsion free. For in this case there is a g € A of order
m? with some m > 2. Then mg # 0, m(mg) = 0 = (mg)?.



Proposition 2.5. Let A be a product graded ring such that for every
p€eP, j>1 thereis no f € Aj — {0} with both pf =0 and fP € pA,;.

Then L(A) is Z-torsion free.

Note that in this paper we use no double indices, especially the index
pj above means p - j.

Proof. 1If in L(A) there is an element of finite order, there is also one
whose order is a prime number p. So let u = 1+ f + frr1+ - be such
that f; € A;, fi #7 0. We have to show u? # 1.

Otherwise we would first obtain pf; = 0 by considering the k-th homo-
geneous part of uP. Then considering its pk-th homogeneous part, we
would see that —f,f would be a sum of some (f) [ withk <j <pk, 1<
r < p. Since the coefficients are divisible by p, we would see f,f € pAyk
whence f, = 0. (]

Corollary 2.6. a) If A is Z-torsion free, then L(A) is Z-torsion free.

b) Let A be an Fy-algebra for some p € P. Then L(A) is Z-torsion free,
iff Ay is reduced.

c¢) Let every element of Ay be of finite squarefree order. Then L(A) is
Z-torsion free, iff Ay is reduced.

Proof. We have only to show one direction of c¢). So let p be a prime
number. The elements of order p, resp. of order prime to p form graded
ideals J, resp. I with A = J & I, such that A as a ring is isomorphic to
(A/I) x (A/J). Etc. O

3 Universally Defined Submodules and Ideals

Definition 3.1. A subset S of Ny is called divisor closed if the divisors
of every n € S also belong to S.

Equivalently this means that its complement S¢ := Ny — S has the (ideal
like) property N1.S¢ C S°.



Examples 3.2. The mostly used examples of divisor closed sets are
a) {1,2,...,n},
b) (p) —{1 p,p?,...} for p € P,
c) {1,p,p?,...,p"} for p € P,
d) §:=U,ep(p)-

Lemma 3.3. Let S C Ny be divisor closed.

a) The following subsets of L(A) are equal:

(i) the set of the (converging) products [[;Z,(1 — i)t € L(A) with
homogeneous f; whose degrees are elements of S¢;

(ii) the set of the H;?;(l —g;)~ ! with g; homogeneous of degree j and
g;=0ifj€S.

b) The set defined by (i) or (ii) is a A(R)-submodule of L(A), which we
denote by Eg(A). In the case A = R[[T]] this means that Eg(A) is an
ideal of A(R).

(Note that Eg(A) in general is not the set of series 1 + 3 .4¢ f; with
fj € Aj. The latter nearly never is closed with respect to multiplication
in A, i.e. addition in L(A).)

Proof. Let f,g € A, withr ¢ S. Then (1 —f)"tand (1— f)"}(1—g)7!

are of the form 1437, hj, with hj € A, i.e. of the form [[,5,(1—hj})
with b, € Ayj. (Recall that rj is not a double index, but means r - j.)
Since 7“ ¢ S and S is divisor closed, also rj ¢ S. Both claims of the
Lemma follow easily from this observation. O

Definition 3.4. We write L(S,A) := L(A)/Es(A) and A(S,R) =
A(R)/Es(R[[TT).

Further for a prime number p we write E,(A) := Eg(A) and L(p, A) :=
L(S,A) if S = (p), the multiplicative subset of N1, generated by p.

To adapt the classical notation we write W(R) = W®)(R) := A(S, R)
in the case S = (p). Note that WP)(R) is the classical (small) ring of
Witt vectors.
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Remarks 3.5. a) L(S, A) is a A(S, R)-module.

b) A class modulo Eg(A) in L(A) can be represented canonically by an
element of the form w = [[;¢(1 — f;)~! where f; is homogeneous of
degree j. The set Ug of these representants is mapped bijectively onto
L(S,A) by the canonical projection (residue class map) s : L(A) —
L(S,A). (In the case S = (p) the set U, := Ug consists of the w =
[T, (1 — fx)~! where fi is homogeneous of degree p*.)

Representing a residue class modulo Eg(A) in this way, we obtain a
set theoretical cross-section (right inverse) o : L(S, A) — L(A) to the
canonical projection x : L(A) — L(S, A).

¢) Note that o is not generally an additive group homomorphism.
Namely Ug is not always a subgroup of L(A). For example let p > 2 be
prime, S = (p), A of characteristic 2 and a € A homogeneous of degree
p and not nilpotent. Then (1 — a)? = 1 — a?, where a? is homogeneous
of degree 2p # p* for any k.

Also if A € A(S,R) and w € L(S, A
o(A) * o(w). For example let R = Z,A = Z|[[T]], S = (3). Then
I-T) "« (1-T°)t=(1-T%)"3=(1-31"%)"1(1+31%""... #
(1—agT) (1 —a1T3) "Y1 —aT?)~!---, so it is not a canonical repre-
sentant.

), then generally o(A * w) #

d) But if p is a prime number, S = (p) and char(R) = p, then by Remark

2.37)
o(Axw) =oc(A) *xo(w).

Especially in this case the subset {[[,5(1— aijj)*l} of A(R) is closed
with respect to x-multiplication.

e) Let S = {1}. The submodule E{;(A) consists of the elements of the
form [],5,(1 — f;)7! with f; € Aj. One sees easily that L({1}, A) as a
module over R = A({1}, R) is isomorphic to the R-module A;.

f) Every small Witt vectors ring W®(R) is a residue class ring of
A(S, R), where S is defined as under 3.2 d).

Proposition 3.6. Let A be a reduced product graded ring of character-
istic p € P. Then L(p, A) is Z-torsion free.
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Proof. If L(p, A) had Z-torsion elements, there would be a prime number
q and a class W € L(p, A) of order ¢ where w = [[72 (1 — f)~! with
fr € Ay and not all f = 0.

1-st case: ¢ = p. Then w? = [[32,(1 — fu)? = [Tieo(1 — fF)!, and
every f7 is homogeneous of degree p"™1. Further fF # 0 if fi # 0, since
A is reduced.

2-nd case: q # p. Let m be minimal under the k with f; # 0. Then

w™?=1—qf,+ terms of higher degrees = (1—qf,,) " H (1 —gj)_l
Jj>p™

with g; € A; and qfy, # 0. So g-w # 0 in L(p, A). O
Lemma 3.7. Let ¢ € P, m,k € N1,k < ¢"™. Then qm|(q;n), iff ¢t k.

Clearly we believe that this is well-known, but we do not know a source.

Proof. Let vy denote the g-adic valuation of Q. We have to show that
vq((q;:)) =m iff ¢{ k. One knows

() = vt =ty = 3 ([ 25] - [ 5] - [25E])

Jj=1
with Gauss brackets [ |. The statement now follows from the simple
facts that [a +b] — [a] — [b] = 1, if a,b € R —Z, a+ b € Z and that
[a+b] —[a] — [b] =0, if a,b € Z. O

Proposition 3.8. Let n € Ny and S C Ny be a divisor closed set such
that no divisor > 1 of n belongs to S. If A is annihilated by n, then so
is L(S,A).

Especially, if q,p are different prime numbers and A is of characteristic
q, then L(p, A) is a (Z/q)-vector space.

Proof. A splits into finitely many direct factors which are annihilated by
prime powers dividing n. So it is enough to show the statement under
the hypothesis that n = ¢"* with g € P— 5. Let f € A,.. By the Lemma
(1—f)9" =1+g1+g2+---, where g; € Aj,, since the summands € Ay
with ¢ { k disappear. So (1 — f)?" € Eg(A) . O
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4 Small Witt Vectors

In this section let p be a prime number and W (R) := W®(R). Further
let R be a ring of characteristic p, i.e. a nonzero Z/p-algebra. Let further
A be a nonzero product graded R-algebra (such that also char(A) = p).

The results are well-known as far as only W(R) is regarded, but are
here reproved without referring to the classical theory of Witt vectors,
as developed for instance in [1] Section 1.

Proposition 4.1. If R is a domain of characteristic p and A is reduced
and R-torsion free, then L(p, A) is W (R)-torsion free.

Proof. Let f € A and a € R. Then by Example 2.3 )

(1—aT?) s (1— )7 = (1—a ) (+)

The element a?" fpj € A is homogeneous of degree p™* and not zero,
if a and f are not. Now let a nonzero element of W(R) resp. one of
L(p, A) be represented by

o0

[0 -7 v JJ0 - 10 (54
k=1

with fi € Ak, The *-product of those factors (1 — aijj)_l, (1—fe) !
in (%x) where 7, k are minimal with a; # 0 resp. fj # 0 is nontrivial and
not affected by the other *-products of the factors in (xx).

So the *-product of the above representants represents a nonzero element
of L(A)/E,(A). O

Corollary 4.2. If R is a domain of characteristic p, then W (R) is a
domain of characteristic 0.

Definition 4.3. Define Vi (R) to be the ideal consisting of all elements,
represented by

o0
H (1-— aJTp U(ie. ag=0) .
7j=1

13



Indeed Vi(R) is an ideal of W(R). Moreover W(R)/Vi(R) =
A{1},R) =R

Proposition 4.4. Vi(R) is contained in the Jacobson radical of W(R).

Proof. We have to show that 14+« is a unit in W (R) for every a € Vi(R).
In A(R) the element representing 1 + « is written as

A=D1 -aT?) A -a1?) = -1 ] - a77) 7!
j=1
We will find successively elements b1, b, ... € R, such that
i) ! A .
((1 - [ - a1 )) * ((1 -1 [ - b1 )) —(1-T)
Jj=1 Jj=1
modulo E,(R[[T]]).
Assume we have found already by, ...,b; € R such that the x-product
i\ 1 i i\ 1
((1 -1 [[0 - 77 ) ¥ ((1 - 1) [[ - b7 ))
j>1 j=1
modulo E,(R][[T]]) is congruent to
-7 I a-gr)!
j>k+1

Then, setting by+1 := —cg41, we obtain modulo E,(R[[T]]) by the dis-
tributivity of ‘x’ with respect to ‘-’

k+1

(a-D[Ja-a1”) (0 -1 [Ja-b77)) =

j21 Jj=1

(4= TT a-e)) " ((a-n TT-077)) sty

j>k+1 j>1

= ((1 -7) [[ a- chpj))*1 ((1 e T I 1+ dijj))A

j>k+1 j>k42
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with suitable d; € R for j > k + 2. Now since by11 = —ci41, we have

(1= T YA = by Ty = 1467, T =1 or 14067,,7%"

the latter being the case if p = 2.

So successively we can choose the b; in such a way that this product
becomes congruent to (1 —7)~! modulo E,(R[[T]]). O

Corollary 4.5. Let R = K be a field (of characteristic p, not necessarily
perfect). Then W(K)/Vi(K) = K. So Vi(K) is a mazimal ideal of
W(K) and by the proposition it is unique.

4.6. Let [[724(1 —aijj)*1 represent an element o« € W(R). Then p-a,

i.e. the sum of p summands « is represented by [[;Z,(1 — a?ijH)—l.

So if R is perfect, i.e. every b € R of the form b = aP, then p- W(R) =
Vi(R). If R is not perfect then V;(R) is not finitely generated as an ideal
of W(R).

Proposition 4.7. Let K be a perfect field of characteristic p. Then
W (K) is a complete discrete valuation ring of characteristic 0 with maz-
imal ideal pW (K) and residue class field K.

Proof. We know already that W (K) is local with maximal ideal p- W (K)
and residue class field K, and that further it is a domain of characteristic
0. But we do not yet know that W (K) is Noetherian.

To show that W(K) is a discrete valuation ring, we prove that every
nonzero element of it is of the form p™ - u with n € N and a unit u. This
means that in A(K) modulo E,(K[[T]]) every element # 1 is of the form

(=77« TT( = by77") ™" with b #0 .
j=0

Let w € W(R) be represented by [];5q(1 — aijj)_l, and assume n is
minimal under the j with a; # 0. Choose by perfectness b; € R so that
VY = anij. Then

o0

[T - eyt =[-8 7™~ = (]2 - b,77))*

Jj=0 j=0 j=0

15



e}
= (1 =T"") " [T = b7%") " with by #0 .
j=0
The completeness follows from the fact that in A(K) the infinite product
[152, fr makes sense if the f; € A(K) are of the form

[e.o]

fr = H(l — ak,ijj)_l with ay ; = 0 for j < ny
§=0
where (ng)ren is a sequence in N with limit oco. O

Corollary 4.8. If K is as above and A a reduced product graded
K-algebra, then L(p, A) is flat over W(K).

Namely we know that L(p, A) is torsion free over the discrete valuation
ring W (K).
Definition 4.9. Let AY) = ano Ag) for j € J be product graded
R-algebras. Then we define [];c; AW by (Iies AW, = [Lies AY)
forn > 1. One may set either (I];c, AUy = R or (ITes AWy =
HjeJ A(()])-

4.10. Tt is clear that for any family (AY));c; there is a natural isomor-

phism
L(p, HA(j)) — H L(p, AY))
JjeJ jeJ
Proposition 4.11. Let K be a perfect field of characteristic p > 0 and
W(K) = W(p,K). Then every finitely generated W (K)-module is of
the form L(p, A) for some product graded K -algebra A.

Proof. Since L(p,K[[T]]) = W(K) and Lip,K[[T]}/(T7")) =
W(K)/p"W|(K), this follows from (4.10) and the structure theory of
finitely generated modules over a principal ring. O

4.12. On the other hand not every W (K )-module is of the form L(p, A)
for some A. Namely let @ be the quotient field of W (K) considered as
W (K)-module. Then p-Q = Q. But p-L(p, A) # L(p, A), if L(p, A) # 0.
For, let m be the minimal j with A,; # 0 and f € Apym — {0}. Then
1 — f is no p-th power of any element of A.
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