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Ralf Schindler: Talks#1 on Logic Summer School of Fudan University, 2020

e How many real numbers are there?
e More specifically: We want to discuss 2 sets of prominent axioms which decides the
size of 280 the same way;
— Forcing Axioms: MA, PFA, SPFA = MM,
— Woodin’s Axiom (x)
) 1\/11\/1Jr+ = (*)
Richness: If you have a set of axioms which has a transitive model, then you have a transitive
model inside L.
”Maximize”: If an object can be imagined to exist, then it exists.

TODAY:
e Stationary sets;
e Forcing revisited;
e Forcing Axioms: MA;
e Proper forcing; semi-proper forcing; stationary set preserved forcing;
e PFA, SPFA, MM.

1 Stationary Sets

Definition. C C [X]¥ is a club iff:
Jf: XY 5 X, C={ze[X]¥: frz=¥ Cuz}.

Remark. We may think f as a set of relations on X, and consider (X; f) as a model. Then
C' is just the collection of every countable substructures of (X; f).

Definition. S C [X]¥ is stationary iff SN C # () for all club C C [X]¥
Remark. Hence, S is stationary iff for all models (X; f), there is some z € S, x < (X f).

Lemma 1 (Fodor). Let S C [X]|¥ be stationary, let f : S — V, f(z) € x for all x €
S (regressive), then there is a stationary T C S, f | T is constant.

Proof. o.w.(otherwise) f.a.(for all) a € X, S, = {x € S: f(z) = a} is nonstationary. Thus
there is a club C, = {z € [X]¥ : f,”2=¥ C z} with some function f, : X<* — X and
CaNSa=10.

Define f*(a,u) = fu(u), for u € [X]|<%. Let C = {z € [X]|¥ : f*2<¥ C z}. For all
acxeC,xeC, PickzxeSNC. Let a = f(x) € x, then x € C,. Contradicts to the
choice of C,. O

Observation. If S C [w]* is stationary, then sois {{ € S : { € wy }.

[Hint. if C' C [w1]¥ is a club, then sois {{ € S : & € w1 }.]
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1.1 Splitting stationary sets

Theorem 2 (Solovay). S C w; stationary, then we may split S = | | Si, while all S;

are stationary.

1<wi

Proof. Let a5, S E<w,n<w.

Claim. InVa < wi{€ € S : a5 > a} is stationary.

Otherwise, Yn3a,3 club C,, : C,, N {& € S : ol > apn}t = 0. Therefore we can pick & €

(Nh<w Cn) NS, thus £ > sup,, o, However, ag < sup,,, ayy, for all n. Contradiction.

Remark. Improve: Fix n as in the Claim.. As a immediate consequence of Fodor’s
Lemma, we have

Claim. Va < w3 > a{{ € S: ai = [} stationary.

Now we only need the pairwise disjoint property. Construct (S;,5; : i < wi) as the above
Claim.: Assume (S5;,3; : i < j) are defined, let o = sup,; 3; + 1 and 3; = 3 as in the
Claim., and let S; be the corresponding set defined in the Claim.. O

Comment. (Shi.) This statement may be credited to Ulam, since the technique of Ulam
matrix proves the statement for all successor ordinal instead of just wy. This procedure is
described in [3], Theorem 6.11.

Comment. In fact Solovay has proved that the above statement works for any weakly
inaccessible cardinal. See [4]

2 Forcing

V 3P, P=(P;<p) a partial order. D C P is dense iff

Vp € P3q € D : ¢ <p p(q is stronger than p)

G CPis V—genericit GND # 0 fa. D CP, D €V dense.
V[G] = {7% : 7 € VF} where 7 is a P—name.

Theorem 3 (Forcing Theorem). If V[G] E ¢(7%,...), then Ip € G, p I+ o(r,...). If
pl-é(t,...), then VG E ¢(7%,...) f.a. G > p. 0

3 Forcing Axiom

Definition. P has the c.c.c.(countable chain condition) iff P does not have any uncountable
antichain.

A C P is an antichain iff Vp,q € A,p # ¢ — p L q(p,q incompatible = no common
extension).

C = Cohen forcing = w<¥,p <c q iff p D q.
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Definition. MA , (Martin’s Axiom for k): P has the c.c.c., D = {D; : i < Kk} a collection
of dense sets; then there is a filter G C P, GN D; # () for all i < k.

MA,, is always true: define w-sequence
prp2<..<pi<.., 1<w

while p; € D;. Thus the filter G = {g € P: In € w(q > py)} is V-generic.

Remark. This is exactly the diagonal argument, known as the Rasiowa-Sikorski Lemma.

MA .y, is false: C Cohen forcing: Let (x; : i < 2%0) enumerate all sets of w*. D; = {p €
C : 3n € dom(p),p(n) # xi(n)}. {D; :i < 2%} is a collection of dense sets. If G N D; # ()
fa. i < 2% then |JG:w — w, so |JG = x; for some i < 2%, However,

Jp € GInfp(n) # zi(n) = xi(n) # | JG(n)].

Contradiction. O
Using a.d.(almost disjoint) coding, we can prove the Souslin Hypothesis:

MA,, = 2% =2%

Claim. 3 a.d. sequence (a¢ : £ < wy) of subsets w, i.e., fa. §n < wi, & # 1, agNay is
finite.

Proof. Look at 2<¢“. Let e : 2<“ — w be bijection. Let (be : £ < w1) be a sequence of
pairwise different branches of the tree 2<“. Let a¢ = {e(b¢ 1 n) : n < w}. Then a¢ proves
the statement. O

Theorem 4. MA,, = 2% =2,

Proof. Let (ag : £ < w1) be a sequence of pairewise a.d. subsets of w. Let X C wy. p € P
iff p= (f,z):

o f:n — 2, for some n < w;

e x C X finite.
(f,2") <p (f,z)iff f'D f,&’ D, and {m € dom(f") —dom(f) : f'(m) =1} Nag = 0 for
all £ e z.
One can check that this forcing satisfies c.c.c. since every pair of conditions that shares
a common f is compatible. {(f,z) : n € dom(f)} is dense for all n; {(f,z) : £ € x} is
dense for all ¢ € X.= the generic gives rise to a function F' : w — w such that f.a. £ € X
{n€ew:F(n)=1}Nag is finite. And if £ ¢ X, {(f,z) : Im >n(m € ac A f(m) =1)} is
dense f.a. n <w. Thus fa. £ ¢ X,{n € w: F(n) =1} is infinite.
In sum, the generic filter G gives rise to F' : w — w such that if a C w such that F' is the
characteristic function of a, then [aNa¢ of finite & ¢ € X] fa. £ <wi. So a codes X C wy
modulo (ag¢ : £ < wi) in that sense. Thus,

MA,,, = VX Cwida CwVE <w(§ € X & anag is finite.) (1)
Define T': P(w1) = P(w), X +— a where a satisfies (1). Clearly T is injective. O



August 25, 2020 Jiaming Zhang

Thus, MA,, = —CH since 2% — 2% < Ny.One can show 280 > R; and MA,, for all
r < 2% is consistent.
We will go ahead and discuss more profound forcing axiom.
Rest of today:
e Proper forcing; (PFA)
e Semi-proper forcing; (SPFA)
e Stationary set preserving forcing. (MM)

4 Proper forcing

Definition. P is proper iff for all X, if S C [X]“ is stationary, then S is still stationary in
748

Remark. Here VP means all generic extension.

Examples of forcing notions that are NOT proper:

e Col(w,wr); !

e (Shoot a club) Let S C wy, S stationary and w; — S is stationary. There is a forc-
ing which adds C' C S club, every stationary subset of S remains stationary (In
consequence, wj is not collapsed). But C' witness the fact that w; — S is no longer
stationary.

Definition. Let z < Hy, = countable, p € PNz. g <p p is x—generic iff fa. 7 € VF Nz
such that IF 7 € Hy, we have ¢ I+ 7 € &.(E.g. There is no z for Col(w,w;) to be z—generic.)

Lemma 5. The following statements are equivalent:
(1) P is proper;
(2) F.a. © < Hy, (x countable, 0 sufficiently large,) f.a. p € PN x, 3¢ < p x—generic.

Proof. ( [2], Theorem 31.7.)

(2) = (1): Let S C [X]* be stationary. p F7C is a club in[X]¥,C = {z € [X]: frz<¥ C
x}’. Let x < Hy, x countable, and p,C, f € x, x N X € S(possible, as S is stationary).
Let g < p be z-generic.

Claim. ¢l CNS # 0; in fact, ¢ IF (zN X)) e C.

This follows from the definition of z-genericity.
(1) = (2): We may not prove that for all substructures = (2) holds but, the countable

'Proper forcing does not collapse ®;. See [2], Lemma. 31.4.
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substructures satisfying (2) form a club of [Hy]“.? Towards a contradiction, let
S={z<Hp:|z| <w,IpcxnNP(Af <p x-generic)}

is stationary. By Fodor’s Lemma, let g : S — V maps z to some p € = where p does not
have any x-generic extension. g is regressive and thus there is a stationary T' C S such that
Ipva € T(p € xA Af < p[f z-generic]). Pick a filter G that is V —generic, p € G. T is still
stationary in V[G]. This implies we may pick countable x < Hq[G] so that N Hy € T.
This implies a contradiction since if 7 € VP na N Hy, I 7 € Hy, then 7¢ € x N Hy. This is
forced by some g < p. O

Definition. « < Hy, = countable, p € PNz, ¢ < p is z—semigeneric iff fa. 7 € VP Nz,
IF 7 € &1, we have ¢ IF 7 € (< 7 € (x Nwy)). That is, ¢ IF 7 € &, where « = z Nw; € wy,
since x Nwy is transitive.

Definition. P is semi-proper iff f.a. x < Hy, countable, P € x, f.a. p € NP thereis g < p
such that ¢ is z—semigeneric.

Observation. P is proper, then P is semiproper.

Definition. P preserves stationary subsets (of wy) iff
VS C wy (S stationary in V. = S stationary in V%).

Lemma 6.
o P is semi-proper = P preserves stationary subsets of wi;
e P has the c.c.c., then P is proper. ]

Definition.
e PFA: Every w; family of every proper forcing notion has a generic filter;
e SPFA: Every w; family of every semiproper forcing notion has a generic filter;

e MM: Every w; family of every stationary preserving forcing notion has a generic
filter.

Remark. One cannot extend those axioms to x families like what we do in MA, since
these axioms implies(as we shall later show,) that 2% = 2% = Ry,

Theorem 7. The followings are equivalent:
e MM,

e f.a. models M € V (signature < wq) f.a. P stationary set preserving f.a. ¢ ¥1—formula,
if VEE ¢(M), then 3j : M — M elementary, |[M| < wy, V E ¢(M).

Proof given by: [1], Theorem 1.3.

2Suppose C is a club of countable x € [Hp]* such that every p € P Nz has an z-generic extension. Let
[Ho]” € Hgq, with Q sufficiently large, and let some x < Hq be countable with P € x. Then some 6 and C
are elements of x, but then = N Hyg € C, from which it follows that every p € P Nz can be extended to an
x-generic condition. So if f.a. sufficiently large 6 there is a club of countable z € [Hg]” s.t. every p € PNx
can be extended to an z-generic condition, then for all sufficiently large 6 and for every = € [Hp]* with
P €z, every p € P Na can be extended to an x-generic condition.
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