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Problem 1. Show the following statements in ZF.

(a) There is a function f with domain w such that f(0) = w and for every n € w, f(n+ 1) =
) ULFm)} (= £(n) +1).
(b) If f is as in (a) and b is the range of f (i.e., b= {f(n):n € w}), then w U b is an ordinal.
(c) If bis as in (b), then w U b is the smallest limit ordinal > w.
(d) If v is any ordinal, then there is a limit ordinal > «.

Recall that Problem 3 from sheet no. 4 showed (in ZF) that for every set A there is some
well-ordered set (a, <) such that there is no injection f: a — A.

Problem 2. Show in ZF that for every set A there is some ordinal 8 such that there is no
injection f: 8 — A.

For any set A, we denote by A" the least ordinal 3 such that there is no injection f: 8 — A.

Problem 3. Show in ZF that for every ordinal « there is some ordinal v > « such that for all
B <y, BT <7

Problem 4. Use the Recursion Theorem to show that for all ordinals « and §, there are functions
f, g, and h with domain ¢ such that for all £ < 4,
(a) £(0) =a, f(&) = f(§) +1if £ =+ 1, and if € is a limit ordinal, then f(&) = Ug<e f(6).
f(&) is usually written a + &.
(b) g(0) =0, g(¢) = g(§) + a if € = £+ 1, and if £ is a limit ordinal, then g(&) = Ug<e g(&).
g(&) is usually written « - &. B -
(c) h(0) =1, h(&) = h(€) - aif £ = £+ 1, and if ¢ is a limit ordinal, then h(¢) = Ug<e R(E)-
h(€) is usually written af.
Show that 1 +w=w<w+landw=2 -w<w-2.
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