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1. I

The purpose of these notes is to prove the classical Rademacher’s Theo-
rem. There are versions that are far more general, notably Cheeger obtained
recently a Rademacher type theorem only assuming the space has a Vitali
Covering Theorem, which incidentally gives a new proof of the classical
version, see [3]. We will not take his approach, for it is too technical, and
we wish to keep our exposition elementary. We refer also to the survey ar-
ticle [7] on nonsmooth calculus for a discussion on generalizations of the
theorem.

Besides Cheeger’s proof, we know of two ways of proving the theorem,
one using Sobolev spaces, and the other Fubini and absolute continuity on
lines (ACL) (see [4], [6]). One could argue that they are in essence equiv-
alent, as the Sobolev spaces are the same as the space of ACL-functions.
Nonetheless, we adopt the first method due to Calderón, as it provides an
important generalization of the theorem to Sobolev spaces.

Throughout, U will denote an open subset of Rn. A function f : U → Rm

is Lipschitz if | f (x) − f (y)| ≤ L|x − y| (in the usual distance) for some L. A
function is locally Lipschitz on U if for every point x ∈ U, there exists an
open neighbourhood V of x on which the restriction of f is Lipschitz.

Recall that a function f is differentiable at the point x ∈ Rn if there exists
a linear function D fx : Rn → Rm such that

lim
y→x

f (y) − f (x) − D fx(y − x)
|y − x|

= 0.

Theorem 1.1 (Rademacher, 1919). If f : U → Rm is locally Lipschitz,
then it is differentiable at almost every x ∈ U (with respect to the Lebesgue
measure).

2. 

By considering the coordinate functions of f instead, we can assume
m = 1, i.e. f is real-valued. Also, since the statement is purely local,
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we restrict our attention to a small ball, and therefore we assume f to be
Lipschitz.

Recall that a function g : U → Rn is a weak-derivative for f if for any
test function φ (smooth and compactly supported),

∫
gφ = −

∫
f∇φ. We

denote the weak (or strong) derivative of f at x by the usual notation ∇ fx.
Also, we denote W1,p(U), 1 ≤ p ≤ ∞, the Sobolev space of functions
f ∈ Lp(U) admitting a weak-derivative g ∈ Lp(U) (note f , g are defined
a.e.), and by W1,p

loc the functions that are locally in W1,p. We will prove
Theorem 1.1 through the 2 theorems of this section, but first we need the
following proposition related to Sobolev embedding theorems (see [1] or
[4] for a proof).

Proposition 1 (Morrey Inequality). For n < p < ∞, f ∈ W1,p, there exists
a constant C = C(n, p) depending on n and p such that

| f (y) − f (x)| ≤ C |y − x|
(?

B(x,r)
|∇ f |p

)1/p
,

where
>

B(x,r)
denotes the average over the ball of radius r centered at x.

Theorem 2.1 (Calderón, 1951). For p > n, any function f ∈ W1,p is almost
everywhere differentiable.

Proof. If p = ∞, then f is locally in W1,p for any p ≥ 1, so we can consider
p < ∞. ∇ f being in Lp has Lebesgue points almost everywhere. Let x be
such a point, i.e.

lim
r→0

?
B(x,r)
|∇ fy − ∇ fx|

p dy = 0.

Define g to be the difference between f and its linear approximation:

g(y) := f (y) − f (x) − ∇ fx(y − x).

Then g ∈ W1,p, g(x) = 0 and ∇gy = ∇ fy − ∇ fx. To finish the proof, apply
Morrey’s inequality to g:

| f (y) − f (x) − ∇ fx(y − x)| = |g(y) − g(x)| ≤ C |y − x|
( >

B(x,r)
|∇gy|

p dy
)1/p
=

= C |y − x|
( >

B(x,r)
|∇ fy − ∇ fx|

p dy
)1/p
∈ o(|y − x|).

�

The following theorem implies that Rademacher’s theorem is a special
case of Calderón’s theorem.

Theorem 2.2. W1,∞
loc (U) identifies with the space of locally Lipschitz func-

tions on U.
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Remark 1. The theorem here states that one can find a representative for
f ∈ W1,∞

loc (U) that is defined almost everywhere and locally Lipschitz.

Remark 2. The theorem does not follow from Morrey’s inequality, as the
latter is not valid for p = ∞.

Remark 3. There is a global version of this, but it is not true that W1,∞(U)
identifies with Lipschitz functions if U is unbounded. Instead, we get lo-
cally uniformly Lipschitz functions.

Proof. Since the statement is local, we restrict to a small ball, and prove
that then W1,∞ corresponds to Lipschitz functions.

W1,∞ ⇒ Lipschitz:
The argument is similar to the case when f has a continuous derivative, but
we need to mollify to make it work. So let ηε be the standard
approximation to the identity, f ε = ηε ∗ f . The standard properties (see [4])
of mollification that we need are the following: f ε is smooth, for any
Lebesgue point x of f and ∇ f , f ε(x)→ f (x) and ηε ∗ ∇ f = ∇ f εx → ∇ fx as
ε → 0. In particular, ||∇ f ε ||∞ → ||∇ f ||∞. Now by the fundamental theorem
of calculus, γ(t) = (1 − t)x + ty,

| f ε(y) − f ε(x)| = |
∫ 1

0
∇ f εγ(t)(y − x) dt | ≤ ||∇ f ε ||∞ |y − x|.

Taking the limit as ε → 0, for Lebesgue points of f

| f (y) − f (x)| ≤ ||∇ f ||∞ |y − x|.

f is therefore Lipschitz almost everywhere, and we extend it to be
Lipschitz everywhere.

Lipschitz⇒ W1,∞:
Let {ei} be the standard basis for Rn, and define for small enough h

gh
i :=

f (x + hei) − f (x)
h

.

By the Lipschitz condition, gh
i is bounded uniformly for any h. In

particular, gh
i is weak*-precompact in L∞ � (L1)′ (the dual of L1) by the

Banach-Alaoglu theorem, and therefore there exists a sequence h→ 0
such that gh

i → gi weakly, gi ∈ L∞. We apply a discrete version of
integration by parts: let φ be a test function,∫

f (x)
φ(x − hei) − φ(x)

h
dx = −

∫
f (x + hei) − f (x)

h
φ(x)dx = −

∫
gh

i φ.

Taking the limit h→ 0 and using dominated convergence, we obtain∫
f∂iφ = −

∫
giφ,
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where ∂i is the ith directional derivative. We therefore have showed that
∇ f = (gi) is the weak derivative of f , and is essentially bounded, as
required.

�

3. F D

We’d like to conclude by mentioning some developments after Rademacher’s
theorem. There is another important generalization due to Stepanov, needed
for example in the study of quasiconformal maps. It is different then the
Calderón generalization, and we refer the interested reader to [5] for the
classical version (stated below), and to [2] for a version in metric spaces.

Theorem 3.1 (Stepanov). f : U → R is differentiable at almost every
x ∈ S ( f ), where

S ( f ) :=
{

x ∈ Rn : lim sup
y→x

| f (y) − f (x)|
|y − x|

< ∞
}
.

Finally, in vague terms, in the context of Cheeger’s work, we have the fol-
lowing interpretation of Rademacher’s theorem. Let (X, d, µ, x) be a pointed
complete doubling measure metric space, and define Xx,r := (X, r−1d, µr, x),
where µr has the same measure on the unit ball in the rescaled metric as
µ does in the inital metric. Then these converge in the Gromov-Hausdorff
limit (after choosing an ultrafilter) to a space (X∞, x∞) that we term a weak
tangent space. If f : X → R is L-Lipschitz, then the rescaled functions
fx,r := ( f (y) − f (x))/r converge in some sense to a L-Lipschitz function on
a weak tangent space (using the same scales).

In our situation, X = U is an open subset of Euclidean space, and at any
scale Xx,r converges to a unique tangent space, the usual Rn. Rademacher’s
theorem states that at all scales, fx,r converges to a unique linear function
on the tangent space, ∇ fx, and this at almost every point x ∈ U.

R
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