
ORTHOGONAL CALCULUS

Michael Weiss

Abstract. Orthogonal calculus is a calculus of functors, similar to Goodwillie’s

calculus. The functors in question take finite dimensional real vector spaces (with
an inner product) to pointed spaces. Prime example: F (V ) = BO(V ), where O(V )

is the orthogonal group of V . In this example, and in general, first derivatives

in the orthogonal calculus reproduce and generalize much of the theory of Stiefel-
Whitney classes. Similarly, second derivatives in the orthogonal calculus reproduce

and generalize much of the theory of Pontryagin classes.

Introduction

Let J be the category of finite dimensional real vector spaces with a positive def-
inite inner product. Morphisms in J are linear maps respecting the inner product.
Orthogonal calculus is concerned with continuous functors E from J to spaces;
continuous means that the evaluation map

mor(V,W )× E(V ) −→ E(W )

is continuous, for V,W in J . Here are some easy examples (notation explained
further down):

(1) E(V ) = BO(V )
(2) E(V ) = B TOP(V )
(3) E(V ) = BG(S(V )).

Notation: O(V ) is the orthogonal group of V , and TOP(V ) is the group of home-
omorphisms from V to itself. S(V ) is the unit sphere in V , and GS(V ) is the
grouplike monoid of homotopy equivalences from S(V ) to itself.

These examples suggest, correctly, that orthogonal calculus is concerned with
certain “classical” spaces, such as BO, B TOP, BG, equipped with a sophisticated
filtration indexed by the finite dimensional linear subspaces V of R∞. (There is no
loss of generality in allowing only those V wich are contained as linear subspaces
in R∞, but there are some inconveniences.) Other examples of spaces with such
a filtration came up in [WW1]. One of the main insights of [WW1] is that much
of the theory of Stiefel–Whitney classes (better, the total Stiefel–Whitney class)
for BO can be generalised to this setting. I hasten to add that we never put it
quite that way in [WW1]. One of the purposes of the present paper is to set up
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a similar theory of “intrinsic” total Pontryagin classes. Under the influence of
Tom Goodwillie, this has turned into a calculus where total Stiefel–Whitney classes
appear as first–order approximations, and total Pontryagin classes as second order
approximations. Disclaimer: Usually the applications of orthogonal calculus are
relative. For example, the orthogonal calculus as such does not really tell us much
about H∗(BO; Z/2), but it does tell us about H∗(—; Z/2) of the homotopy fiber
of BO(n) ↪→ BO, for any n ≥ 0. In particular, the looped Stiefel–Whitney classes
Ωwk in Hk−1(O; Z/2) are repoduced by the orthogonal calculus.

According to Newton and Leibniz, calculus is about derivatives or fluxions: more
concretely, about notions like speed, acceleration, and so on. According to Tay-
lor, calculus is also about approximation by polynomials. Let me begin with the
Newton–Leibniz point of view.

For a continuous functor E from J to pointed spaces, define E(1) by

E(1)(V ) := hofiber [E(V )
E(ι)−→ E(R⊕ V )]

where hofiber means homotopy fiber and ι is the inclusion of V in R ⊕ V . Then
E(1), which we may call the derivative of E, is again a continuous functor from J
to pointed spaces. Surprisingly, it comes with an additional structure, namely, a
binatural transformation

(!) σ : V c ∧ E(1)(W ) −→ E(1)(V ⊕W )

where V c denotes the one–point compactification of V with base point ∞ . For
V = 0 and arbitrary W , this agrees with the obvious identification

S0 ∧ E(1)(W ) −→ E(1)(W ) .

Moreover, σ has an associativity property. For a simple example, take the case
where E(V ) = BO(V ); then E(1)(V ) ' V c, and σ becomes the homeomorphism

V c ∧W c −→ (V ⊕W )c .

Back to the general case: We define the second derivative E(2) by

E(2)(V ) := hofiber [σad : E(1)(V )→ ΩE(1)(R⊕ V )] .

where σad is the adjoint of σ in (!). Again this comes with a surprising additional
structure: a binatural transformation

(!!) σ : (2V )c ∧ E(2)(W ) −→ E(2)(V ⊕W )

where 2V := R2 ⊗ V . Again, σ agrees with the obious identification when V = 0,
and again, it has an associativity property. We define the third derivative by

E(3)(V ) := hofiber [σad : E(2)(V )→ Ω2E(2)(R⊕ V )]

(using the adjoint of σ in (!!)), and this comes with

(!!!) σ : (3V )c ∧ E(3)(W ) −→ E(3)(V ⊕W )
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—and so on. See sections 1 and 2 for details and examples.

As a curious byproduct, we obtain from E a sequence of spectra. The first
of these, denoted ΘE(1), has k–th term E(1)(Rk), and the structure maps (from
the suspension of the k–th term to the (k+1)–th term) are specializations of σ
in (!). The second, denoted ΘE(2), has 2k–th term E(2)(Rk), and the structure
maps (from the double suspension of the 2k–th term to the (2k + 2)–th term) are
specializations of σ in (!!). And so on. We may think of ΘE(i) as the i–th derivative
of E at infinity. Orthogonal calculus is very much an attempt to predict the global
behaviour of E in terms of these higher derivatives at infinity.

The calculation or identification of ΘE(i) (up to homotopy type, say) can be
enormously difficult. In the case E(V ) = BO(V ) one finds

ΘE(1) ' S0 , ΘE(2) ' ΩS0

(without difficulty), and then, with difficulty,

ΘE(3) ' Ω2mo(3)

where mo(3) is a Z/3–Moore spectrum. Details can be found in section 2. (The
calculation of ΘE(3) is due to Goodwillie, who showed it to me in 1988; later John
Klein showed it to me once more. In the meantime, Goodwillie had found something
like a closed formula for all the ΘE(i).) For another example which is closer to my
heart, take E(V ) = B TOP(V ). Then ΘE(1) is Waldhausen’s A–theory of a point,

ΘE(1) ' A(∗) .

(This is clear from [WaMA,Thm.2,Addendum,(4)].) But ΘE(2) is nameless in this
case, and apparently quite hard to understand.

We are now ready for the definition of a polynomial functor. There is one
obvious requirement: If E from J to pointed spaces wants to be called polynomial
of degree ≤ n, then the (n + 1)–th derivative E(n+1) must vanish (i.e., its values
should be contractible spaces). Unfortunately, this is not quite enough, as the case
n = 0 shows: Clearly E should be called polynomial of degree 0 if and only if it
takes all morphisms in J to homotopy equivalences. But a functor with vanishing
first derivative need not have this property. The following proposition suggests a
solution.

Proposition (5.3). For any continuous E from J to pointed spaces, and any
n ≥ 0, there is a natural fibration sequence up to homotopy

E(n+1)(V ) u−→ E(V )
ρ−→ holim

0 6=U⊂Rn+1
E(U ⊕ V ) .

Explanations. The indexing category for the homotopy inverse limit is the partially
ordered space of nonzero linear subspaces U of Rn+1. This is a topological category,
and its topology is involved in the homotopy inverse limit. The map ρ is obvious,
and u is essentially a forgetful map (also fairly obvious from the sketchy description
of E(n+1)).
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Definition (5.1). A continuous E from J to spaces is polynomial of degree ≤ n if

ρ : E(V ) −→ holim
0 6=U⊂Rn+1

E(U ⊕ V )

is a homotopy equivalence for all V .

Note that the codomain of ρ in this definition is the best guess available about
the homotopy type of E(V ) if one only knows E(U⊕V ) (and various induced maps)
for all nonzero linear subspaces U of Rn+1. In other words, the defining property
is an extrapolation property. Note also the disappearance of base points.

The next goal must be to approximate arbitrary functors, preferably the classical
ones, by polynomial functors. To this end we prove, in section 6, an approximation
theorem: for fixed n ≥ 0, every continuous functor E from J to spaces has a
“universal” approximation

ηn : E −→ TnE

by a functor TnE which is polynomial of degree ≤ n. (Ideally, one would like to
say that any other natural transformation from E to a functor which is polynomial
of degree ≤ n factors uniquely through ηn. However, this is clearly too strong a
requirement in a homotopy invariant setting, and the truth about ηn is more down
to earth.) The interest in these approximations stems from the fact that, for n = 1,
they seem to capture intrinsic Stiefel–Whitney type invariants, and for n = 2, they
seem to capture intrinsic Pontryagin type invariants. For the moment, we note that
E determines a Taylor tower

· · · → Tn+1E
rn+1−−−→ TnE

rn−→ Tn−1E
rn−1−−−→ · · · · · · r1−→ T0E

where the natural transformations (rn)n>0 satisfy

rnηn = ηn−1 : E −→ Tn−1E .

Existence and uniqueness of the rn “should” follow from the universal property of
the ηn and the (nontrivial) fact that a polynomial functor of degree ≤ n− 1 is also
polynomial of degree ≤ n. But an explicit construction of rn can also be given,
and this is fortunate and time–saving in view of the shortcomings of the so–called
universal property. In practice, E is a functor from J to pointed spaces; if this is
the case, then TnE has the same property for all n > 0 and we should ask:

(1) For V in J , what is (T0E)(V ) ?
(2) What is the homotopy fiber of rn : (TnE)(V ) → (Tn−1)(V ) over the base

point ?
Answer to question (1):

(T0E)(V ) = hocolim
j

E(Rj ⊕ V ) ' hocolim
j

E(Rj) =: E(R∞)

(where the homotopy colimits are just telescopes). The right–hand term E(R∞)
is what we may regard as the big and usually classical space under investigation.
Answer to question (2) (explanations further down):
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Theorem (9.1). The homotopy fiber has the form

Ω∞[((nV )c ∧Θ)hO(n)] .

where Θ ' ΘE(n) is the n–th derivative of E at infinity.

Explanation. Ω∞ is the functor taking a spectrum to its zero–th infinite loop space.
The subscript hO(n) indicates a homotopy orbit spectrum alias Borel construction.
One can guess from Proposition 5.3, quoted earlier in this introduction, why O(n)
acts on the n–th derivative of E at infinity. O(n) also acts on nV = Rn⊗V because
it acts on Rn. Finally O(n) acts diagonally on the smash product.

Example (to illustrate how this can be used): Take the case E(V ) = BG(S(V )).
Then the map

η1 : BG = E(R∞) −→ (T1E)(R∞)

is not very useful—it is a homotopy equivalence. But the map of horizontal homo-
topy fibers in

E(0) −−−−→ E(R∞)yη1

yη1

(T1E)(0) −−−−→ (T1E)(R∞)

is useful, and by theorem 9.1 it takes the form

(!) G −→ Ω∞(ΘhO(1)) .

Here Θ = ΘE(1) turns out to be a sphere spectrum, with the trivial action of O(1).
(Cf. example 10.5.) So the codomain in (!) is the stable homotopy of projective
space RP∞. In fact, the map itself is “the” Kahn–Priddy map [KP].

Often theorem 9.1 is not “good enough” for applications, even when convergence
takes place. It is easy to understand why by comparing Taylor towers (as above) to
Postnikov towers. Let X be a connected pointed CW–space, with Postnikov tower

· · · → X[n+1]
pn+1−−−→ X[n]

pn−→ X[n−1] → · · ·

(so that X[i] is the i–th Postnikov base of X, with vanishing πj for j > i). We can
assume that the maps pn are fibrations. It is easy, especially nowadays, to say that
the (homotopy) fiber of pn over the base point is an Eilenberg–MacLane space. It
is more difficult to classify the fibration pn, and this is especially true when X is
not simply connected.

Exactly the same problems arise in connection with the Taylor tower of a contin-
uous functor E from J to spaces. If we assume that E(R∞) is contractible—this
corresponds to the assumption “X is simply connected”—then there is a simple
solution.

Corollary 8.3, unravelled. For any V in J , any n > 0, there is a fibration
sequence up to homotopy

(TnE)(V ) rn−→ (Tn−1E)(V ) −→ Ω∞[((nV )c ∧ ΣΘ)hO(n)]
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where Θ ' ΘE(n) as in the theorem above. This is sufficiently natural in V .

When E(R∞) is not contractible, there is a more complicated solution. Suffice
it to say that instead of a sequence of spectra

ΘE(1),ΘE(2),ΘE(3), . . .

the general solution (Corollary 8.5 and Rough Statement 8.8) involves a sequence
of fibered spectra over the space E(R∞). From the analogy with Postnikov towers,
this is exactly what one should expect.

Section 10 contains examples to illustrate the theory. Admittedly, they are
hardly sufficient to justify the undertaking. More difficult and more interesting
examples, at first derivative level, are to be found in [WW1] (continued in [WW2],
[WW3] and [We]), and in [DWW]. At the level of second derivatives, there are
fascinating questions, but few answers; I just hope that this will change.

I have made a point of stressing Goodwillie’s influence on this paper. However,
it has been pointed out to me that Goodwillie’s calculus has an algebraic precursor
in a paper by Eilenberg–MacLane [EMaL]; see esp. p.92 ff.. Also, the reader should
realize that the category J and continuous functors from J to spaces (often with
additional structure) are ubiquitous in the work of May, e. g. in [Ma].

Convention. The word space usually refers to a space which is compactly generated
[MaL] and has the homotopy type of a CW–space. If it is pointed, then we assume
that it is well–pointed (the inclusion of the base point has the homotopy extension
property). In some real examples, however, a continuous functor F from J to
spaces may have some “bad” values. In the appendix, we discuss a method for
improving such a functor.

1.Stiefel combinatorics

We will use capital letters U, V,W to denote finite dimensional real vector spaces
with inner product (positive definite). The one-point compactification of V is V c.
For brevity, we write n · V to mean Rn ⊗ V . Let us think of Rn as a subspace of a
suitable R∞, so that R0 ⊂ R1 ⊂ R2 . . . . Then

0 · V ⊂ 1 · V ⊂ 2 · V ⊂ 3 · V . . . .

Let mor(V,W ) be the Stiefel manifold of linear maps from V to W preserving the
inner product. We can make a category J with objects U, V,W . . . as above, and
such that mor(V,W ) is the set of morphisms from V to W .

For each n ≥ 0, let γn(V,W ) be the vector bundle on mor(V,W ) whose total
space consists of all pairs (f, x) with f in mor(V,W ) and x ∈ n · coker(f). (Think
of coker(f) as the orthogonal complement of im(f) in W .) Denote the Thom space
of γn(V,W ) by morn(V,W ). The composition law

mor(V,W )×mor(U, V ) −→ mor(U,W )

is covered by a vector bundle map

γn(V,W )× γn(U, V ) −→ γn(U,W )
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given by
((f, x), (g, y)) 7→ (fg, x + f∗(y)).

Passing to Thom spaces, we obtain a continuous composition law

morn(V,W ) ∧morn(U, V ) −→ morn(U,W ).

Let Jn be the category with objects U, V,W, . . . as above, and with morn(U, V ) as
the set of morphisms from U to V . Composition of morphisms has been defined;
we see that Jn is a pointed topological category with discrete class of objects. (The
morphism sets are pointed topological spaces. The composition law for morphisms
is continuous.) There are inclusions

J0 ⊂ J1 ⊂ J2 ⊂ J3 . . . .

Note that J0 differs slightly from J , in that mor0(V,W ) is mor(V,W ) with an
added base point.

Later on we shall be interested in continuous functors E from J0 to pointed
spaces. Such a functor has a first derivative E(1), which is a continuous functor
from J1 to pointed spaces. It also has a second derivative E(2), which is a continuous
functor from J2 to pointed spaces, and so on. The idea is that Jn is the n–th jet
category of J0.

Now we wish to understand the topology of the spaces morn(V,W ) in some
inductive sense (by induction on n, that is). Here is the simplest result in this
direction.

1.1. Proposition. The reduced mapping cone of the restriction map

mor0(R⊕ V,W ) −→ mor0(V,W )

is homeomorphic to mor1(V,W ).

Proof. When dim(V ) ≥ dim(W ), the homeomorphism is obvious. We assume there-
fore that dim(V ) < dim(W ); then the restriction map in 1.1 is onto, and its mapping
cone is a quotient space of

[0,∞]×mor0(R⊕ V,W ).

To an element in this quotient space, represented by (t, f) say, we associate the
element

(f |V, t · (f |R)(1)) ∈ mor1(V,W )

provided t 6=∞ and f 6= ∗. Otherwise (t, f) represents the base point and must be
mapped to the base point. �

To find the correct generalization of 1.1, we note that there is a “restricted”
composition map

morn(R⊕ V,W ) ∧ (Rn)c −→ morn(V,W ).

(Here we identify (Rn)c with the closure of the subspace of morn(V, R⊕V ) consisting
of all (f, x) such that f is the standard inclusion.) When n = 0, this is just the
restriction map of 1.1. Note also that the homeomorphism constructed in the
proof of 1.1 has some naturality properties: it is a natural transformation between
functors on J op

0 ×J0. (Since J0 ⊂ J1, the rule taking a pair (V,W ) to mor1(V,W )
is a functor on J op

0 × J0.)
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1.2. Proposition. The reduced mapping cone of the restricted composition map

morn(R⊕ V,W ) ∧ (Rn)c −→ morn(V,W )

is homeomorphic to morn+1(V,W ). The homeomorphism given below is a natural
transformation between functors on J op

n × Jn.

Proof. Again we can assume that dim(V ) < dim(W ), and then the restricted com-
position map in 1.2. is onto (exercise). So the reduced mapping cone is a quotient
space of

[0,∞]×morn(R⊕ V )× (Rn)(c).

Any element in this quotient space, distinct from the base point, is then represented
by some (t, (f, y), z) where

t ∈ [0,∞],
f : R⊕ V →W,

y ∈ n · im(f)⊥ ⊂ n ·W,

z ∈ Rn ∼= n · R.

To such a triple or quadruple we associate

(g, x) ∈ morn+1(V,W )

where g = f |V , and
x = y + (f |R)∗(z) + α((f |R)(1)).

Here
(f |R)∗ : n · R −→ n ·W ⊂ (n + 1) ·W

is n · (f |R), and
α : W ↪→ (n + 1) ·W

identifies W with the (orthogonal) complement of n ·W in (n + 1) ·W . �

Repeated application of proposition 1.2 gives a description “up to extension
problems” of morn(V,W ) in terms of morphism spaces from J0. Let us see (in the
next section) what this partial description is good for. We will find that it solves
many problems, but not all.

2.Derivatives

Recall that a pointed space is well–pointed if the inclusion of the base point has
the homotopy extension property. A functor E from Jn to well–pointed spaces is
pointed continuous if, for all V,W in J , the map

morn(V,W ) E−→ map∗(E(V ), E(W ))

is pointed and has a continuous adjoint

morn(V,W ) ∧ E(V ) −→ E(W ).
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Such functors E and the natural transformations between them form a category
which we denote by En. A morphism E → F in En is an equivalence if E(V )→ F (V )
is a homotopy equivalence for all V . Two objects in En are equivalent if they can
be related by a chain of equivalences.

We write natn(E,F ) for the set of natural transformations from E to F (in En).
For positive integers m,n with m ≤ n, restriction from Jn to Jm is a functor

resn
m : En −→ Em.

Remark. There is no obvious topology that we could put on the morphism sets
natn(E,F ) in Jn. However, we can say that a map from a space T to the set
natn(E,F ) is continuous if its adjoint

T+ ∧ E(V ) −→ F (V )

is continuous for all V . Briefly, natn(E,F ) is a virtual space: a contravariant functor
from spaces to sets having a suitable sheaf property. See [WW1, §0] for details. A
natural transformation between two such functors will also be called a continuous
map (if it is invertible, a homeomorphism). For example,

resn
m : natn(E,F ) −→ natm(resn

m E, resn
m F )

is continuous.

2.1. Proposition. The functor resn
m has a right adjoint

indn
m : Em −→ En .

Explanation. Adjointness means here that

natn(E, indn
m F ) ∼= natm(resn

m E,F )

by a binatural bijection. The existence of indn
m is equivalent to the following state-

ment (see [MaL,IV.7.Thm.3]): For each F in Em, the comma category (resn
m ↓ F )

has a terminal object. (The objects of the comma category are pairs (E, g) where E
is an object of En and g is a morphism in Em from resn

m E to F . A morphism from
(E1, g1) to (E2, g2) is a morphism from E1 to E2 making the appropriate triangle
commutative.) We can write the terminal object in the form (indn

m F, uF ), so that

uF : resn
m indn

m F −→ F

is “universal”. The universal property characterizes indn
m F as the right Kan ex-

tension of F ; see [MaL,X.3]. The word “extension” is a little misleading, though,
since indn

m F hardly ever agrees with F on J0.

Proof. We assume first that the right adjoint exists. Then, for V in Jn, we have

indn
m F (V )

∼=natn(morn(V, –), indn
m F ) (by Yoneda’s lemma)

∼=natm(morn(V, –), F ) by adjointness.
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We can use this last expression as a definition of the functor indn
m F . As it stands,

this is a functor from Jn to pointed virtual spaces. Define uF to be the restriction

indn
m F (V ) = natm(morn(V, –), F ) −→ natm(morm(V, –), F ) ∼= F (V )

(for all V ). To see that uF has the required universal property, let (E, g) be an
object of the comma category:

g : resn
m E −→ F.

Composition with g is a continuous natural transformation

E(V ) ∼= natn(morn(V, –), E) −→ natm(morm(V, –), F ) = indn
m F (V )

making the appropriate triangle commutative. It is easily seen to be the only one.
To conclude the proof, we have to show that the virtual spaces indn

m F (V ) are
genuine spaces, for all V . It suffices to consider the case n = m + 1. Namely, if
indm+1

m exists, then indn
m exists and

indn
m = indn

n−1 indn−1
n−2 . . . indm+1

m .

Now assume that n = m + 1. We need a description of

indm+1
m F (V ) = resm+1

m indm+1
m F (V ) = natm(morm+1(V, –), F ),

for all V . Since F is a functor, we have evaluation maps

morm(V, R⊕ V ) ∧ F (V ) −→ F (R⊕ V ).

We also have restricted evaluation maps

σ : (Rm)c ∧ F (V ) −→ F (R⊕ V )

because
(Rm)c ⊂ morm(V, R⊕ V ).

as the closure of the subspace consisting of all (f, x) with f equal to the standard
inclusion. Here is the description we need.

2.2 Proposition. The functor resm+1
m indm+1

m F is isomorphic to the functor send-
ing V to the homotopy fiber of

σad : F (V ) −→ ΩmF (R⊕ V ).

Under this isomorphism,

uF : resm+1
m indm+1

m F −→ F

corresponds to the forgetful map from the homotopy fiber to the domain of σad.

Proof. This follows directly from proposition 1.2. (The proof of proposition 2.1 is
now complete.) �
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One useful consequence of proposition 2.2 is the homotopy invariance of indm+1
m .

In detail, suppose that g is a morphism in Em which is an equivalence (beginning
of this section). Then indm+1

m g has the same property. This would not be obvious
from proposition 2.1 alone.

The proof of proposition 2.2 suggests another description of Em. An object E in
Em gives rise (by restriction) to a functor on J0, and to a natural transformation

σ : (nV )c ∧ E(W ) −→ E(V ⊕W ).

of functors on J0 ×J0. (As usual, think of (nV )c as the closure of the subspace of
morm(W,V ⊕W ) consisting of all (f, x) where f is the standard inclusion. Define σ
by evaluation.) Since E is a functor, σ has an associativity property, and it agrees
with the standard homeomorphism when V = 0 and W is arbitrary. It is not hard
to recover E from its restriction to J0 and the natural transformation σ.

From this point of view, it would be reasonable to say that an object in Em for
m ≥ 1 is a coordinate free spectrum of multiplicity m. The case m = 1 goes back
to [Ma]. (May’s definition is more rigid, though, and serves different purposes.) It
also appears in [WW1, Def.2.1], without the associativity condition on σ. At the
time, we thought we had two good reasons for omitting the associativity condition:
It appeared to be hard to arrange in practice, and it appeared to be automatically
fulfilled in a homotopy theoretic sense, by [WW1, Prop.2.2]. Both of these reasons
have now disappeared; in particular, the proof of [WW1, Prop.2.2] is incorrect.

We see that an object E in Em (where m ≥ 1) gives rise to an “ordinary”
spectrum ΘE made up from the spaces

ΘmkE := E(Rk).

The structure maps are specializations of σ, and take the form

ΣmΘmkE → Θm(k+1)E.

(It is quite enough to have ΘrE defined for positive r divisible by m only.)
Strictly speaking, ΘE may not be a CW–spectrum in the sense of Boardman

(see [Ad]), since the structure maps may not be inclusions, let alone cellular inclu-
sions. Somewhat incorrectly, I shall call a map betwen “ordinary” spectra as above
a homotopy equivalence if it induces an isomorphism on homotopy groups. For
Boardman spectra, this is equivalent to the honest notion of homotopy equivalence.

2.3. Example. Write ΩV for any space of maps from V c to something else (for
V in J ). Suppose that E in Em is such that

σad : E(W ) −→ ΩV E(V ⊕W )

is a homotopy equivalence for all V,W . (We may say that E is stable.) If m = 0,
this means that E is essentially constant: There are natural transformations

E(V ) '−→ hocolim
k

E(Rk ⊕ V ) '←− hocolim
k

E(Rk).
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If m ≥ 0, we have similarly

E(V ) '−→ hocolim
k

ΩmkE(Rk ⊕ V ) '←− hocolim
k

Ωmk((mV )c ∧ E(Rk))

where the map on the left is an inclusion, the homotopy direct limits are defined
using σ, and the map on the right is again made from σ. Note that the domain of
this last map is just

Ω∞((mV )c ∧ΘE) .

Conversely, if Θ is any spectrum (made from well–pointed spaces), then the functor
E given by

V 7−→ Ω∞((mV )c ∧Θ)

on J0 comes with an evident natural transformation

σ : (mV )c ∧ E(W ) −→ E(V ⊕W ).

Hence a stable object in Em is determined (up to equivalence) by its spectrum ΘE,
which can be chosen arbitrarily. In this sense, stable objects are “constant”. If
E in Em is stable, then indm+1

m E vanishes (has contractible values) by proposition
2.2. The converse is not quite true; we will return to this point in section 5. Still,
it seems reasonable to think of indm+1

m E as the rate of change of E.

2.5. Notation. We abbreviate

E(n−m) := indn
m E for n ≥ m.

We call E(1) the derivative of E.

2.6. Remark. (This is sometimes useful in identifying derivatives.) Suppose that

g : resm+1
m F −→ E

is a morphism in Em (with F in Em+1, and E in Em). The adjoint of g is a natural
transformation

F (V ) −→ E(1)(V ) ∼= hofiber[E(V )→ E(R⊕ V )].

It refines g and has the following explicit description. For each V , the composition

F (V )
g−→ E(V )

σad
E−→ ΩmE(R⊕ V )

is nullhomotopic because it equals the composition

F (V )
σad

F−→ Ωm+1F (R⊕ V ) r−→ ΩmF (R⊕ V )
g−→ ΩmE(R⊕ V )

where r is restriction. (Clearly r is canonically nullhomotopic.)

Usually we start with an object F in E0, form the derivatives F (1), F (2), F (3), . . . ,
and then (for reasons explained in the introduction) try to “calculate” the ordinary
spectra ΘF (1),ΘF (2),ΘF (3), . . . to some extent. Here comes the standard exam-
ple.
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2.7. Example. Take F (V ) = BO(V ) as in the introduction. Then

F (1)(V ) ' O(R⊕ V )/O(V ) ∼= V c

by proposition 2.2. Hence a good candidate for F (1) is E in E1 given by E(V ) = V c

and by

E(f, x)(v) := f(v) + x for (f, x) ∈ mor1(V,W ) and v ∈ V.

We already have an interesting morphism

g : res10 E −→ F

(for each V , the usual map from O(R⊕V )/O(V ) to BO(V )). Its adjoint is a natural
homotopy equivalence

E −→ F (1)

by remark 2.6. So our guess was correct, and ΘF (1) is a sphere spectrum,

ΘF (1) ' S0.

Next, ΘF (2) is homotopy equivalent to ΘE(1), and this in turn is homotopy
equivalent to Ω2ΘD(1) where

D(V ) = E(R⊕ V ) = ΣV c.

By proposition 2.2, we have

Θ2kD(1) = D(1)(Rk) = hofiber[σad : Sk+1 → ΩΣSk+1],

and the James model [Ja] for ΩΣSk+1 suggests immediately that ΘD(1) is homotopy
equivalent to a shifted sphere spectrum S1. To prove this, we can use remark 2.6
once more. Accordingly, we attempt to construct an “easy” object C in E2 and a
morphism

h : res21 C −→ D

in E1 whose adjoint C −→ D(1) induces a homotopy equivalence ΘC ' ΘD(1) for
some “easy” reason. The James model for ΩΣD(V ) suggests that

C(V ) := Σ(V c ∧ V c)

is a good definition, and that h : C(V ) −→ D(V ) should be the Whitehead bracket

[ι, ι] : Σ(V c ∧ V c) −→ ΣV c.

This is easily seen to work, and we conclude that the spectra ΘF (2), ΘE(1),
Ω2ΘD(1) are homotopy equivalent to Ω2ΘC. This means that

ΘF (2) ' S−1.
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In order to determine Θ(3)
F , we need a rudimentary knowledge of F (3), and there-

fore a more thorough understanding of F (2), or equivalently, of E(1). Since E(1)(V )
is the homotopy fiber of a map between spaces with manageable cohomology, we can
use the Eilenberg–Moore spectral sequence [EM] to determine its cohomology. The
James model for ΩΣV c (which also models the multiplication) shows that the Pon-
tryagin algebra H∗(ΩΣV c) is a polynomial algebra Z[x] where |x| = n = dim(V ).
Write x0, x1, x2, x3, . . . for the powers of x, and write 1, x1, x2, x3 for their duals
in H∗(ΩΣV c). The cup multiplication in H∗(ΩΣV c) is given by

(x1)k = k!xk if n is even,

and by

(x1)2 = 0, x1x2k = x2k+1, (x2)k = k!x2k if n is odd.

(The comultiplication leaves no other choice.) The E∗∗2 term of the appropriate
Eilenberg–Moore spectral sequence is

Tor∗∗R (H∗(V c), Z),

where R = H∗(ΩΣV c). The spectral sequence converges to the cohomology of
F (2)(V ). It collapses for trivial reasons in the relevant range, showing for even
n = dim(V ) that

H0(F (2)(V )) ∼= H2n−1(F (2)(V )) ∼= Z,

H3n−1(F (2)(V )) ∼= Z/3,

Hk(F (2)(V )) = 0 for all other k < 4n− 2,

Hk(F (2)(V ); Q) = 0 for all k ≥ 4n− 2,

and for odd n that

H0(F (2)(V )) ∼= H2n−1(F (2)(V )) ∼= Z,

Hk(F (2)(V )) = 0 for all other k < 4n− 2,

Hk(F (2)(V ); Q) = 0 for all k ≥ 4n− 2.

This implies, together with what we already know about F (2) as a functor, that

H3n−2(F (3)(V )) ∼= Z/3

Hk(F (3)(V )) = 0 for 0 < k < 4n− 2 and k 6= 3n− 2,

Hk(F (3)(V ); Q) = 0 for all k > 0 .

It is very difficult to figure out what the suspension maps

σ(3) : Σ3F (3)(V ) −→ F (3)(R⊕ V )

do on homology H3n+1. Leaving this for the moment, we can only say that ΘF (3)

is either a shifted Z/3–Moore spectrum,

ΘF (3) ' Ω2mo(3),

or that ΘF (3) is contractible. We shall settle the issue later—it turns out that the
first guess is correct. The calculation above was shown to me by Tom Goodwillie in
1988, and again by John Klein in 1991. (They used somewhat different methods.)

Now it seems very hard to guess what ΘF (4) might be. Fortunately, Tom Good-
willie has found something like a closed formula for all the ΘF (n), using a relation-
ship between his own calculus and the orthogonal calculus.
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3.Symmetry

For each n ≥ 0, the pointed topological category Jn comes with a remarkable
left action of the orthogonal group O(n). The action leaves objects fixed and is
given on nonzero morphisms by

t(f, x) := (f, tx) for t ∈ O(n).

(Here x belongs to n · coker(f) = Rn⊗ coker(f), where O(n) acts because it acts on
Rn.) Note that the action is trivial on J0 ⊂ Jn. We write λ(t) for the automorphism
of Jn corresponding to t ∈ O(n).

Next, O(n) acts on the left of En. It acts on objects E by

tE := E λ(t−1),

and on morphisms g : E → F by
tg := g.

(The second formula is meaningful because tE(V ) = E(V ) and tF (V ) = F (V ).)
We note that

resn
0 (tE) = resn

0 E, resn
0 (tg) = resn

0 (g),

which means that the action is over E0.

In section 2 we constructed among other things a right adjoint

F 7−→ F (n) = indn
0 F

for the restriction functor resn
0 . Now the functor

F 7−→ t(F (n))

from E0 to En is clearly also right adjoint to resn
0 , for fixed t ∈ O(n). By the

uniqueness of right adjoints, or more directly by the uniqueness of universal objects,
there exists a unique isomorphism

at : F (n) −→ t(F (n))

in En such that (in shorthand notation)

uF at = uF

where uF is the universal morphism from resn
0 F (n) to F . (See the explanation

following proposition 2.1.) Noting once more that F (n) agrees with t(F (n)) on
objects, we have a result about the symmetry properties of F (n).

3.1. Proposition. There exists a unique family {αV } of left actions

αV : O(n)× F (n)(V ) −→ F (n)(V )
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making the maps

evaluation : morn(V,W ) ∧ F (n)(V ) −→ F (n)(W )

u : F (n)(V ) −→ F (V )

into O(n)–maps. (Here O(n) acts diagonally on the domain of the evaluation map,
and trivially on F (V ).)

For an explicit description of αV , use the definition

F (n)(V ) = nat0(morn(V,—), F )

from the proof of proposition 2.1 and let αV (t, g) = gλ(t−1) for g ∈ F (n)(V ) and
t ∈ O(n). The explicit description shows that αV is continuous (as a map of virtual
spaces, therefore as a map of spaces).

3.2.Example. For a smooth compact manifold M , let F (V ) = B DIFFb(M × V ),
where DIFFb(M × V ) is the group of bounded diffeomorphisms from M × V to
M × V which are the identity on ∂M × V . (A continuous f = (f1, f2) from M × V
to M × V is bounded if there exists c > 0 such that the norm of f2(m, v)− v is less
than c, for all (m, v) ∈M × V . See [WW1] for more details, and see the appendix
for questions regarding the topology on DIFFb(M × V ).)

Then ΩF (1)(V ) is homotopy equivalent to the homotopy fiber of the inclusion
map

DIFFb(M × V ) ↪→ DIFFb(M × (V ⊕ R))

which is homotopy equivalent to the space Cb(M × V ) of smooth bounded concor-
dances. See [WW1,prop.1.8] for a proof of this statement in the TOP setting (it
goes back to [AnH] and [Ha]). Taking V = Rn we have

ΩnCb(M × Rn) ' Cb(M ×Dn),

again by [AnH] or [WW1,prop.1.5]. The arguments of [WW1,Def.1.11,Prop.1.12]
show that ΘF (1) is ΩWhDIFF(M), the smooth (usually nonconnective) Whitehead
spectrum of M .

With the above identifications,

Ωn+1σad : Ωn+1F (1)(Rn) −→ Ωn+2F (1)(Rn+1)

becomes the usual stabilization map

Cb(M ×Dn) −→ Cb(M ×Dn+1)

and Ωn+1F (2)(Rn) becomes the homotopy fiber φn(M) of the usual stabilization
map. Now proposition 3.1 tells us that φn(M) comes with a canonical O(2)-action—
a not so well known fact, although the action can be described by elementary
geometric means. Further, propositions 2.1 and 2.2 tell us among other things that
there are stabilization maps

φn(M) −→ Ωφn+1(M)

(namely, the maps Ωn+1σad). This is not too well known either. The spectrum made
from these spaces φn(M) and from these suspension maps is, of course, homotopy
equivalent to ΩΘF (2).
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3.3. Definition. A symmetric object in En is an object E together with continuous
actions

O(n)× E(V ) −→ E(V )

(one for each V ) such that the evaluation maps

morn(V,W ) ∧ E(V ) −→ E(W )

are O(n)–maps. (Use the diagonal action on the domain of the evaluation map.)

By proposition 3.1, the functor F (n) is symmetric for any F in E0. In general, if
E in En is symmetric, then the maps

σ : (Rn)c ∧ E(Rk) −→ E(Rk+1)

defining the spectrum ΘE are O(n)–maps for the diagonal action on the domain.
This suggests that O(n) acts “somehow” on ΘE. But it is not quite clear how,
since an honest action should leave the suspension coordinates alone. Here we can
apply a trick from equivariant homotopy theory.

Suppose that Θ is any spectrum, made from spaces Θk and maps ΣΘk → Θk+1.
Then the spaces and maps

Θ]
k := Ω∞(Sk ∧Θ),

ΣΩ∞(Sk ∧Θ) ↪→Ω∞(ΣSk ∧Θ) ∼= Ω∞(Sk+1 ∧Θ)

constitute a new spectrum Θ]. This contains a copy of Θ, since

Θk ↪→ Ωk(Sk ∧Θk) ↪→ Θ]
k.

The inclusion Θ ↪→ Θ] is a homotopy equivalence.
Of course, all this works just as well if Θk is defined for positive k divisible by

n only (in which case Θ]
k is nevertheless defined for all positive k). Hence we can

apply it with Θ = ΘE. Then each Θ]
k, and more generally each

Ω∞(X ∧Θ) = hocolim
j

Ωjn(X ∧ E(Rj))

(for a CW–space X) comes with an action of O(n) given by

(t · f)(v) := t(f(t−1))

for t ∈ O(n) and v ∈ j · Rn and

f : (j · Rn)c → X ∧ E(Rj).

(Use the standard action of O(n) on Rn, and the action on E(Rj) coming from
definition 3.3.) The action is natural in X, and it follows that the maps

ΣΘ]
k −→ Θ]

k+1

defined above are O(n)–maps, with the suspended action on the domain. To sum-
marize, O(n) acts on Θ] = Θ]E which is homotopy equivalent to ΘE.
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4. More Stiefel combinatorics

Which objects E in E0 should be called polynomial functors of degree ≤ n ? If
we want to do “calculus”, then we should certainly answer this question at some
point. One obvious requirement is that the (n+1)-th derivative of E should vanish
(i.e., that E(n+1)(V ) be contractible for all V ). However, the case n = 0 shows that
this is not enough. Clearly E should be called polynomial of degree 0 if and only if
E(f) is a homotopy equivalence for all nonzero morphisms f in J0. According to
this belief, the functor E given by

E(V ) =S0 when dim(V ) > 5,

E(V ) = ∗ when dim(V ) ≤ 5,

E(f) = identity whenever possible

is not polynomial of degree 0. But E(1) does vanish.
Here it is clear what is happening: E(1)(V ) is the homotopy fiber of a map from

E(V ) to E(R ⊕ V ). If the map is a homotopy equivalence, for all V , then E is
polynomial of degree 0. In that case E(1) vanishes, but the converse is false.

For arbitrary n ≥ 0, we may hope that E(n+1)(V ) can be identified with the
homotopy fiber of a natural map

gV : E(V ) −→?(V )

where ? is a new object in E0, depending on E, that we have to create. We could
then say that E is polynomial of degree ≤ n if gV is a homotopy equivalence for
all V . All this shows that a better understanding of E(n+1) is necessary. What
we know about E(n+1) comes from section 1 (via proposition 2.2). It now appears
that we did not go far enough in section 1. In fact, proposition 1.2. suggests
(by downward induction on n) that there exists a description of morn+1(V,W ) in
terms of morphism sets in J0. Such a description does exist. It involves homotopy
colimits. Let us recall the definition [BK].

A functor Z from a small category C to spaces gives rise to a simplicial space

[n] 7−→
∐

G:[n]→C

ZG(0)

(Here [n] is the ordered set {0, 1, . . . , n}, and G denotes functors from [n] to C.) The
homotopy colimit of Z is the geometric realization of this simplicial space. Dually,
the homotopy limit of Z is the totalization [BK,Ch.X] of the cosimplicial space

[n] 7−→
∏

G:[n]→C

ZG(n) .

(The totalization of a cosimplicial space [n] 7→ Y[n] is the space of natural trans-
formations from [n] 7→ 4n to [n] 7→ Y[n].)

In many examples, C is a topological category and Z is a continuous functor.
When this is the case, the homotopy (co–)limit should be modified. Instead of
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going into details, let us just consider the example that we shall need in theorem
4.1. below.

Let C be the poset of all nonzero linear subspaces of Rn+1, ordered by reversed
inclusion: T ≤ U means U ⊂ T . Then Ob(C) is topologized as a disjoint union of
Grassmannians. The set of functors

G : [n]→ C

is also topologized for any n ≥ 0, as a disjoint union of flag manifolds. Fix objects
V and W in J0 and let

Z(U) := mor(U ⊕ V, W ).

(This is covariant.) Then the (set–theoretic) coproduct∐
G:[n]→C

ZG(0)

is again topologized, in such a way that the projection to the space

{G : [n]→ C}

is a smooth manifold fiber bundle. We use these topologies to make a simplicial
space

[n] 7−→
∐

G:[n]→C

ZG(0),

and call its geometric realization the (topological) homotopy colimit of Z. Re-
striction gives a natural transformation from Z to the constant functor with value
mor(V,W ). This induces a restriction map from hocolim Z to mor(V,W ). Now, in
order to be informal and informative, we just write

hocolim Z = hocolim
0 6=U⊂Rn+1

mor(U ⊕ V, W ),

and we are ready for the theorem.

4.1. Theorem. The (unreduced) mapping cone of the restriction map

hocolim
0 6=U⊂Rn+1

mor(U ⊕ V, W ) −→ mor(V,W )

is homeomorphic to morn+1(V,W ). The homeomorphism specified below is pointed,
and relative to mor(V,W ), and it is natural in V and W . More precisely: it is a
natural transformation between functors on J op × J .

Proof. We shall construct a homeomorphism betwen the respective complements
of mor(V,W ), and extend it (continuously) using the identity on mor(V,W ). Note
that the complement of mor(V,W )+ in the big mapping cone has the form

]0,∞[×hocolim
U

mor(U ⊕ V, W )

(where mor is for Stiefel manifolds). Let (f, x) ∈ morn+1(V,W ) r mor(V,W )+, so
that f from V to W is linear, preserves the inner product, and

0 6= x ∈ (n + 1) · coker(f) ∼= hom(Rn+1, coker(f)).
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Here we identify coker(f) with the orthogonal complement of im(f) in W . Since
both Rn+1 and coker(f) are now equipped with inner products, the linear map

x : Rn+1 −→ coker(f)

has an adjoint
x∗ : coker(f) −→ Rn+1.

Then x∗x : Rn+1 → Rn+1 is self–adjoint alias symmetric. We split Rn+1 into an
orthogonal sum of eigenspaces of x∗x,

Rn+1 ∼= ker(x∗x)⊕ E(λ0)⊕ E(λ1)⊕ · · · ⊕ E(λk),

where λ0 < λ1 < . . . λk are the nonzero eigenvalues. (They are real and positive.
Note that k > 0 since x 6= 0.) Given all this, we make it into

(1) a functor G : [k]→ C (where C is still the poset of nonzero linear subspaces
of Rn+1, ordered by reversed inclusion);

(2) a point z in mor(G(0)⊕ V, W );
(3) a point p in the simplex 4k;
(4) a real number t > 0.

The functor G is given by

r 7−→ E(λ0)⊕ E(λ1)⊕ · · · ⊕ E(λk−r).

The morphism z is given by z = f on V , and z = (λi)−1/2 · f on E(λi). The point
p is, in barycentric coordinates,

λ−1
k · (λ0, λ1 − λ0, . . . , λk − λk−1).

The real number t is just λk.
Finally we note that G, z and p together define a point in

hocolim
0 6=U⊂Rn+1

mor(U ⊕ V, W )

because the hocolim is defined to be a certain quotient of∐
k≥0

∐
G:[k]→C

mor(G(0)⊕ V, W )×4k
+

(as a set). Starting from (f, x) as above, we have therefore constructed a point in

]0,∞[×hocolim
U

mor(U ⊕ V, W )

with first coordinate t. This is what we wanted. The construction is easily seen to
be a homeomorphism, and it extends to the promised relative homeomorphism. �

Recall from section 1 that morn+1(V,W ) is the Thom space of a Riemannian
vector bundle γn+1(V,W ) on the Stiefel manifold mor(V,W ). Let Sγn+1(V,W ) be
the total space of the corresponding unit sphere bundle.
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4.2. Proposition. There is a natural homeomorphism

hocolim
0 6=U⊂Rn+1

mor(U ⊕ V, W ) −→ Sγn+1(V,W )

for V,W in J .

Proof. This is already contained in the proof of proposition 4.1, where we con-
structed a homeomorphism

]0,∞[×hocolim
U

mor(U ⊕ V, W ) −→ morn+1(V,W ) r mor(V,W )+.

Compose with the inclusion of {1} × hocolim . . . , and project

morn+1(V,W ) r mor(V,W )+ ∼=]0,∞[×Sγn+1(V,W )

to Sγn+1(V,W ). �

The next proposition is a useful supplement to proposition 4.2. We write εn for
a trivial n–dimensional vector bundle.

4.3. Proposition. For the restriction map

res : mor(R⊕ V, W ) −→ mor(V,W ),

we have
res∗ γn(V,W ) ∼= εn ⊕ γn(R⊕ V, W ).

Proof. The general case follows from the case n = 1 by taking tensor product with
εn. Assume n = 1, and fix a point f in the base space mor(R ⊕ V, W ). The two
fibers (vector spaces) to be compared are then coker(f |V ), and R⊕ coker(f). But
there are obvious identifications

R⊕ coker(f) ∼= f(R)⊕ coker(f) ∼= coker(f |V ). �

5. Polynomial functors

We denote by E the category of continuous functors from J to unbased spaces.
We will switch rather frequently between E and E0 (“unbased setting” and “based
setting”). The unbased setting is considered to be more general, in view of the
forgetful functor from E to E0.

5.1. Definition. An object E in E is polynomial of degree ≤ n if, for every V in
J0, the canonical map

ρ : E(V ) −→ holim
0 6=U⊂Rn+1

E(U ⊕ V )

is a homotopy equivalence.

Comments. The nonzero linear subspaces U ⊂ Rn+1 form a poset D where T ≤ U
means T ⊂ U . (We used the opposite convention in Theorem 4.1.) The rule
U 7→ E(U ⊕ V ) is then a covariant functor. Again, this has some continuity
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properties, so we use a topological version of the homotopy limit. According to the
standard definition, a point in the homotopy limit would be a rule associating to
every functor

G : [n] −→ D

a map
fG : 4n −→ E(G(n)⊕ V ),

in such a way that fGe = fG · e∗ for every monotone e : [m] → [n]. In the present
circumstances, we want fG to depend continuously on G. To make sense of that,
note that if G is close to H, say, then we can choose ω ∈ O(n + 1) close to the
identity, such that ωG = H. Then we require that ω∗fG from 4n to E(H(n)⊕ V )
be close to fH .

Note the similarity of definition 5.1 with [Go2,Def.3.1], and note that the defining
property is an extrapolation property. From this point of view it is plausible, but
not obvious, that a functor which is polynomial of degree ≤ n is also polynomial of
degree ≤ n + 1. We shall prove this in proposition 5.4.

Recall from section 4 the sphere bundle

Sγn+1(V,W )
p−→ mor(V,W ).

We fix V and vary W to get a natural transformation

Sγn+1(V, –) −→ mor(V, –).

By composition with this one, we then have, for any E in E , a map

p∗ : nat(mor(V, –), E) −→ nat(Sγn+1(V, –), E).

This map appears in the next proposition; we identify its domain with E(V ) by
the Yoneda lemma.

5.2. Proposition. A functor E in E is polynomial of degree ≤ n if and only if

p∗ : E(V ) −→ nat(Sγn+1(V, –), E)

is a homotopy equivalence for all V .

Proof. We begin with a warm–up exercise about mapping spaces and homotopy
(co–)limits. Let X be a functor from a small category I to the category of Kelley
spaces (see [MaL], and let Y be a space. Then, by inspection,

map(hocolim X, Y ) ∼= holim Y X

where Y X is the functor on Iop sending C to the mapping space map(X(C), Y )
with the compact–open topology. We will use this remark in a rather generalized
situation where I comes with a topology, and the functor X has continuity prop-
erties and is from I to E . Objects in E should be regarded as spaces parametrized
by J . Homotopy (co–)limits are modified in the usual way to reflect the continuity
properties of X.
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Here we go: I = D is the poset of nonzero linear subspaces of Rn+1, ordered so
that T ≤ U means U ⊂ T , and X is given by

X(U) = mor(U ⊕ V, –).

Then

nat(Sγn+1(V, –), E)
∼=nat(hocolim X, E) by 4.2
∼=holim

U
nat(X(U), E) by warm–up and inspection

∼=holim
U

E(U ⊕ V ) by Yoneda.

These are homeomorphisms of spaces “under” E(V ), which means: spaces equipped
with a map from E(V ). �

5.3. Proposition. For any E in E0 and any V , the sequence

E(n+1)(V ) u−→ E(V )
ρ−→ holim

0 6=U⊂Rn+1
E(U ⊕ V )

is a fibration sequence up to homotopy. Hence E(n+1) vanishes if E is polynomial
of degree ≤ n.

Proof. By proposition 5.2, we may replace ρ by

p∗ : E(V ) −→ nat0(Sγn+1(V, –)+, E) .

We defined E(n+1) by

E(n+1)(V ) = nat0(morn+1(V, –), E).

Now morn+1(V,W ) is (simply by definition) the reduced mapping cone of the bundle
projection

Sγn+1(V,W )+ −→ mor(V,W )+ = mor0(V,W ),

and the claim follows. �

5.4. Proposition. If E in E is polynomial of degree ≤ n−1, then it is polynomial
of degree ≤ n.

Proof. We will use the following terminology: A morphism

f : C → D

in E0 is an E–substitution if the induced map

f∗ : nat(D,E) −→ nat(C,E)

is a homotopy equivalence. (In general, this is not a very good notion because
spaces of natural transformations can be pathological. We only use it in this proof,
in very special cases where there is no pathology.)
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Fixing V and using proposition 5.2, we can assume that the bundle projection

(♣) Sγn(R⊕ V, –) −→ mor(R⊕ V, –)

is an E–substitution, and we must show that the inclusion

(♠) Sγn(V, –) ↪→ Sγn+1(V, –)

is an E–substitution. We note first that γn+1(V, –) is the Whitney sum of γn(V, –)
with γ1(V, –). Writing � for fiberwise products (over the Stiefel manifold mor(V, –)
in this case), we can therefore identify Sγn+1(V, –) with the homotopy pushout
(=double mapping cylinder) of

Sγn(V, –)
p1←− Sγn(V, –) � Sγ1(V, –)

p2−→ Sγ1(V, –)

where p1 and p2 are the projections. Now the target of p2 can be identified with
the Stiefel manifold mor(R⊕ V, –), and in fact the map p2 itself is just the bundle
projection of the sphere bundle made from the vector bundle res∗ γn(V, –) in propo-
sition 4.3. Using proposition 4.3, we conclude that Sγn+1(V, –) is the homotopy
pushout of a diagram

Sγn(V, –)←− S(εn ⊕ γn(R⊕ V, –)) −→ mor(R⊕ V, –).

We conclude further that (♠) is an E–substitution if and only if the bundle pro-
jection (formerly p2)

(♦) S(εn ⊕ γn(R⊕ V, –)) −→ mor(R⊕ V, –)

is an E–substitution. Once more we note that the unit sphere bundle of a Whitney
sum of vector bundles is the fiberwise join of the unit sphere bundles of the Whitney
summands. Hence the domain in (♦) is the homotopy pushout of a diagram

Sn−1 ×mor(R⊕ V, –)
q←− Sn−1 × Sγn(R⊕ V, –) −→ Sγn(R⊕ V, –).

The left–hand arrow q is an E–substitution by our assumption on (♣). Conse-
quently the inclusion map

Sγn(R⊕ V, –) ↪→ S(εn ⊕ γn(R⊕ V, –))

is an E–substitution. It follows that (♦) is an E–substitution if (♣) is an E–
substitution, which it is by assumption. �

5.5. Lemma. Let g : E → F be a morphism in E0, assume that E is polynomial
of degree ≤ n, and that F (n+1) vanishes. Then the functor

V 7−→ hofiber [E(V )
g→ F (V )]

is also polynomial of degree ≤ n.

Proof. This is obvious from propositions 5.2 and 5.3.
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5.6. Corollary. If F in E0 is such that F (n+1) vanishes, then the functor

V 7−→ Ω(F (V ))

is polynomial of degree ≤ n.

Proof. Apply lemma 5.5 with E equal to zero. �

5.7. Example. Let Θ be a spectrum with an action of O(n), and define F by

F (V ) := Ω∞[((nV )c ∧Θ)hO(n)]

where the subscript hO(n) indicates a homotopy orbit spectrum (=Borel construc-
tion). The group O(n) acts diagonally on the smash product (it acts on nV since
nV = Rn⊗V ). We shall see that F is polynomial of degree n if Θ is not contractible.

By corollary 5.6 it suffices to show that F (n+1) vanishes (because F has a de-
looping which is another functor of the same type). We will do a little more than
that. Namely, we will “identify” the sequence of derivatives

F (n) u→ F (n−1) u→ F (n−2) u→ · · · · · · u→ F (1) u→ F

with another sequence

F [n] ↪→ F [n− 1] ↪→ F [n− 2] ↪→ · · · · · · ↪→ F [1] ↪→ F,

F [i](V ) := Ω∞[((nV )c ∧Θ)hO(n−i)].

Here O(n − i) is the subgroup of O(n) consisting of thoses elements which fix the
first i coordinates. Each F [i] is an object in Ei. Indeed,

σ : (iV )c ∧ F [i](W ) −→ F [i](V ⊕W )

can be defined as an inclusion map,

(iV )c ∧ Ω∞[((nW )c ∧Θ)hO(n−i)] ↪→Ω∞[((iV )c ∧ (nW )c ∧Θ)hO(n−i)]

↪→Ω∞[((n(V ⊕W ))c ∧Θ)hO(n−i)].

In particular, F [n] is a stable object in En (see example 2.3). If it can be “identified”
with F (n), then F (n + 1) must vanish.

To make the desired “identification” of F [i] with F (i), we will simply establish
the following claim. The inclusion map

F [i + 1] ↪→ F [i],

which is really a morphism

resi+1
i F [i + 1] −→ F [i]

in Ei , has an adjoint

(z) F [i + 1] −→ F [i](1)
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which is an equivalence (see beginning of section 2).
To establish this claim, we use proposition 2.2. Accordingly, F [i](1)(V ) is the

homotopy fiber of
σad : F [i](V ) −→ ΩiF [i](R⊕ V ).

In our case this is homotopy equivalent to Ω∞+i+1 of the cofiber of the inclusion

[(iR⊕ nV )c ∧Θ]hO(n−i) ↪→ [(n(R⊕ V ))c ∧Θ]hO(n−i).

It is also homotopy equivalent to Ω∞+1 of the cofiber of

[(nV )c ∧Θ]hO(n−i) ↪→ [(Rn−i ⊕ nV )c ∧Θ]hO(n−i).

which is just Ω∞Σ of

(�) [Sn−i−1
+ ∧ (nV )c ∧Θ]hO(n−i).

Now for any spectrum Ψ with an action of O(k), where k > 0, we have

[Sk−1
+ ∧Ψ]hO(k) ' ΨhO(k−1)

using the diagonal action on the wedge. Applying this to (�), we conclude finally
that

F [i](1)(V ) ' Ω∞[((nV )c ∧Θ)hO(n−i−1)] = F [i + 1](V ).

It is not really difficult to check that this “abstract” homotopy equivalence agrees
with the map labelled (z). �

5.7. Example [bis]. The calculation of the derivatives of F also shows what their
associated spectra are. Namely,

ΘF (i) ' Θ for i = n

ΘF (i) ' ∗ for i 6= n, i > 0.

The cases i > n and i = n are obvious. For 0 < i < n, observe that

ΘF (i) ' ΘF [i] ' [Θ (resn
i F [n])]hO(n−i)

and that Θ(resn
i D) is contractible for any D in En. �

5.8. Example. For any U and any i and any k > 0, the functor F given by

V 7−→ Q(Σi mork(U, V ))

is polynomial of degree ≤ k + dim(U). Proof : By corollary 5.6 again, it suffices to
show that F (k+d+1) vanishes where d = dim(U). We can assume U = Rd. Using
lemma 5.5 and proposition 1.2, we can reduce to the case d = 0 (by induction, at
the price of increasing k). But d = 0 means U = 0, which means

F (V ) = Q(Σi(kV )c).

This case is covered by example 5.7. �
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Polynomial functors are determined by their behaviour at infinity, i.e., by their
behaviour on vector spaces V of very large dimension. To make this precise, let us
fix n ≥ 0 and let

τn : E −→ E

be the functor such that

(τnE)(V ) := holim
0 6=U⊂Rn+1

E(U ⊕ V ).

The canonical map from E(V ) to (τnE)(V ) is natural in V , so it defines a morphism

ρ = ρE : E −→ τnE.

If E is polynomial of degree ≤ n, then all morphisms in the diagram

E
ρ−→ τnE

ρ−→ τnτnE
ρ−→ · · ·

are equivalences. But it is obvious that (τn)kE only depends on the behaviour of
E on vector spaces V of dimension ≥ k (and morphisms between such).

For arbitrary F in E0, the space

F (R∞) := hocolim
i

F (Ri)

and the spectra ΘF (1), ΘF (2), ΘF (3), ... are determined up to homotopy equiva-
lence by the behaviour of F at infinity. When F is polynomial, we can expect them
to have a strong influence on F (V ) for all V .

5.9. Definition. An object F in E is connected at infinity if F (R∞) is connected.

Suppose now that F in E0 is polynomial of degree ≤ n and connected at infinity.
Let F[ be the subfunctor of F given by

F[(V ) = base point component of F (V ).

Claim: F[ determines F , up to equivalence. Proof : We replace F by the homotopy
colimit of

F
ρ−→ τnF

ρ−→ τnτnF
ρ−→ · · · .

This contains F , and the inclusion is an equivalence. On the other hand, it also
contains the homotopy colimit of

F[
ρ−→ τn(F[)

ρ−→ τnτn(F[)
ρ−→ · · · .

It remains to show that the inclusion

ι : hocolim
k

(τn)kF[(V ) −→ hocolim
k

(τn)kF (V )

is a homotopy equivalence for every V . (Equivalently, we must show that all its
homotopy fibers are contractible). Firstly, each homotopy fiber of ι is empty or
contractible, since

(τn)kF[(V ) ↪→ (τn)kF (V )
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is the inclusion of a union of connected components, for all k. Secondly, we can
show that no empty fibers occur: Fix a connected component C in the codomain
of ι (which is homotopy equivalent to F (V )). Choose a k ≥ 0 such that the
corresponding component C ′ = C∩F (V ) of F (V ) maps to the base point component
of F (Rk ⊕ V ) under the inclusion–induced morphism

F (V ) −→ F (Rk ⊕ V ).

(This is possible because F is connected at infinity.) Then the image of C ′ in
(τn)kF (V ) is contained in (τn)kF[(V ), so the image of ι has nonempty intersection
with C.

We obtain a very useful corollary.

5.10. Proposition. Let g : E → F be a morphism in E0 such that

hofiber [E(V )
g−→ F (V )]

(the homotopy fiber over the base point) is contractible for all V . Assume that F
is connected at infinity, and that E and F are polynomial of degree ≤ n. Then g is
an equivalence.

Proof. The assumption on g means that g[ : E[ → F[ is an equivalence.

5.11. Lemma. If E in E is polynomial of degree ≤ m, then τnE is also polynomial
of degree ≤ m, for all n ≥ 0.

Proof. We have to show that the canonical map

τnE(V ) = holim
0 6=U⊂Rn+1

E(U ⊕ V ) −→ holim
0 6=W⊂Rm+1

holim
0 6=U⊂Rn+1

E(W ⊕ U ⊕ V )

is a homotopy equivalence, for any V . Rewrite the codomain as

holim
0 6=U⊂Rn+1

holim
0 6=W⊂Rm+1

E(W ⊕ U ⊕ V ).

Use the assumption on E and the well–known homotopy invariance of homotopy
limits [BK] to complete the proof.

5.12. Corollary. If E is in E0 is polynomial of degree ≤ m, then E(m) is stable
(as in example 2.3).

Proof. For m = 0, this is obvious. When m > 0, proposition 5.3 tells us that
E(m+1) vanishes. Then the homotopy fiber of

σad : E(m)(V ) −→ ΩmE(m)(R⊕ V )

also vanishes, since it is equal to E(m+1)(V ) by proposition 2.2. We claim now that
the functors

V 7→ E(m)(V ), V 7→ ΩmE(m)(R⊕ V )

(as functors on J0) are polynomial of degree ≤ m, and connected at infinity. If so,
we can apply proposition 5.10 to complete the proof. Now the first of these functors
is polynomial of degree ≤ m by proposition 5.11 and Lemma 5.5, since E(m)(V ) is
the homotopy fiber of the canonical map

E(V ) −→ (τm−1E)(V ).

The second of the two functors is then also polynomial of degree ≤ m by corollary
5.6. Both functors are connected at infinity—and even contractible at infinity—
because they are restrictions of functors belonging to Em. �
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5.13. Corollary. Let g : E → F be a morphism in E0 such that the maps

g∗ : E(R∞) −→ F (R∞),

g∗ : ΘE(i) −→ ΘF (i) for 1 ≤ i ≤ m

are homotopy equivalences. Assume that E and F are polynomial of degree ≤ m,
and that F is connected at infinity. Then g is an equivalence.

Proof. By proposition 5.10 it is sufficient to show that the functor D given by

D(V ) := hofiber [E(V )
g−→ F (V )]

vanishes. Lemma 5.5 shows that D is polynomial of degree ≤ m. Let k ≥ 0 be the
least integer such that D is polynomial of degree ≤ k. Assume first that k > 0.
Then D(k) is stable by corollary 5.12. Consequently

D(k)(V ) ' Ω∞((kV )c ∧ΘD(k)),

where ΘD(k) is the homotopy fiber of

g∗ : ΘE(k) −→ ΘF (k).

But this homotopy fiber is contractible by our assumptions, so D(k) must vanish.
Now D(k)(V ) is also the homotopy fiber of the canonical map

(♥) D(V ) −→ (τk−1D)(V )

in the notation introduced just before definition 5.9. By lemma 5.11, the functor
τk−1D is also polynomial of degree ≤ k. Consequently, by proposition 5.10 and
lemma 5.14 just below, the map (♥) is a homotopy equivalence for all V . This
means that D is polynomial of degree ≤ k−1, in contradiction with the minimality
assumption on k. We conclude that D must be polynomial of degree 0, which
implies that

D(V ) ' D(R∞)

for all V . But D(R∞) is the homotopy fiber of

g∗ : E(R∞) −→ F (R∞),

which is contractible by assumption. �

5.14. Lemma. For any D in E and any q ≥ 0, the canonical map

D(R∞) −→ (τqD)(R∞)

is a homotopy equivalence. Hence if D is connected at infinity, then so is τqD.

Proof. The idea is that the codomain of our map is a homotopy colimit of homotopy
limits, and we can try to express it as a homotopy limit of homotopy colimits. A
more detailed argument follows. Write U for nonzero linear subspaces of Rq+1, and
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n for positive integers, and '〉, 〈' for homotopy equivalences going in the direction
indicated. The codomain is

hocolim
n

holim
U

D(U ⊕ Rn)

〈'hocolim
n

holim
U

hocolim
j≤n

D(U ⊕ Rj)

'〉 colim
n

holim
U

hocolim
j≤n

D(U ⊕ Rj)

∼=
1

holim
U

hocolim
j≤∞

D(U ⊕ Rj)

〈'holim
U

hocolim
j

D(Rj)

= holim
U

D(R∞)

'
2

D(R∞).

The important thing is the homeomorphism labelled “1”, where we use the fact that
the nerve of the poset (better: pospace) of all nonzero linear subspaces U ⊂ Rq+1 is
compact. For the homotopy equivalence labelled “2”, use the contractibility of the
nerve (the poset has a maximal element). For the remaining homotopy equivalences,
use the homotopy invariance of homotopy limits and homotopy colimits.

We conclude that domain and codomain of the map under investigation are
abstractly homotopy equivalent. Inspection reveals that the homotopy equivalence
is the map itself. �

We will use a half–hearted approach to generalize corollary 5.13 to the unbased
setting. Namely, we will allow base points to vary to some extent. For any U in
J , define categories Jm〈U〉 ⊂ Jm as follows. Objects are objects V of J with
a morphism f from U to V in J . A morphism from (V, f) to (W, g) in Jm〈U〉
is a morphism e ∈ morm(V,W ) making the appropriate triangle commute. To
a continuous pointed functor F from Jm〈U〉 to pointed spaces, we associate an
ordinary spectrum ΘF with mk–th term ΩmUF (Rk⊕U, f) where f is the inclusion
of the direct summand U .

Given E in E , and U in J and x ∈ E(U), we construct a functor Ex from
J0〈U〉 to pointed spaces by Ex(V, f) := E(V ). We have a base point f∗(x) in
E(V ) = Ex(V, f). Hence we can define E

(m)
x , the m–th derivative of Ex, as a

functor on Jm〈U〉. It is the right Kan extension of Ex. It gives us an ordinary
spectrum ΘE

(m)
x . The good thing about this spectrum is that it varies nicely with

x: A morphism c : U → U ′ in J induces

ΘE(m)
x

'−→ ΘE(m)
cx (x ∈ E(U), cx = c∗(x) ∈ E(U ′)) .

Hence it is possible to write without too much ambiguity

ΘE(m)
x for any x ∈ E(R∞).

The homotopy type of ΘE
(m)
x depends only on the connected component of x in

E(R∞).
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5.15. Theorem. Let g : E → F be a morphism in E such that the maps

g∗ : E(R∞) −→ F (R∞),

g∗ : ΘE(i)
x −→ ΘF (i)

gx for 1 ≤ i ≤ m, any x ∈ E(R∞)

are homotopy equivalences. Assume that E and F are polynomial of degree ≤ m.
Then g is an equivalence.

Proof. Both E and F can be written in a unique way as coproducts of functors which
are connected at infinity. By lemma 5.14, each of the summands in these splittings
is polynomial of degree ≤ m. Further, g respects the splitting. Consequently we
can assume without loss of generality that E and F are connected at infinity. Our
problem is now that E(0) can be empty (otherwise we could just pick a base point
there at random, and use proposition 5.14). However, some U must exist such that
E(U) is nonempty. Choose x ∈ E(U). By our assumptions and by proposition
5.13, the restriction of g is an equivalence

Ex −→ Fgx.

(Here we apply proposition 5.13 to polynomial functors on J0〈U〉, which is clearly
permitted.) This implies at once that

gW : E(W ) −→ F (W )

is a homotopy equivalence for any W such that dim(W ) ≥ dim(V ). The principle
“polynomial functors are determined by their behaviour at infinity” now shows that
g is an equivalence. �

5.16. Definition. A morphism g : E → F in E is an approximation of order m if

g∗ : E(R∞) −→ F (R∞),

g∗ : ΘE(i)
x −→ ΘF (i)

gx for 1 ≤ i ≤ m, any x ∈ E(R∞)

are homotopy equivalences.

6. Approximation by polynomial functors

Let A be a full subcategory of another category B. Following [MaL], we say that
A is a reflective subcategory of B if the inclusion functor A → B has a left adjoint
T : B → A. Put differently: for every object b in B, the comma category (b ↓ A)
has an initial object

ηb : b −→ T (b).

(The objects of the comma category are morphisms from b to some object in A.)
We could say that every object b in B admits a best approximation (from the right)
by an object in A; this is why the notion is interesting here.

6.1. Observation. A full subcategory A ⊂ B is reflective if and only if there exist
(1) a functor T : B → A
(2) a natural transformation η : 1B → T such that

ηa : a→ T (a) (for any a in A)

T (ηb) : T (b)→ TT (b) (for any b in B)

are isomorphisms.
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Proof. (⇒) is obvious. For the converse, suppose that T and η exist. We claim
that T is left adjoint to the inclusion functor. More precisely, every morphism of
the form

f : b −→ a

with b in B and a in A has a unique factorization of the form f = gηb, where g is
from T (b) to a. Indeed, let

g := (ηa)−1T (f).

Then ηaf = T (f)ηb = ηagηb, so f = gηb since ηa is iso. If g1 also satisfies f = g1ηb,
then

T (f) = T (g1)T (ηb) = T (g)T (ηb),

so that T (g1) = T (g) since T (ηb) is iso. But our assumptions on η and T imply that
T maps mor(T (b), a) bijectively to mor(TT (b), T (a)). It follows that g1 = g. �

6.2. Example. Let B be any category, let

H : B −→ B

be a functor, and let
ρ : 1B −→ H

be a natural transformation. Suppose that any functor from the poset of positive
integers to B has a colimit, and that H preserves such colimits. Let A be the full
subcategory of B whose objects are those a for which

ρa : a −→ H(a)

is an isomorphism. Let us try to prove that A is a reflective subcategory of B. (We
will not succeed.)

Attempt. We use observation 6.1. For any b in B, let T (b) be the colimit of the
diagram

b
ρ−→ H(b)

H(ρ)−→ H2(b)
H2(ρ)−→ · · ·

and let ηb : b → T (b) be the obvious morphism. Then T is a functor, and η is
a natural transformation from 1B to T . We must verify that T and η satisfy the
conditions in observation 6.1. The first condition to verify is that T (b) belongs to
A for any b. In other words, we must show that

ρT (b) : T (b) −→ HT (b)

is iso. Since H preserves certain colimits, and T (b) is such a colimit, we find that
HT (b) is (isomorphic to) the colimit of

H(b)
H(ρ)−→ H2(b)

H2(ρ)−→ H3(ρ)
H3(ρ)−→ · · ·

which is “abstractly” isomorphic to T (b). The more obvious isomorphism is from
HT (b) to T (b), and happens to be inverse to ρT (b). This shows that T (b) belongs
to A. Further, it is obvious that ηa is iso for any a in A. Unfortunately, it seems
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impossible to prove without additional hypotheses that T (ηb) is iso for any b in B.
We can only hope that it will work out magically in special cases of special interest.

Let us apply these observations to the following situation: B = E , the category
of continuous functors from J to unbased spaces, and A is the full subcategory
made up of all objects which are polynomial of degree ≤ n for some fixed n. In this
case it would be unreasonable to expect that A is a reflective subcategory in the
strict sense. However, we have the alternative definition of “reflective subcategory”
given by observation 6.1. We relax it just a little.

6.3. Theorem. For any n ≥ 0, there exist a functor

Tn : E −→ E

taking equivalences to equivalences, and a natural transformation

ηn : 1 −→ Tn

with the following properties:
(1) Tn(E) is polynomial of degree ≤ n, for all E in E.
(2) if E is already polynomial of degree ≤ n, then

ηn : E −→ TnE

is an equivalence.
(3) For every E in E, the map

Tn(ηn) : TnE −→ TnTnE

is an equivalence.

Proof. We proceed as in example 6.2, letting H = τn (defined just after example
5.8) and taking for ρ the canonical transformation. Thus TnE is, by definition, the
homotopy colimit of

E
ρ−→ τnE

τn(ρ)−→ (τn)2E
(τn)2(ρ)−→ · · · ,

and ηn : E → TnE is the evident inclusion. As in example 6.2, we find that

ρ : TnE −→ τnTnE

is an equivalence for arbitrary E, which means that TnE is polynomial of degree
≤ n. If E is already polynomial of degree ≤ n, then clearly

ηn : E −→ TnE

is an equivalence. It remains to establish property (3). This will (eventually) come
out of theorem 5.15.

Step 1 : We note that

(*) ρ : E −→ τnE
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is an approximation of order n (definition 5.16.). Proof: Lemma 5.14 shows that

ρ∗ : E(R∞) −→ (τnE)(R∞)

is a homotopy equivalence. Further, if we pick j ≥ 0 and x ∈ E(Rj), then (τn)(Ex)
is the same as (τnE)ρx, and the homotopy fiber (functor) Dx of

ρ : Ex −→ (τnE)ρx

is therefore E
(n+1)
x by propositions 5.3 and 5.2. Therefore Dx extends from E0〈Rj〉

to En+1〈Rj〉, therefore ΘD
(i)
x is contractible for 1 ≤ i ≤ n, and therefore

ρ∗ : ΘE(i)
x −→ ΘE(i)

ρx

is a homotopy equivalence for 1 ≤ i ≤ n. This proves that (*) is an approximation
of order n.

Step 2 : We note that all arrows in the diagram

E
ρ−→ τnE

τn(ρ)−→ (τn)2E
(τn)2(ρ)−→ · · ·

are approximations of order n. We can prove this by induction, using the commu-
tative diagrams

(τn)kE
(τn)k(ρ)−−−−−→ (τn)k+1Eyρ

yρ

(τn)k+1E
(τn)k+1(ρ)−−−−−−−→ (τn)k+2E .

We have just shown that the vertical arrows in the diagram are approximations of
order n, and if the same is true for the upper horizontal arrow, then it must be true
for the lower horizontal arrow as well.

Step 3 : We conclude from the last step that

ηn : E −→ TnE

is an approximation of order n, for any E. This shows that three of the four arrows
in the commutative diagram

E
ηn−−−−→ TnEyηn

yηn

TnE
T (ηn)−−−−→ TnTnE

are approximations of order n. Therefore

T (ηn) : TnE −→ TnTnE

is also an approximation of order n. Now lemma 5.15 implies that T (ηn) is an
equivalence. �



ORTHOGONAL CALCULUS 35

6.3. Theorem [bis]. For any n ≥ 0 and any E in E, the morphism ηn from E to
TnE is an approximation of order n. �

6.4. Example. Let Θ be a spectrum with an action of O(n), where n > 0, and
let E,F in E be given by

E(V ) : = [Ω∞((nV )c ∧Θ)]hO(n)

F (V ) : = Ω∞[((nV )c ∧Θ)hO(n)] .

In the definition of E, the subscript hO(n) denotes a homotopy orbit space in the
pointed category, i.e., the quotient of the homotopy orbit space in the unpointed
category by BO(n). We know F from example 5.7, and E is a subfunctor of F . Let

ι : E ↪→ F

be the inclusion. We shall verify that Tn(ι) : TnE −→ TnF is an equivalence. This
is in effect a calculation of TnE, since ηn : F −→ TnF is also an equivalence by
example 5.7 and theorem 6.3, item (2) .

The argument which follows is due to the referee, and it is much simpler than
my own. We shall prove more, namely, T2n−1(ι) : T2n−1E −→ T2n−1F is an
equivalence.

Step 1. By Theorem 5.15 and Theorem 6.3 [bis], it is enough to show that ι : E → F
is an approximation of order 2n− 1.

Step 2. If the Lie group G acts on a spectrum X and X is k–connected, k > 0, then
the canonical map from (Ω∞X)hG to Ω∞(XhG) is 2k+1–connected. Indeed, in the
special case where X is the suspension spectrum of a k–connected based G–space
Y , the map in question is the second arrow in

YhG ↪→ (QY )hG ↪→ Q(YhG) ,

and it is (2k + 1)–connected because both the first arrow and the composition are.
In general X admits a (2k + 2)–connected map Σ∞Y → X from such a suspension
spectrum (let Y = Ω∞X) and this can be used to reduce to the special case.

Step 3. Assume that Θ is k–connected for some k ∈ Z. (Briefly: Θ is bounded
below.) Then ι : E(V )→ F (V ) is [2n ·dim(V )−c]–connected, where c is a constant
depending on Θ but not on V . This follows from Step 2. Looking at the homotopy
fiber of ι : E(V ) → F (V ), as a functor in the variable V , we deduce immediately
that ι : E → F is an approximation of order 2n− 1. (Use the elementary definition
of derivatives at infinity from the introduction.)

Step 4. The case of general Θ follows from Step 3 by writing Θ as a homotopy
colimit of a sequence of spectra which are bounded below. �

7. Homogeneous functors

7.1. Definition. An object F in E is homogeneous of degree n if it is polynomial
of degree ≤ n and if Tn−1E(V ) is contractible for all V .

We want to “classify” such objects. This is much easier in the setting “with
base points”, so we start by classifying homogeneous objects F in E0. In fact, we
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start by classifying their n–th derivatives F (n). Corollary 5.12 tells us that F (n) is
stable, and proposition 3.1 tells us that F (n) is symmetric (definition 3.3). Thus
our first task is to classify stable symmetric objects in En, for any n ≥ 0.

The case n = 0 is contained in example 2.3. We can reformulate the result as
follows. Let α0 be the rule taking an object F , homogeneous of degree 0, to the
pointed space F (R∞). Let β0 be the rule taking a pointed space Y to the constant
functor V 7→ Y , which is homogeneous of degree 0. There is a natural homotopy
equivalence

Y −→ α0β0(Y )

of pointed spaces, and there are equivalences

F −→ F̂ ←− β0α0(F ),

where F̂ is the functor
V 7−→ hocolim

k
F (Rk ⊕ V ).

Moreover, α0 takes equivalences to homotopy equivalences, and β0 takes homotopy
equivalences to equivalences.

Now take n > 0, and let αn be the rule taking a symmetric stable object E in
En to the spectrum with k–th term

Ω∞(Sk ∧ΘE).

This comes with an action of O(n), as described in example 3.3. Let βn be the rule
taking a spectrum Θ with an action of O(n) to the functor

V 7−→ Ω∞((nV )c ∧Θ).

We regard this functor as a stable object in En, as explained in example 2.3. We
make it into a symmetric object using the diagonal action of O(n) on (nV )c ∧Θ,
for each V .

Now αnβn(Θ) is the spectrum with k–th term

Ω∞(Sk ∧Θ]),

in the notation of example 3.3. This contains Θ since

Θk ⊂ Ωk(Sk ∧Θk) ⊂ Ω∞(Sk ∧Θ)

and Θ ⊂ Θ]. The inclusion
Θ ↪→ αnβn(Θ)

is a homotopy equivalence, and is compatible with the O(n)–actions.
In the other direction, we observe that βnαn(E) is (equivalent to) the functor

V 7−→ hocolim
k,j→∞

Ωk[(nV )c ∧ Ωnj(Sk ∧ E(Rj))].
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(on Jn). We use the maps

σ : (nV )c ∧ E(Rj) −→ E(V ⊕ Rj)

to map this to another functor Ê on Jn, where

Ê(V ) := hocolim
k,j→∞

Ωk+nj(Sk ∧ E(V ⊕ Rj)) .

This new functor Ê contains E (take k, j = 0). Hence we have equivalences

E −→ Ê ←− βnαn(E)

of stable symmetric objects in En.

All this shows that, for n > 0, classifying stable symmetric objects in En up to
equivalence amounts to classifying spectra with an action of O(n) up to a suitable
notion of equivalence. To summarize the result in a proposition, we introduce some
more notation. Let Xn be the category whose objects are the stable symmetric
objects in En, and whose morphisms are the natural transformations E → F (re-
specting symmetry) between such objects. Let Yn be the category whose objects are
spectra with an action of O(n), and whose morphisms are maps Θ→ Ψ compatible
with the actions of O(n). The constructions αn, βn are simply functors,

αn : Xn → Yn , βn : Yn → Xn.

7.2. Proposition. For E in Xn there exists a chain of natural equivalences (in Xn)
relating E to βnαn(E). For Θ in Yn, there exists a natural homotopy equivalence
(in Yn) from Θ to αnβn(Θ). �

7.3. Theorem. Let F in E0 be homogeneous of degree n, where n > 0. Then F is
equivalent to the functor

(I) V 7−→ Ω∞[((nV )c ∧Ψ)hO(n)]

(cf. example 5.7), where Ψ = Θ]F (n) ' ΘF (n), with the O(n)–action specified in
section 3. Conversely, any functor of the form (I) is homogeneous of degree n.

Proof. Let E in E0 be the functor given by

E(V ) = (F (n)(V ))hO(n)

(use the action of proposition 3.1, and remember the meaning of the subscript
hO(n), as in example 6.4). This contains F (n), or rather resn

0 F (n), as a subfunctor.
What we know about F (n) (from proposition 7.2) implies that

(1) TnE is equivalent to the functor

V 7−→ Ω∞[((nV )c ∧Ψ)hO(n)]

(by example 6.4), and this is homogeneous of degree n (by example 5.7);
(2) the adjoint of the composition

resn
0 (F (n)) ↪→ E

ηn−→ TnE

is an equivalence
F (n) −→ (TnE)(n)

(again by example 5.7).
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Recall now (proposition 3.1) that

u : F (n)(V ) −→ F (V )

is an O(n)–map for the trivial action of O(n) on F (V ), for all V . This implies that

u : resn
0 F (n) −→ F

has a factorization as
resn

0 F (n) ↪→ E
bu−→ F .

We use û to make a commutative diagram

resn
0 F (n) ⊂−−−−→ E

ηn−−−−→ TnEyid

ybu yTn(bu)

resn
0 F (n) u−−−−→ F

ηn−−−−→ TnF

and we proceed to prove that Tn(û) is an equivalence. (This will complete the proof
because ηn from F to TnF is also an equivalence.) The adjoint of the composite
map in the lower row of the diagram is an equivalence

F (n) −→ (TnF )(n)

(because the adjoint of u is an equivalence, and ηn in the lower row is an equiva-
lence). We have already verified that the adjoint of the composite map in the upper
row is also an equivalence. Commutativity of the diagram now shows that Tn(û)
induces an equivalence of n–th derivatives. But then Tn(û) must be an equivalence,
by corollary 5.13. �

It is not difficult to formulate and prove a more precise version of theorem 7.3,
along the lines of proposition 7.2. There is a functor

F 7→ αn(F (n)),

taking homogeneous functors of degree n to spectra with an action of O(n). There
is another functor

Θ 7−→
[
V 7→ Ω∞[((nV )c ∧Θ)hO(n)]

]
taking spectra with an action of O(n) to homogeneous functors of degree n. These
two functors are inverses of one another up to chains of natural equivalences.

7.4. Lemma. Suppose that F in E0 is homogeneous of degree n, where n > 0.
Then the adjoint of

ηn : ΣF −→ Tn(ΣF )

is an equivalence
F −→ ΩTn(ΣF ) .

Explanation and comment. The functor ΣF takes V in J0 to the reduced suspension
of F (V ). The proof of lemma 7.4 will be very easy once we have a good category of
fractions E0/∼ (made from E0 by inverting all equivalences). To explain what this
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looks like, I shall borrow a definition and a result from the appendix. An object D
in E0 is cofibrant if, for any diagram

D
c−→ F

e←− F̂

in E0 where e is an equivalence, there exist a morphism

ĉ : D −→ F̂

and a natural homotopy h from e · ĉ to c. There is a functorial construction giv-
ing, for each E in E0, a cofibrant object E� and an equivalence ε from E� to E.
Consequently the category of fractions E0/∼ can be described as follows: Objects
are the objects of E0, and a morphism from E to F in E0/∼ is a homotopy class
of morphisms from E� to F � in E0. A morphism g from E to F in E0 determines
a morphism from E to F in E0/∼, namely, the homotopy class of g�. If g is an
equivalence, then the class of g� is an isomorphism in E0/∼. We write [E,F ] for
the set of morphisms from E to F in E0/∼.

Proof of lemma 7.4. As an endofunctor of E0/∼, the functor Tn is left adjoint to
the inclusion of the full subcategory consisting of all functors which are polynomial
of degree ≤ n. Therefore, if E is polynomial of degree ≤ n, we have

[Tn(ΣF ), E] ∼= [ΣF,E] ∼= [F,ΩE].

If E is polynomial of degree ≤ n− 1, then so is ΩE, and therefore

[F,ΩE] ∼= [Tn−1F,ΩE] = {∗}.

It follows that [Tn(ΣF ), E] is zero if E is polynomial of degree ≤ n− 1. Therefore
Tn(ΣF ) must be homogeneous of degree n. We see that

F 7→ Tn(ΣF )

is an endofunctor of the full subcategory Hn of E0/∼ consisting of the objects which
are homogeneous of degree n. It is left adjoint to the endofunctor of Hn given by

F 7→ ΩF.

But our classification result for homogeneous functors (theorem 7.3 and sequel)
implies that the second endofunctor is an equivalence of the category Hn with
itself. Hence the unit of the adjunction [MaL] must be an isomorphism

F −→ ΩTn(ΣF ). �

Last not least, we come to the classification of homogeneous objects in E . Nota-
tion: For a space X, denote by Σ\X the unreduced suspension of X. For a space
Y with two distinguished points (called north pole and south pole), let Ω\Y be the
space of paths in Y from north pole to south pole.
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Lemma 7.5. Suppose that F in E is homogeneous of degree n, where n > 0. Then
the adjoint of

ηn : Σ\F −→ Tn(Σ\F )

is an equivalence
F −→ Ω\Tn(Σ\F ).

Proof. As in the proof of 5.15, our problem is that F (0) can be empty. However,
for some U in J the space F (U) will be nonempty: pick a base point x in F (U) at
random. Lemma 7.4, applied to the homogeneous functor

(V, f) 7→ F (V )

from J0〈V 〉 to pointed spaces, shows that

F (V ) −→ Ω\Tn(Σ\F (V ))

is a homotopy equivalence for all V such that dim(V ) ≥ dim U . This means that
the hypotheses in theorem 5.15 are satisfied. Now apply the theorem to complete
the proof. �

Note that E := Tn(Σ\F ) in lemma 7.5 is an object in E0 (and by the lemma, it is
homogeneous of degree n). Actually, lifting E from E to E0 amounts to choosing a
base point in E(0); here we seem to have two canonical choices, the image of north
pole and south pole under

ηn : Σ\F (0) −→ Tn(Σ\F )(0).

We declare the north pole to be the base point. Now lemma 7.4 tells us that the
functor F is equivalent to the homotopy pullback of

∗ ↪→ E
y←− ∗

where ∗ is the terminal object in E and ↪→ picks the base point, whereas y picks
the south pole. Conversely, given D in E0, homogeneous of degree n, and a point
z ∈ D(0), the homotopy pullback of

∗ ↪→ D
z←− ∗

is a homogeneous object of degree n in E . The verification is easy. Combining
this with theorem 7.3, we have a classification of homogeneous objects in E up to
equivalence.

7.6. Example. For any n > 0 and any k ≥ 0, there exists an F in E , homogeneous
of degree n, such that F (Rk) is empty (hence F (V ) = ∅ whenever dim(V ) ≤ k).
To construct such an F , we start with the projection map

p : mor(Rn, Rn+i) −→ Gn,i

(large i) from the Stiefel manifold of orthonormal n–frames in Rn+i to the Grass-
mann manifold of n–planes through the origin in Rn+i. Let ν be the normal bundle
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of Gn,i (in some RN ) and let p∗ν be its pullback to the Stiefel manifold. Then the
Thom spectrum t(p∗ν) of p∗ν comes with an evident action of O(n), free in the
based sense and with orbit spectrum equal to t(ν). Let Θ = Ωnit(p∗ν). Then

ΘhO(n) ' Ωnit(ν)

which has (Gn,i)+ as Spanier–Whitehead dual. Let y in Ω∞(ΘhO(n)) be SW–dual
to the unit map from (Gn,i)+ to S0. Then y belongs to E(0), where E is the functor

V 7→ Ω∞[((nV )c ∧Θ)hO(n)] .

Let F be the homotopy pullback of

∗ ↪→ E
y←− ∗

(where the left–hand arrow is the standard inclusion). We shall see that the image
of y in E(Rk) is not in the connected component of the base point, so that F (Rk)
must be empty. Since

E(Rk) = Ω∞[((nRk)c ∧Θ)hO(n)]

we can try to calculate the class of y in the spectrum homology H0(–; Z/2) of

((nRk)c ∧Θ)hO(n).

Under Thom isomorphism and Poincaré duality, this homology group becomes

Hnk(Gn,i ; Z/2)

and y represents the k–fold power of the Euler class of the tautological n–plane
bundle on Gn,i. This will be nonzero if i is sufficiently large.

8. Homogeneous morphisms

8.1. Definition. A morphism g : E → F in E is polynomial of degree ≤ n if

E
g−−−−→ Fyηn

yηn

TnE
Tn(g)−−−−→ TnF

is a homotopy pullback square. If in addition

Tn−1g : Tn−1E → Tn−1F

is an equivalence, then g is homogeneous of degree n.

Intuitively, a morphism in E is polynomial of degree ≤ n, or homogeneous of
degree n, if its fibers are. In particular, the morphism from E to the zero object
is polynomial/homogeneous if and only if E is polynomial/homogeneous. We need
definition 8.1 in order to express a rigidity property of homogeneous objects.
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8.2. Theorem. Let g : E → F be homogeneous of degree n, where n > 0. Suppose
that F (R∞) is contractible, and that there exist D and

s : D −→ E

in E such that g · s is an equivalence. Then there exist G and

w : E −→ G

in E such that (g, w) from E to F ×G is an equivalence.

Intuitively: if a homogeneous morphism g has a section, and if its codomain is
contractible at infinity, then its domain is a product and g is projection to a factor.

Preliminaries. We can make the following additional assumptions:
(1) D = F and gs is the identity;
(2) g : E(V ) −→ F (V ) is a fibration for all V .

To arrange this, replace E by the homotopy pullback Ê of

D
gs−→ F

g←− E

and replace g by the projection ĝ from Ê to D. Then ĝ has an evident section ŝ.
If ŵ from Ê to Ĝ can be constructed such that (ĝ, ŵ) is an equivalence from Ê to
D × Ĝ, then let G be the homotopy pushout of

E
'←− Ê

ŵ−→ Ĝ

and let w be the inclusion of E in G.

Proof of theorem 8.2. For each V and x ∈ F (V ), define a functor φx from J0〈V 〉
to pointed spaces by

φx(W, f) := g−1(f∗(x)) ⊂ E(W )

where f∗(x) ∈ F (W ), and sf∗(x) serves as the base point of φx(W, f). Define A in
E by

A(V ) :=
{

(x, z) | x ∈ F (V ), z ∈ φx(n)(V, id)
}

.

In words: A(V ) is the total space of a fibration over F (V ) whose fiber over x ∈ F (V )
is φx(n)(V, id). Here φx(n) is the n–th derivative of φx, a functor from Jm〈V 〉 to
pointed spaces. Note that O(n) acts on A, by

g · (x, z) := (x, gz) for g ∈ O(n) and (x, z) ∈ A(V ),

and the morphism ū : A→ E given by

(x, z) 7→ u(z) ∈ φx(V, id) ⊂ E(V ) for (x, z) ∈ A(V )

is invariant under this action. (Here u is the universal map from φx(n) to φx.)
Hence we also have

ūorb : AhO(n) −→ E
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where AhO(n)(V ) means A(V )hO(n), and A(V )hO(n) is very sloppy notation for a
homotopy orbit construction in the category of retractive spaces over E(V ). We
shall now verify that A splits up to equivalence as a product of F with something
else, and that AhO(n) and Tn(AhO(n)) split similarly. We will then complete the
proof by verifying that Tn(ūorb) is an equivalence.

From the properties of n–th derivatives such as φx(n) we obtain the upper hori-
zontal arrow in an otherwise obvious commutative square

A(V ) −−−−→ Ωn
F A(R⊕ V )yp

y
F (V ) Fι−−−−→ F (R⊕ V )

where Ωn
F means: n–fold loops staying in a single but arbitrary fiber over F (R⊕V ).

Our assumptions imply that the square is a homotopy pullback square. Iterating
this, we obtain the arrow q in a homotopy pullback square

A(V )
q−−−−→ hocolimj Ωjn

F A(Rj ⊕ V ) =: B(V )yp

y
F (V ) −−−−→ hocolimj F (Rj ⊕ V ) =: F (R∞ ⊕ V )

where F (R∞ ⊕ V ) is contractible. It follows that the maps

(p, q) : A(V ) −→ F (V )×B(V )

φx(n)(V, id) ↪→ B(V ) for any x ∈ F (V )

are homotopy equivalences. These identifications or equivalences respect the O(n)–
symmetry. It follows that AhO(n) maps by an equivalence to F ×BhO(n), that(

Tnp, Tn(qhO(n))
)

: Tn(AhO(n)) −→ TnF × Tn(BhO(n))

is an equivalence, and that Tn(BhO(n)) is homogeneous of degree n. (Use example
6.4, and note that Tn preserves products up to equivalence.) With this knowledge,
and the assumption that

E
g−−−−→ Fyηn

yηn

TnE
Tn(g)−−−−→ TnF

is a homotopy pullback square, it is easy to verify that

Tn(ūorb) : Tn(AhO(n)) −→ TnE

satisfies the hypotheses of corollary 5.13. Hence it is an equivalence. We now define
G to be the homotopy pushout of

Tn(BhO(n))←− Tn(AhO(n))
'−→ TnE

where the left–hand arrow is Tn(qhO(n)). Then G is homogeneous of degree n. For
w, take the composition

E
ηn−→ TnE ↪→ G. �
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8.2. Theorem [bis]. Moreover, s and w fit into a commutative diagram

D −−−−→ Z

s

y y
E

w−−−−→ G

in E, where Z is equivalent to the terminal object ∗ .
Proof. Our construction of G and w so far depends “naturally” on s and g. We
may write G(s, g) and w(s, g) to indicate the dependence on s and g. Form the
commutative diagram

D
id−−−−→ D

id−−−−→ Dyid

ys

ygs

D
s−−−−→ E

g−−−−→ F

and obtain another commutative diagram

D
w(id,id)−−−−−→ G(id, id)ys

y
E

w(s,g)−−−−→ G(s, g)

where G(id, id) =: Z has to be equivalent to the terminal object. �

8.3. Corollary. Let g : E → F be a homogeneous morphism of degree n in E,
where n > 0. Assume that F (R∞) is contractible. Then g can be completed to a
homotopy pullback square

E −−−−→ Z

g

y y
F

c−−−−→ G

in E, where G is homogeneous of degree n and Z is equivalent to the terminal object.
The construction is natural.

Proof. Let B be the homotopy pushout of

F
g←− E

g−→ F.

This is the fiberwise unreduced suspension of E over F , so it comes with a canonical
projection map

p : B −→ F

and two sections
s1, s2 : F −→ B

picking north pole and south pole in each fiber, respectively. (N.b.: we are not
assuming that g is a fibration in any sense, although it could be arranged.) The
diagram

E
g−−−−→ F

g

y s1

y
F

s2−−−−→ B
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commutes up to a canonical homotopy. It follows from lemma 7.4 that

(♠)

TnE
Tng−−−−→ TnF

Tng

y Tns1

y
TnF

Tns2−−−−→ TnB

(which still commutes up to a canonical homotopy) is a homotopy pullback square.
In other words: the canonical homotopy produces an equivalence

(♥) TnE −→ P,

where P is the homotopy pullback of Tns1 and Tns2. (To prove this, choose some
U and x ∈ E(U). Restriction of g gives a homogeneous morphism of degree n
between functors from J0〈U〉 to pointed spaces, with homotopy fiber D say. The
homotopy fiber of Tnp, regarded as a morphism between functors on J0〈U〉, is then
equivalent to Tn(ΣD) which, by lemma 7.4, is a delooping of D. Hence (♥) satisfies
the hypotheses of theorem 5.15, hence it is an equivalence.)

Now apply theorem 8.2 (including [bis]) to the homogeneous morphism Tnp with
section Tns1. The result is a homotopy pullback square

TnF −−−−→ Z

Tns1

y y
TnB

w−−−−→ G

where Z is equivalent to the terminal object and G is homogeneous of degree n.
Plugging this together with previous homotopy pullback squares, we have

E
ηn−−−−→ TnE

Tng−−−−→ TnF −−−−→ Z

g

y Tng

y Tns1

y y
F

ηn−−−−→ TnF
Tns2−−−−→ TnB

w−−−−→ G

with boundary square
E −−−−→ Z

g

y y
F

c−−−−→ G .

This commutes up to a canonical homotopy and is still a homotopy pullback square.
Replacing Z by the mapping cylinder of E → Z, one can dispose of the homo-
topy. �

Remark. Evidently, c in corollary 8.3 is in some sense the classifying map for g. Is
it unique ? Write G(g), Z(g) and c(g) for the constructions above, and let

(*)

E −−−−→ L

g

y j

y
F −−−−→ H
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be another homotopy pullback square, where L is equivalent to the terminal object
and H is homogeneous of degree n. Naturality of our constructions yields yet
another commutative square

F
c(g)−−−−→ G(g)y y'

H
c(j)−−−−→
'

G(j)

(right–hand vertical arrow induced by the horizontal arrows in (∗)). This establishes
uniqueness up to equivalence of the classifying map.

Remark. Note that corollary 8.3 contains lemma 7.5 as a special case (take F = ∗).
We did not use lemma 7.5 in the proof of corollary 8.3.

Digression. Homogeneous morphisms of degree n > 0, as in definition 8.1, behave
in many respects like maps of CW–spaces

g : X −→ Y

whose homotopy fibers are Eilenberg–MacLane spaces K(π, n). For example, if
such a g has a section, and Y is simply connected, then there exists a map w from
X to a K(π, n) such that

(g, w) : X −→ Y ×K(π, n)

is a homotopy equivalence. This is analogous to theorem 8.2; in particular the
assumption that Y be simply connected is similar to the assumption that F (R∞)
be contractible. Corollary 8.3 is the analogue of the fact that any g as above can
be “classified” by a map from Y to a K(π, n + 1), provided Y is simply connected.
(The shift from n to n + 1 shows that the analogy has a weakness.) When Y is not
simply connected, something like “local coefficients” must be used. This is our cue.

We return to the situation of theorem 8.2, but this time we fix a space X (say a
CW–space) and consider objects in E equipped with a reference morphism to the
constant functor with value X. Denoting this constant functor by X also, we find
that we are in the comma category (E ↓ X). Suppressing the reference map to X,
we write D, E, F as usual for objects in (E ↓ X). Such an object is homogeneous
of degree n over X if the reference map to X is homogeneous of degree n.

8.4. Theorem. Let g : E → F be homogeneous of degree n in (E ↓ X), where
n > 0, and assume that there exists s : D → E in (E ↓X) such that g · s is an
equivalence. Assume also that the map

F (R∞) −→ X

(induced by the reference morphism) is a homotopy equivalence. Then there exists
G in (E ↓X), homogeneous of degree n over X, and a morphism

w : F −→ G

over X such that
E

w−−−−→ G

g

y y
F −−−−→ X

is a homotopy pullback square.
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8.4. Theorem [bis]. Moreover, s and w fit into a commutative square

D −−−−→ Z

s

y y
E

w−−−−→ G

in (E ↓X), where Z is equivalent to the terminal object in (E ↓X).

8.5. Corollary. Let g : E → F be a homogeneous morphism of degree n in (E ↓X),
where n > 0. Assume that F (R∞)→ X is a homotopy equivalence. Then g can be
completed to a homotopy pullback square

E −−−−→ Z

g

y y
F

c−−−−→ G

in (E ↓X), where G is homogeneous of degree n over X and Z is equivalent to the
terminal object in (E ↓X). The construction is natural.

Notation for the proof of theorem 8.4. For any C in (E ↓X) and any map q from a
CW–space Y to X, we define q�C in E by

(q�C)(W ) := hofiber [C(W )Y → XY ]

(homotopy fiber over the base point q ∈ XY ). The exponential notation means
mapping spaces. Think of q�C as “lifts of q to C”.

Sketch proof of theorem 8.4. We will deduce this from theorem 8.2, making strong
use of naturality and simplicial machinery. For any singular simplex

q : 4k −→ X ,

the diagram
q�D

q�s−−→ q�E
q�g−−→ q�F

in E has all the properties required in theorem 8.2; in particular (q � F )(R∞) is
contractible. Therefore

w = wq : q�E −→ Gq

is defined such that (q�g, wq) is an equivalence. Define Ẽ in (E ↓X) by

Ẽ(W ) :=
∣∣[k] 7→

∐
q:4k→X

(q�E)(W )
∣∣

(vertical bars for geometric realization, of a simplicial space). The evaluation maps

4k × (q�E) −→ E for q : 4k → X

give us an equivalence Ẽ → E. Define similarly G̃ by

G̃(W ) :=
∣∣[k] 7→

∐
q:4k→X

(q�G)(W )
∣∣
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so that the wq define a map Ẽ → G̃. Let G be the homotopy pushout of

E ←− Ẽ −→ G̃

and let w : E → G be the inclusion. It remains to understand how and why G
is an object over X. Briefly, it works like this: There is the reference morphism
from E to X, and there is another fairly obvious morphism from G̃ to X (via the
geometric realization of the singular simplicial set of X). Finally there is a more
subtle evaluation morphism

Ẽ × [0, 1] −→ X ,

compatible with the previous two. �

8.6. Remark. Notice that theorem 8.4 and corollary 8.5 are sufficiently general
in the following sense. For arbitrary F in E , let

X := F (R∞) = (T0F )(0).

Then, although there is no obvious reference morphism from F to X, there is an
obvious diagram

F
η0−→ T0F

'←− X

and we can replace F by the homotopy pullback F ] of this diagram. We have

F
'←− F ] −→ X

and the reference morphism from F ] to X is such that

F ](R∞) '−→ X .

Alternatively, corollary 8.5 (for example) can be rephrased in the following way. Any
g : E → F in E which is homogeneous of degree n fits into a homotopy pullback
square

(z)

E −−−−→ Z

g

y y
F

c−−−−→ G

where Z is polynomial of degree 0, all morphisms are approximations of order 0,
and G is locally homogeneous of degree n. “Locally homogeneous of degree n”
means that the map η0 from G to T0G is homogeneous of degree n. As before, the
construction of (z) from the homogeneous morphism g is natural, and naturality
implies a certain uniqueness.

To make corollary 8.5 a little more explicit, we should now classify diagrams

Z
s−→ G

t−→ X

in (E ↓X), where ts is an equivalence and t is homogeneous of degree n. Classi-
fication can be up to equivalence (over X), and therefore we may assume without
loss of generality that Z = X and ts = idX . We now have a parametrized version,
with parameter space X, of the classification problem solved in theorem 7.3. Much
as in the proof of theorem 8.4, the parametrized problem can be reduced to the
unparametrized one. However, I shall omit the details of the argument and state
the result only.
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8.7. Notation.

(1) If A and B are spaces and

p : A→ B

is a fibration, write

A =
∫

B

p−1(x) dx .

This suggests that A is the “integral” of a parametrized family of spaces p−1(x),
parametrized by the points x ∈ B. It is convenient notation if the fibers of the
fibration have “names”, and the total space (here A) has no “name”.

(2) For arbitrary E in E let hE,n be the “homology theory” taking a pointed
O(n)–CW–space Y to

hocolim
k

∫
E(Rk)

Ω∞[(Y ∧Θx)hO(n)] dx

where Θx is short for Θ]E
(n)
x , as defined in and around theorem 5.15 (cf.

also section 3). Let O(n) act on Y ∧Θx by the diagonal action.
Note that hE,n(Y ) is a retractive space over hE,n(∗) ∼= E(R∞). The functor
hE,n takes homotopy pushout squares to homotopy pullback squares. (A square of
pointed O(n)–CW–spaces and pointed O(n)–maps is a homotopy pushout square if
the underlying square of CW–spaces is.)

8.8. Rough statement. Let G be homogeneous of degree n over X, with section
s : X → G, where n > 0. Then G is equivalent, rel. X, to the functor

V 7−→ hG,n((nV )c). �

Continuing in this vein, we note that the homotopy pullback square in corollary
8.5 (or (z) in remark 8.6) gives rise to a homotopy pullback square of homology
theories

hE,n −−−−→ hZ,n

g

y y
hF,n

c−−−−→ hG,n

such that
hE,n(∗) −−−−→ hZ,n(∗)

g

y y
hF,n(∗) c−−−−→ hG,n(∗)

consists entirely of homotopy equivalences. In this situation it follows from general
considerations about homology theories that hG,n is determined by

g : hE,n −→ hF,n
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(up to a chain of natural homotopy equivalences). Namely, up to such a chain,
hG,n(Y ) is the homotopy pullback of

hF,n(∗)ys

hE,n(ΣY )
g−−−−→ hF,n(ΣY )

for any pointed O(n)–CW–space Y . The vertical arrow s is the standard section.

9. The Taylor Tower

The constructions of section 6 produce, for each object E in E , a diagram

· · · → Tn+1E
rn+1−→ TnE

rn−→ Tn−1E
rn−1−→ · · · · · · r1−→ T0E ,

the Taylor tower of E. The morphisms rn satisfy

rnηn = ηn−1 : E −→ Tn−1E ,

and they can be described explicitly as forgetful morphisms. Namely, TnE is a
homotopy colimit of objects (τn)k(E) (where k “tends to infinity”), and there are
evident forgetful morphisms from τn to τn−1. Alternatively, we could use the (so–
called) universal property of

ηn : E −→ TnE

which should give us a unique map rn from TnE to Tn−1E such that rnηn = ηn−1.
However, since the universal property in question only works “up to equivalence”,
this is not quite so neat. We are fortunate to have an explicit rn.

We note that rn is an approximation of order n − 1, since ηn and ηn−1 are (by
theorem 6.3[bis]). This implies that Tn−1rn is also an approximation of order n−1,
hence an equivalence by theorem 5.15. Thus rn is homogeneous of degree n.

When E belongs to E0, then the TnE are also objects of E0 for n ≥ 0, and the
homotopy fiber of

rn : TnF −→ Tn−1F

(over the base point) is defined for n > 0. It is of course homogeneous of degree n,
and the classification theorem 7.3 tells us the following.

9.1. Theorem. For E in E0, any n > 0, any V in J , there is a fibration sequence
up to homotopy

Ω∞[((nV )c ∧Θ)hO(n)] −→ (TnE)(V ) rn−→ (Tn−1E)(V )

where Θ depends on E and n only: Θ = Θ]E(n), the spectrum with action of O(n)
defined in section 3.

We can get a stronger (if less explicit) result by using corollary 8.5. This gives
us a homotopy pullback square

TnE −−−−→ Z

rn

y s

y
Tn−1E

c−−−−→ G
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where Z is of degree 0, all arrows are approximations of order 0, and G is locally
homogeneous of degree n. (Cf. remark 8.6.) By the rough statement 8.8 and sequel,
G has the form or is equivalent to

V 7−→ hE,n(Σ(nV )c)

(notation of 8.7). Further unravelling is left to the reader.

10. More examples

10.1. Example. Let F in E0 be given by F (V ) = O(R∞ ⊕ V )/O(V ). Then T0F
vanishes, and ΘF (1) is homotopy equivalent to S0, with the trivial action of O(1).
(Cf. example 2.7, which is essentially the same example, up to “extension” by a
functor of degree 0.) Hence we have

η1 : O(R∞ ⊕ V )/O(V ) −→ (T1F )(V ) ' Q[(V c)hO(1)] .

Here O(1) acts on V c by v 7→ −v for v ∈ V , so we can rewrite the codomain:

Q[(V c)hO(1)] ∼= Q(P (R∞ ⊕ V )/P (V )),

where P denotes projective spaces. Since η1 is an approximation of order 1, the
map of horizontal homotopy fibers in

F (V ) −−−−→ F (R⊕ V )

η1

y η1

y
T1F (V ) −−−−→ T1F (R⊕ V )

is, up to various homotopy equivalences, the stabilization map

V c ↪→ Q(V c).

Applying all this with V = Rk, for arbitrary k, one finds that

η1 : F (0) = O(∞) −→ (T1F )(0) ' Q(RP∞+ )

maps the nonzero class in Hk(RP∞; Z/2) (spectrum cohomology of the codomain)
to the class Ωwk+1 in Hk(O(∞); Z/2)), for all k. Here wk+1 is the Stiefel–Whitney
class.

10.2. Example. Let E be given by

E(V ) = U(C∞ ⊕ V )/U(V )

for finite dimensional complex vector spaces V with a hermitian positive definite
inner product. (This is unitary calculus.) One finds that

(�) ΘE(1) ' S−1 ' ΩS0

with the trivial action of the unitary group U(1). As in the previous example,

η1 : E(V ) −→ (T1E)(V )



52 MICHAEL WEISS

takes the form

U(C∞ ⊕ V )/U(V ) −→ ΩQ(P (C∞ ⊕ V )/P (V ));

here P (–) denotes complex projective spaces. (The Ω comes from (�).) For V = 0
this is

s : U(∞) −→ ΩQ(BU(1)+)

and the adjoint Σ∞+1U → Σ∞BU(1) maps one of the generators of H2k(BU(1); Z)
to

Ωck ∈ H2k−1(U ; Z)

(the looped Chern class), for all k > 0. Hence s induces a surjection in integral
cohomology, and an isomorphism in rational cohomology. Equivalently, s induces
a surjection in integral cohomology, with kernel equal to the torsion subgroup.

An interesting consequence is that the map s has a homotopy left inverse. A
natural candidate for such a left inverse is p = Ωq, where q is the composition

Q(BU(1)+) ↪→ Q(BU+)
µ−→ BU.

Here µ uses the infinite loop space structure on BU . By [Se1], the map p has a
homotopy right inverse, say s1, so that ps1 ' id. (In fact according to [Se1] the
map q has a homotopy right inverse.) Now s1 must induce a surjection in integral
cohomology, with kernel equal to the torsion subgroup, just like s. It follows that
ps induces an isomorphism in cohomology, like ps1. �

10.3. Example. Let F (V ) = BO(V ). Then

η2 : F (V )→ T2F (V )

is a rational homotopy equivalence for every V 6= 0. (This was pointed out by
the referee.) Much of this has been proved in 2.7: We saw that F (3)(V ) is always
rationally homotopy equivalent to a point, and F (3)(V ) is also the homotopy fiber
of

ρ : F (V ) −→ holim
0 6=U⊂V

F (U ⊕ V )

(Proposition 5.3). It follows that ΩF is rationally polynomial of degree 2, hence
that the canonical morphism ΩF → T2(ΩF ) is an equivalence. Since T2 commutes
with Ω up to equivalence (by construction), we may conclude that

F (V ) −→ T2F (V )

is a homotopy equivalence provided T2F (V ) is connected. For V 6= 0, this is easily
proved by a two–step induction using e.g. Theorem 9.1 and the calculation of ΘF (1)

and ΘF (2) in 2.7.

10.4. Example. Here we let F (V ) = O(R∞ ⊕ V )/O(V ) as in 10.1. Complexifi-
cation gives

F (V ) −→ E(V ⊗R C)
η1−→ T1E(V ⊗R C)

where E is from example 10.2, and T1 is the first Taylor approximation in unitary
calculus. Now it is clear that the continuous functor

V 7→ T1E(V ⊗R C)

on J is polynomial of degree 2. Hence we have a factorization

F (V ) −→ T2F (V ) −→ T1E(V ⊗R C)

Specializing to V = 0, we see that the looped integral Pontryagin classes in the
cohomology of O(∞) = F (0) lift to H∗(T2F (0); Z).
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10.5. Example. Let D in E0 be defined by

D(V ) = BG(S(V ))

where S(V ) is the unit sphere in V and G(S(V )) is the grouplike monoid of its
homotopy automorphisms. It is proved in [WW1,digr.3.8] that

ΘD(1) ' S0

with the trivial action of O(1). Hence the map of horizontal homotopy fibers in

D(0) ⊂−−−−→ D(R∞)

η1

y η1

y
T1D(0) ⊂−−−−→ T1D(R∞)

becomes (up to homotopy equivalences)

(♦) G −→ Q(RP∞+ )

where G ⊂ QS0 consists of the components of degree ±1. From the geometric
description of (♦) given in [WW1], which is easily related to the one used here,
one obtains the following. Composition of (♦) with the transfer from Q(RP∞+ ) to
Q(S∞+ ) ' QS0 gives

inclusion− c1 : G −→ QS0

where c1 is the constant map with value 1. In particular, the map (♦) has a
homotopy left inverse.

So far I have not found a much more direct argument to prove this fact.

10.6. Example. Let us finish the calculation of ΘF (3) in example 2.7, where
F (V ) = BO(V ). We only have to show that ΘF (3) is not contractible. (Again I
am indebted to John Klein for help with the argument.) Let A(V ) = V c. There is
a fibration sequence up to homotopy

(!) A(V ) −→ F (V ) ↪→ F (R⊕ V ) .

Hence we only have to show that ΘA(3) is not contractible. Let B(V ) be the
homotopy fiber of the stabilization map

A(V ) = V c −→ Q(V c)

where Q = Ω∞Σ∞. Now we only have to show that ΘB(3) is not contractible. Let

G(V ) = Q[(3V )c
hK ],

where K is the symmetric group on three letters (and hK denotes the Borel con-
struction in the pointed category). Note that G is homogeneous of degree 3 by
theorem 7.3 and some inspection. For V 6= 0, think of (3V )c

hK as the appropriate
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factor in the (stable) Snaith splitting [Sn] of Q(V c). Projection to this factor then
gives us a natural transformation

ζ : B(V ⊕ R) −→ ΩG(V ⊕ R).

By the universal property of T3B, this must factor (up to equivalence) through

η3 : B(V ⊕ R) −→ T3B(V ⊕ R)

since G has degree 3. Let us show that it does not factor through

η2 : B(V ⊕ R) −→ T2B(V ⊕ R),

by considering the case V = 0. Indeed, T1B(R) vanishes by construction, and
therefore

(!!) T2B(R) ' Ω∞((S2 ∧Θ)hO(2)) (Θ = ΘB(2) ' ΘA(2))

by theorem 9.1. From the natural fibration sequence up to homotopy (!) and the
calculation of ΘF (2) in example 2.7, we obtain

(!!!) S2 ∧Θ ' S1 ∨ S2.

Then, combining (!!) and (!!!), we find that π3(T2B(R)) has no 3–torsion. But
ζ detects the 3–torsion in π3(B(R)) = π3(ΩQS1). (Otherwise the stable Snaith
splitting of QS1 would not be a splitting.) Hence T3B is sufficiently different from
T2B, and ΘB(3) cannot be contractible. �

Appendix: Cofibrant objects

A.1. Conventions. In this appendix, the category J has only the following
objects: the vector spaces Rk for k ≥ 0. The space of morphisms from Rj to
Rk is, as usual, the Stiefel manifold mor(Rj , Rk). Furthermore, E is the category
of continuous functors from J to spaces (say, spaces having the homotopy type
of a CW–space). As before, a morphism g : E → F in E is an equivalence if
gV : E(V ) → F (V ) is a homotopy equivalence for all V . An object E in E is
cofibrant if, for any diagram

E
c−→ F

e←− F̂

where e is an equivalence, there exists a morphism

ĉ : E −→ F̂

and a natural homotopy h from e · ĉ to c.

As a category, the “new” J is of course equivalent to the old one. It follows that
the new E is equivalent to the old one.
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A.2. Definition. A CW–object in E is an object E together with a filtration by
subobjects,

∅ = E−1 ⊂ E0 ⊂ E1 ⊂ E2 ⊂ E3 ⊂ . . .

such that the following holds.
(1) E(V ) =

⋃
Ei(V ) = colim Ei(V ) with the colimit topology, for all V in J .

(2) For each i ≥ 0, the object Ei is isomorphic rel Ei−1 to the pushout of a
diagram

Ei−1 ←− Si−1 ×K ↪→ Di ×K

where K =
∐

λ mor(Vλ, –) is a coproduct of representable objects in E .

A.3. Observation. Any CW–object E in E is cofibrant.

Proof. Given
E

c−→ F
e←− F̂

where e is an equivalence, define ĉ : E → F̂ and the homotopy h from e · ĉ to c by
induction on skeletons, using the obvious fact that representable objects in E are
cofibrant. �

A.4. Observation. For any object F in E, there exists a CW–object F � and an
equivalence e : F � → F .

Proof. Assume that the i–skeleton F �i of F � and the restriction of e to F �i have
already been constructed. Form the set of all triples (Vλ, fλ, gλ) where Vλ in J and
fλ, gλ fit into a commutative square

Si ⊂−−−−→ Di+1

fλ

y gλ

y
F �i (Vλ) e−−−−→ F (Vλ) .

We construct F �i+1 as the homotopy pushout of

F �i
χ←−

∐
λ

Si ×mor(Vλ, –) ↪→
∐
λ

Di ×mor(Vλ, –)

where χ agrees with fλ on

Si ∼= Si × {id} ⊂ Si ×mor(Vλ, Vλ) .

(Always remember the Yoneda lemma.) Similarly, we construct the extension of e
to F �i+1 so that it agrees with gλ on

Di+1 ∼= Di+1 × {id} ⊂ Di+1 ×mor(Vλ, Vλ) .

By induction on i, the restriction

e : F �i (W ) −→ F (W )

is i–connected for any i, any W . �
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Remark. The construction of F �, and of the equivalence to F , is natural. When
F belongs to E0, which means that a base point in F (0) has been selected, then
there is also a preferred base point in F �(0). The construction F 7→ F � can also be
applied to a continuous functor from J to quite arbitrary spaces (which need not
have the homotopy type of CW–spaces). In such a case

F �(W ) e−→ F (W )

will be a weak homotopy equivalence, for all W .
Even more generally, it is not necessary to insist on a functor F whose values

F (V ) are spaces; it is sufficient to know what the continuous maps from compact
spaces K to F (V ) are. The functor

V −→ DIFFb(M × V )

(cf. example 3.2) is of this type.

Acknowledgment. It is a pleasure to thank Tom Goodwillie, John Klein and
Bruce Williams for conversations and encouragement. Much of this paper was
conceived at Aarhus University, Denmark, but the final touches were added during
an eight–month visit to the SFB 343, Bielefeld University.

References

[Ad]: J.F.Adams, Stable Homotopy and Generalised Homology, University of Chicago Press,
Chicago IL, 1974.

[AnH]: D.R.Anderson and W.–C.Hsiang, The functors K−i and pseudo–isotopies of polyhedra,

Ann.Math. 105 (1977), 201–223.
[BK]: A.K.Bousfield and D.M.Kan, Homotopy limits, completions, and localizations, Lect.Notes

in Math. 304, Springer–Verlag, New York, 1972.
[DWW]: W.Dwyer, M.Weiss and B.Williams, Parametrized Reidemeister Torsion ???, preprint.

[EM]: S.Eilenberg and J.C.Moore, Homology and fibrations I, Comment.Math.Helv. 40 (1966),

199–236.
[EMaL]: S.Eilenberg and S.MacLane, On the groups K(π, n), Ann.of Math. 60 (1954), 49–139.

[Go1]: T.G.Goodwillie, Calculus I: The First Derivative of Pseudisotopy Theory, K–Theory 4

(1990), 1–27.
[Go2]: T.G.Goodwillie, Calculus II: Analytic Functors, K–Theory 5 (1992), 295–332.

[Ha]: A.Hatcher, Higher simple homotopy theory, Ann.Math. 102 (1975), 101–137.

[Ja]: I.M.James, Reduced product spaces, Ann.Math. 62 (1955), 170–197.
[KP]: D.S.Kahn and S.B.Priddy, Applications of the transfer to stable homotopy theory, Bull.

Amer.Math.Soc. 78 (1972), 981–987.

[MaL]: S.MacLane, Categories for the Working Mathematician, Springer–Verlag, New York, 1971.
[Ma]: J.P.May, E∞ Ring Spaces and E∞ Ring Spectra, Lect.Notes in Math.577, Springer–Verlag,

New York, 1977.
[Se1]: G.B.Segal, The stable homotopy of complex projective space, Quart.J.Math.Oxford(2) 24

(1973), 1–5.

[Se2]: G.B.Segal, Classifying spaces and spectral sequences, Publ.Math.I.H.E.S. 34 (1968), 105–
112.

[Sn]: V.P.Snaith, A stable decomposition of ΩnSnX, J.Lond.Math.Soc.(2) 7 (1974), 577-583.

[WaMA]: F.Waldhausen, Algebraic K–theory of spaces, a manifold approach, Canad.Math.
Soc.Conf.Proc. 2 Part I (1982), 141–186.

[We]: M.Weiss, Pinching and Concordance Theory (to appear).

[WW1]: M.Weiss and B.Williams, Automorphisms of Manifolds and Algebraic K–Theory: I,
K–Theory 1 (1988), 575–626.



ORTHOGONAL CALCULUS 57

[WW2]: M.Weiss and B.Williams, Automorphisms of Manifolds and Algebraic K–Theory: II,
J.Pure and Appl.Algebra 62 (1989), 47–107.

[WW3]: M.Weiss and B.Williams, Automorphisms of Manifolds and Algebraic K–Theory: Finale,

preprint 1991.

Dept. of Mathematics, University of Michigan, Ann Arbor, MI 48109–1003, USA


