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For sets 𝑋, 𝑌 , 𝑋 ∼ 𝑌 was defined in the lecture.

Problem 1. For reals 𝑎 ≤ 𝑏 let (𝑎, 𝑏) = {𝑥 ∈ R : 𝑎 < 𝑥 < 𝑏}. Show that if 𝑎 < 𝑏, then (𝑎, 𝑏) ∼ R.

Problem 2. Show naively that the countable union of countable sets is countable, i.e., if
𝑥 =

⋃︀
𝑛∈N 𝑥𝑛 and every 𝑥𝑛 is countable, then 𝑥 is countable.

Problem 3. Show that there are countably many rational numbers (i.e., Q ∼ N). Also show
that there are only countably many algebraic real numbers. (A real number 𝑥 is algebraic iff it is a
solution to a non-zero polynomial with rational coefficients, otherwise 𝑥 is called transcendental.)
Conclude that there are uncountably many transcendental numbers.

Problem 4. Show that 𝒫(N) ∼ R. Here 𝒫(𝑋) is the power set of 𝑋.

For a set 𝐴 of reals, we let 𝐴′ = {𝑥 ∈ R : ∀𝑎, 𝑏(𝑎 < 𝑥 < 𝑏 → (𝑎, 𝑏) ∩ (𝐴 ∖ {𝑥}) ̸= ∅} be the set
of accumulation points of 𝐴. Define 𝐴0 = 𝐴 and 𝐴𝑛+1 = (𝐴𝑛)′ for natural numbers 𝑛. Define

𝐴∞ =
⋂︀

𝑛∈N 𝐴𝑛. Also define 𝐴∞+(𝑛+1) = (𝐴∞+𝑛)′ for natural numbers 𝑛 (where ∞ + 0 = ∞).

Problem 5. Show that 𝐴′ is always closed. Show that if 𝐴 is closed, then 𝐴′ ⊂ 𝐴. Construct
closed sets 𝐴 and 𝐵 with 𝐴′ = 𝐴 and 𝐵′ ( 𝐵. In fact, given 𝑛 ∈ N, construct a closed set 𝐴𝑛

with (𝐴𝑛)𝑛 ̸= ∅ and (𝐴𝑛)𝑛+1 = ∅. Construct a close set 𝐴 with 𝐴𝑛 ̸= ∅ for all 𝑛 ∈ N, but 𝐴∞ = ∅.

Given 𝑛 ∈ N, construct a closed set 𝐵𝑛 with (𝐵𝑛)∞+𝑛 ̸= ∅ and (𝐵𝑛)∞+(𝑛+1) = ∅.
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