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Let 𝐴, 𝐵 sets of natural numbers. We say that 𝐴 and 𝐵 are almost disjoint iff 𝐴 ∩ 𝐵 is finite.
A collection 𝐷 ⊂ 𝒫(N) is called almost disjoint iff 𝐴 is infinite for every 𝐴 ∈ 𝐷 and 𝐴 and 𝐵 are
almost disjoint for all 𝐴, 𝐵 ∈ 𝐷, 𝐴 ̸= 𝐵. A collection 𝐷 ⊂ 𝒫(N) is called maximal almost disjoint
(m.a.d.) iff 𝐷 is almost disjoint and no 𝐷′ ⊃ 𝐷, 𝐷′ ⊂ 𝒫(N), is still almost disjoint.

Problem 1. Show that there is a m.a.d. collection 𝐷 ⊂ 𝒫(N) with only one element, in fact
for every positive 𝑛 ∈ N there is a m.a.d. collection 𝐷 ⊂ 𝒫(N) with exactly 𝑛 elements. Show that
there is a countable collection 𝐷 ⊂ 𝒫(N) such that 𝐴 is infinite for every 𝐴 ∈ 𝐷 and 𝐴 and 𝐵
are disjoint (!) for all 𝐴, 𝐵 ∈ 𝐷, 𝐴 ̸= 𝐵. Show that no disjoint countable collection 𝐷 ⊂ 𝒫(N) is
m.a.d.

Let {0, 1}* denote the set of all finite 0-1-sequences, and let {0, 1}∞ denote the set of all infinite
0-1-sequences.

Problem 2. Show that {0, 1}* ∼ N. Make use of the set

{{𝑥 � {0, . . . , 𝑛− 1} : 𝑛 ∈ N} : 𝑥 ∈ {0, 1}∞}
to conclude that there is a m.a.d. collection 𝐷 ⊂ 𝒫(N) with 𝐷 ∼ R.

Problem 3. Show that for every 𝜖 > 0 there is a dense open set 𝒪 ⊂ R such that 𝜇(𝒪) ≤ 𝜖.
Conclude that there are 𝐴, 𝐵 ⊂ R such that 𝐴 is meager, 𝐵 is null, and 𝐴 ∪𝐵 = R.
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Finally, for 𝑎 < 𝑏 write [𝑎, 𝑏]0 = [𝑎, 𝑏], [𝑎, 𝑏]𝑛+1 = ([𝑎, 𝑏]𝑛)
2
3 for 𝑛 ∈ N, and
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[𝑎, 𝑏]𝑛.

[0, 1]∞ is called Cantor’s discontinuum.

Problem 4. Show that [0, 1]∞ is perfect, nowhere dense, and null.
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