SACKS FORCING PRESERVES SELECTIVE ULTRAFILTERS

RALF SCHINDLER

Theorem 0.2 for n = 1 is a well-known result of (in the words of [1, p. 562]) “R. Solovay, and
possibly others,” and the general case is [1, Theorem 6].

Lemma 0.1. Let U be a selective ultrafilter on w and let D C <“w and (X, : s € D) be such that
(1) 0 e D,
(2) for all s € D, s is strictly increasing and X, € U, and
(8) for all s € D and for allm € X5, s"m € D.

There is then some Y € U such that if x: w — Y is the monotone enumeration of Y, then for
every k <w, z [ k € D and z(k) € Xy k.

Proof. This is basically [2, Problem 9.3.(b)]. There is some f: w — w and some Z € U such that
(1) Z\ f(n) C [ {{Xs: s € <“nnD}.

(See [2, Problem 9.1].) We may assume that f is strictly increasing, and write b, = f™(0), n < w.
Let Z' € U be such that Z' N [by,by41) is a singleton for each n < w, and let Z* be either
Z' 0 U{[b2n; ban+1) : n < w} or Z' N U{[b2n+1,ban+2) : n < w}, depending on which one of these
two sets is in U. Write Y = Z N Z* N Xj. (Cf. [2, Problem 9.3.(a)].)

Let : w — Y be the monotone enumeration of Y. Let k¥ < w be such that = | kK € D. Say
bp < x(k) < bpy1. Thenz [ k € <“b,_1 (or k =0 and z | k = (), so that z(k) € Z\ b, =
Z\ f(bp—1) C Xy by (1) and 2 [ k41 € D (or by z(0) € Xy). O

Theorem 0.2. Let U be a selective ultrafilter on w, let 1 < n < w, and let S,, be the product of
n Sacks forcings. Let g be S,,-generic over V, and let U' = {x € (w)NV]g]: Iy € Uy C z}.
Then U’ is an ultrafilter in V]g].

Proof. Let p € S, 7 € VS and p IF 7 C w. Suppose that p IF Vo € Uz N7 # (). We aim to
construct some ¢ < p and some z € U with ¢ Iz C 7.

Let us construct D C <“w, (ps : s € D), and (X, : s € D).

Set py = p.

Suppose that s € D and ps has been constructed, and let m = lh(s).

Let us write ps = (T1,...,Ty,). Let (f; : i < 2™*") enumerate all £ = (t1,...,t,) such that each
t; is an mth branching node of T}, 1 < I < n. For each i < 2™ and each [, 1 <[ < n, pick an
extension s(i,1) of t; (where t; = (t1,...,t,)) in such a way that if 7 # i/, then s(i,1) and s(i’, 1)
are incompatible in Tj. For ¢ < 2™%" write (ps); for ((T1)s¢i,1)s- - -+ (Th)s(in))-

Let i < 2™, By hypothesis,

ti={k<w:3<(p)iqlrker}eU,
as otherwise {k <w: (ps); IFk ¢ 7} € U, but (ps); < p. Let
Xo=({a'i<2m} el

Let k € X, be bigger than all the natural numbers from the sequence s. Exactly in this case
we will put s7k into D. For each i < 2™t pick ¢ = ¢f < (ps); such that ¢ IF k € 7; writing
@ = (Tf,....,T¢), we let

pei = (T i <2my L Ut < 2y,

We will have that ps~r € S,, ps—r < ps, and U{T}: i < 2™*"} and T, have the same m'™®
branching nodes. Also, ps—~x IF k € 7.
We have defined D C <“w, (ps: s € D), and (X, : s € D).
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By the above Lemma, there is some Y € U such that if z : w — Y is the monotone enumeration
of Y, then for every k < w, | k € D and z(k) € Xsx. For k < w, write p,r = (TF,...,TF).

Let
q= (m{le:k<w},...,ﬂ{Tj§:k<w}).
Then g € S,, and ¢ < p. Also, ¢ IF z(k) € 7 for every k < w, in other words, ¢ IFY C 7.
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