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Abstract. We show that strategic ω-Ramsey cardinals are downwards absolute to

L, are equiconsistent with virtually measurable cardinals, and are limits of ω-Ramseys

in L. Further, we present Schindler’s argument showing that strategic ω1-Ramsey

cardinals are measurable in the core model K below a Woodin cardinal, improving

a result of Philip Welch.

1 Setting the scene

In this section we’ll recall the relevant definitions we’ll need.

Definition 1.1. For a cardinal κ, a weak κ-model is a set M of size κ satisfying that
κ� 1 �M and pM, Pq |ù ZFC

�. If furthermore M κ �M, M is a κ-model.1 %

Recall that µ is an M-measure if pM, P, µq |ù xµ is a κ-complete ultrafilter on κy.

Definition 1.2. Let M be a weak κ-model and µ an M-measure. Then µ is
• weakly amenable if xX µ PM for every x PM with M-cardinality κ;
• countably complete if

� ~X � H for every ω-sequence ~X P ωµ;
• M-normal if pM, P, µq |ù @ ~X P κµ : 4 ~X P µ;
• normal if 4 ~X is stationary in κ for every κ-sequence ~X P κµ;
• good if it has a well-founded ultrapower.

%

Note that a normal M-measure is M-normal, countably complete and good.
1Note that our (weak) κ-models do not have to be transitive, in contrast to the models considered

in Gitman (2011) and Gitman and Welch (2011). Not requiring the models to be transitive was
introduced in Holy and Schlicht (2018).
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Definition 1.3 (Holy, Schlicht, N.). Let κ � κ κ be an uncountable cardinal, γ ¤ κ

an ordinal and θ ¡ κ a regular cardinal. Then define the following game G̃θγpκq with
pγ�1q-many rounds:

I M0 M1 � � � Mγ

II µ0 µ1 � � � µγ

Here Mα   Hθ is a weak κ-model for every α ¤ γ, µα is a normal Mα-measure
for α   γ, µγ is an Mγ-normal good Mγ-measure and the Mα’s and µα’s are �-
increasing. For limit ordinals α ¤ γ we furthermore require that Mα �

�
ξ αMξ

and µα �
�
ξ α µξ . Player II wins iff she could continue to play throughout all pγ�1q-

many rounds. %

Holy and Schlicht (2018) have shown that the game doesn’t depend upon θ, so that we
may simply call the game G̃γpκq.

Definition 1.4 (Holy, Schlicht). Let κ be a cardinal and γ ¤ κ an ordinal. Then κ
is γ-Ramsey if player I does not have a winning strategy in G̃γpκq, and it’s strategic
γ-Ramsey if player II does have a winning strategy in G̃γpκq. %

2 Strategic ω-Ramseys

In this section we’ll show that every virtually measurable cardinal is strategic ω-Ramsey
and that every strategic ω-Ramsey is virtually measurable in L. This will also show that
strategic ω-Ramseys are downwards absolute to L and that they’re limits of ω-Ramseys
in L. This section is joint work with Ralf Schindler.

Definition 2.1. A cardinal is virtually measurable if there exists a transitiveM and a
forcing poset P such that, in V P, there exists an elementary embedding j : Hκ� ÑM

with critical point κ. %

We’ll need the following well-known lemmata.

Lemma 2.2 (Ancient Kunen Lemma). LetM |ù ZFC
� and j : M Ñ N an elementary

embedding with critical point κ such that κ� 1 �M � N . Assume that X PM has
M -cardinality κ. Then j æX P N . %
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Lemma 2.3 (Absoluteness of embeddings on countable structures). Let M be a count-
able first-order structure and j : M Ñ N an elementary embedding. If W is a
transitive (set or class) model of (some sufficiently large fragment of) ZFC such thatM
is countable inW and N PW , then for any finite subset ofM ,W has some elemen-
tary embedding j� : M Ñ N , which agrees with j on that subset. Moreover, if both
M and N are transitive P-structures and j has a critical point, we can additionally
assume that critpj�q � critpjq. %

Theorem 2.4 (Schindler, N.). Every virtually measurable cardinal is strategic ω-Ramsey,
and every strategic ω-Ramsey cardinal is virtually measurable in L.

Proof. Let κ be virtually measurable, witnessed by a transitive M , a poset P and, in
V P, an elementary embedding π : Hκ� ÑM . Fix a name 9µ and a P-condition p such
that2

p,x 9µ is a weakly amenable 0-good Ȟκ� -normal Ȟκ� -measurey

We now define a strategy σ for player II in Gωpκq as follows. Whenever player I
plays a weak κ-model Mn, player II fixes pn P P, an Mn-measure µn and a function
πn : Mn Ñ V such that p0 ¤ p, pn ¤ pk for every k ¤ n and that

pn,x 9µX M̌n � µ̌n ^ π̌n � 9π æ M̌ny. p1q

Note that by the Ancient Kunen Lemma 2.2 we get that π æMn PM � V , so such πn
always exist in V . The µn’s also always exist in V , by weak amenability of µ. Player
II responds to Mn with µn. It’s clear that the µn’s are legal moves for player II, so it
remains to show that µω :�

�
n ω µn is 0-good. Assume it’s not, so that we have a

sequence xgn | n   ωy of functions gn : κ Ñ Mω :�
�
n ωMn such that gn P Mω

and

Xn�1 :� tα   κ | gn�1pαq   gnpαqu P µω. p2q

Without loss of generality we can assume that gn, Xn P Mn. Then p2q implies that
pn�1,x 9πpǧn�1qpκ̌q   9πpǧnqpκ̌qy, but by p1q this also means that

pn�1,xπ̌n�1pǧn�1qpκ̌q   π̌npǧnqpκ̌qy, p3q

2Recall that an M -measure µ is 0-good if UltpM,µq is well-founded.
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so defining, in V , the ordinals αn :� πnpgnqpκq, p3q implies that αn�1   αn for all
n   ω,  . So µω is 0-good, making σ a winning strategy and thus therefore also making
κ strategic ω-Ramsey.

Next, let κ be strategic ω-Ramsey and fix a winning strategy σ for player II in Gωpκq.
Let g � Colpω, κ�Lq be V -generic and in V rgs fix an elementary chain xLκn | n   ωy

of weak κ-models such thatH l
κ� �

�
n ω Lκn . Player II follows σ, resulting in aHL

κ� -
normal HL

κ� -measure µ on κ.

Claim 2.4.1. UltpHL
κ� , µq is well-founded.

Proof of claim. Assume for a contradiction that UltpHL
κ� , µq is illfounded, wit-

nessed by a sequence xgn | n   ωy of functions gn : κ Ñ κ such that gn P HL
κ�

and tα   κ | gn�1pαq   gnpαqu P µ. Now, in V , define a tree T of triples
pf,Mf , µf q such that f : κÑ κ,Mf is a weak κ-model, µf is anMf -measure on
κ and letting f0  T � � �  T fn � f be the T -predecessors of f ,
• xMf0 , µf0 , . . . ,Mfn , µfny is a partial play of Gωpκq in which player II follows
σ; and
• tα   κ | fk�1pαq   fkpαqu P µk�1 for every k   n.

Now, the gn’s induce a cofinal branch through T in V rgs, so by absoluteness of
well-foundedness there’s a cofinal branch b through T in V as well. But b now
gives us a play of Gωpκq where player II is following σ but player I wins, a contra-
diction. Thus UltpHL

κ� , µq is well-founded. %

Let j : HL
κ� Ñ UltpHL

κ� , µq �M be the ultrapower embedding followed by the transi-
tive collapse, so thatM � Lα for some α by elementarity. Let now h � Colpω, κ�LqL

be L-generic, so thatHL
κ� is countable in Lrhs and (trivially)M P Lrhs. By Lemma 2.3

we then get that there’s an elementary embedding j� : HL
κ� ÑM in Lrhs with critical

point κ. Since we also have thatM P L this makes κ virtually measurable in L. �

We get the following immediate corollary.

Corollary 2.5 (Schindler, N.). Strategic ω-Ramseys are downwards absolute to L, and
the existence of a strategic ω-Ramsey cardinal is equiconsistent with the existence of
a virtually measurable cardinal. Further, in L the two notions are equivalent. %
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Theorem 2.6 (Schindler, N.). Every virtually measurable cardinal is a limit of ω-
Ramseys.

Proof. Let κ be virtually measurable, and fix a transitiveM , a forcing poset P and let
g � P be V -generic such that, in V rgs, there’s an elementary embedding π : Hκ� ÑM

with critπ � κ. We aim to show thatM |ù xκ is ω-Ramseyy.
Let σ P M be a strategy for player I in GωpκqM. Now, whenever player I plays

Mn let player II play µπ æMn , the derived measure of π æMn, which is an element of
M by the Ancient Kunen Lemma 2.2. After ω moves we then get a play xMn, µπ æMn

|

n   ωy P V rgs according to σ.
But now both xMn | n   ωy, π æMω P M , where Mω :�

�
n ωMn, so the

sequence xµπ æMn | n   ωy is an element of M as well. This means that M sees
the play, and it remains to show that the play is winning for player II — i.e. that
UltpMω, µωq is well-founded, where µω :�

�
n ω µπ æMn

.
Assume UltpMω, µωq is ill-founded, giving us a sequence xgn | n   ωy P V rgs of

functions gn : κÑ OnXMω such that gn PMω and

Xn�1 :� tα   κ | gn�1pαq   gnpαqu P µω

for every n   ω. Without loss of generality we may assume thatXn P µπ æMn
, meaning

that, for all n   ω,

pπ æMn�1qpgn�1qpκq   pπ æMn�1qpgnqpκq,

which yields a decreasing ω-sequence of ordinals in M ,  . So UltpMω, µωq is well-
founded, making the play winning for player II and hence making κ ω-Ramsey inM .

But consider now the factor map k : UltpHV
κ� , µπq Ñ M in V rgs, given by

kprf sµπ q :� πpfqpκq. By Hκ� -normality of µπ we get that kpκq � πpridsµπ qpκq � κ,
so that

UltpHV
κ� , µπq |ù xκ is ω-Ramseyy.

Łoś’ theorem now implies that κ is a limit of ω-Ramseys in HV
κ� . But since κ is inac-

cessible and the question whether λ is ω-Ramsey is absolute beween Hp2λq� and V by
results in Holy and Schlicht (2018), we get that κ is a limit of ω-Ramsey cardinals. �

Now the above Theorems 2.4 and 2.6 immediately imply the following.

Corollary 2.7. Every strategic ω-Ramsey cardinal is a limit of ω-Ramseys in L. %
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3 Strategic ω1-Ramseys

In this section we present Schindler’s argument that strategic ω1-Ramseys are measur-
able in the core model K below a Woodin cardinal. This improves upon a result of
PhilipWelch, who showed it below 0¶, the sharp of a strong cardinal, using a slightly dif-
ferent argument. We will need the following special case of Corollary 3.1 from Schindler
(2006).3

Theorem 3.1 (Schindler). Assume that there exists no inner model with a Woodin
cardinal, let µ be an measure on a cardinal κ, and let π : V Ñ UltpV, µq � N

be the ultrapower embedding. Assume that N is closed under countable sequences.
Write KN for the core model constructed inside N . Then KN is a normal iterate
of K , i.e. there is a normal iteration tree T on K of successor length such that
MT

8 � KN . Moreover, we have that πT
08 � π æK . %

Theorem 3.2 (Schindler). Assume there exists no inner model with aWoodin cardinal.
Then every strategic ω1-Ramsey cardinal is measurable in K .

Proof. Fix a large regular θ " 2κ. Let κ be strategic ω1-Ramsey and fix a winning
strategy σ for player II in Gω1pκq. Let g � Colpω1, 2

κq be V -generic and in V rgs fix
an elementary chain xMα | α   ω1y of weak κ-modelsMα   HV

θ such thatMα P V ,
ωMα �Mα�1 and HV

κ� �Mω1
:�
�
α ω1

Mα.
Note that V and V rgs have the same countable sequences since Colpω1, 2

κq is
 ω1-closed, so we can apply σ to theMα’s, resulting in anMω1 -measure µ on κ. Since
we required that ωMα �Mα�1 we get thatMω1

is closed under ω-sequences in V rgs,
making µ countably complete in V rgs. As we also ensured that HV

κ� � Mω1
we can

lift j to an ultrapower embedding π : V Ñ UltpV, µq � N with N transitive.
Since V is closed under ω-sequences in V rgs we get by standard arguments that

N is as well, which means that Theorem 3.1 applies, meaning that KN is an iterate of
K with the iteration map having critical point κ, making κ measurable in K . �
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