Deligne homology, Hodge-D-conjecture,

and motives

Uwe Jannsen

In §1 of this paper we review the definition and the
properties of Deligne homology as given by Beilinson [Be 1]
'gnd Gillet [Gi‘2]‘. For a complex variety X , Hg(X,A(b))

(A =%Z, R,...) 'is the extension of two groups described in
-terms of the Borel—Moore homology HV(X,-) , the deRham
‘homology HBR(X) ; and its Hodge filtration. Most of the other
properties - functorialities, relative sequences, products -
:are summarized by the fact that Deligne cohomology and homo-
'logy form a twisted Poincaré duality theory in the sense of
:Bloch and Ogus [BO]. Here the usual Poincaré duality in form
}Of.aunon—degenerate pairing. - which does .not exist. for-the ...
‘fDeligne cohomology -~ is replaced by a duality isomorphism for
‘smooth X t
| HO(X,A(3) 5 Y, . (X,A(d-7)) , d=dim X .
iSince“homOlogymiS“bdvariant’for‘propér'mOrphisms}“thiswsfillm
fsuffices to define the Gysin morphisms needed for the operation
of algebraic correspondences. Another application of homology
'is the easy definition of cyclé classes, leading directly to
the Abel-Jacobi map. o R
The construction of Deligne homology is based on currents

and C”-chains and follows the lines of Deligne's basic papers
[De 2], [De 3]: For smooth varieties one works with smooth
compactifications and logarithmic singularities, and for
arbitrary ones with "simplicial resolutions", i.e., by

replacing a variety by a suitable simplicial one with the same



(co)homology. By this method any situation UcX>Y , where X
is proper, UcX is open and Y = X~U is the closed comple-
ment, can be transformed into a simplicial situation, where

X. 1is smooth and proper, hence U. is smooth, and where Y.
is a divisor with normal crossings, so that the technique of
logarithmic singularities applies.

For the proofs and the understanding of Deligne homology
one needs the Hodge theory of Borel-Moore homology. Since I
could not find good references, I have given a short but
complete treatment of this in §2, based on Deligne's theory of
mixed Hodge complexes. These also lead naturally to Beilinson's
absolute Hodge cohomology, which gives a refinement and new
interpretation of Deligne cohomology, by relating it to
morphisms and extensions of mixed Hodge structures.

Beilinson has not only defined Chern maps and characters

- . - d L j
o c,ch : sz_i<x) Hp (X,0(3))

but also homological counterparts
D
T or Kl (X) > H(X,0(b))

which together with ch form a Riemann-Roch theorem as in
[Gi 1]. Since many constructions in the K-theory, like Gysin
maps or the Quillen spectral sequence, are defined via the
K'~-groups, this is very useful for calculations, even if one

is ‘mainly interested in the regulator maps =~ = -

(3) i :
KZJ—J.(X) d HD(XI ]R(J))

for a smooth and proper variety X . Beilinson's conjecture on

r=ch :

the surjectivity of r ® IR and results of Suslin and Soulé on _

sz_i(X)‘j) < Kpy_;(X) ©Q lead to a

conjecture on the coniveau filtration of H;(X,Im(j)) . This

the Adams eigenspaces

is the Hodge-D-conjecture. We review all this in §3 and
illustrate it by an example, proving a formula of Beilinson
for the regulator on K1(X) . v

In §4 we recall Beilinson's conjecture for motives with
coefficients, i.e., for Dirichlet series with coefficients in
a number field E +#Q , and report on some ideas of P. Deligne

written down in the letter [De 5]. Among other things Deligne

.. reformulates Beilinson's conjecture in terms of L-values in the

range of convergence and a different rational structure on



H;(X,IR(j)) , and moreover he interpretes the conjecture in the
setting of a - conjectural - category of mixed motives.
I would like to thank the DFG and the MSRI (Berkeley) for

their support during part of this work.

§1 Deligne homology

Let X Dbe a smooth proper analytic space over € or over

IR, of dimension d. Define

QP;F = sheaf of C -(p,q)-forms on X (often called Ai'q),

X
'Qp;?v= sheaf of distributions over Q-p;-q
* >= sheafc:fcu;rents of type (d+p,§+q) on X (often
called ,D§+p,d+q) .
Thus an element of '@P'%(U) for U c X open is a continuous
Tinear functional on ?C(U,Q—g’_q)

1.1. Examples a) Each Cm—(p,q) form w gives a section of
XCD

1 S ow

(2118 X

w'P AW

Here the choice of Y=1 determines an orientation on all
complex analytic spaces X (such that on X = € with the
coordinate z = x + V-1 y the differential dx A dy is a
volume form), and the factor in front of the integral makes
the expression independent of the choice of /-1 and the
association compatible with the action of the involution o

in the case of a real analytic space X - (see below).-

b) An L1—function f gives a section of 'Q—w by
' X
1 1 ]
w'e ———3 f £f o w' .
(2m/=-7)" X

c) A smooth oriented topological c®~r-chain M c X gives an



élement GM in 0 'Qp;q(x) by integration:
ptg=r X

w'' s [ .
M
Qi; and 'Qéé form double complexes in a natural way; let
in and 'in be the associated simple complexes and F* be

the first filtration on these

1 ] 1]
Fl( )an = © ( )Qp,q .
’ X p+g=n x>
p>1i

We normalize the differential on ‘Qim such that dD(w) =
(-1)d9e9 D

369, but we also have interchanged w and w' in 1.1 a)

D(dw) . This differs from the convention in [GH] p.

compared with [GH] . By our choices the pairing

Q°_(X) ® 'Q°_(X) - 'Q°_(X)

X% X™ X
is a morphism of complexes and induces a left operation of
Q° on 'Q@°_ .

oo

X X

1.2. Lemma The natural embeddings

(05, FH) = (ar_,Fh) J13Lgr rosay,tT
X

X

d)

are filtered quasi-isomorphisms.

Proof It is clear that the filtrations are transformed as
indicated, and on the graded pieces we have quasi-isomorphisms
- Qil. - lQi—dI.—d

1
“x X7 x°

Au¢ , N¢ , ,YUW,

. i o,* i -d,--d
Q, ®y Oy = Q ®, Qb - 0, 8, 'Q 7 '
X OX X X OX X_: X 0X X
‘which follow from the case i=0 ( 3~ and d-lemma), since
i .
er is -flat over »OX .

For a subring Z c AcR and ke€Z let C.(X,A(k)) be
the complex of singular Cc®-chains on X -with coefficients in

A(k) = A(2ﬂv—15k , and let 'C°(X,A(k)) be the associated
, . C :
cohomological complex: 'C' = C_; and (rct < 'Cl+1) =
(=14

(C_i — C_i ) .The sign is most naturally th-aine'd by regarding



a chain complex in an abelian category A as a cochain complex
in the dual category A° , and then applying the sign con-
vention of [SGA 4] XVII 1.1.5 to the contravariant functor
id: A° > A . Also it is necessary for making the evaluation
map ) - _

CT(X,A) ® 'C*(X,A(k)) - A(k)
a morphism of complexes, where C*(X,A) is the complex of
c®-cochains with values in A and the usual differential
df(c) = f£(dc) . Finally, with our sign conventions 1.1 c) de-
fines a morphism of complexes

e: 'C"(X,A(k)) - 'Q"_(X) .

X
If X 1is an analytic space over IR , which by definition

is a complex analytic space with an antiholomorphic involu-
tion F_ : X » X , the sheaves F on X wused above are

equipped with involutions o over F? (i.e., morphisms
F_) 4 (0)
o: F » (F_),F such that F 3 (F_) yF ———> (Fi) «F =F is

the identity), by sending a differential w to FXw and a
distribution D to F_,D . The induced involution on the
group F(X) of global sections will also be denoted by o .

There is also an involution ¢ on 'C’(X,A(k)) , such that

o(a[M]) = &[FmM] , and all maps above then are o-equivariant.
1.3. Definition With the inclusion 1: Fk'Q o(X) = '0° _(X)
. X X

define

'C;(X,A(k)) = Cone('C™(X,A(k)) ® F*'a°_(x) &3 'e"_(x))[-11,

X X :

and call 'H%(X,A(k)) = Hz('cb(X,A(k))) the 2-th Deligne

homology group of X (L€7Z2) . If X is an analytic space
over R let 'Hj(X,A(k)) = 'Hj(X/R,A(K)) =H2(<o>,'CI')(X,A(k)))

(group hypercohomology) .

We now consider smooth, not necessarily proper varieties
by introducing logarithmic singularities. Let UcX be an
open subspace such that the complement Y = XNU 1is a divisor
with normal crossings. Then the complex Qi<Y> of holomorphic
differentials with logarithmic singularities along Y is de-
fined and has locally free components [De 2] 3.1. Let Fi be
the naive descending filtration on Qg<Y> , as in [De 2] 3.2.2.
Then the complexes Qi<Y> and Q' are filtered bi-modules

over the anticommutative differen%iél graded algebra Qi (by



the exterior product), and by functoriality there is an in-

duced bi-module structure on 'Q'm .
X

1.4 Definition Define the complexes of c’-forms, resp.

currents, with logarithmic singularities along Y by

Q7 <Y> = Q <¥> Q,. Q' ,
X X % X

resp. QT _<Y> = Qi<Y>®Q. QT
X X X
and define filtrations F- on these by
2 Q7 <Yy> = p Q <Y> @ . Q7
X X X
resp. Fl'Q'm<Y> = l+dQ <Y> @ . QT .
X X X

The gfadiﬁé in the tensor prodﬁéts is given by the sum of the
degrees in Qk<Y> and (')Q‘m , and the differentials are as
in the tensor product of cha%n complexes: d(a®B) = doa®B

+ (199 @ 4 gap .

1.5. Lemma The inclusions Qoéqﬁs Q‘m and 'Q_i'q = 'Q'm
X X X . X
induce isomorphisms of 0 _-modules
X
& 0P<v>e %9 . 3 Q" <ys
X 0 =) . ’
ptg=n X X X
® Q§+d<y> 8, g 3 gl gy,
p+gq=n X X X

Proof If we forget about the differentials, 1.2 gives an iso-

morphism of graded modules over the graded algebra Qk

Rt = o 8 Q%r"
X X X
19-‘»; Q ®O 'Q il' ,
X X
hence the result follows by tensoring with QQ<Y> over Qk .

The isomorphisms above induce natural bigradings on
Q°_<¥> and 'Q°_<Y> , such that Qp;q<Y> = Q§<Y> ®O qu and
X X X X X
1P 4 ‘

Xw <Y> = Qp+d<Y> ®O 'Q—i’q . The differential on these can

be computed by the follow1ng "twisting" formula.



1.6, Lemma If for a local section D of

as local section of ‘Q-d+1'q = Q; ®0X Q—i'q , with local
X X
sections wé of Q; and Dé of Q—i’q , then for a local
X

section w of Q§<Y> one has

d(w®D) = dw®D + endm}wm®ﬁb+-mwAmy ® D) .
J

(similarly for o°/9) .
X

This is clear from the definition.

1.7. Lemma The embeddings

d

(Q§<Y>,Fl) <~ (Q'm<Y>,Fl) — (‘Q'm<Y>[sz],Fl_ )
X X

are filtered quasi-isomorphisms.

Proof Via the isomorphisms in 1.5 we have

i ~ i o,*-i
Gr, Q° <¥> = QU<Y> ® Q! ’
F oy X OX <>
i-d, ~ i yo—d, -i-d
GrF L <Y> = QX<Y> ®O VA ’

and the formula of ?.6 shows that thésexare isomorphisms of
complexes, if on the right we take the differentials induced
by the Efmaps, which are OX—linear. Hence the quasi-iso-
morphisms follow from those in 1.2 (for i=0) by tensoring with

the locally free OX—module Q;<Y> .

1.8. Remarks a) With respect to the mentioned bigradings one

has 1 1
Fk ( )Qnm<Y> = ® ( )Qp;q<Y>
X p+g=n X
p>k

which is the definition of the Hodge filtrations in [Ki].

There is an inclusion

. 1 . . . ] .
Q.Fl ( )Q w © Fl(+d)Qi<Y> ®Q.Q'°° = Ft ( )Q L<Y>,
X X 1X X X
which however may be strict: for X = A = Spec C[t] and Y =
{t=0} the element %; ® 1 1is contained in the stalk at t=0
of the right hand side for i=1 , but not in the stalk of the

left hand side. Probably the definition of the Hodge filtration

Qi<Y> ®



. by the latter in [Be 1] 1.8 is a misprint.

b) For each (p,q) , the sheaf Qp;q<Y> can be realized as a
sheaf of differentials, namely asxa subsheaf of j*Qp;q ’
where Jj: U <« X 1s the open immersion. This gives gn embed-
ding of complexes Q' <¥> <> j,Q° , which is a quasi-iso-
morphism, cf. [De 2]X§3.

c) By a result of King [Ki] 1.3.12, each sheaf 1oPr9¢ys  is

o
a quotient of ,Qp;q , and can be realized as a shéaf of dis-
tributions. Namel%, there is a certain subsheaf Qp;q(null Y)
of Qp;g (the forms "vanishing holomorphically onX Y ") such
that for the sheaf D(0P’%(null Y) ) of distributions over it,

d+p

the obvious map 1oPr9¢ys = @
] X

<v> 8, ' 2 950(P I (nully))
X X X

is an isomorphism and the restriction map .Qp;q -

0(2P’9(null v)) is surjective. All this is cOmpatible with

theXdifferentials.

Let 'Ci(X,A(k)) < 'C'(X,A(k)) be the subcomplex given by

the singular c”-chains on X with support on Y , and define

'cC*(X,Y,A(k)) = 'C'(X,A(k))/'CQ(X,A(k)) . Integration as in

1.1 ¢) induces a map €: 'C"(X,Y,A(k)) - 'Q‘m<Y>(X) (compare
X

1.8 ¢)).

1.9. Definition Let 'Cb(X,Y,A(k)) = Cone('C* (X,Y,A(k)) &

P9t _<vs(x) E5% 'R <v>(x)) [-1] , and call 'HS(X,Y,A(K)) =
X X

HR('Cb(X,Y,A(k))) the 2-th Deligne homology of the pair

(x,Y) .

1.10. Let ?* be the category whose objects are pairs
(X,Y) as above - X a smooth proper analytic space and
YcX a divisor with normal crossings - and whose morphisms
are proper morphisms f: X-»X' with £(Y) < ¥' and
£(XNY) < X'\Y' . Then the cochain complexes in 1.9 are co-
variant functors on T, . Hence the same is true for the
Deligne homology, and moreover, we can define a complex
'Cb(m,A(k)) for any diagram ¢ in T, (= covariant functor
¢: I » m, from a small category I into 7, ) by

e

D(m,A(k))_= L l%m 'C'(Xi,Yi,A(k)) .

D



Here (Xi’Yi) = (i) for i€ob(I) , and L l%m is the left

derivative of the direct limit 1lim : Hom(I,Ab) - Ab , making
.'Cv(w A(k)) well defined in the gerlved category of the cate-
gory Ab of abelian groups. In certain cases we have canoni-
cal representatives for L lim of a diagram of complexes and
define ‘Cb(w,A(k)) by these. For example, for a simplicial

object (X.,Y.) in ?* ( I=a° , where A 1is the category of

standard simplices [De 3]§5) we have
'Cb((X.,Y.),A(k)) = S'N'Cb(X.,Y.,A(k)) ’

where 'N is the canonical functor transforming a simpli-
cial abelian group A. into the cochain complex 'NA. with
('NA.)_i = A; and di = alternating sum of the face maps, and
sC*" 1is the associated simple complex of a bi-complex C°° .

In any case the Deligne homology of a diagram ¢ 1is defined by
L 2 .
HD(W,A(k)) = H ('CD(W,A(k))) .

The case of relative cohomology is not directly included in
this picture. One either has to start with I = .- and then
pass to filtered derived categories as in [Be 1], or one may
simply define
'Cp(£,A(k)) =Cone('ChH(X,Y A(k))-+'C (X',¥',A(k))) ,
Hp (£,A(k)) = BY("C; (£, AK)))

for a morphism f: (X,Y) - (X',Y') in T, .

For analytic spaces over IR all complexes have a o-action,
and as in 1.3 one defines the Deligne homologies over 1R by

replacing the homology of the 'Cb—complexes by their <o>-
hypercohomology.

1.11. Lemma The homology of 'C®(X,Y,Z) is canonically iso-

morphic to the Borel-Moore homology of U = X\Y .

Proof 1In both the original paper by Borel and Moore [BM] and
the reformulation by Verdier [Ve] 1.2 (Borel-Moore) homology
is defined as the hypercohomology

M -i -1 .
(X,2) = "Hpy(X,Z) =H ~(X,Ty)

of a complex of sheaves T% on X , called the (differential

graded) homology sheaf in [BM] (and written in homological



notation) and defined as the dualizing complex Rfliz for
f: X » Spec € in [Ve]l. Tk is only defined up to quasi-iso-
morphism, i.e., in the derived category, and from both
approaches can be described as follows (loc. cit. and [Bor] V
§7). For any complex of abelian groups A° let DA" =
Hom* (A*,[Q~»Q/ Z]) , where [Q-Q/ Z] is the complex with
@ in degree 0, Q/Z 1in degree 1, zero elsewhere, and
Q » Q/Z the canonical projection. Since this is an injective
resolution of the group Z , DA® represents RHom(A",Z) in
the derived category.

Let F° Dbe a fine resolution of the constant sheaf Z on
X , then the presheaf

Vb T (V) :=DT_(V,F")
is a complex of sheaves. It has flabby components, hence
HY(X,T5) = BHU(TL (X)) .
Finally, since D respects quasi-isomorphisms, T% does not
depend on the choice of F° up to quasi-isomorphism.
In particular, we may take for F° the complex of sheaves
c associated to the presheaf
Ve C (V,Z)
of singular C®-chains with coefficients in % , see [wWa]l5.31.

We use the following three facts. The map Cé(V,Z)-e FC(V,Ei)

X

is a quasi-isomorphism [Wa] 5.32, 5.46. For a complex of abe-
lian groups A° the canonical morphism A° - DDA" 1is a guasi-
isomorphism, if the homology groups of A° are of finite type
over Z . Finally, Cé(V} Z) < C°(X,Z) can be identified with
Hom('C* (X,X~V,Z) ,Z) < Hom('C" (X,%Z) ,%Z) . Altogether we have
canonical quasi-isomorphisms

T (V) = DI‘C(V,G}}) + DC.(V,Z) = D Hom('C" (X,X\V,Z ) ,Z
+¢
'"'C*(X,X\V,Z ) »DD'C" (X,X~\V,Z )

for each open V<« X . The map ¢ 1is a quasi-isomorphism, since
Z is quasi-isomorphic to [Q -» @/Z ] and 'C’(X,XNV,Z ) |is

a free 7ZZ -module. Taking the homology gives the result.

10



1.12. Remarks a) The equality T (definition as above) =

X
!
RE°Z 1is shown in [Bor] Vv §7. The equallty of the cohomology

follows immediately from Verdier duallty- HE (X, T ) = HT (T (X))
= u' (Pl (X,F°)) = H' (R Hom(RE, % ,Z)) = H (R hom(z ,Re'7)) -
H (X, Rf zZ) .

b) The finite generation of the homology of 'C’(X,X\V,Z )

can be deduced from the proof of 1.15 below.

c) In the following we rather write ‘H; - Betti homology -

instead of 'HEM + Since these groups define the (unique) ho-
mology theory associated to the Betti (= singular) cohomology
H; in the sense of Bloch and Ogus [BO] .

1.13. Corollary a) The Deligne homology defined in 1.9 only

depends on U and not on the pair (X,Y¥) in T with X~Y=U,
and 'Hg(U,A(k)) := 'Hg(X,Y,A(k)) is a well-defined functor
on the category Sgh* of smooth varieties over € (resp.
over IR) with proper morphisms.

b) There is a long exact sequence

k, Z

S HS (U,A (k) ) HE (U, A (k) ) 6FF LU S (U)o £+1HJA(k»».”

functorial for proper morphisms, where ‘HB(U,A(k)) is the
Borel-Moore homology with coefficients in A(k) (which is
si?ply 'Hé(U,Z ) ® A(k) since A(k) is flat over %),
'HDR(U) is the £-th deRham homology of U , and

k5 L

z |
F r(U) < 'Hyp(U) is the k-th step of the Hodge filtration.

Proof The deRham homology of U is by definition the homo-

logy of '@ (U) , which is isomorphic to the homology of
UOO
"7, <Y¥>(X) via the quasi-isomorphisms of fine sheaves
X

J' Q7 3,07 [2d] « Q" _<y>[2d] » 'Q°_ <¥>
U U X X

The subspace Fk'Hg (U) 1is defined as the image of the map

£,k
H (F
and thexcorresponding regult for the deRham cohomology [De 2]
3.2.13 ii). Hence 1.11 and the definition of 'Cb(X,Y,A(k))

as a cone immediately give the exact sequence in b) with

Q7 ,<Y>(X)) » H ('Q" _<¥>(X)) , which is injective by 1.2

11



'Hb(X,Y,A(k)) instead of ‘Hb(U,A(k)) . This implies a) . In
fact, by Hironaka's resolution of singularities any U in
Sgh* can be represented as U = XY for (X,¥Y) in ?* -
where we identify smooth varieties X over € (resp. 1R)
with the smooth analytic spaces X(C) by GAGA (resp. X(@)
with F_: X(C) + X(C) induced by the complex conjugation).
Hence by the same arguments as in [De 2] 3.2.C we only have
to show that for any morphism f: (X,Y) -» (X',Y¥') in ?*
which is the identity on X~NY = U = X'\Y' , the induced map
'Hé(X,Y,A(k)) -> 'Hﬁ(X',Y',A(k)) is an isomorphism. This fol-
lows from the long exact sequence proved above and the five-

lemma.

1.174. Remark A more canonical way to define the Deligne ho-

l) 4 . ¢ 'D 14 ’ 14

where the limit is taken over the projective system of (X,Y)
in T, with X~Y = U (note that the limit is taken over a

system where all transition morphisms are isomorphisms).

1.15. Theorem For a smooth connected variety U over € or

IR there are canonical isomorphisms between Deligne homology
and cohomology

~ 24d+42

'H%(U,A(k)) B (U, A a+k))

where d = dim U .

Proof Choose (X,Y) in ?* with U = X~\Y , and let '6ZX Y)
14
be the complex of sheaves on X associated to the complex of

presheaves

Vi '"CT(X,YU(XNV) ,ZZ2) .

If j: U= X 1is the open immersion, one obviously has
'N- = . .*|~- -*'N. — ¢*|‘~o
Cix,v) T I Cx,yy @A ITC(y vy T IF e

where 'Ei = EEXlﬂ) is the sheaf associated to

Ve 'C(X,XNV,Z)

1<



13

If '5& -+ I' 1is a quasi-isomorphism into a complex of inject-

ive sheaves, we get a commutative diagram with exact rows

o -~ FY(X,I’) + I'(X,1°) -» T(u,I°) - O

+B1 TBz &63

.~. 'Nl 'NO

(1.15.1) O -~ FY(X, CX) » T (X, CX) - TI(U, CX)
+a1 +a2 +a3

o - 'CQ(X,Z) - 'C'(X,zZz) » 'C(X,Y,Z) >0 -

Since 'E& is homotopically fine (compare [Ve] 1.1.1 and
[sw] p. 88/89), 81,82 and 83 are quasi-isomorphisms, and
since X 1is compact, oy and o, are quasi-isomorphisms

(see loc. cit.). Hence oy is a quasi-isomorphism.

But 'C. is canonically a resolution of % (d) [2d]: the

: X

i-th homology has stalks (
: 0 i # -2d
lim H ('C" (X,X\V,Z))=H_, (X,X~{x},Z) =
XEV Z i = -24
at x € X, and for V X
—2d ) hd 2d ~o
H “O('CT(X,XW,0)) = Hyy (X,XV,0) = Hom(H S (V,0),0) = 0(d)

by the canonical trace map Hid(V,Q(d)) - H2d(X,®(d)) )
mapping the cycle class of a point to 1 . These normalizations

make the diagram

Z (d)[2d] < cl2a] =285 g (x)[2d]
X
(1.15.2) l l’1.1. a)
'CT(X, ) 1.1 ¢) > 'Q°_(X)
X

commute (the composition maps (2ﬂ/—1)d to w' e f w' , where
X 1is oriented by the choice of V-1) . X



-_- i3 '~l — . c*'~. 0 l* -
By the quasi-isomorphisms C(X,Y) J3¥'Cq = JxI*I

we see that 'EEX v represents Rj,(Z Ui)|U)[2d] in the
derived category D (X) of sheaves on X , and from 1.15.2
we see that the map '6EX y) ~ ’Q'afY> induced by integration

over cycles (1.1 c) and 1.8 c)) Can be identified with the
canonical map Rj,Z Ui)lU[Zd] - Rj*Qﬁ[2d] via the quasi-iso-
morphisms Rj*Qé 0 <Y> - 'ng<Y>[—2d] .

If we replace Z by the coefficients A(k) in the above,
so that 'EEX,Y)(A(k)) is the sheaf associated to V b
'C*(X,X~N(VNU) ,A(k)) , then together with 1.7. we obtain quasi-

isomorphisms between

~

0, (x,Y

)(A(k)):= Cone('EEX,Y)(AGNGkag§y>JQ§§Y» [-1]

and

A(kfd)v' (x,0) [2d1=Cone (Rj *A(k+d)®Fk+d

QX<Y>+R3*QU)[2d—1] .

By definition, the £-th hypercohomology group of the latter
complex of sheaves on X is H%d+£(U,A(d+k)) . On the other
'Eb’(X,Y)(A(k))_ is the
£-th homology of 'Eb,(X,Y)(A(k))(E) , since ge Fl‘in<Y>

are soft and 'C}x,y)(A(k))(X) = 'Ck(A(k))(U)-9F(U,I'(A(k)))
is a quasi-isomorphism. Finally the map ag induces a quasi- .

isomorphism between 'Cp(X,Y,A(k)) and 'Eb,(X,Y)(A(k))(X) .

hand, the £-th hypercohomology of

1.16. Remarks a) 1In several expositions the twists % (d) do

not occur, e.g. in [Ve] and [Bor] V §7, but it is more ca-
nonical to introduce them. The normalizations depend on that

of the cycle map, which is determined by the case of divisors.
So our choice is fixed by defining the first cycle map (Chern

class) to be the connecting morphism

Pic(x) = H (X,05) - B (X,% (1))

associated to the exponential sequence
X
0 > me2r/~T> 0, BP0 -0,

which does not depend on the choice of v=1 . In terms of
trace maps our normalization corresponds to the commutative

diagram



dx,0(a)) -5 o
Nl l
tr
(X,C) —_ C
2d I t : 1
2 (X,C) oo, Wbk —m

(ZH/:T)d X

compare 1.1 a) and 1.15.2. Via the canonical comparison iso-
morphisms these are also compatible with the canonical trace
maps in étale or algebraic deRham cohomology, cf [DMOS] p.22.
In particular, all maps become o-invariant for varieties over
IR, and tr w' € § for X and w' defined over ¢Q

b) The proof of 1.15 shows that one has canonical isomor-

phisms of long exact sequences

R 1(u) HS (0,8 () BE (U,A00) eF* 'rE L (0) 631 el (0o
# 2 1 R
2d+£ 1 ) HDdM(U,A( &+k)) +H§d+£(u A(G+k) ) OF +}<H%d+!_ es1 2d+£(U)+

with the classical isomorphisms for the Betti and deRham theo-
ries (cf. [BO] §2).

c) I could not prove that j*'EEX,Y) and 'Ei (case Y = @)
are flabby as stated in [Be 1] , proof of 1.8.5, and have

some doubts whether it is true.

1.17. We now define the Deligne homology of arbitrary schemes
and simplicial schemes by "simplicial resolutions", see [De 3]
and [SGA 4] yPis for the proofs of the following statements.
If Z is a schemeﬁﬂﬁxﬂ1is separated and of fiﬁite type

over € or 1R , there is a smooth simplicial scheme U. and
an augmentation U. gz (i.e., a morphism UO - Z , or, equi-
valently, a morphism into the constant simplicial scheme de-
fined by Z) such that

z .
a) the maps Un - (coskn_1skn_ U.)n are proper and surjec-

1
tive for all n (i.e., U. -» Z is a proper hypercovering),

b) there is an open immersion U.< X. into a smooth proper
simplicial scheme such that the complement Y. is a di-

visor with normal crossings.



By a) , U. » Z has cohomological descent, i.e., the map
F -» Ra,a*F

is a quasi-isomorphism for all sheaves F on Z . Note that
Ra,a*F can be represented by s N(a.),I. , if I: is a re-
solution of a*F with components Ig injective on Un , and
N is the normalization functor transforming cosimplicial ob-
jects in any abelian category A into cochain complexes in

A . Since the maps a.: Un - Z are necessarily proper for all
n > O , we also have descent for cohomology with compact sup-

port, i.e.,
RPC(Z,F) - RPC(U.,a*F) = s NFC(U.,I:)

is a quasi-isomorphism. By taking F = 7% and applying

R Hom(-,%Z ) we deduce that the morphism a also has descent
for the Borel-Moore homology: for U. this is by definition
the homology of R Hom(RFC(U.,Z y,Z ), for Z compare remark
1.12 a) .

More generally, if Z. 1is a simplicial scheme whose compo-
nents are separated and of finite type over C (or over ),
and whose face and degeneration maps are all proper, there is
a smooth simplicial scheme U. and a morphism U. - Z. such
that

a') U. -» Z. induces an isomorphism in the Borel-Moore homology,

and such that b) holds for U. : for example ,.take a

smooth proper hypercovering U.. - Z. such that the analogue
of b) holds for U.. , and let U. = AU.. Dbe the diagonal.
The first case is included in this by taking for 2. a con-

stant simplicial scheme.

In both cases we may regard (X.,Y.) as a simplicial ob-
ject in T, , and we define

‘H%(Z. ,A(k))='H§(<x.,Y.) ,A(k))1'=1OH£(S'N'Cb(X.,Y.,A(k)))

(= 'H%(Z,A(k)) in the first case).

1.18. Theorem a) This is well defined, i.e., independent of

the choice of (X.,Y.), and makes 'H%(Z,A(k)) (resp.

LA
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'H%(Z.,A(k))) a functor on the category Sch, of separated
schemes of finite type over € (or over 1IR) and proper mor-
phisms (resp. on the category of simplicial objects in Sch,) .
b) There is a long exact sequence

o H (2,800 H (2,A00) e (2) 55 B -1 z,a00) - ...

functorially associated to Z in Sch, (similarly for simpli-
cial objects).

c) The canonical map € induces an isomorphism

fHé(Z,A(k))@Ac o 'HﬁR(Z) . If f£: 72 - Z' induces an isomor-
phism in the Borel-Moore homology, it induces an isomorphism
between the long exact sequences of b) (similarly for simpli-

cial objects in Sch, ) .

Proof If (X.,Y.) 1is chosen for Z. as indicated above, the
deRham homology of Z. is defined as

(1.18.1) 'HgR(Z.) = wh(s W'RT_<v.>(x.))

X.
with the Hodge filtration step Fk being the image of

k'Q‘w<y.>(x.)) > Hz(s'N'Q'w<Y.>(X-))
X X.

=~ same definition for the case of a (constant simplicial)

(1.18.2) v: #Y (s'NF

scheme Z , which we shall not treat separately in the follow-
ing. On the other hand it follows from the descent condition
a') and 1.11, that the Borel-Moore homology of Z. can be
computed as

'Hé(Z.,A(k)) = 'Hﬁ(U.,A(k)) = Hz(s'N'C'(X.,Y.,A(k))).

If we tensor these groups with € , we obtain the groups
in 1.18.1, by the quasi-isomorphisms
'C'(Xn,Yn,Z ) ® € ~» 'Q'm<Yn>(Xn) ’ n>o,
Xn
proved in 1.15 and applying s'N to the corresponding simpli-
cial diagram. This shows the first claim in <¢) , and that the

deRham homology groups are well-defined by 1.18.1.

By Hodge theory (see 2.9), 1 1is injective, hence we obtain
the sequence of b) for (X.,Y.) instead of Z. : note that
s'N Cone(K: » L) = Cone(s'NK. » s'NL.) for a morphism K:i-L:

of complexes of simplicial abelian groups. Again by Hodge theo-

ry (see 2.9), a morphism f.: (X.,Y.) -» (X!,Y¥!) induces a



morphism in the deRham homology which is strictly compatible
with the Hodge filtration. In particular, if £. induces an
isomorphism in the Borel-Moore homology, it induces an iso-
morphism for 'HBR and Fk'HBR , too, hence for 'HE by
the five-lemma. For the remaining statements we now may pro-
ceed as for 1.13 - here we have to use the following fact.

Any morphism Z. g 2! can be extended to a commutative dia-

gram
X.NY. = V 5 V! = XINY!
a+ va'
Z. 3 z!
where (X.,Y.) and (X!,Y!) are simplicial objects in T,

f is induced by a morphism £f: (X.,Y.) -» (X!,Y!) , and v
and v' have descent for the Borel-Moore homology: for exam-
ple, take the diagonals in suitable hypercoverings V.. - Z.
and V!. » 2! (cf. [De 3] 6.28).

The following theorem summarizes a good part of the pro-

perties of Deligne cohomology and homology.

1.19. Theorem Let F Vbe IR or € . The functors

Z - X rany H (X,A(3)) , 1,3 € &2,

,Z

0D QH

X pay  HY (X,A(D)) := 'Hga(x,A(-b)), a,b€EZ ,

form a twisted Poincaré duality theory in the sense of Bloch
and Ogus [BO] 1.3 on the category of all schemes which are se-

parated and of finite type over F .

Proof Parts of the proof can be found in Beilinson's paper
[Be 1] , and the result was also announced by Gillet in

[Gi 2] (for F = C¢) . As an illustration we shall sketch the
proof for the existence of a long exact sequence

D

D - .D D
(1.19.1)...»Ha(K,A(b))»Ha(X,A(b))*Ha(U,A(b))*Ha_

1(Y,A(b))—»...

for a closed immersion Y< X with open complement U = XN\Y
(see [Be 1] 1.8.4, but also 2.11 d) below).
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First assume that X is smooth and proper and that Y is
a divisor with normal crossings. Then it is shown in 2.9 that
there is an exact triangle (k € )

m
(1.19.2)  s'N'C;(¥,A(K)) 2 'CHX,A(K)) » 'CH(X,Y,AK) -,

where the complexes compute the Deligne homology of Y,X and
U , respectively, so 1.19.1 is obtained as the associated homo-
logy sequence.

Next assume that X and Y are proper but otherwise
arbitrary. Then there exists a smooth proper simplicial scheme
augmented to X , X. 5 X , such that Y. = ﬂ_1(Y) is a divisor
with normal crossings in X. and 7 satisfies the condition
1.17 a). Then Y. » Y and U. = X.~NY. » U also satisfy homo-
logical descent, hence X. , Y. and (X.,Y.) can be used to
compute the Deligne homology of X,Y and U , respectively,
and we use the simplicial version of 1.19.2.

Now assume that X 4is smooth and Y is a divisor with nor-
mal crossings. There exists a smooth compactification X of
X such that X~X and (XX)UY = Z are divisors with normal
crossings on X . Let Y be the closure of Y in X , and let
Y. and Y. be the coskeletons of the normalizations of ¥
and Y , respectively (cf. 2.9). Then s‘N'Cb(%.,?.\?.,A(k))
computes the Deligne homology of Y , so we have to show that
in the commutative diagram

s'N'Cb(Y.,Y.\Y.,A(k)) ——g 'Cb(X,X\X) ——i» 'Cb(X,Z)

TOH |

'cs (%) a%yc;,(ﬁ,z)
the natural map T induces a guasi-isomorphism with ker ag .
But ker 04 and ker 0, compute the Deligne homology of
XX and Z , respectively, by step 1, so ker 0y =
coker (ker o, = ker uz) in fact computes the Deligne homology
of Z~N(XN\X) =Y by step 2.

For arbitrary X and Y there exists a smooth proper sim-
plicial scheme X. , an open subscheme X.cX. , and an augmen-—
tation X. 3 X satisfying 1.17 a), such that Y. = V) ,
X.~X. and (X.~X.)UY. = 2. are divisors with normal crossings.
Thus, evefything reduces to a simplicial version of the smooth

situation, and we are done.
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Deligne cohomology with support in a closed subscheme Y cX
is defined as relative Deligne cohomology of j: U=X\Y < X ,
i.e.,

(1.19.3) Hy ,(X,A(k)) =H"(Cone (R} (X,A(k)) 35 R, (U, (X)) [-1D),

where RFD(X,A(k)) and RFD(U,A(k)) are suitable complexes
of abelian groups which compute the Deligne cohomology of X
and U , respectively. This immediately gives the long exact

sequence

2 2 L
D,Z(X’A(k)) _’HD Y(X,A(k)) —)H’D,Y\Z

2+1
Hy'p (X,A(K)) >

(1.19.4) .. »H (x~2,A(k)) -

for ZcYcX . The Poincaré duality isomorphism for smooth X,

D
24~

follows from 1.15, the construction of 1.19.1, and the commu-

(1.19.5) H% ¢(X/A(3) 5 Hy, . (Y,A(d-3)) , d=dim X,

tative diagram

RT (X8 (+d) &% \m'1Y))[2d] 12 'Cp(X 2 AK) e 8'N'CHE.,ZAK))

(= S E N

= 1.15 |, . = = e T T
RF(XO,A(k+d)D,(§;,XO))[2d] > O X NX GAK)) & sTN'CH(X. XK., A (k)
TH; \L(ﬂo) * /
- 1.15 = :
RF(X,A(k+d)D,(§}X))[2d] —_> CD(X,X\X,A(k))

which expresses the compatibility of 1.15 with covariance for
open immersions of both sides. Here - denotes a quasi-iso-
morphism, X.-»X and X. are as above, with X ~m_ -y 3y ,

and X is a smooth compactlflcatlon of X such that X\X is a dl—
visor with normal crossings and ﬂo extends to (XO,XO\XO)»(X,X\X).
The maps<m1theleftanqcnltherightinduce j* in cohomology and
homology,respectively, j?vbeingdefinedlike 05 above. Note that
by this construction the Poincaré duality is compatible with 1.19.1

and 1.19.4, in the obvious sense.

For the definition of the capproduct

D D

(X,A(3)) ® H_(Y,A(b)) > H_ _ . (¥Y,A(b=]))

D Y
we refer the reader to [Be 1] 1.8.6.

The canonical class N, € Hgd(X,A(d)) for X irreducible
of dimension d 1is by definition the image of 1 €A under

the isomorphism in the following lemma.
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1.20 Lemma Let X be separated and of finite type over €

or R, and let d=dim X . Then Hi(X,A(b)) ;= 'HZ2(X,A (b)),
PR (x) := 'u23(x) and HY(X,A(b)) vanish for a>2d , and
a DR a
EA H H2d(X,A(d)) -> H2d(X,A(d)) = @ A
X€X (q)

is an isomorphism, where X = {x € X|dim TXJ = d} = set of

irreducible components of dimension d of X .

Proof The vanishing is known for the Borel-Moore homology,
and hence follows for the other homology theories by 1.18 b)
and c). For the isomorphism we may assume X to be reduced -
by 1.18 c) and the fact that the Borel-Moore homology only
depends on the underlying reduced complex analytic space. Then
there is a smooth open gubvariety $p+UcX , which is of pure
dimension d and dense in every irreducible component of di-
mension d , and the restriction maps H2d(X,A(d))-»H2d(U,A(d))
are isomorphisms for the Betti and the Deligne homology by
1.19.1, the Betti analogue of it, and the above vanishing re-
sult. Hence it suffices to prove the claim for U , but by

1.15 we have canonically
€

D A .B
H,4(U,A(d)) —— H,4(U,A(d))

g E
o €a o]

HD(U,A) —_ HB(U,A) = ® A

. . ‘ -conn,comp. of U

0,.0 _ 0
(note that F HDR(U) = HDR(U)) .

1.21. Let Zn(X) be the group of cycles of dimension n on
X , i.e., the free abelian group on the irreducible reduced
subschemes ZcX of dimension n . As for any twisted Poin-
caré duality theory, the canonical class provides us with a

cycle map
: 0
ch. Zn(x) - Hzn(X,A(n))
. D D
[2] + image of Ny, under Hzn(Z,A(n))-»th(X,A(n)).

Since Ny by definition is compatible with the canonical class
in the Betti homology, the composition clB = €p ch is the
usual cycle map into the Betti homology. If X 1is smooth,
then, by applying the Poincaré duality 1.15, we obtain a cycle

map




cly : z™(x) - Hgm(x,A(m))

on the group Zm(X) of cycles of codimension m = dim X-n .
We sketch the proof that this cycle map agrees with the
one defined in [EV]. Let ZcX be of codimension m . There

are canonical morphisms of functors

i : i .
© : Hy (X, Z(3) > Hy (X, B3, ),

and we have to show that ¢ maps the relative class given in

Hy", (X, 2 () 5 8) (2, 7 (n))

by n, to the relative cycle class defined in [EV] 7.1. The
maps ¢ are compatible with the cupproducts as are the rela-
tive cycle classes ([EV] 7.4 and [Ve]3.5 for HgTZ(X,ZZ(m)) 3
Hgm(x, Z(m)) . By this and localizing (compare the argument in
[EV] 6.2) we are reduced to the case of divisors. If m = 1,let
Z2' 2% be a divisor such that 2 = div(f) is principal on U=

X~Z', then the claim follows from the commutative diagram

o] 1 1 1 1 2
H (UIQU) ® H (Ur Z(1)) - HZ'(X'QX) @HZ.(X,ZZ(1))

@on 7 | r
oW e w0 s HL(XB() ) )
u ¢w T@

03 e Hy(U, (1) ——— ") L (%, B(1)
( 6  the connecting morphism for 0 -%Z(1) - 0 E§g>0x - 0),
since f 1is mapped to the cycle classes in both theories (cf.
[EV] 6.2 and 3.1.2 below) and Hz (X, Z (1)} o) ~HZ, (X, Z(1)y o)
is injective ([EV] 6.1 b) and the corresponding result for the
Betti cohomology).

Now let X be smooth and proper, and let Zm(X)O = Ker clB
= Zm(X) be the subgroup of cycles which are homologically
equivalent to zero (for the Betti cohomology). By the cohomolo-

gical analogue of 1.18 b) we have a commutative diagram

o » M - BMX, zZM) - HOX > 0
qub Tclv jblB )
o » X > (X »> /2Ny - o,

where

Mx) = BV x,0 /en?™ VN (x, zm) + F® 52 (x,0)



is the m-th intermediate Jacobian [GH] p. 331, and

H™(x) = H2(x,z (m)) n e "FEEN(x,c) = BAM(X, Z(m)) ne” lEM T

is the group of Hodge cycles of codimension m on X .

1.22. Lemma The map Clb coincides with the Abel-Jacobi map
as defined by Griffiths and Weil.

Proof By definition, the complex 'Cb(x, Z(k)) is given by
'cp(x, Z (k) = 'ctx, zx)) e PRt () e 10 (x)
X X
(CB'CF'CQ)
(d Cgr d Cpr € cgt1 cF-d CQ)
+
o x, z)) = Mix,mane Pt e et .
X X
The class of an algebraic cycle y of codimension m is the
-n
class of oo(yB,yF,O) , where yB = (2mV=T) ytop for a topo-
logical C =claim yt0p in (X #Z) , n = dim X-m , which

represents y and is oriented according to the choice of

V=1 (cf. 1.1 a)), and where Yp € F T 2n(X) is the distri-
bution w' & (2my=T) ° jreg
choosing a resolution o% singularities 2 32z for each 2 in

w' . This ca§ easily be seen by

the support of y and observing that the fundamental class
ny of Z is mapped to Ny, via m and hence to cl(z) via

732 e x . 1f y 1is homologous to zero, there are elements

s € 'c'zn“1(xg Z(-n)) and f € F 01”7 2n 1(X) with ds = Yp
and df = Yp - Hence (yB,yF,O) is homologous to (0,0,es-1£f) ,
i.e., cl! (y) e J(x) is given by the class of es-1f in

H—2n—1( Q° m(x)) 2m 1(X,€) . This is exactly the classical
definitiog of the Abel-Jacobi map: if we evaluate this class
against forms w € F L 2n+1(X) via the Poincaré pairing, we

obtain the integral of 5 over s, since the -product with f vanishes.

1.23. Remark Using only Betti cohomglogy, the definition of
2m

fundamental classes in Hé Z(X 7z mn)qH (X,Z {(m)) is easier
than in T(x, ZZ(m)D ), where non- trlvial facts of deRham the-
ory are needed The bljeCtiVity of € follows from 1. 19 4 and the
version with support of [EV] 2.10b). Here one uses F HDR Z(X)
and not HS™(x,F™u. %) i this would also simplify the proof of [EV]

7.11.



§2 Hodge theory for homology, and absolute Hodge cohomology

We recall the following definition due to Deligne, [De 3]

§8.

2.1 Definition Let A be a noetherian subring of IR , then

a mixed (polarizable) A-Hodge complex K' is a diagram

(2.1.1) kK: 3

A (X

aeg’ ™ 8 xg.m,m)

such that

a) KA is a complex of A-modules, bounded below, such that
the homology groups are finitely generated as A-modules,

b) (KA®Q’W) is a complex of A@Q-modules with an ascending
filtration W , and o is a morphism in the derived category
D+(A) of bounded below complexes of A-modules such that

KA ® Q - KA@Q is a quasi-isomorphism ,

c) (K¢,W,F) is a bounded below complex of C-vector spaces
with an ascending filtration W and a descending filtration
F , and B 1is a morphism in the derived category D+F(A®Q)

of bounded below filtered complexes of A®Q-modules such that

(KA®Q ®AC,W) - KC’W) is a filtered quasi-isomorphism,
d) for all m € Z
‘ W, . : W, .
GrmKA®<D e,(Grch,F)

is a (polarizable) A®Q-Hodge complex of weightm,i.e. the differen-
tials of erKé are strictly compatible with the induced
filtration F , and F induces a pure (polarizable) A®Q-Hodge

structure of weight m+n on Hn(GrWK° ) for n € Z .
m A®Q

The construction of mixed A-Hodge complexes is ecguivalent

to the construction of mixed A-Hodge structures, as follows
from the following fundamental result of Deligne and the beauti-

ful converse proved by Beilinson, recalled in 2.3 below.

2.2. Theorem ([De 3] 8.1.9 (ii) and (v)) If K° is a mixed
(polarizable) A-Hodge complex, then for all n€Z Wln] and F

induce a mixed (polarizable) A-Hodge structure on Hn(KA), and

the spectral sequence associated to F degenerates, i.e.,



n, i ., ~ _in, . n,_ .
(2.2.1) H (F Kc) - FH (Kc) < H (Km)

under the map induced by the inclusion FlKé c Ké .
By the definition of morphisms in derived categories, 2.1.1

is represented by actual morphisms of complexes

'K, ("Kg /W)

/W\ YN

,W) (KC,W F) .,

where o, is a gqguasi-isomorphism, 81 is a filtered morphism,
and 82 is a filtered quasi-isomorphism, and we rather call
these diagrams mixed A-Hodge complexes, or A—E—Hodge complexes
'if they are polarizable (cf.[BeN2j3.95: There iS'ah cbvious‘
notion of morphisms and gquasi- isomorphisms between them, and
by 1nvert1ng the latter ones one obtains the category DPP,A of
'A-p- Hodge complexes up to quasi-isomorphism. It becomes a tri-
‘angulated category by the cone construction ([Be 2]3.10).

_If C' is a bounded below complex in the category A-MH of
ileEd A—Hodge structures there is an:obvious mixed A-Hodge com-
;gleﬁ K'=¢(C” 1)1 with K;=C’(with filtration W. defined by

szK =,Wm+nKﬂ?i

2.3 Theorem ([Be 2] 3.11) The functor C' m>¢(C’) induces an

b .
equivalence of triangulated categories between D (A—MHP), the

:derlved category of bounded complexes of mlxed polarizable
) +
:A-Hodge structures, and the subcategory Dﬂp of DWP,A

formed by bounded complexes.

2.4 The absolute (Hodge)Vcohomology.Hﬁ(Kf) of a mixed AjHodgel
complex K° is defined as the £-th homology of the complex

A A o,. (o,B),
‘= K -1
RT K Cone(KAQWOKA®Q®WOﬂF Kg —LILIRS @Qew yi-11,

(o, B)(kA kQ kc) = (a1kA—a2kQ,B1kQ—82k¢), W. = (Dec W). the

"filtration decalée" (see [Be 2] p. 51), which up to quasi-

25
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isomorphism does not depend on the choice of 'Ké®A and ‘Ké ’
i.e., only depends on K° as given in 2.1.1.If C° is a com-
plex in A-MH and K = ¢(C’), RI'yK’ represents RHom, .. (A,C7),
where A 1is the trivial (pure of weight 0) A-Hodge structure,
hence Hﬁ(K’)coincideswith the hyperext-group Exti_MH(A,C’).
Moreover, Vvia ¢ the mixed Hodge structure on Hn(C') is
Deligne's mixed Hodge structure on Hn(KA) , hence the hyperext

spectral sequence gives a spectral sequence
P,a _ P k- Pt -
(2.4.1) ES ExtA_MH(A,H (KA)) = Hf “(K")

where Extg_MH is the Yoneda Ext-group, see [SGA 4%][C.D.]
p. 298. On the other hand, we obtain for a mixed A-Hodge

structure H
-

-1
HNe ' (WNFHg) ,p=0 ,
b ) =uP = 4 © =
Exty_yy (A/H) =HL(¢(H)) = 4 Coker (HOW H OW NF HC»HQ@WOHQ),p 1,
(2.4.2) 0 P22,

where ¢€: H -~ HC is the canonical map (in reality, Beilinson

has to show this formula by other means to prove 2.3).

2.5, Beilinson defines the weak absolute cohomology of K° by
forgetting the weight filtration W , i.e., by letting ng(K')
be the 2-th homology of i

RI K* = Cone(K; ®K o0 ®F Kg (o,B) 'Kagp @ 'Kg) [-11.

H

In the derived category D+(A) this complex is isomorphic to
(2.5.1) Cone (K, ® FOKy, — Kg)[-1] |
with e€=Ba and 1 the inclusion, so by property 2.2.1 we ob-
tain a long exact sequence
(2.5.2) .o Hﬁw(K’) >u (k) er%H* (ko) £55 B (k) »Hj::(K') e
and induced short exact sequences

-1, =1, . o, 4-1,,.
(2.5.3) O0-H (KG)/SH (KA)+F H (K¢

-1_0..42

)y »HY (k) -
1) HY
> E (KZ;)ne FH (K&:) - 0

Comparing this with the short exact sequences

1 2-1
(2.5.4) O—)EXtA_NIH(AIH mA_MH

obtained from 2.4.1 and the vanishing of Extg_MH for p>2 ,

(K3)) »Hp(K") »Ho (2, 8" (K})) ~0
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we see that Hﬁ(K‘) - HEW(K') is an isomorphism, if the
weights are <O (WOH = H) for the mixed A-Hodge structures

H = H£_1,H2 .

2.6, Finally, for k €7Z the k-th Tate twist K'(k) of a

mixed A-Hodge complex K® 1is defined as

1o k 1w
Kieg 8g 2(271/°T) ('K WI2KD)

cois T N m e

KA@ZZ(ZW/:—T)]{ (KA®Q®(D(2'H\/:T)k,W[2k]) (Ké,W[2k],F[k]) ,

where 81(k) is induced by multiplication, and W[2k] and
F[k] are the shifted filtrations (W[2k]i =W, o etc.). If
K* = ¢(C") , this corresponds to tensoring C° by the Hodge
structure Z (k) ([De 2] 2.1.13).

2.7. We apply all this to the Hodge theory of algebraic
varieties. It is the basis of Hodge theory that for a smooth,

proper variety X over €
K'(X, zZ) : , R['(X, Z) -» (RI(X,Q°),F)

with the Hodge filtration F 1is a pure Hodge complex of

weight O. It can be represented by C° (X, Z) - (Q'w(x),F) or

by the mixed Z-Hodge complex X

C’(X,0) (C*(X,C) ,W)
K* (X, Z): /‘ yd " S\dntegration
c’' (X, z) (C*(X,Q) ,W) (Q° (X} ,W,F)
: X

with trivial weight filtrations: W_, =0 , WO==everything. If

-1
we define K®(X,A) in an analogous way, then by 2.5 and 2.6

we have canonical isomorphisms

~ % .
= H (KR ()
(note that the Tate twist changes r’° to Fk ). Since HQ(X,A)

L
Hy (X,A (k)

has a pure Hodge structure of weight &, we have isomorphisms

0 - Hé;l(x)/EHg-l(X,A(k))+Fk» Hé(X,A(k)) S et amnne i 5 o
(2.7.1) % 'B T

0 - Ext’ (A,Hz_l(X,A)(k)) - Hﬁ(x'(x,A)(k)) ~ Hom, _

2
A-MH (a,H (X,A)(k)) = O

MH



provided -2k < O .

Similarly, we define the mixed A-Hodge complex

'CT (X,A8Q) (ra’ _(X),w)

RU(X,A): ~.id 1.1 clf/ﬂ Ndd
'CT(X,A) ('C” (X,ARQ) ,W) ('e* (X),w,F) ,
v X

(trivial weight filtrations), and have

1 X _ o e

HD(X,A(k)) = HHW( K* (X,n) (k))
by the canonical quasi-isomorphism
'C5 (X,A(k)) =Cone (*C* (X,A(k) 8 F ' a"_(x) €75 '@°_(x))[-1]

X X

2 RPH'K'(X,A)(k) .

To see that 'K®(X,A) 1is indeed a mixed A-Hodge complex, we

may use the quasi-isomorphism

K* (X,A) (d) [2d] > 'K’ (X,A)

proved in 1.15.

It turns out that one can rather simply define the mixed
Hodge structure on the cohomology and homology of simplicial
schemes with smooth and proper components.

2.8. Proposition Let X.,Y. be simplicial schemes over ¢

with smooth and proper components, and let f: X. -» Y. be a

morphism.

("), % (") ;2
Hy (X.,A) 8,C - Hog!(

and there is a canonical mixed A-Hodge structure on
such that

a) The map X.) is an isomorphism,

(') 42
Hp (X.,A)

i) the Hodge filtration is given by the Hodge filtration on

(')HSR(X.) , 1.e., Fk(')HgR(X.) is the image of the injective
map
Hl(X.,Fk(')Q'w) > ahx., )Q’m) = (')HSR(X.)
X l\ X
it s e (Mo xa) - v Mar k)
X. X.

ii) the weight filtrations are the ascending filtrations (those
for which Grr = E;’r) associated to the spectral sequences

+
(2.8.1) g9 = 'Hg(x_p,A) - 'uE"9(x. ,a)



(2.8.2) BP9 - Hg(xp,A) - Hg+q(x.,A).

b) After tensoring with @, the spectral sequences above dege-

. W .2 .
nerate at E2 , giving Gr£+r ( )HB(X.,A®Q) as the subquotient
E-r,2+r of E-r,2+r.

2 1
c) There is a commutative diagram of canonical pairings

. % : ' -2

(2.8.3) ']‘e E Ul

. L g
wB,A' HB(xf'A) X HB (X.,A) -» A

the upper one perfect, the lower one perfect after tensoring
with @ , such that via these

L

] Hom (B _(x.) /Fi%7,0)

C 'DR

X!

-1, -
(2.8.4) F Hyp (X.)

) ~ L,
(2.8.5) w__ Hy " (X.,A®Q) - HomA®Q(HB(x.,A@Q)/wn_1,A®Q) ,

iie., 'Hgl(x.,A®Q) is the dual of the mixed Hodge structure
HB(X.,A®Q) .
d) The diagram

Hé(X.,A) x 'Hgl(x.,A) - A

£x] e, H

X Q(Y.,A) - A

L
HB(Y.,A) X HB

is commutative, and f, and f* are morphisms of mixed A-
Hodge structures. In particular, they are strictly compatible
with the weight and the Hodge filtrationms.

Proof a) For the homology we only have to prove that

S'N'C'(X.,A)—a(s'N'C'(X.,A@Q,W)—%(S'N'Q° co(X.),W,F)
s'N'K" (X,A) : |1.10 X

'C* ((X.),3)
is a mixed A-Hodge complex, where the weight filtrations are

given by the second ascending filtrations of the double com-
plexes:

W (s'N'C"(X.,A®Q)) = @ 'C'(X_,,A®Q) ,
m -t
t<m
rez
Wo(S'N'Q_ (X)) = @ ' (X_) ,
X t<m X_t

ré€z
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and the Hddge filtration is induced by the Hodge filtration
of the 'Q° (X)) :
x> P
p
Fsng (X0 = e Pt (X)) .
X. r,t€Z X_t

But this is clear, since Grﬁs;'N'K'(X,A) is the Hodge complex
of weight m

'c* (X—m’A) [m] - ('Q.oo(x—m) [m] rF) .

X—m

For the cohomology the complex considered by Deligne in [De 3]

8.1.19 is quasi-isomorphic to

SNC* (X. ,A®Q) (sNC* (X.,C) ,W)
sNK® (X. ,A): U/ﬂ K\;d U/ﬂ Q\integration
~ sNC* (X.,A) (sNC* (X.,A®Q) ,W) (sNQ° _(X.),W,F),
: X.

where N is the cohomological analogue of 'N above, mapping

a cosimplicial abelian group A. to the cochain complex NA.
. i _ i iEt,_o\v

with (NA.)™ = A, and d- = vzo( 1) Sv , and where

W _(sNC® (X.,A®Q)) = & C'(X,,A8Q) ,
-m t
t>m
Ye€Z
similarly for Q , and
FR(sNpt (X)) = e  Ff_(x) ,
X. r,t€zz Xt

so that Gqﬁﬁ;NK'(X.,A) is quasi-isomorphic to

c* (erc) ["I"l]

///ﬂ K\}ntegration

c*(x_,A) [-m] @ (x -1l ,F) .
Xm
] 1 1 1
Note that BY(x.,F5( s ) =t e wr* Mo x0))
X. X.
1
since the sheaves Gri( )qu are fine and hence acyclic.
X
P

b) By the definition of the spectral sequences 2.8.1 and 2.8.2
(cf. [De 3] 5.2.3), they agree with those given by the weight
filtration, as defined above, hence the claim follows from a
general property of mixed Hodge complexes ([De 3] 8.1.9(iv)).
c) For a smooth and proper scheme X over € we have a com-

mutative diagram of pairings
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Yo r 0T (X) x 'R _(X) o ¢
X X ‘
(2.8.6) <l fe [

YC : C°(X,€) x 'C*(X,Q) - C

defined by evaluation and by integration (M,w) b fw as in

1.1 ¢). In the induced commutative diagram M

v
'R0 —5 Hom (2 (X),@)

X X
ET v P<V
'C(X,6) —Fs  Homg (C(X,Q),0)

the morphisms wc,e and k' are quasi-isomorphisms, hence
the same is true for wQ .
For a morphism f: X - Y of smooth and proper schemes the
diagram
c"(X,A) x 'C*(X,A) -» A

(2.8.7) £x I+ ||

c'(y,A) x 'C°(y,A) - A

commutes by definition, hence wc and WQ are functorial in

X . This gives analogous quasi-isomorphisms wc and wQ for
our simplicial scheme X. , since sIJHomc(BI,G)==Hom¢(s'NB2,¢)
for a simplicial complex B. of C-vector spaces. Moreover,

w¢ comes from a pairing

WA : sNC*(X.,A) x sNC"(X.,A) » A,

and we may define the pairings 2.8.3 by the latter and wQ .

Since WQ is a quasi-isomorphism, is perfect, and this

1PDR

implies the perfectness of wB , and then of wB 2 ; be-
) /D 1 AGQ
cause the H?(X.,Q) are finite-dimensional vector spaces
' ~ ' ' ~
and we have ( Hé(X-,Q)<®C z ( )HéR(X.) and ( )Hé(x.,A®Q) =

Drlix., 0080 .
Obviously, the pairings V¥ are compatible with the fil-

trations F and W (w(wi®wj) S Wi+j etc.), if we endow A

and € with the trivial filtrations , i.e., wB,A is a pairing

of mixed A-Hodge structures into the trivial Hodge structure A.

Hence we obtain the morphisms 2.8.4 and 2.8.5, which must be

isomorphisms by the non-degeneracy and the strictness of

morphisms of mixed Hodge structures.

d) The functoriality is clear from the diagram 2.8.7 and its

simplicial analogue, and f, and f* are morphisms of mixed



A-Hodge structures since they are induced by morphisms of mixed

A-Hodge complexes.

2.9. We want to apply this to prove the Hodge theoretic state-

ments in the proof of 1.18.
Let X be smooth and proper over € or IR , and let YcX
be a divisor with normal crossings. Let Y = Y1 1L...lLYr be

the normalization of Y ( Y' the irreducible components of

Y , which are smooth and proper), and let Y. = coskX Y be
the coskeleton of Y/X (see [De 3] 5.1). This is the same as
the nerve of the covering Y = UYi , 1.e., ?m consists of
the (m+1)-fold intersections of the Yi . Then ¥. » Y is a

proper hypercovering, and hence has descent for the Borel-Moore
homology. Since 'c&(xg Z) computes the Borel-Moore homology
of Y (compare 1.14.1 and [BM] 3.5 b)), we see that the map

e in the following commutative diagram is a quasi-isomorphism

0 - 'Q°_(on Y) (X) » 'Q°_(X) S0 _«ws(x) -0

X x _ X X

"o
s'N'QT _(Y.)

YO

(2.9.1) Teg. €y €(x,Y)
s'N'CT (Y. ,A(k))
I
C

0O - 'Cé(X,A(k)) - 'C"(X,A(k)) - 'c"(X,¥,A(k)) » O
On the other hand, if we let 'in(on Y)(X) = Ker o as indi-
cated, T is a filtered quasi-isomorphism for the Hodge Fil-
tration by [Ful3.7.1 (thHe statement for Ny<Y>,cf. 2.11 g) below)
Together we obtain canonical quasi-isomorphisms BC'BF and
BQ sitting in a commutative diagram
c .
Cone(s'N'C*(Y.,A(k)) - s'N'C"(X,A(k)) = 'C'(X,Y,A(k))
® ® ®

B
Cone(S'NFk'Q;w(§.) > S'NFk'Q'm(X)) ¥ Fk'Q°w<Y>(X)
Y. X X
(2.9.2) lE‘l l B le—l
cone (s'N'Q__(Y.) SSTN'RT_(X)) S ' _<¥>(X)
Y. X X

More generally, let (X.,Y.) be a simplicial object in
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?* . Then for each n we get a proper hypercovering Yn.-+Yn
as above, hence a bi-simplicial scheme Y¥.. and a morphism
of simplicial schemes u : AY.. » Y. - X. , where 2. = 6Y¥.. is
the diagonal of ¥Y.. (see [De 316.4). By looking at the sim-
plicial analogue of 2.9.2, applying the normalization functor
'N and then the Eilenberg-Zilber quasi-isomorphism, we now

obtain a commutative diagram with quasi-isomorphisms B8

u, 8
Cone(s'N'C* (Z2.,A(k)) —> s'N'C" (X.,A(k))) % s'N'C* (X.,Y.,A(k))

® ) ®

! k' . s ' k . BF ok .
Cone(s'NF 'Q o(Z.) — s'NF'Q o(X.)) —=—=s'NF'Q o <Y> (X.)

Z. X. X.
2.9.3
( ) \ U, L B L/
Cone(s'N'Q" o(Z.) —>s'N'Q" (X)) — s'N'Q* <Y.>(X.) .
‘ Z. X. x.”
Here the left column . is the diagram KA ) FOKé - Ké for the
mixed A-Hodge complex
Uy
K* = 'K"(u) = Cone(s'N'K'(z.,A) (k) — s'N'K" (X.,A) (k)) ,

Zz. and X. having smooth .and proper components, hence we can
apply all properties of mixed A-Hodge to the right column.
In particular, the map 1 of 1.18.2 is injective by .2.2.1,
and, since the above quasi-isomorphisms are functorial in
(X.,Y¥.) , a morphism f: (X.,Y.) - (X!,¥!) will induce mor-
phisms in the deRham homology, which are strictly compatible
with the Hodge filtration, since they come from morphisms of
mixed Hodge structures f, :H*('K’(u)A) - H*('K'(u')A) , with
u': AY!. - X! defined as above.

In fact, by using the canonical quasi-isomorphisms BC’SF
and B

Q
mixed A-Hodge structures on the homology of 'C®((X.,Y.),A)

for "transport de structure", we can put canonical

= s'N'C" (X.,Y.,A) , varying functorially in (X.,Y.) , such
that the Hodge filtration is given by the Hodge filtration of

H¥(s'N'Q _<Y.>(X.)) = H*(s'N'C'(X.,Y.,A))@AG . By the same
X.
constructions and arguments as in 1.17 and the proof of 1.18,

we obtain the following result.

2.10 Theorem a) Let Z be a separated scheme of finite type

over C€ , then there is a canonical mixed A-Hodge structure
on the Borel-Moore homology 'Hé(X,A) , ¥ € Z , such that the



Hodge filtration is the Hodge filtration of 'HéR(Z)
'Hﬁ(Z,A)@AC and for a proper morphism f: Z -» Z' the maps

Fx 'HB(Z,A) - 'Hé(Z‘,A) are morphisms of mixed A-Hodge struc-
tures.

b) For the twisted Poincaré duality theory given by

Z X M HE L (X,A(5)) = H- _(X,A) (j) as mixed A-
B,Z B,Z

I

X e H?(X,A(b)) HE(X,A)(—b) Hodge structures

where HE(X,A(b)) = 'H;a(X,A(4b)) , all morphisms occurring in
the axioms ([BO] 1.3) are morphisms of mixed A-Hodge struc-

tures.

2.11. Remarks a) To prove 2.10 b) for the connecting morphisms

of the long exact sequences 1.1.1 and 1.2.3 in [BO] , note that
the latter come from exact triangles of mixed A-Hodge complexes
K% - Ké - Ké - , and hence the connecting morphisms come from
morphisms of mixed A-Hodge complexes Ké - K;[T] .

b) All constructions for Deligne cohomology and homology can
be made on the level of mixed Hodge complexes. Thus, Beilinson
in [Be 2] defines mixed Hodge complexes K° and 'K® for ar-
bitrary varieties, and obtains absolute Hodge (co)homology or
Deligne (co)homology by applying RFH or RT W to these (see
2.4 and 2.5). One could and perhaps should prgve all state-
ments about Deligne (co)homology along these lines. In [Be 2]
Beilinson defines the homological complexes as duals of com-
plexes with compact support Ké , but one may also define the
'K'-complexes by starting from 'K'(X,A) as defined in 2.7

and use the complex 'K'(u) in 2.9 for arbitrary schemes.

c) By only working with simplicial schemes with smooth and
proper components in 2.8 and 2.9, we have avoided putting weight
filtrations on (complexes quasi-isomorphic to) 'C’(X,Y,A)

and '§°_<Y>(X) and then using the more difficult result of
Deligne% [De 3] 8.1.15, that applying sN (resp. s'N) to a
cosimplicial (resp. simplicial) mixed Hodge complex again gives
a mixed Hodge complex.

d) In [Be 1] 1.8.4, Beilinson seems to assert that 7., and 7

C Q
in 2.9.1 above are embeddings, which obviously cannot be true.
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e) The diagram 2.8.6 commutes with our sign conventions, but
not with the ones in [DMOS] pp. 13,14.

f) The considerations in 2.9 show that Gillet's definition
of Deligne homology [Gi 2] leads to the same groups as here.
g) The notations used for currents in the literature are quite
diverse. For the convenience of the reader we compare our no-
tation with that of Fujiki [Fu] and King [Ki], for a smooth
proper variety X and a divisor with normal crossings

i: Y - X , with open complement 3j: U ¢ X(d = dim X) .

here King Fujiki quasi-=isomorphic’ to
Q° Al ES c

X X X

Qr_<¥Y> Ai(log Y) - Rj,j*C

X

. . . C
wa(null Y) AX(null Y) EZY/X v 3,3 cC
to° - N (BN
£ °°[ 2d4] DX DX C

X

«-2d ' . ' . . !
'Q (on Y) D (on Y) Do<Y> i, Ri°C

X

-24
1 s (] . 1 . . . : %
wa <Y> DX(log Y) DX/DX<Y> Rj,j*C

§3 Riemann-Roch and Hodge-D-conjecture

For a field F , let t% be the category of reduced, quasi-

projective schemes over F , called varieties in this section.
Recall that for a scheme X one has the Quillen spectral
sequence of homological type [Quil5.4
1
(3.0 E = o K (k(x = E = K!
) pP.q XEX( | ptq (x)) ptq ptq
P
where K' denotes Quillen's K-theory of coherent sheaves on X,X(p)

is the set of points of X of dimension p, and k(x) is the re-
sidue field of x € X .

(x) ,

1. Lemma If X is a variety of dimension d over

3
F=Ror ¢ , there is a canonical isomorphism

D
2d-1

p: Ef ;_4(X) = Ker( o k(x)*2Y, ¢ z) Sy
r

xex(d) X€X(d_1)

; 1-4 is the divisor map [Quil5.14, [Gray].
4

(X/Flzz(d-1))l



Proof First assume that X 1is smooth of pure dimension 4 .
Then we have canonical isomorphisms

2 - x gl 1.15 D _
Ed,1—d(x) = O(X)alg 2 HD(X' z (1)) —> H2d"‘1 (X, Zz(a=-1)) ,

see [EV] 2.12 ¢) for p .

In general, X contains a smooth open subvariety U of
pure dimension d such that the complement Y = X~U 1is of
smaller dimension. From the long exact homology sequence
1.19.1 and the vanishing result in 1.20 we obtain a commutative

exact diagram

0 - Hy, 4 (X, Z(d-1)) ~ Hj, (U, Z(d-1)) - Hyy (Y, Z(d-1))
(3.1.1) q (%) Tr.20
2 x div
yGY(d_1)

defining the dotted isomorphism we need. Since everything is
functorial, it does not depend on the choice of U . The
commuting of (%) «can be seen as follows. By passing to the
normalization and using the covariance for finite morphisms

we may assume that X 1is normal, hence regular in codimension
one. By removing subvarieties of Y of dimension < d-1 we
may assume that X 1is smooth and hence pass to Deligne coho-
mology. By 1.20 we may restrict to Betti cohomology and
finally have to check that for smooth X

1 2
Hg (U, Z(1)) =~ HE ,(X, Z(1))
(3.1.2) T TclB
o *, 4% ® 4
alg €y
Y= (a-1)
is commutative, where cl is the relative cycle map. This is

B
well-known, in fact, more or less the definition of the latter

(compare [SGA 4%][cycle]2.1).

3.2. By the definition of the Chern classes and characters
with values in the Deligne cohomology
(3.2.1) c,ch : K (X) - o H2I™(x,A(5))
m . D
JEZ
(see [Be 1] 2.3 and [Sch] §4), for smooth X the composite
det

X

8 1
alg = Hp(X, Z(1)

(3.2.2) K1(X) 0 (X)

36
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coincides with <4 1==ch1 1 * We now shall show that for gene-
’ ’
ral X of dimension d the composite

' 2 e D _
(3.2.3) Ki(X) - Ed,1_d(x) 2 Hjygoq (X, Z(d-1)) ,

where the first map comes from the spectral sequence 3.0, has
a similar interpretation.

The Riemann-Roch theorem as formulated by Grothendieck
[SGA 6], using Chern classes, KO and Ké ; has been reformu-
lated and extended by Baum, Fulton and MacPherson [BFM] by
using certain natural transformations T between Ké and homo-
logy. Gillet has shown how to extend this to higher algebraic
K-theory, if one has a twisted Poincaré& duality theory satis-
fying certain further properties [Gi 1].

Beilinson has written down another set of axioms which
assures the existence of the wanted transformations, and he
has proved that the Deligne (co-)homology satisfies these
axioms, the main points being the following ones.

The Deligne cohomology can be obtained as the Zariski

hypercohomology of certain complexes

APy zar (p€Z )
on the big Zariski site of U(B , see [Be 1] 1.6.5, and [EV]
5.5 for a slightly weaker statement. The Poincaré duality iso-
morphisms A
H%c’l;a(X,A(d—b)) 3 HZ(Z,A(b)) , a,b € @ ,

for Z closed in a smooth variety X of pure dimension d

is induced by quasi-isomorphisms
- 5 . ® - -
(3.2.4) RFZ(X,A(d b)D,Zar) - CD(Z,A( b)) ’ bez ,

which follow from the corresponding quasi-isomorphisms for X

and j: XNZ = Us X and the commutative diagram
. _ ~ [] . -
RT (XIA(d b)D,Zar) - CD(XIA( b))
%y vi*

RI (U,A(d=b) ) , S 'C;(U,A(-D))

by the cone construction (cf. 1.15 and 1.19.3). Finally,
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these data satisfy the conditions a) - f) in [Be 1] 2.3;

for d) compare the proof of 3.1 above.

The axioms of Beilinson and Gillet do not imply each other:
While the homology groups of Gillet do not necessarily arise
from (functorially given) complexes in D+(Ab) , the Gysin iso-
morphism and its properties ([Gi 1] 1.2 vi) and vii)) are po-
stulated by Beilinson only for the complexes of global sections
RI'(x,-) . As far as I can see, this suffices for all theorems
proved by Gillet in [Gi 1] , however the compatibility of the
Poincaré quasi-isomorphism (cf. 3.2.4 above) with open immers-
ions should probably be included in Beilinson's axioms to ob-
tain a canonical restriction map in homology and property iii)
of [Gi 1] 4.1

In any case, the Deligne (co-)homology satisfies all the

axioms, hence for the universal case A = @ we obtain:

3.3. Theorem There are homomorphisms for X in VF , F = 1R
or C ,
D ,
T: K'(X) » & H_ . (X,0(b)) , m > O,
m pem D0 2b

compatible with the covariance for proper morphisms and contra-
variance for open immersions of both sides such that T([OX])

= Td(X) N ”3 , wWhere Ny ;
ligne homology and Td(X) € v@o sz(X,Q(v)) is the Todd class

is the fundamental class in the De-

of X , and such that for a closed immersion Z< X the

following diagram is commutative

23-m D 0 e n’ (7,00

(® H (X,0(3))) © ( ® H (X,0(b))) » @ H
jez D,2 bezZ n-2b c€Zm+n_2
(3.3.1) ch®T T
Z, : n :
Km(X) ® Kn(X) ——F—— K (2) ,

m+n

where <ch 1is the Chern character 3.2.1 with support (cf.
[Gi 1] (2.34 ii))

For smooth X the canonical isomorphism K&(Z);Ki(x)
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can be obtained as capproduct with [OX] € Ké(X) , so that

3.3.1 implies a commutative diagram

Z 29-m .
23-m .
(3.3.2)n[0,] ntCo,1) ® Ho”, (X,0(3))
x* | X sem i ?
D & D (Poi &
' oincaré
Kp(2) — bgz;Hm—2b(X’Q(b)) N ny duality) .

Conversely, the proof of the theorem consists in showing that

one may define 1 by this diagram .

3.4. Example Since Td(U) = 1 + terms in & Hsj(U,Q(j)) ’

we have a commutative diagram >0
D D .15 1
Ta-1 OTT T3—1 oTT TCh1’1
K{(X) - K%(U) &y K1(U)

where Tq-q 1S the projection onto Hgd_1(—,Q(d—1)) . Compa-
rison with 3.1.1 shows that 3.2.3 coincides with Tg-1°7T

after tensoring with @ .

3.5. Recall that the Q-rational motivie (or absolute) cohomo-
logy and homology of a variety X over a field F <can be de-

fined as

(3)
Ky (X) '

i .
HM(X:Q(J)) 23

(3.5.1)

M @ _ _ , (-b)
Ha(X,Q(b)) Hy " (X,0(-b)) = Kl _op (X)

where Km(X)(j) denotes the subspace of Km(X)Q =

Km(X) ®ZZQ ’ on_which the Adams operator wk acts as multi-
plication by k) for every k > O , similarly for K'

Note that the definition of the Adams operators 'wk on

Kﬁ(x) (called ¢k in [Sou ] 7.2) requires the embedding of
X 1into a smooth variety W and then changing the Adams oper=

ations on the relative K-groups Ki(W) = KQ(X) by multipli-



1

cation with cannibalistic classes of Qw/k

to make everything
independent of W .

3.6.Lemma Let W be smooth of pure dimension d , X <« W be
a closed immersion, and n% € Hgd(W,Q(d)) = CHd(W)Q (cf. 3.8
a) below) be the fundamental class of W , corresponding to

the cycle class of W . Then the following holds.

a) ch(x w3 < wF w000

! (b) D _
b) T(RI(X)")) < H__. (X,0(-b)) ,
c) the capproduct with n% induces a commutative diagram
) i : = X (3) ch i .
M S . . .
(3.6.1) n M Poincaré duality
1 . M (j-a) T D .

Proof The first property is proved in [Sch] §4 (the proof
there also works with supports), and by [Sou] 7.2 iv) one has
Kﬁ(W)(j) n ng < Ké(X)(j—d) . By 3.3.1 and [Sou] 7.2 we have
a commutative diagram

o) x g <2k 03 B w2 g())
y 0
(3.6.2) n[OW]k nn%‘L lpT(nW)
FY o, @ rgy (3mQ) T D |
Grd_ij(X)Qe;\,—- Ky (X) _— ngz m+2\)(X o(v)) ,

with the graded terms for the y-filtrations on the left. The
isomorphisms ¢ are induced by the inclusions Km(W)(J) c

FiKm(W) and Ké(x)(“) < FYK (X) , and the left square is

commutative since [OW] = ny + terms in Fg 1K (W) . Since
M D %
T(nw) = cly(lwl) = Ny € Hog(W,2(d)), see 3.8 b) below, and the

capproduct with it gives the Poincaré duality isomorphism, the

remaining claims follow.



3.7. The difference between 3.6.1 and 3.3.2 is explained by

the fact that the capproduct with does not coincide with

n
the canonical isomorphism Kr};(w)Q 3 g&(X)Q . The latter is not
even compatible with the Adams operators as remarked above.
However, one has the commutative diagram 3.6.2, and can use
the isomorphisms ¢ in it to describe the motivic cohomology
via the Y-filtrations. This is done by Soulé in [Sou 1] , and

he proves that

Zes X by Hy o (X,0(3)) i,jem,
X ™ Hg(X,A(b)) , a,b € z,

defines a twisted'Poincaré duality on VF , with the re-
striction that H&IZ(X,Q(j)) has so far only been defined
for X smooth. Then 3.6 c) can be interpreted by saying that
the maps ) and 'rD in 3.6.1 , which Beilinson calls the

regulator maps, are morphisms between twisted Poincaré duali-

ties, in the obvious sense.

3.8. Lemma a) After tensoring with @ , the spectral sequence

3.0 degenerates at E2 on the lines p+qg = 0,1 and gives ca-
nonical isomorphisms Hg.(X,Q(j)) = E% .(X). = CH. (X)_ . and

M . ~ 2 J J:=3 ) J Q

Hyspq (X,0(3)) TEL S0 - |
b) Via the isomorphisms in a) , T: ng(X,Q(j)) - ng(X,Q(j))

is given by the cycle map.

Proof a) has been proved by Soulé [Sou 1] 5.2, and b)
follows from the case j = dim X by functoriality. In this
case it amounts to the equality T(ng) = ng , which can be
checked in the Betti homology by 1.20, where it is well known.

3.9. In view of 3.8 b) and 3.4, 1.20 and 3.1 imply that

'ty HYL(X,0(d) 3 HD(X,0(d))
(3.9.1)

' LM —1y 3P -

rp ¢ Hyg o (X,@(a-1) SHy, . (X,0(d-1))

are isomorphisms for X of dimension d over R or C .

Similar isomorphisms cannot exist in general, because Beilinson
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has proved that for a smooth variety X the image of the re-

gulator map
rp: Hy(X,0(3)) = Hp(X,0(3))

is countable for i < j or 3j > d+1 ([Be 1] 2.3.4)!

Note, however, that Beilinson's conjectures in particular

would imply, that for a smooth and proper variety X over Q

the map
(3.9.2) ry = ch: H (X,0(3)) ® R - H (X, R (3))
is surjective for i < 2j . This follows immediately from the

statement of these conjectures ([Be 1] 3.4 and [Sch] §5) for
i< 2j—1 for i = 2j-1 note that the image of
cly g23-2 25-2

23-1

azj1(X) %, RG-1) 1972 x,0 a2 (%, R (3)+F 0850 (%, RE))

is contained in the image of the map above, by the commutative

diagram
HY (z,0(a-3)) «— 82371 (x,003)) —% 1237 (x, R (3))
2d-23-1"°" J ~ tp,z SR SR

3.9.11} Trv Tro

i 200 — Hj 23-1(x,0(3))

for Z<5 X of codimension j=1 and the fact, that a([Z])
€ Im i, by functoriality. 7
The surjectivity of 3.9.2 would have a remarkable conse-

guence, by the following property of the motivic cohomology.

3.10 Lemma For a smooth variety X, H (X, o(j)) has support
in codimension > i-j , i.e., Nl JHM(X Q(J)) = H (X,0(3))
for the coniveau filtration Nv of HM ’ deflned by

NUHy(X,2(3))= U Im(HAj,Z(x,Q(J))aHAlA(x,Q(J))>= U Ker (Hy (X,2(3))~Hy (X2,0(3)) ,
2cX closed of 72X closed of
codimension > V codimension > V

compare [BO] .

Proof For smooth X the spectral sequence 3.0 is usually

written in cohomological notation (X(p) = {x € X|codim x = p})



(k(x)) = EPT9 = x (x) ,

(3.170.1) EY'%x) = @, , K___ -
1 xex(P) -P-q p-q

1

via the isomorphism K&(X), Km(X) and reindexing. Soulé has

proved that 3.10.71 induces a spectral sequence

(3.10.2) Eﬁ'q(X)(j)==X€§(p)x_p_q(K(x))(j'P)=¢Ep+q(j)==K_p_q(x)(3)

see [Sou] 5.2. On the other hand, for a field F one has
Km(F)(v) =0 for v>m,

by results of Suslin [Su] (see [Sou] Thm. 2 and 5 ii). This

implies E%’q(X)(j) =0 for j-p>-p-q . For -p-q = 2j-i

we see that E?’q(x)(j) =0 for p<i-j , hencg the part of

the spect;al sequence 3.10.2 contributing to Ha(X,Q(j)) =

sz_i(X)(j) lives in codimension >i-j (note that 3.10.2 is

compatible with restrictions to open subvarieties and that

lim E?’q(x-z)(j) = 0 where Z runs over all subvarieties of

codimension <p ).

Beilinson thinks that the map 3.9.2 is also surjective for
a smooth and proper variety X over IR ; by 3.10 this would
imply

3.11. quge—D-conjecturé (Beilinson [Be 1] 1.10) If X 1is a

smooth and proper variety over C and 1<2j , then H%(X,Eujn
has support in codimension i-j , i.e., for every element x

in H;(X,Huj)) there is a closed subvariety 'Zc%X of codimen-
sion 1i-j such that x 1lies in the image of H;,Z(X,IR(j)) .

3.12. Remarks a) Note that, if we regard X as a scheme over

R via py: X 8 spec € -» Spec R , then canonically Hﬁ(Xéﬂh---)
= Hﬁ(XéC,...) . o

b) Recall that the usual Hodge conjecture is equivalent to
saying that the elements in Héj(X,Q(j)) n Hj'j are supported
in codimension Jj- . In fact, Beilinson's formulation [Be 1]
1.10.1 combines both conjectures and includes the case i =2j.
c) In [Be 2] Beilinson generalizes the Hodge-D-conjecture to
arbitrary smooth varieties, but at least a part of this is dis-
proved in [Ja]. Namely for non-proper varieties X there are
counterexamples against the surjectivity of the map

23-1 23-1

2371 x, 00078237 (x,0),

(3) o T8
K, (X) (2mv/=1) wsz

4
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already for dim X = 2 and j = 2. In view of this, it would be
very interesting to test conjecture 3.11 for proper surfaces

and (i,3) = (3,2) (see the example below).

3.13. Example Let us consider the case i =2j-1 . By the

standard sequence for Deligne cohomology (see 2.7.1) we have
isomorphisms

H23—2 ~ 25=2

(x,R(3-1)) ned~ 17371 3 42372 (%, q) /u%I7% (x, r(§)) +FI 3

a2, m(3))

but no similar isomorphism with support in a subvariety Z ,
since the Hodge theory is different. Hence the conjecture does
not assert that the cycles in the left group are supported in
codimension Jj-1 1in the Betti sense (which is false, compare
3.12 b)), but one really has to work with the Deligne (co)homo-

logy. The commutative diagram (d = dim X)

D vy 29-1 . 25-1 .
sz_2j+1 (Zr]R(d J)) * HD,Z (XI ]R(])) nd HD (XI ]R(]))

(3.13.1) 't T 'rDT Trv

M . v 231 . L 231 .
2a-29+1 (2:0@-3) 8 R ¥ HI T (x,005)0) R -~ Hy T (x,0(3)) 0, R

3.87 33.8

g2 v s g2 (X)® R
d-j+1,-d+3 > Egeg+1,-d+]

H

v
for Zz < X of codimension Jj-1 , in which the surjectivity of
the map 'rD on the left follows as in 3.1, shows that for
i=2j-1 conjecture 3.11 is actually equivalent to the surjec-

tivity of the regulator map rp on the right.

If Zsing is the singular locus of 2 , one has a commﬁ—
tative diagram
HD g pqeq (B0 RUA=3)) 5 Hy o, (2525009, R(a-3) Fry (22519, R(1)
(3.13.2) 'rDT rDT To
Eczi-j+1,j—d(z). - Eg—j+1,j—d(Z\ZSing) ;:O(Z\ZSing);lg’
similarly for x~z5'"9 , in which « is injective by 1.20. By

the description of p in [EV] 2.12 ii), 2.16 b) and 2.17 we

have a commutative diagram for a smooth variety U
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HY(U, R(1)) = {e ec™(u, R) |e € 05 <D>(0) }

Re logf = loglfl T€=Recp
(3.13.3) »p I {L-DEF(U,G/IRU)lchEQ% <D> (U) }
f =expo Tcan.

00 1, ¥ 0eT(,0/z () ldeeag <0>@D}

if U 4is a good compactification of U = UND (i.e., U is
smooth and proper, and D 1is adivisor with normal crossings).
Similar to [EV] 2.14, there is a description of the real Deligne
homology 'H%(U,Zm(k)) as the f-th homology of the complex

i ol
(3.13.4)  Cone(F*'a’_<0>(T) —£=1 ts:(k-1) ()11 ,

U
where 'S& is the complex of real-valued currents and M—1

is the projection

'Q__<D>(U) »'Q" _(U) = 'S’ ®C - 'S”® R(k-1)
T° U°° U U
induced by the decomposition € =IR(k) ® R(k-1) . This is co-

variant in (U,D) € ob(n*) , and one has the Poincaré duality

= 'Sé(k—1)

quasi-isomorphism S§ l_lié 'S (-d) [-2d] . Using this for suit-
able good compactifications of 7~z5179  ang X\ZSing', 3.13.3
for Z\ZSing, and 3.13.1 for Z\ZSlng and X\ZSing ;, one ob-
tains the following. X ‘

Via er » @ family (£ ) in Ed—j+1 —d+j(X) (i.e., £,
€ C(Xa)' ’ COdlmX(X ) = j=-1 , and Z le(fa) = 0 ) is mapped

to the class in 23 2(X R(j- 1)nH:J 1,371 represented by the

current

1
f: w b — X [ .
(2 :T)H-j+1 a Za\zzlng

loglfalw.

This has to be interpreted in an appropriate way, since this
current is not closed as it stands. Via 3.13.4, the image of
(faz is tﬁe class of tbe closed current f-+nj 1 Y =
%‘dw%(-nj_1 7 in #2372(x,m(3-1)) /u?37?
< H?j—Z

(X,R(3-1))n (F +F )
(X, R(3=-1))n gi~1.3-1 , where ¢ 1is an element of

rlg o (X)  with df==-ﬂj_1dw . This gives the same result as
X
f , if we integrate agalnst (d=j+1,d-j+1)-forms. Since a cycle

of degree 2j-2 in Fj+Fj is a sum of cycles in F] and FJ,

. the above class only depends on f and coincides with the class

constructed by Beilinson in [Be 2] 6.



Concluding, Beilinson's Hodge-D-conjecture in this case
29-2 . j= j - .
] (X, R(j=-1) n HJ 1,31 is generated

by such currents. Here the singularities of -supp(f) are

amounts to saying thatH

essential: if 2 = U Z, is smooth, all fa are necessarily
constant, so f 1is an IR-linear combination of the cycle
classes of the 2 and in particular lies in
@*I72(x,0(3-1) n 87T e,

§4 Beilinson's conjectures for motives with coefficients

and a reformulation

Both for the introduction of coefficients and for Deligne's
reformulation and interpretation of Beilinson's conjecture the
language of motives is essential, so we shall briefly recall

the definition.

4.1. Beilinson applies Grothendieck's general procedure to the
full Chow groups. So for a field k and a number field E he
starts with a category C(k,E) , whose objects are symbols EX
for each smooth projective variety X over k , and whose ho-
momorphism sets are the E-vector spaces

Hom(EX,EY) = CHOM™ Y(xxy)eE , )
with composition defined by the intersection product: for
f € Hom(EX1,EX2) and g € Hom(EXz,EX3) one has go f =
Pygx (P71 £-P359) where pyg: Xy xX,xXy
jections. Note that XMSEX then becomes a covariant functor,
by sending f: X » Y to the graph of £ in X x Y . Then the

- ¥X.xX. are the pro-
i ]

category M(k,E) of motives over k with coefficients in E
is obtained from C(k,E) by formally adjoining images of pro-
jectors and inverting the Lefschetz object E(-1) defined by
the unique decomposition EIP1 = E Spec Q@ ® E(-1) . Hence every
motive M in M(k,E) 1is given by a triple

™M = (X,p,x) ,

with X smooth and projective over k , p ECHdlm X(XXX)@E =

End(EX) an idempotent, and r €% . For N = (Y,q,t) one has



dim Y+r-t

Hom(M ,IN) = g Hom(EX(r),EY(t))p = qCH (XxY)p,

note that Hom(EX(r),EY(t)) = cHII® Y*I~t v.v)8E is a left

End (EY)- and a right End(EX)-module, EX(r) = EX®E(1)%F =
(x,id,r) .

By replacing the Chow groups by other groups with similar
formal properties, other notions of motives are possible and
will in fact be needed later. Hence we call the objects of
M(k,E) Chow motives to distinguish them.

4.2. If one has a twisted Poincaré duality theory (H*,H,)
on Vk with a cupproduct in the cohomology such that the
cycle map is compatible with this product structure, then one
can extend H* to M(k,E) as follows. Let

(4.2.1) HY (EX(r),3) = HT2T (x,4+1) 8, E

and for f €Hom(EX(r),EY(t)) define

£* : HY(EY(t),j) - HY(EX(r),3)

by f*(a) = (WX)* (cl(f) U ﬂ§(a)) . Here the Gysin map
() g+ B P2 Y (g (xay) (r-t), j4+dim ¥) - Y (EX(r),§) for the
projection ﬂxi XxY » X 1is defined via the Poincaré duality

isomorphism and the covariance of homology for proper mor-
phisms. This extends to M(k,E) in an obvious way by letting
g (M ,5) = p*H (EX(r),j) for M= (X,p,r).

Examples for k = @ , which we shall always assume in the
f?llowing, are Hp. , H,  , Hp, e.g., H%(Id@Il,A(j)) =
p>'<[Hfi)-'-2r(xq>5IR,A(j+r)) ®2ZE] . We can also apply this to the
motivic cohomology, and by the compatibility of the Chern
character with the product structure the regulator maps
Iy ¢ Hﬁ(X,Q(j)) - H%(X xQIR,]R(j)) are compatible with the
action of correspondences p , hence can be defined for motives.

Recall that one obtains motives for absolute Hodge cycles
by replacing the Chow groups above by the groups of absolute
Hodge cycles ZKH(—)- of the same codimension [De 4] 0.9, and
then passing to the dual category, to obtain agreement with
loc. cit.. Thus the cycle maps CH™-(XxY) - ZZH&XxY) define

a contravariant functor from M(Q,E) to this category. In
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particular, for i € Z we can define E—motivesAfor abso-
lute Hodge cyclgs HiH(II? = p*[Higzr(X)(r) @ E] , having
realizations Hy (M) , Hy (M@Q,Q,) and H;(MOC,0) with
the induced comparison isomorphisms [De 4] §O

The numberings are such that everywhere where classically
stands an X we can write a Chow motive M . Conversely, if
a reader wants to follow the rest of this chapter without
caring for Chow motives, he may read X where we have written

an M.

4.3. The i-th L-function of a Chow motive M is defined as
an Euler product
(4.3.1) Lt (M,s) = T’[L;(m,s) ,

P

where for £ % p

i _ i _ 1
(4.3.2) I (M ,s)=L (Hg, (MR Q,Q)),s)

_ ECTRE Ip
det (1-Fr p | HZ (M80,0) ™)
Ip an inertia group at p in Gal(®/@) and Frp a geo-

4

metric Frobenius in the corresponding decomposition groups.
Note that Hét(md@ @,QZ) is indeed a free 0,8 E—module, as
follows from the comparison isomorphisms with H%(Id@@,@)@@z.
By the usual conjectures on L-functions (see [Se] and [De 4])
the above determinants are in E[p—s] , independent of £ # p,
and the Euler product converges for Re s > % + 1 , giving an
analytic function with values in € ® E or, equivalently, an
array (...,Li(md,s),...) , indexed by o© € Hom(E,C) , of
C-valued L-functions, by the isomorphism € ® E = cHom(E,c)
(cf. [De 4] 2.2.2). By the Weil conjectures proved by Deligne
this is true for M= (X,id,r), if we remove the factors L;
for those p , where X has bad reduction. By specialization
of cycles and the Lefschetz trace formula this extends to ar-
bitrary M= (X,q,r)

Conjecturally, Li(md,s) has a meromorphic continuation
and a functional equation . .
(4.3.3) (L_L)M(M,s) = (e &) (M,s)-(L-1) "(m ,1-5) ,

v

with the Chow motive M (X,qt,dim X-r) . Here the anti-

Hdlm X(XxX) ® E 1is the map in-

involution t on End(EX) = C
duced by transposition of the two factors of XxX . The e-
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factors €i as the L- factors Li only depend on the i-th
£-adic realizations H, (I4®Q Qz)—p*[Hl+2r(XxQ® Qg(r))®E]
as Q£®E-Gal(Q/Q)—modules , and Lm(nd,s) and € 1(mM,s) are
determined by the i-th Betti realization H (MC,R) =
*[Hl+2r(XxQG,Il(r))®E] as IR ® E-Hodge structure with "in-
finite Frobenius" (see [De 4] §5) .
The following lemma shows the agreement with the formu-

lation given in [De 4] §5 , since by definition Lj(Iﬁ,s) =
L(H3, (M),s) .

i

4 4. Lemma One has canonically H%ﬁ(l@/) = HAH(]M)v (E-dual) .

Proof For a field R and finite-dimensional R-vector spaces

A,B one has a commutative diagram of canonical isomorphisms

tr

\d
gémR®E(A®E,B®EX —f—? HomR®E((B®E) » (ABE) )
L K
treidg vV o,V
HomR(A,B) ®RE \ HomR(B JAT) ®RE ’

" where tr denotes the transposition and V' the duai for RQE
and R , respectively. Hence it suffices to show, that for
varieties X and Y of dimension d and e , respectively,
and a correspondence f € Hom(QX,QY) = CHe(XxY)Q the corres-
t e CH® (YxX) ) = Hom(QY¥(e) ,0X(d)) induces the

transposed maps via Poincaré duality in the realizations, i.

'pondencev'f

e., that with the canonical trace morphisms tr the diagram

By (Y,R) x H2TR(Y,R(e)) ~ H2C(Y,R(e)) ——5 R

e | }ft)*

tr

HS(X,R) x H2O 1(x,R(d)) » w?%(x,R(@)) —35 R
commutes , ? = DR , ét and B , and R = Q’QR and Q , re-
spectively. This follows from the formula

* = * *
trX(px (pY(y) Ucl(f)) U x) XxY(pY(Y)UCl(f)UpX(X))
= * = X
try, x (Py(¥)Upg (x) Ucl (£5)) try,(y U pY*(pX(x)Ucl(f 1)),

where we have used the relations try pX* = trey T Eryex Vs
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and Y Y* = id , for ¢Y: XxY »>YxX the transposition.

Beilinson postulates the existence of a Chow motive ™°
with
(4.4.1) v ,s) = tr©,its)
(4.4.2) Lt ,s) = i ,ies)

(The equality 4.4.2 follows from [Be 1] 3.1 and the results
4.14 and 4.15 below, and the equality (L-L_) (M’ ,s) =

(L~L°°)i(1v1° i+s) follows by comparing 4.3.3 with Beilinson's
functional equation). For M = EX one can take M° = EX, too,

by the hard Lefschetz isomorphism

(4.4.3) HL (X) (3) i—e H ot (x) (@)

for i <d = dim X (without restriction), which depends.on i
and a class of an ample divisor £ € CH1(X) . Since 4.4.3 is
not compatible with the action of correspondences, I see no
way to define M° in general. Of course, we have Li(I4 ,S) =
L((g*) H (X) s) for M= (X,q,0) , where (q*)O is defined

by the commutatlve diagram

. da-i .
i £ . 2d-1i s
HAH(X)E — Hog (X) (a l)E
(4.4.4) (q*)ol q*
L L - g-i ) ‘ v
i L 2d i
HAH(X)E = Ham (X) (d- 1) ;
the problem is to show that (q*)o = (qo)* for some idempo-
tent qO € CHd(XxX)E so that one can take ™M° = (X,qo,O)

Since we only need the L-functions 4.4.1 and 4.4.2, which:
in any case can be computed from M via 4.4, we may and shall

. . v
write everything with the more canonical motive M .

4.5. Recall that for n > % + 1 we have canonical isomor-
phisms

1+1 ~ i i n_i

D (XxIR,IR(n)) = H R(Xx]R)/HB(XxIR,IR(n))+F HDR(XxIR)
(4.5.1)

~ i n__i
= HB(XxIR,]R(n—1))/F HDR(XXIR)



used in the formulation of Beilinson's conjecture for X

[sch] §5 . since then also n+r > ltfr

compatible with the action of correspondences, we obtain the same iso-

+ 1 , and everything is

morphisms with M= (X,q,r) instead of X . Finally, if the
"integral part" H*(Xzz,Q(*)) - H*(X Q(*)) (see [Be 1] 2.4.2.1)
1s compatible W1th Gysin maps, one can define similar subspaces
(I%Z,Q(J)) c H (M,®(3)), and then Beilinson's conjecture for
a Chow motive Id over @ with coefficients in E can be sta-

ted as follows

4.6 Conjecture Let n > % + 1 be an integer.
: -1i v . ..
a) Let Pi n iT ords=1_nL (M" ,s) be the multiplicity of
L ' (M¥,s) at s = 1-n , then p, = dim ]Hl+1(]M®1R R (n)) .

1l,n IR

b) The regulatoo map rD®IR: Hl_"1 (]1\/12‘,3,(}g(n))®]R->Hl+‘I (MR, IR(n))

is an isomorphism.”

c) Let R(i,n) be the E-structure on det]R@LH;H (M®IR, IR(n))

defined by detH (ZM@]R R (n-1))@ldet FnHl (M)1™' , via the
exact sequence

O - F H 2 (MO R) s Hé(]M@ R, R(n-1)) - Hl+1(]M®1R R(n)) -0

R _ R

n_i i
F HDRJM) ® R HB(]M® R,P(n-1)) ® IR
4 -0,
and let L 7(M,1-n)* = 1lim (s-(1-n))  */". (mMY,s) be the
s-1- n

leading coefficient of L i(m™MY,s) at s = 1-n . Then

rp(dety Hl+1(ZMZZ,Q(n))) = 17 (MY, 1-n)*-R(i,n) .

For n = % + 1 or i%l we refer the.reader to [Be 1]
3.7 and 3.8. If also‘the Euler factors L;(Idfs) at primes
p of bad reduction are non-zero for Re s > % + 1 , conjecture
4.5 a) follows from the functional equation arnd the known multi-

plicities of the L. , cf. [Be 1] 3.3. and 4.15 below.

4.7. Examples a) Let X = Spec F for a number field F
which is Galois over @ . The Galois group G = Gal(F/Q) acts




on F from the left and hence on X from the right. For
0 € G denote by Ox the corresponding automorphism of X
and the induced element in End(EX) = CHO(XxX) ® E . One easi-

ly checks that o r» © induces an E-algebra isomorphism

X
E[G]I°P 3 End(EX) ,

E[G]Op being the opposite algebra of the group ring E[G]. For

a cohomology theory H* the assignment 0 b o§: H* (EX) - H*(EX)

gives the usual left action of G obtained by functoriality,

and (OX)* is the action of o ! . Any idempotent p € E[G]

defines a motive ™M = (EX,p) = EX,p,0), and in this manner
one obtains the category of Artin motives. Let V = E[G]pt =
HomE(E[G]p,E)‘, where (Zago)t = Zaoq_1 . This is a left G-
module, hence a left GQ = Gal((®/®)-module via the canonical
projection T: GQ G . I claim that

1°(M,s) = L(V,s) ,
where - L{(v,s) = TTLP(V,S) is formed as in 4.3.2, via the geo-

metric Frobenius elements. In fact, if we use an embedding

a: F—= Q to identify _
m (XXQQ)

o - o~ "o _n X(@) _ Hom(F,Q)
£ ﬂo(XxQé) > 0 ANy If (Im(Spec ao xid))o

GQ acts via m as left multiplication, and for 1 € G , T*
acts as right multiplication by T_1 . Hence HO(14®6,Q2) =

Q2 ®'E[G]pt»~as GQ—module,'so the result follows by 4:.3.2.

Now Beilinson has shown that the regulator maps
(1 =0, n>1)

rp8R HA}(EXZ ,0(n)) ® R - H;(Emm,m (n))
N e R

Ky -1 (OF) ® E® R =~ H;(Di@IR,]R(n—ﬂ);[R(n—1)X(C)

178E
—— ., |

are induced by the maps K2n-1(oF) > K2n—1(c) - R (n-1), for
o € Hom(F,C), as defined by Borel (see [Be 1] A 5.2). Here

OF is the ring of integers in F , and + denotes. the fixed

space for the involution 0o acting via the complex conju-

gation in IR (n-1) and X(€) = Hom(F,C) . Furtheérmore the

number ¢ 0 € (R® E)X/Ex such that

1-

rv(det K —1(OF) ® E) = ¢

X(C) ,+
=Xon 1 @E

1-n detE[Q(n-1)



can be determined by choosing an E[G]-isomorphism

X(C)]+

¢: W:= [Q(n-1) ®E> K, ,(0) ®E=:K

2n
and taking the determinant of (rD ® IR) o (¢ ® idﬂ{) with
respect to an E-basis of W . Thus, by the commutative dia-

gram

<1>6§:Ld®1d]R G rD®E2®id G
[wev]CeR —— [K®V]®R — [WeV] 8RR

(4.7:1) liaweoid | %Km.d ZlaWQid

¢®1dIR rD®IR
pWw ® R —— PK. ® R — pW ® R,

where a.: [W ® ElcIptIC® 3 HomE(E[G]p,W)G S pW etc. are the

canonical E[G]-isomorphisms, we see that Beilinson's conjecture

in this case amounts to that of Gross (see [Neul): the leading
coefficient of LArtin(V’S) = L(Vv,s) = LO(I@/,S) at s = 1-n
should be the determinant of the map 4.7.1. Here V' = Hom(V,E)

~ . ' _ t .

= E[Glp is the dual of V = E[Glp~ , and LArtin(V'S) is the

Artin L-series, defined via the arithmetic Frobenius elements.

b) Let M= (X,p,r) be a Chow motive. Say that (M ,i,m) 1is
critical, if neither Li(ld,s) nor ”L;l(lf<,1—s) has a pole

at s = m . This means that m 1is critical for the associated
motive for absolute Hodge cycles AH(I&) [De 4] 2.3., and by
-i+1

4.15 it implies that HD (I& ®IR ,R (1-m)) vanishes provided
m“<‘%7, Then Belllnson 'S conjecture has to be interpreted in

the way that L (Id,m) € (R® E) /E is the determinant of
the isomorphism

Fl My ) e R 3 H;i(]MVGD R ,0(-m))®R

(20" o 0 (-m) 60 (1-m) ®R/Hy™ (D1’ OR , 0 (1-m))

with respect to the indicated E-structures. By 4.4 this map is
dual to

Hé(]M@]R,Q(m))@IR N (]M)/F H (M) & R.
Hence we may compute the determlnant of the latter ([De 4]
5.1.3), which by definition is the period c+(H;H(E4)(m)).

We conclude that Beilinson's conjecture for critical (M ,i,m),
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m < % , 1s equivalent to Deligne's conjecture [De 4] 2.8 for
HAH(JM)(m) . It is not difficult to extend this to m =é
and i%l (if this is entire and critical), and for n1>371

one has to invoke the functional equation (compare below).

4.8. Remark The above description of motives with coefficients

in E corresponds tothe "language B" in [DE 4] §2. In the
often used "language A" one talks of motives M with Q-coeffi-
cients together with a ring morphism E - End(M ). Via the cor-
respondence between these two (loc. cit.) EX corresponds to

X ® E; note that for such objects the L-functions always have
Q-rational coefficients. One has to be careful with the dual:
the relation X' = X(dim X) does not carry over to E e End (X)
in general. For example, for an elliptic curve X with complex
multiplication by a CM-field E the dual is given by the con-
jugate action. Of course, the relation 4.4 does not depend on
the chosen language.

4.9. The E-structure R(i,n) of H%+1(Id,ﬂz(n)) given by the
exact sequence in 4.6 c¢) is very convenient for the above for-
mulation of Beilinson's conjecture, but it used the somewhat
ad hoc Q@-structure Q(n-1) of C/IR (n) . Another, perhaps more

canonical E- structure DR(l 'n) can be obtalned by using the
first canonical 1somorphlsm in 4.5. 1, i.e., the exact sequence

1+1

-0 .- H (MAR,R (n)) - H (1VI®IR)/F (M®R,R (n)) -» O

and the E-structures H;(]MQMR,Q(n)) and H (]M)/F .

n [De"5]" Deiigne has observed that this E-structure is"
related to a formulation of Beilinson's conjecture in terms of
L-values at integers n > i%l , i.e., to the right of the
central point.

First let us compare the E-structures. For this let M =

Hi (M) (n) and HB(M)i = part of H (M) := HZ(M6C,Q(n))

where ¢ acts as +1 . Then H (M) = H (Id@E{,Q(n)) '
i 1
- = = F H M
HB (]M@IR,Q(n 1 ) ) W HB (M) and F H (M) ( )
(note that the Tate twist shifts the filtration). We have a

commutative diagram
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0 - FoH (M) @R > b H. M) @ R ——> Hy -0

DR
0 f |
0O -» (F HDR(M)QH (M) )®H2»(——7—T HB(M) eH (M) )®K2 - HD - 0
I IIw I

o +
0O - (F HDR(M)®HB(M) )R ——r HDR(M)®IQ _— HD - 0

in which the first two rows give Beilinson's and the last one

Deligne's E-structure on Hp = l+1(14 IR (n)). This shows

(4.9.1) DR(i,n) = (20/"1"¢ M5y « R(i,n)

where d_(M) = dimEHB(M)- and 6 (M) is the determinant of

the canonical comparison isomorphism (cf. [De 4] 0.4.1)

I =1I(M) : HB(M)®¢ - HDR(M)®¢ .

Next we relate L-values on the different sides of the
functional equation, writing a ~ b for two numbers a,b €
(C®E) , if ab | €E *

4.10. Lemma For a Chow motive M™M and i,n € Z we have
ﬁymﬂrquwz

LY (M,n)* ~ T (MY, 1-n) *el (M ,n) (27/57)
or, equivalently

L0 * ~ L)) *e () (2n/77) "3 D -wiDaM) /2

where M = H (IU (n) and L(M)* is the 1ead1ng coeff1c1ent

“of L(M,s) at s = O . Here da@t (14) = dlmEHDR(Id) =
dlmEHDR(M) = d(M) , d (M) = dlm.EH (M®R,Q(n+1)) =
dlmEHB(M) =4 (M) ’ and w(M) = i-2n is the weight of M .

Proof Since LY(M ,n+s) = L(HAH(Id) n+s) = L(HL, (M) (n),s =
L(M,s) and  LM(1),s) = L(E *(MY)(1-n),s) = L (MY, 1-n+s)
by 4.4, and similarly for L€ and ¢€_ , the equivalence is
clear. Hence, as leading coefficients are multiplicative, the

claim follows from the functional equatlo$1and the formulae

1
€ (M) — T‘I“ i(q"P+1)hp q.(ihp p'( ) ). = i’»_d —Wd/2
” ptg=w L
p<q w=2p

where hP'? = qim #P’9(M) and hp'P'f=dimIHp'p(M)n(Hép(M)i®¢),

and -
L M(1))*L_)* | ~ (2m)d T W2
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The first formula follows from the definitions [De 4]5.3, and
the second is proved in [De 4]5.4 (the proof extends to the

leading coefficients in the non-critical case).

Now we further investigate the e-term. In [De 4]5.5 Deligne
has proved
(4.11.1) ' e(M) ~ e(det M)

d (M)
where det M = AE M , and in [De 4] 6.6 he has conjectured

that motives of rank one are the ones we know:

4.11. Conjecture det M = [x](-w(M)d(M)/2) for a Dirichlet
character x: Gal(Q/Q0) » E° (note that w(M)d(M) is the
weight of det M ).

Here [x] denotes the Artin motive for which Gal(®/Q)
acts via X on the f-adic realizations; we do not have to
distinguish between Chow motives and motives for absolute
Hodge cycles here, since for Artin motives H® gives an anti-equi-

valence of categories. By [De 4] 6.5, 5.19 we have

(4.11.2)  ellx1(r)) ~ e([xD~8 ([xD)~(2m/=1) T8 (Ix1(x)) .
Hence 4.11 would imply x

(4.11.3) e ~ (2n/o7)WMEM /25

:sincerébéioﬁély ’S(aé£ M).~ SKM)M.AAééumiﬁg '4;11.3' wé woﬁldr
obtain

(4.11.4) LOO* ~ LM(1)) *(2n/"T) "8 M g

from 4.10. A comparison with 4.9.1 for M = Hi(jﬁ)(n) gives

the following reformulation of Beilinson's conjecture 4.6 c).

4,12, Conjecture If M is a Chow motive and n > % + 1,
then
i+ i .
ro(det Hy' (M,,0(n))) = L (M ,n)-DR(i,n) .

Note that n lies in the range of convergence, so that
no meromorphic continuation is needed and we work with an
actual L-value instead of a leading coefficient, and that more-

over no dualization is involved in this formulation. For



n = % + 1 one has to pass to the "thickend" regulator (cf.

[Be 1] 3.7) involving the group Nn_T(ﬂm) of algebraic cycles
of codimension n-1 modulo homological equivalence, and to the
leading coefficient Li(]ﬂ,n)* (compare that by Tate's con-
jecture the pole order of LG_z(ﬂn,s) at s = n equals the

rank of Nn—1(]M)) .

We now come to the motivic interpretation of Beilinson's
conjecture as formulated by Deligne in the letter [De 5] . For
this recall from 2.7, that for a variety over € one can in-
terprete its Deligne cohomology in terms of morphisms and ex-
tensions of mixed Hodge structures. There is a similar inter-

pretation for a variety X over 1R.

4.13. Lemma Let MHIR be the category of mixed IR -Hodge struc-

tures over IR: objects are mixed IR -Hodge structures H with

an "infinite Frobenius", i.e., an involution F : H->H re-
specting the weight filtration such that ﬁm: H®C - HBC re-
spects the Hodge filtration, and morphisms are morphisms of
mixed IR -Hodge .structures compatible with N Then for an

object H of MH]R we have

~ +

a) Hom, (R,H) =WH n F° (Hoe) " (by £v £(1)) ,

IR

1 ~ + + o +

b) Exty, - (IR,H) = (W HOC) /W H + F (H®C) ,
c) Ext;H (R ,H) =0 for i >2 ,

IR
where IR 1is the trivial Hodge structure over 1R (F_ = id) ,

and '+’”denotes the fixed space under F_ .

We do not prove the lemma here - it can be obtained by si-
milar methods as for 2.4.2. We only remark that the second iso-

morphism sends
o-H 3 E B R - o

to the class of (res) (1) , where s 1is a section of

WE ®C B ¢ that is compatible with the Hodge filtration and

with ?m , and where r is a section of WoH 3 WoE that is
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compatible with F_ (compare [Car] , lemma 4, for the situa-
tion without F_ ) .

If X 1is a variety over 1R , then Hﬁ(x x €, R) is a

R
mixed IR-Hodge structure over IR , with F_ Dbeing the map in-

duced by the antiholomorphic map F : X xnzc - X XHQC , and we

have isomorphisms

Hé(x x¢, R) (k)* Hé(X/]R,]R(k))

(4.13.1)

2 + L L
(HB(X xC ,R) (k) ®C) Hp (X/IR,C) = HDR(X/IR) '

since Tate twist (k) by definition changes F_ by (—1)k
and since Fw corresponds to the deRham-complex conjugation
(see [De 4] 1.4 for the smooth, projective case). If X is
smooth and proper, then Hé(x xC,IR) is of weight & , hence
for 2%-2k < O the standard sequence for Deligne cohomology

([EV] 2.10 a) ) gives a short exact sequence

0 4H§;{1 (X/IR) / Hé“‘1 (X/IR, R(k) ) +FF _,H%(X/IR,IR(]{))qHé(x/Rm(k)mk_,o
(4.13.2) @ 3
2=1
EXtMH]R (IR ,H (X xC,IR) (k)) HomMHIR (IR ’HB(X x €,1R) (k))

Everything can be extended to coefficients in a number field

E , i.e., to the category MH of pairs (H,1) with H in

IR,E
MH and 1: E - End (H) a ring homomorphism. Then for a
IR MH]R

Chow motive M in M(Q,E) we get an exact sequence for
2 < 2k - R I

(4.13.3) O - Ext. (R® E, 0V (Me ¢, R(K))-HL (MOR, R(k))
: MHH{E B D
14
~ Homy, (IR® E ,Hé(]M@ ¢,R(k)) » O .
R,E

Before we go on, we mention the following relation with the
functions Li(E&,s) = Lw(H;(BM®IR,H{),s) , which are defined
for every pure IR-Hodge structure H over IR of weight i
by . o o
hPr4d hplpl(—1) hPrPr
L(H,s) = TIT(s-p) (T g (s-p) [R(s-pt+1) )

p=q if i=2p
(4.14.1) ptg=i
cf. [De 4] 5.3 and [Sch]§1. For coefficients by E these are
C ® E-valued functions or arrays (...,Lw(G,H,s),...) , with
; ; P.q = a1 P.,q
Lw(O,H,s) defined via h (o,H) = dlmC H ®(¢®E),o¢ and

p,p,% - A3 p,p,*
h (o,H) dlmc H ®(¢®E),o¢ for ¢ € Hom(E,C) .



4,14, Lemma Let H,H' be R-Hodge structure over R of

weight i , then

. 1 v
a) ords=mLm(H,s) = dlmﬂZEXtMHER(nR’H(1—m)) for meZ ,

b) the following statements are.equivalent:

i) HZ=H',

ii) L (H,s) = L_(H',s)

o _ i
iii) ords=mLm(H,s) = ords=me(H,s) for all m€Z , m < 5 .

Proof a) By the known multiplicities of T and T we have

C n R
(4.14.2) Ords=mL°°(H,s) = hX hp'q + (hplpl(—1) )
m<p<q if m<p,
ptq=i 2p=i
cf. [Sch] §1, in particular this is zero for m>3% . On the

2
other hand, since the weight of X = ﬁ(1-m) is -i-2+2m , the

group E};t;IH (IR ,K) vanishes for ngz'-+1 (note that mixed

IR -Hodge strg%tures of weight zero are semisimple). For
i-2+2m <0 we have

———

k" nrPx®ee)  ckTarP®en)t n FPkea)T =0,

1

hence Ext (IR ,K) has dimension

MH
dim (KIgcc)+ - d@im_ &' - aim_rPxeq)?t
IR IR F IR
_ . 3 o . o
= d1m¢K®¢ dlmC(K®G) dlmc F7(K®QT)
= dlmIRK- (= P9k + ‘(hprpr'*'(K)))’”_" r hPr9(x)
p<q 1-m P>O
= dimgE - (@ nPr %@ + PPN Ty o 5 nPr 9w
p>q 0 p<m
-1
m<p<q

where we have used hp’q’i(ﬁ) = h—p’-q’i(H) and hp’q’t(H(r))
- hp+r,q+r,i(—1)§(H)

b) For the non-trivial implication iii) = i) note that by 4.12.2
the hP’? and hP'P’* can be deduced from i and the multi-

plicities for “Hf% , and that these numbers determine a IR~
Hodge structure with F_ (we remark that for both statements

the knowledge of i 1is necessary).

4.15. Corollary For a Chow motive ™M in M(Q,E) and HEf%

i o i+l v
one has ords=mL°°(]M ,S) = dlm]R®E HD (M, R(1-m)) .
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Proof First we note that all considered modules over IRRQ®E
are free over IR®E by the comparison isomorphisms (compare
[De 4] 2.5), and that tbe Li(o,mLs) are independent of

0 € Hom(E,C) , hence Li(DLs) can be regarded as a function
into €C < C®E . The claim then follows from 4.14 a) and
4,13.3.

4.16. It was Grothendieck's idea that various cohomology

groups Hi(X) of a smooth projective variety X over a field
k should just be realizations of a motive H'(X) . Grothen-

dieck's category of motives is constructed as in 4.2,

M
replacing the Chow groups by tié?r quotients modulo numerical
equivalence. The existence of the Grothendieck motives Hi(X) -
as direct factors of the motive (X,id,0) - then depends on the
so-called standard conjectures, which also imply that numerical
equivalence equals homological equivalence and that Mk,E is

an abelian and semi-simple category. The first property cannot
be expected from the category M(k,E) of Chow motives, and the
second one is definitely false: for example for a curve X the
radical of End(EX) = CH' (XxX)y = Pic(XxX)p is Pic®(XxX),.
Deligne proposes that the Chow motives M should rather be
regarded as objects in a derived category of motives, so that
only the cohomology objects Hi(ﬂﬁ) give Grothendieck motives.
In the realizations this corresponds to the fact that a variety
X 5 Spec k givés.fisé to objects Rf*Q2 in Db(Spec k,Qg) =
D°(0,-Gal (K/k)-modules) and K (X,A) in DP(a-MH) (for k=C ),
whose i-th cohomology is Hi(X Xy K,QR) as Gal(k/k)-module

and  Hg (
this carries over to Chow motives M .

X,A) as (mixed) A-Hodge structure, respectively, aﬁd»»

Now the derived category of a semi-simple abelian category
is again semi-simple, so no radicals would appear. But Deligne
points out that one would get a coherent picture if one be-
lieves that Mk,E
gory of mixed motives

can be embedded in a certain abelian cate-
and that M can be regarded as
b

(MMk,E) of MMk,E , de
note this associated object by R(IM) (for M=X it has reali-

zations Rf*QQ,K'(X,A),...) .

MMk,E
an object in the derived category D

Mixed motives should be the motivic analogues of mixed Hodge

structures, being successive extensions of pure (i.e., Grothen-
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dieck) motives. These extensions are in general non-trivialj;
again this could not happen in a semi-simple catégory. Now the
motivic cohomology should be the motivic analogue of Deligne
(or absolute Hodge) cohomology, so comparison with the results
cited in 2.4 suggest the formula

Hy (M, 0(3)) = Ext
(4.16.1) k/E

Ho

Do
where E(0) = R(ESpec k) is the Grothendieck motive HO(ESpec k)
sitting in degree zero. By the formula

y (E(O0),R(1M) (3))

)(E(O),R(Bﬂ)(j)[i]) '

2
HomM(k,E) (M,E Spec k) = 'CHr(X)Ep =p*HMr(X,Q(r) )E =HE(IM,Q(O))

for M = (X,p,r) , we obtain agreement with the embedding of
M(k,E) in Db(MMk’E) , 1f as for the motives for absolute

Hodge cycles we define Mk,E as in 4.2 but in a dual way, so
that M ~sR(IM) is a contravariant functor (as are the functors
Xvw9Rf*QR,K'(X,A),... ; as a general rule Chow motives behave
like varieties and Grothendieck motives like a (universal) coho-
mology theory). In fact, we can deduce the embedding from

4.16.1 in the following way. Recall that the category M(k,E)
has duals (defined above), a tensor product (M® N =

(X xY,p} «P*Py, yd,r+t) for M = (X,p,r) and N = (Y,q,t))

and an internal Hom (Hom (IM, IN) ==nfb:m) . If we assume the
same formalism for MMk E - and hence for Db(MMk E) ;-wWe get -
r 14
- o v
HomM(k,E)(]M,fN) = HM(]M®]N ,2(0))
4.16.1 ' v
Hom (E(0) ,R(IM® IN ))
4.16.2 D
: = Hom b (E(O) ,RHOm(RIN , RIM) )
D (MMk,E)
= Hom (R(]N) rR(]M)) ’

D° (e, 1)

assuming R(MY) = RHom(M,E(0)) (cf. 4.4), R(M® N) =

R(IM) ® R(IN) and RHom(IM,IN) = RHom(IM,E(O)) ® IN. We mention
that the relation Hb(murj ,0(3)) = H$+2r(ﬂw,Q(j+r)) together
with 4.16.1 suggests the formula R(M(r)) = R(M) (r)[2r], in

agreement with the principle 4.2.1.
For k=C the regulator map from motivic cohomology to De-
ligne cohomology should just be "passing to the realizations",

in particular, it should map the hyperext spectral sequence



(4.16.3) B9 = Emxtb  (2(0),mY@) (3) - (1M, 0(3))
X ,E

to the spectral sequence 2.4.1 for K" (IM,A) (J) (cf. 2.7).

Now for k=0 Beilinson's conjecture 4.6 b) gives a close re-

lation between Hﬁ(ﬂM,Q(j)) and H%(ﬂﬂ@:ﬁ,:@(j)) ; in view
of 4,13 c) this leads Deligne to assume
(4.16.4) EXt (E(Q),-) =0 for i>2,
MM -—
0,E
so that 4.16.3 gives short exact sequences
(4.16.5) O~+Ext1 (E(O),Hl—l(lﬂ(j)) - Hl(mLQ(j))-eHom (E(O),HQ(]M)(jn-C
b@b E M bmb'E

mapping to 4.13.3 via the regulator map. Then the induced maps

I (E0) HN (1) (n) - Bxty,

(IR@E,Hi;}(]M@(D,]R) (n))
Q,E R,E

(4.16.6) Ext

just associate to an extension of motives the extension of

their real realizations, i.e., their corresponding Hodge

structures over R . For n > i%l the wgight of Hi+1(ﬂﬂ)(n)
is i+1-2n<0 : so that HomMMQ’E(E(O) it () (n)) =
HomMQ’E(E(O),Hl+1(]M)(n)) vanishes. The same is true for the
real realization, hence 4.16.6 then coincides with

(4.16.7) i (M, o)) - 5T (e R,R(n)) .

For n =331 by definition Homy (E(O) 12D (M) (n)) = NT (M)

is the quotient modulo numerical gqgivalence of Hﬁn(ﬂw,Q(n))
= CHn(]M)= HomM(Q E)(]nhn ,ESpe¢ Q) , and the cycle map
14

2n

n n
CH' (M) - N (IM) = HOmMH (IR® E,HB

IR,E
in fact maps a correspondence M - ESpec to its real reali-

(M® €, R(n))

zation.

4.17. It is sometimes convenient to write everything in terms

of cohomology = recall the formula Exti(z ,F) = Hl(X,F) for
a sheaf F on a space X . Hence we may set
i _ i .
HM(M) = ExtMM (E(O) ,M) for M in MMk,E ’
k,E
i _ i .
HH(H) = ExtMHE{EfH2®E,H) for H in MHIR'E ’
!

to obtain a commutative diagram for i+1-2n <0 and k=Q
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0 - H:{(Hi (M®C,R(n))) -S.»H%;l(]M@IR,]R(n)) - Hz(Hi+1(]\4®c,]R(n)) >0

I rb Irv T cl
1, 1 i+1 o, i+l
0o - HM(H (M n)) ——— HM (M,Q(n)) —— HM(H (M) (n)) — 0 .

4.18. Example So for there is no description of a category of

mixed motives, not even a conjectural one. Only for so-called
1-motives there exists a definition [De 3] 10.1, and we illu-
strate the above philosophy at this example. Let A be an abe-
lian variety over @ , and consider the case i=1,n=1 ; then
we can identify

of

(@(0) ,H°(A) (1)) » 0O

MM

1 1 2

0 = Bxtyy, (010 H1(A) (1) iy (2,0(1)) »somy,

(4.18.1) Y]z cu (a) %
R 2

0O ——» Pico(A)Q ——— Pic(A) g NS (8)g ————0

By the formula of Weil-Barsotti-Rosenlicht

(4.18.2) Pic®(a) = Ext;lg.grps.(A,Gm)

every element x in PicO(A) in fact gives rise to an exten-
sion

(4.18.3) 0 - Gm - E->A->0

of 1-motives. This induces the extension of mixed Hodge struc-

tures over 1R

o-H'(Axe, R(M) »H (Exe, R(1)) » 1 (6_x¢, R(1)) -0,

R
IR

‘and one can show this extension is the image of x under the
regulator map via the identification in 4.18.3. Note_thatrﬁher
definition of 1-motives given in [De 3] 10.1 is a "homological"
‘one; passing to the dual category and indicating this by

1

writing H , 4.18.3 corresponds to an extension

0 > H(A) » H(E) - H1(Gm) 50 .

Since one should have H1(Gm) = Q(-1) , we get the isomorphism

Y by combining 4.18.2 with

Ext'(a,6,) ¥ Exty, (0(-1),n' () T Exe' (@' @) (1)) ,
)

.and see that the regulator map then really becomes "passing

to the Hodge realization".
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4.19. Assuming that Hy(M,,0(3)) € HjM(]M,Q(j)) can be des-
cribed similarly, by using a category of mixed motives over
% , Deligne now formulates the following principles under-
lying Beilinson's conjecture (Note that for N==H_i(]Wﬁ(1—n)
we have ﬁ(1) = Hi(]w)(n), and that the weight w(N) of N
is =i-2+2n ).

Let N be a Grothendieck motive, let p - ordS=OL(N,s)
and L(N)* = lim s °PL(N,s) be the leading coefficient.

S—-0

Principle 1 If w(N) >-1 ( & O < central point of the func-

torial equation), then L(N)* mod EY can be described in

terms of §(1) .

Principle 2 If w(N) >0 and N contains no direct factor
©(0) , then p = dim Hy(H (N(1))OR).

Principle 3 Under the hypotheses of principle 2, L(N)* is a

requlator for Hy (3,N(1)eR - m)m X(1))eRr),
7

where j: Spec Q - Spec Z 1is the inclusion.

4.20. Remarks a) By Deligne's reformulation 4.12 , one may also

rewrite principles 1 and 3 only in terms of M = §(1) .

b) A consequence of principle 1 is: if an L-function only de-
pends on the i-th cohomology of a variety X , all its proper-
ties should also be describable in terms of the i-th cohomolo-
gy (i.e., the motive Hi(X)) , perhaps involving the dual. Of
course, L(N,s) and hence L(N)* are defined only in terms
of N , hence of N(1).. The non-trivial statement is that
also every other description should only depend on ﬁ(1) and/
or N . Generally speaking, Deligne cohomology and motivic
cohomology do not factorize through the category of Grothen-
dieck motives (this can only be expected from "geometric"
theories having a Kinneth formula). But ﬁhe kernels and co-
kernels in the exact sequences 4.13.3 and 4.16.5 do, ard in fact,
only they are involved in Beilinson's conjecture. For w(N) =0
4 G ana By,

and for w(N) = -1 (the central‘pointszeilinson's conjecture

. 1 ..
involves HM(N(T)) and H& (N) . However, in this case one

the thickened regulator only uses H
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also needs a height pairing betwéen these groups [Be 1]3.8.

Deligne points out that so far there does not exist a motivic
interpretation of the latter.
c) Let N(1) = Hl(X)(n) for a smooth projective variety X

over @ . By conjectures in K-theory (see [Be 1] 2.4) one

expects

H:'lzz (3,8(1)) = H&(NH)) for n > i+1
by the above this concerns the value of Li(X,s)=L(Hi(X),s) =
L(HZdimX—i(X)(dimX),s) = L(N,s+n-i-1) at s=i+1-n=:m<0 .
Deligne remarks that the remaining part, O_fngs% , is by con-

jectures on the local Euler factors L;(X,s) exactly the
region where these can contribute to the zeroes of Ll(x,s) .

Moreover, for m~<%» only the L;(X,s) for primes p of bad
reduction should contribute,andin the motivic cohomology the

picture is the same: for m<%, i.e., i+1<2n-1, conjecturally only the

K-groups of the bad fibres contribute to the difference between
Ha+1(XZ:,Q(n)) and H§+1(X,Q(n)) . In view of this, Deligne
asks whether there is a Beilinson conjecture for partial L-

functions L. (N,s) = T L_(N,s) involving motives (or K-
pe:s : .

groups) over Spec Z~S and regulators with values in a suit-

gl

able modification of Deligne cohomology.
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