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In the following we want to recall briefly Deligne’s conjec-
ture on critical values of L-functions (already mentioned in
chapter I) working in the language of motives as the original
paper |D| does, and we want to point out the connection to
Beilinson’s version of this conjecture. Beilinson’s definition
of periods corresponds to the classical point of view: A peri-
od should be a determinant of a matrix, whose entries are inte-
grals of algebraic differential forms against betti-rational
cycles. This definition is not appropriate for amotivic formu-
lation, especially if one considers motives with coefficients,
since the "classical" period of a motive is related to a crit-
icel L-value of the dual motive (comp. |D|, §§ 6, 7.4). There-
fore Deligne defines periods in such a way, that only the mo-
tive itself - not its dual - appears in the formulation of his

conjecture.

1. Motives

1.1. We refer to |D| for possible definitions of the category
of motives. In the following we will only deal with motives of
the form

M=HYX)(m) , meZ and 0<i

HA

24 ,

where X/0 is a d-dimensional smooth projective variety.

These M’s exist as motives, if we define motives via absolute
Hodge cycles. But we should deal with Grothendieck motives in
order to get a motivic formulation of the full Beilinson-con-

jecture. In both cases we can attach to M the family

of realizations and comparison isomorphisms:
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The Betti realization M, is a @-vector space with a Hodge

s v
g ¢ = & MP’? and an action of Fo»

B
Psq
where F_ denotes the nontrivial element of Gal(G/R).

decomposition M

The de Rham realigation MDR is a Q-vector space with a de-

creasing Hodge filtration: ... 2 FP MDR 2 Fp+1 MDR:> oo

The £-adic realizations MZ are Qe-vector spaces with an ac-
tion of Gy = Gal(M/Q), they are strictly compatible as ¢

varies.

The comparison isomorphism Ipp : Mz = O = Mpp 2 €
respects the Hodge filtration, i.e.
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The comparison isomorphisms IZ: MB ® QZ ¥ MZ are equil-
variant with respect to F_ (we define T to be the algebraic
closure of @ inside ¢, thus Gal(¢/R)< Gal(Q/qQ)).

.2. We denote the trivial motive by @ := HO(Spec Q). The Tate

twist M > M(n) (where M(n) := M = H3(® /@)%-™) i n<o)
acts on the realizations of a motive in the following way:

MB(n) is the Q-subspace PHBEQQ'(Zﬂi)n of My =m e,

M(n)P’q = yP-2.4-10

Fw|MB(n) = (-1)n-Fm|MB , since F_ reverses the orientation
of P1(m) and therefore acts as -1 on QB(-1)==H§(P1(@),Q),
Mpg(n) = Mpp,

FP(Myp(n) = PP,

My(n) = M, EZ%TZ(Gm)Qll as Gp-module, where TZ(Gm)==l%m;?r.
is the Tate module of the multiplicative group,

I,(n) is essentially Ié§§1m11, where 1 is the isomorphism
2niZw, Z, % T,(6 ) given by the inclusion T < G,

Ipg(n) = IR (observe that .MB(nJ ¢ = My=C and MDR(n)zMDRL

.3. For a prime p we denote by Ip the inertia group of Cr(11

aal<ap/@p> and by F_ e Gy /Ip the geometric Frobenius °

element. p



The local L-function of M at p is by definition

Ioy -1
L (M,s) = det(id - p~°-F_|M,P) ~".
p( s) et (i p p|e)

The L-function of the motive M is the Euler product
(1) L(M’S) =1 Lp(M’S)’

p
which converges if Re s>» 0 and is assumed to have an analyt-

ic continuation to the whole s-plane.
. _ .-n, _ .
The relation FpIMZ(n) = p FPIMZ implies

(2) L(M(n),s) = L(M,nts).

Therefore the study of the values of motivic L-functions at
integers may be reduced inside the category of all motives to
the L-value L(M) := L(M,0).

2. Duality, functional equation, critical values

The dual of a motive M is by definition a motive M, whose re-
alizations are dual (as vector.spaces) resp. contragredient

(as F_ or GQ-modules) to the realizations of M. The Hodge fil-
tration of MDR is defined by: '

(3)  FPMy. = {6 e Homp(Mpp,@) | o(F "Pup ) = 03,

2.1.Lemma: If X is as above and M = Hi(X)(m),then ﬁ==}ﬁ(X)(i-mL

Proof: HA9(x)(d) = 5*%(pd)(a) 2 v (MY (a) = (mi(p ') (1))
is the trivial motive by the definition of the Tate twist.

Therefore cup product yields a nondegenerate (Poincaré-duali-
ty) pairing

2d-i(

g3(X) (n) x H X)(G-m) ~» H(X)(d).

The characteristic class n € H2(X)(1) of a hyperplane section
(defined over @ !) generates a trivial motive of rank one.
Therefore the hard Lefschetz theorem implies that we have an

isomorphism of motives: (we may assume i < d)

2d-1(yy(q-m).

The claim follows by combining both facts.

. -1
B () (i-n) o—  H

2.2. The L-factor at the archimedean place L_(M,s) only depends
on the Betti realization (including Hodge decomposition and
F_-action) of the motive M. Lw(Hl(X),s) was defined in ch. I,



and the relation (2) tells us what the definition for a gener-
al H'(X)(m) has to be. If we put A(M,s) := L_(M,s) » L(M,s),
then we may restate the conjectured functional equation (ch.I)

in the following form using Lemma 2.7.:
(4—) A(M,1-S) = S(M’S) ¢ A(M,S).

The e-factor e(M,s) is the product of an algebraic constant
and an exponential factor £° taking rational values at inte-

ger arguments.

2.3. Definition: a) m € Z is called critical for M, if neither

L. (M,s) nor L_(M,1-s) has a pole at s =m.

b) M is called critical, if 0 is critical for M.

2.4. Proposition: (|D|,1.3.) M is critical if and only if the

following two conditions are fulfilled:

1. MP*9 = 0 unless p=gq or p< 0 <q or q<0¢<p.

2. Ir MP'P 4 0, then F_ acts as (-1) if p>0 and as (+1) if p<0Q.

3. Deligne’s periods

In this section we assume:

- the motive M is homogeneous of a weight w, i.e. MP:d = o if
ptq # w,

- F_ acts as a scalar on MPoP ir oy = 2p.

The second condition is fulfilled if M is critical. Note that

Hi(X)(m) has the weight w = i -2m.

3.7. According to the action of the involution F_ we decompose
the Betti realization into eigenspaces: Mp = Mg ® My. The

meaning of assumption 2 is that either MP’P = PPyt op
MPsP - (Mp’p)—.

3.2. The assumptions imply that there exist filtration steps
F*Mp, of the de Rham realization satisfying
(8 uP g (MPPP)F),

. _ p>q
We put Mpp := MDR‘/F+MDR' Since F_ permutes MP’? and MP’P, the
composite maps

+
(F MDR) g O Ipn

I*: Migd » M ¢ tDR ¢ - M ¢
: B = 15 ] —_— MDR ] DR ®

are isomorphisms.



Let c (M) be the determlnants of I* with respect to rational
bases of the @- vector spaces MB and MDR They are well defined
as elements of € /Q and we call them Deligne’s periods of

the motive M.
3.3. The complex conjugation on ¢ induces maps

kB : MB g ¢ -~ MB wn ¢,
kDR: MDR&G > MDREG.

Lemma: (|D|, 1.4.) If M is defined over IR, then we have

Ipp © Foo © kg = kpp 0 Ipp.
Conclusion: I (resp. i*I7) is defined over R, i.e.
1t Mg g R 3 MDR m R. It follows that cBel(M) e RY/0”

3.4. Conjecture (Deligne) If M is critical, then

L(M,0) € @ - c;el(m).

Remark: If w# -1, i.e. if O is not the central point, one

conjectures L(M,0) € Qx° c;el' If wg< -3 the non-vanishing of

L(M,0) is a consequence of the absolute convergence of (1) at

s=0. The case w21 may be reduced to this case by the func-
tional equation (4) and the definition of "critical'.

4. Beilinson’s period

Let M/Q be a motive of the form M = HI(X)(m). We put
n:=1+3i-m We define I to be the composite map
-1

Iy
F' Hl g (X/R) < HDR(X/]R)——»H (x(6),R(n-1)) »

.
» HE(X(C),R(n- 1) (- 1)n )

It has been shown in chapter I, that I is an isomorphism if M
is critical and if M has a nonnegative weight. But it is a
corollary of Proposition 4.3. below, that this welght conditi-

on 1s unnecessary. Therefore we may define:
4L.1. Definition: 1If M is crltlcal then the determlnant (W1th

respect to rational bases) of the comparison isomorphism

)l’l—1

-~

T F H%R(X/EU 3 Hi(X(G) »R(n- 1))('

is called Belllnsons s period Be l(M) of the motive M. It is
well defined as an element of the quotient IR /Q




4.2, The definition of F_MDR allows us to restate Proposi-
tion 2.4. in the following simple form:

Proposition: Let M be a motive satisfying the conditions of § 3.

7Oy

Then M is critical if and only if F-MD

R DR*®

) . sy . - + _ _
L.3. Proposition: If M is critical, then cDel(M) —-cBeil(M).

Proof: Since the determinant of a linear itransformation equals

the determinant of the transposed map, cgel(M) is as well the
determinant of the transposed map
t + v
I°: (MDR)
Proposition 4.2., Lemma 2.71., formula (3) and the description
of the Tate-twist tell us:

g R 3 (ME?/ g R.

Op)” = (/T ep)” - (/7o) = 71 iy
= FUEND) (- pp) = PR ED (x)
= F" Hpy(X) end

(MEJV. = W = EN®) (-1

- 4y n-1
= wlx(0),0(a-1)) -

Since the comparison isomorphisms respect the Poincaré-duality

and the hard-Lefschetz-isomorphism of Lemma 2.1., the trans-
BR of the

posed map of IDR can be identified with the map I
dual motive. Therefore It = f and the claim follows.

Remark: If we consider motives with coefficients E# 0, Lemna
2.1. will no longer be true, since cup-product does not respect
the E-action and H2d(X)(d) only has a @-structure. E.g. if X
is an elliptic curve with complex multiplication by an order
of the imaginary quadratic field E, then H1(X)(1) and the dual
of H1(X) have complex conjugate E-structures. Beilinson’s con-
jecture for motives with coefficients therefore has to relate

cBeil(M) to a special L-value of the dual motive_ﬁ.
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