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Effects of prompting multiple solutions for modelling
problems on students’ performance

Abstract Prompting students to construct multiple solutions for modelling problems with vague conditions has been
found to be an effective way to improve students’ performance on interest-oriented measures. In the current study, we
investigated the influence of this teaching element on students’ performance. To assess the impact of prompting multiple
solutions in mathematics instruction compared with the prompting of a single solution, we conducted an experimental
study with 144 ninth graders from 6 German classes from middle track schools. We had two experimental groups: In one
experimental group, students were required to provide two solutions for modelling problems related to the topic of
Pythagoras’ theorem; in the other group, they were asked to find one solution for each problem. Students’ performance
in solving tasks with and without a connection to the real world was assessed before and after a five-lesson teaching unit.
In addition, the number of solutions developed and students’ experience of competence were assessed with a
questionnaire during the teaching unit. The findings showed that, similar to previous studies, prompting students to find
multiple solutions does not improve their performance directly. However, using path analysis, we found indirect effects
of the treatment on students’ performance via the number of solutions they developed and their experience of competence.
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1 Introduction

The development and comparison of multiple solutions are important instructional elements that are part of high-quality
teaching standards in different countries (National Council of Teachers of Mathematics 2000). Indeed, the analysis of the
TIMSS 95 video study showed that posing problems that require students to construct several solutions and the
subsequent presentation and discussion of solutions are teaching methods that are typically applied in high-performing

countries, whereas in other countries, students are asked to find only one solution.

Japanese teachers frequently posed mathematics problems that were new for their students and then asked them
to develop a solution method on their own. After allowing time to work on the problem, Japanese teachers engaged
students in presenting and discussing alternative solution methods and then teachers summarized the mathematical
points of the lesson. (...) These features of practice offer an alternative to those seen in the United States and
Germany. (Hiebert et al. 2003, p. 16)

These observations led us to assume that prompting students to provide multiple solutions can foster their performance.
However, the design of the TIMSS video study did not allow causal inferences to be made about the effects of this
teaching element. The first aim of the current study was to clarify the benefits of prompting and constructing multiple
solutions compared to instructional settings in which only one solution has to be developed, using a randomised pretest-

instruction-posttest design. The second aim was that we wanted to understand how the assumed positive effects of
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multiple solutions on performance come about, that is, what motivational and cognitive variables mediate the effects of
prompting multiple solutions on students’ performance. In the current paper, we addressed these two research aims using
demanding modelling problems.

Solving modelling problems is an important ability in mathematics education (Niss et al. 2007). Because of their
connection to reality, modelling problems often include vague conditions that have to be specified by the problem solver
during the solution process. Hence, this paper investigated how prompting students to construct multiple solutions to

modelling problems with vague conditions would affect students’ performance.

2 Theoretical background and research questions

2.1 Multiple solutions

The development and comparison of multiple solutions are important elements of constructivist learning theories and
conceptions such as cognitive flexibility theory (Spiro et al. 1988) or cognitive apprenticeship (Collins et al. 1989). From
the experience of solving problems in more than one way, students are expected to develop a broad range of strategies
and representations that foster their cognitive flexibility and can be used to solve unknown problems (Rittle-Johnson and
Star 2009; Silver et al. 2005). Other benefits from developing multiple solutions are the strengthening of connections
between different elements of knowledge (Dhombres 1993; Levav-Waynberg and Leikin 2012), a deeper understanding
of the learning subject (Neubrand 2006), the support of students’ creativity (Leikin and Levav-Waynberg 2007; Levav-
Waynberg and Leikin 2012), the fostering of metacognitive activities (Schukajlow and Krug 2013b), self-regulation
(Schukajlow and Krug 2012), preferences for solving problems with multiple solutions, and experiences of autonomy,
competence, and interest (Schukajlow and Krug 2014b). Prompting students to construct multiple solutions and its impact
on students’ learning have been investigated in the context of problem solving activities for several decades.

Empirical evidence of the effects of prompting multiple solutions on students’ mathematics achievements have emerged
from research on expert teachers and from international comparative studies. Expert teachers encourage students to
develop multiple solutions and to compare them in the classroom (Ball 1993). Solving tasks that allow multiple solutions
improves the professional development of teachers in problem solving (Guberman and Leikin 2013). The ability to find
different solutions is part of pedagogical content knowledge, which is an important predictor of students’ academic
achievements in mathematics (Baumert et al. 2010). Moreover, teachers in Hong Kong and Japan, where students
outperform U.S. students, often compare different solutions in their teaching practice (Richland et al. 2007).

However, only a few randomised empirical studies have been conducted on the effects of the development of multiple
solutions on students’ achievements. Most of these studies were based on the assumption that the construction of multiple
solutions is important for learning mathematics. Thus, they investigated which instructional method has to be used to
teach students to find multiple solutions. The findings have supported theoretical considerations from cognitive science
about the central role of linking together the different solutions that were prompted in class. Students who compared and
contrasted different solutions of the same problem were found to outperform their classmates who reflected on each
solution one at a time (Rittle-Johnson and Star 2007). Prior knowledge, kind of representations, and complexity of the
problems were identified as contextual factors that influence the effect of comparing different solutions on students’
progress in mathematics (GroRe and Renkl 2006; Reed et al. 2012; Rittle-Johnson et al. 2009).

Comparing examples of two solution methods was shown to be preferable for specific aspects of learning to solve linear
equations. Students in one group learned to solve linear equations such as 3(x + 1) = 15 using the “traditional” solution
method: “distribute, combine like terms, subtract constants and variables from both sides, and then divide both sides by

the coefficient” (Rittle-Johnson and Star 2009). In the other group, students were instructed to also use an alternative



solution method. They were taught to see such expressions as “x+1” as one composite variable and, for example, to first
divide both sides of the expression by 3 in the presented sample equation. Comparing examples of two solution methods
was found to positively effect students’ conceptual knowledge of solving equations, which includes “the ability to
recognize and to explain key concepts in the domain”, and their procedural flexibility, which refers to the “flexible use
of solution methods on the procedural knowledge assessment” (Rittle-Johnson and Star 2009, p. 532). However, the
groups did not differ in procedural knowledge, which was measured as their accuracy in solving equations. Similar results
regarding the accuracy of solutions were found for solving geometry problems (Levav-Waynberg and Leikin 2012).
Moreover, in a previous study carried out by Star & Rittle-Johnson (2008), students who solved linear equation problems
using one solution method achieved higher scores on procedural knowledge on familiar but not on transfer problems than
students who were instructed to solve the same tasks in multiple ways or to discover multiple ways of solving this
problems on their own. This result indicates the importance of the kind of task used to examine students’ performance at
posttest. If tasks that are used for instruction are similar to the tasks used on the posttest, and if the tasks can be solved
by recognising a memorised mathematical procedure, then prompting one solution may be enough or even better for the
short-time enhancement of students’ procedural knowledge.
The effects of encouraging students to find different solutions for a given problem have been investigated and
implemented in different countries in the framework of the so-called “open-ended” approach (Becker and Shimada 1997;
Stacey 1995). Teachers pose problems, such as the addition of two fractions, that can be solved in different ways or can
have different solutions. One example is the problem: “What numbers can we sum together to get 21 as the result?” (see
more about open problems by Silver 1995). Students analyse the problem that is posed, find one solution, and then
compare and discuss their solutions and the other solutions that are developed and presented by classmates. Another
important part of this approach is to encourage students to change some of the task information and then to solve the new
self-posed problem. Evaluations of the open-ended approach have confirmed the great opportunities for learning
mathematics provided by these problems for students and pre-service teachers (Becker and Shimada 1997; Klavir and
Hershkovitz 2008; Lin et al. 2013). As prompting students to find multiple solutions can be viewed as the heart of the
open-ended approach, adopting this approach can be expected to produce positive effects on students’ performance as a
result of this instructional element.
In instructional settings that aim to improve students’ performance via the development of multiple solutions, instructors
are encouraged to do the following:

e Pose demanding mathematical problems that require students to construct different solutions.

e Encourage student to develop several solutions to the posed problem on their own.

e Have students discuss their individual solution paths with other students and the teacher.

e  Encourage students to compare and contrast different solutions.
Whereas instructional support of students with regard to the links between different solution methods has not been found
to have considerable effects on students’ performance (GrofRe and Renkl 2006; Reed et al. 2012), the complexity of the
problems (Reed et al. 2012), the autonomous development of different solutions, or students’ experience of competence
during problem solving may be valuable factors that inspire students’ learning and performance. Thus, we posit that the
number of solutions developed by students and their experience of competence have to be taken into account when

investigating the effects of prompting students to construct multiple solutions.

2.2 Solving modelling problems

To investigate the effects of prompting students to provide multiple solutions, we chose to focus on students’ ability to

solve modelling problems on the topic of Pythagoras’ theorem. The ability to solve modelling problems has importance



for students’ current and future lives. Modelling is a part of curriculum programs in different countries and is a core
component of “mathematical literacy” that has been examined in the PISA studies (Programme for International Students
Assessment)(OECD 2004). Solving modelling problems mainly includes the ability to realise a demanding
mathematising process between the real world and mathematics (Blum et al. 2007; Pollak 1979). However, successfully
solving modelling problems requires much more from students than only such mathematising processes. The wide range
of students’ modelling activities is described in modelling circles (Galbraith and Stillman 2006; Blum and Leiss 2007;
Verschaffel et al. 2000) and implies, among other practices, the correct use of mathematical procedures or so-called intra-
mathematical performance (Niss et al. 2007; Schukajlow et al. 2012). Profound intra-mathematical knowledge can help
students to construct a mathematical model, to apply correct mathematical procedures, and to obtain mathematical results.
Working on modelling problems can be expected to improve students’ intra-mathematical performance (Blum et al. 2007)

because students practice mathematical procedures while solving these problems.

2.2.1 Multiple solutions for modelling problems

There are different features of modelling problems (see summary by Maafl 2010). In some modelling problems,
information that is important for solving a problem is missing, and students need to make assumptions to solve this
problem (Galbraith and Stillman 2001). These tasks may be called modelling problems with vague conditions
(Schukajlow and Krug 2014b). Making assumptions is necessary for solving modelling problems with vague conditions
and sets this kind of problem apart from open-ended problems whose solutions may simply involve providing samples
such as a pair (1, 20) for the sum 21. Further, modelling problems can contain information that students do not need to
use to solve the problem, so-called “superfluous” information.

The possibility of constructing multiple solutions is another feature of modelling problems. Three categories of multiple
solutions can be distinguished with respect to solving modelling problems with vague conditions (Schukajlow and Krug
2014b; Tsamir et al. 2010). The first category includes multiple solutions that differ in the mathematical procedures that
are applied but lead to the same mathematical result. The second kind of multiple solutions results from making different
assumptions about missing data and obtaining different results but using the same mathematical procedure. The third
category combines the first and the second kinds of multiple solutions. It contains solutions that vary in the mathematical
solution method and are based on different assumptions about missing information. In this paper, we report on the effects
of prompting the second kind of multiple solutions—different assumptions about missing information, different results,
and the same solution method—on students’ academic achievements.

We will show different ways in which multiple solutions for real-word problems can be developed using the “Fire-

brigade” task (Figure 1).



Fire-brigade

In 2004, the Munich fire-brigade got a new fire
engine with a turn-ladder. Using the cage at the
end of the ladder, the fire-brigade can rescue
people from great heights. According to the
official rules, while rescuing people, the truck
has to maintain a distance of at least 12 metres
from the burning house.

Technical data of the engine

Engine model: Daimler Chrysler AG Econic 18/28 LL - Diesel
Construction year: 2004

Power: 205 kw (279 HP)

Cubic capacity: 6374 cm3

Dimensions of engine: length 10 m width 2.5 m height 3.19 m
Dimensions of ladder: length 30 m

Weight of unloaded engine: 15540 kg

Total weight: 18000 kg

From what maximal height can the Munich fire-brigade rescue people with this fire engine?

Fig 1
Modelling problem "Fire-brigade™ (Blum 2011)

First, students read the “Fire-brigade” problem and construct a situation model. The situation model includes, among
others, a burning house and an engine with a ladder that is driven out the back side. Students have to calculate the maximal
height from which occupants of the house can be rescued. The maximal height depends on the position of the engine. If
the engine backs up to the house, the fire-brigade can rescue persons from a greater height than if it drives forward
towards the house or parks alongside the house. Thus, an assumption has to be made about the position of the engine
with respect to the house for the calculation of maximal height. Depending on this assumption, students will obtain
different results. They will need to calculate a leg in the right-angled triangle using Pythagoras’ theorem, for example,
and add the height of the engine to their result. The ability to solve intra-mathematical problems according to Pythagoras’
theorem is needed to perform these calculations. Then the mathematical result has to be interpreted with respect to reality
and validated as to whether it makes sense. Variations in the applied mathematical methods can occur if students calculate
the length of the leg in the triangle using a scale drawing instead of Pythagoras’ theorem.

One important factor that can influence students’ performance as they solve modelling problems is the experience of

competence.

2.3 The experience of competence as an intervening variable

The experience of competence plays an important role in self-determination theory (Deci and Ryan 2000), in social
cognitive models of achievement motivation (Eccles and Wigfield 2002), or in learning theories regarding self-regulation
(Boekaerts and Corno 2005; Zimmerman and Schunk 2001). It is closely related to other motivational constructs such as
intrinsic motivation (Deci and Ryan 2000), ability beliefs (Wigfield and Eccles 2000), or goals (Hannula 2006). In self-
determination theory, the need for competence is one of three basic psychological needs that have to be fulfilled in order
to initiate and maintain motivation, engagement, and achievement (Ryan and Deci 2009, 2000). The experience of
competence increases intrinsic motivation and interest in the learning activity (Krapp 2005; Kunter et al. 2007), and to a

lesser extent, it enhances achievement (Miserandino 1996). Thus, learning environments in which mathematics is taught



have to create opportunities for fulfilling this basic need of students in order to positively influence their motivation and
to increase their achievements.

Instructions that aim to fulfil basic needs and to improve students’ motivation are assumed to be student-centred (Hannula
2006). Indeed, there is some empirical evidence for the better development of motivational variables in student-centred
teaching in which cooperative learning environments are typically used than in teacher-centred methods of instruction
(Slavin et al. 2003; Webb and Palincsar 1996). Schukajlow et al. (2012) showed that a student-oriented teaching method
of modelling problems tended to have stronger effects on students’ enjoyment, value, interest, and self-efficacy than
“directive” teaching. Similar results have been revealed by studies about the effects of self-requlated learning or self-
monitoring activities, which are closely connected to experience of competence (Minnaert et al. 2008), on students’
affect, achievements, and their perceptions of their abilities (Marcou and Lerman 2007; Panaoura et al. 2009). On the
basis of these findings, we used student-centred instructions to investigate the effects of prompting students to construct

multiple solutions on students’ performance.

2.4 Research questions

The present study was designed to answer the following research questions:

Research question 1. Does prompting students to construct multiple solutions for modelling problems affect their
performance in solving modelling and intra-mathematical problems?

Research question 2. Does prompting students to construct multiple solutions affect students’ performance at posttest
indirectly via the number of solutions developed and their experience of competence?

As prompting students to construct multiple solutions should positively influence performance in solving modelling and

intra-mathematical problems, we expected similar effects on both dependent measures.

2.5 Hypothesised path model

As we wanted to investigate whether and how our intervention would work, we applied a path model to the data. It
allowed us to test predictions about the possible factors that transmit the effects of experimentally manipulated treatment
conditions on the outcome.

Path models are derived from theories or previous empirical results and connect the treatment condition (e.g., the teaching
method) with the outcomes (e.g., performance after intervention) via mediators or intervening variables (e.g., the number
of solutions developed and students’ experience of competence).

On the basis of theoretical considerations about the effects of prompting students to construct multiple solutions on
students’ competence and performance, we hypothesised a path analytic model (Fig. 2). This model predicts how
prompting multiple solutions leads to higher performance in mathematics. We predicted that prompting multiple solutions
in the class would increase the number of solutions developed by students, that the number of solutions developed would
have a positive impact on students’ experience of competence, and that experience of competence would lead to higher
performance on the posttest. Although we found some studies that had investigated most of the direct single paths
hypothesised in our model (see Sections 2.5.3 and 2.5.4), no study had applied a path model to the data to investigate

indirect effects.
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Fig 2
Hypothesised path analytic model predicting how prompting students to construct multiple solutions would lead to
higher performance in mathematics.

2.4.1 Linking the treatment condition to the number of solutions developed

The teaching method (by which the development of multiple vs. one solution was prompted) was expected to influence
the number of solutions developed by students (Path 1). In the “multiple solutions” treatment condition, two solutions
had to be developed by each student. In the “one solution” condition, the development of only one solution was required
by students. We predicted that students in the “multiple solutions” condition would develop significantly more solutions

than students in the “one solution” condition.

2.4.2 Links between the number of solutions developed and students’ experience of competence

The number of solutions developed provides students with feedback about their competence in solving problems. Thus,
the number of solutions developed by students should be strongly connected to their experience of competence in the

Model (Path 2). This prediction was tested and confirmed in the previous study (Schukajlow and Krug 2014b).

2.4.3 Linking the experience of competence to performance

Path 3 illustrates the link between the experience of competence and students’ performance on the posttest. A high
experience of competence may be important for students’ motivation (Ddrnyei 2005; Ryan and Deci 2000 ), which has a
positive impact on academic outcomes (for meta-analysis cf. Hattie 2009, p. 48). The experience of competence is a
valuable part of self-efficacy beliefs (Bandura 2003; Bong and Skaalvik 2003), and self-efficacy is closely connected to
students’ achievements (Malmivuori 2006; Pietsch et al. 2003; Zan et al. 2006). Further evidence for the connection
between experience of competence and performance comes from the analysis of a longitudinal study that tested
competence beliefs and performance in seventh and ninth graders (Meece et al. 1990). Year-1 competence beliefs
predicted Year-2 expectancies for success and the Year-2 expectancies influenced students’ Year-2 achievements in math.
The direct connection between experience of competence and students’ performance was found by Hénze and Berger

(2007) in physics. Students who reported higher competence during instruction achieved higher scores at posttest.

2.4.4 Linking prior performance to the number of solutions developed and to performance at posttest

Prior knowledge is an important factor that influences students’ learning. Students who achieve higher scores in
mathematics are more interested in solving problems, they report more self-efficacy with regard to doing mathematics,
and they frequently feel more positive emotions such as enjoyment while working on mathematical tasks than other
students (Goetz et al. 2007; Heinze et al. 2005; Pekrun et al. 2011; Malmivuori 2006; Schukajlow and Krug 2014a).
These factors, in turn, allow such students to learn more in mathematics classes. Further, students with deep content



knowledge may have less difficulty constructing several solutions to a problem, rarely interrupt their solution process,
and improve their performance more strongly than other students.

Empirical studies on this issue involving word and intra-mathematical problems without vague conditions have focussed
on the investigation of instructional designs for prompting multiple solutions. These designs involved presenting and
comparing solution methods vs. sequentially presenting different solution methods. In some studies, researchers did not
find any differences between approaches for students with different levels of prior knowledge, but in other studies,
students with better prior knowledge in the respective domain benefitted more than other students from presenting and
comparing multiple solution methods (GrofRe 2014; Reed et al. 2012; Rittle-Johnson et al. 2009, 2012). The rationale
behind the finding that novice students benefit from the sequential presentation of two solutions is that presenting and
comparing two new solution methods on an unfamiliar task can be too much for them. The results from the case study
on solving modelling problems with vague conditions indicate that students do not have any difficulties finding a second
solution if they have already found a first solution (Schukajlow and Krug 2013a). Indeed, the first and the second solutions
for this kind of problem may differ only in the assumptions about missing information, but they can involve the same
mathematical model, the application of identical mathematical procedures, and the same interpretation. Thus, it is possible
that only low or even zero effects of prompting students to construct multiple solutions on the number of solutions
developed or on students’ performance at posttest could be found for the specific kind of modelling problems that we

investigated in the current study.

3 Method

3.1 Sample

144 German ninth graders (43% female; mean age 15 years) from three comprehensive schools (German Gesamtschule)
that each had two middle-track classes took part in this study. Middle-track classes were selected for this study in order
to increase its representativeness: Students with different levels of knowledge in mathematics can be found in middle-
track classes. Students from the current sample had not participated in any specific educational program and thus, they

did not have any formal experience in dealing with genuine modelling problems.

3.1 Study Design

On the basis of students’ final grades in math, each of the six classes was divided into two parts with the same number
of students in each part in such a way that the average achievements in the two parts did not differ. The ratio of males
and females was approximately equal in each part. One part of each classroom was assigned to the multiple-solution
condition (students were prompted to find multiple solutions to modelling problems); the other part was assigned to the
one-solution condition (similar tasks that each had one possible solution were presented). The teaching unit consisted of
five 45-minute long lessons that were presented across three sessions: the first and the second lessons, the third and the
fourth lessons, and the fifth lesson. After the first and the second sessions, students filled out questionnaires about the
number of solutions they developed in the previous lessons and about their experience of competence during the teaching
unit (cf. Figure 3). Before and after the teaching unit, the participants completed a performance test.
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Fig 3
Overview of the study design

Four mathematics teachers between 25 and 54 years of age (two females) instructed students to solve modelling problems
in the multiple- and one-solution conditions in separate rooms. Each teacher instructed the same number of student groups
in the multiple-solutions condition and in the one-solution condition. Thus, teachers’ personality had the same influence
on students’ learning in each condition, and the impact of teachers’ personality did not differ between the treatments
applied in this study. The research team provided the teachers with the modelling problems, the solution spaces, and the
instruction manuals with lessons plans. The key points of each instruction condition were discussed before the teaching
experiment began.

Treatment programs were based on the student-centred teaching method, which had demonstrated a positive influence
on students’ learning and affect (Schukajlow et al. 2009; Schukajlow et al. 2012). In addition, students were instructed
at the beginning about the goals of the respective treatment program and the key features of the problems that would be
presented during the teaching unit. The same order was applied in the two treatment conditions and included

o information about the goals of the teaching unit (the enhancement of solving modelling problems using multiple
solutions vs. one solution),

e group work according to the fix cooperation script. The cooperation script consisted of three parts: a) individual
work: working individually and developing the first ideas about how to solve a problem; b) cooperative work:
discussing ideas for solving the problem in group work; c¢) individual work: writing down one’s own individual
solution or multiple solutions (Schukajlow et al. 2012).

e presentation of information about how the first problem could be solved after the group work. Multiple solutions
(multiple-solution condition) or one solution (one-solution condition) of other problems were presented by
students and discussed by the whole class.

o asummary of the focal features of the modelling problems with or without multiple solutions.

In order to stimulate the development of multiple solutions in one condition and to prevent their construction in the other
condition, two similar versions of six tasks about Pythagoras’ theorem were developed. The topic of Pythagoras’ theorem
had already been taught using intra-mathematical tasks before the applied teaching unit. In the multiple-solution
condition, students have to find two different solutions for four of six problems and to record their solutions. For example,
in the sample problem “Fire-brigade”, the modification was “Find two possible solutions. Write down both solution
methods.”

A further instructional key point in the multiple-solutions condition was to compare and link different solutions. Students
discussed the differences between solutions and causes of these differences in group work. Teachers underlined this point
while discussing the solution with the whole class and while summarising the focal features of the modelling problems.
Because one solution to a problem typically has to be found in the real world, we did not modify the two problems that
were given in the last lesson. In these problems, some important data were missing, but they required only the

development of one solution such as the “Fire-brigade™ problem (cf. Figure 1).



In the one-solution condition, all information about missing data was given in the problems so students could develop
only one solution. In this condition, the modified “Fire-brigade” problem included the following section “Today a high-
rise building on Main Street is burning. The engine is backed up to the tower, and the ladder is completely driven out. At
what height does the ladder meet the house? Write down your solution method.” Other problems that were taught in the
classroom are presented by Schukajlow and Krug (2014b).

The fidelity of the treatment was ensured by using the following procedures. All teachers had at least 2 years of teaching
experience and wanted to participate in the study voluntarily. They were familiar with the teaching of modelling problems
and received 1-day training session in the teaching method they were supposed to apply in the intervention. In each
lesson, at least one person from the research group was present. The members of the research group administrated the
tests and observed the implementation of the treatment. All lessons were videotaped, and all students’ solutions were
collected. Analyses of these materials revealed that time on tasks did not differ between the two conditions, and all
students were asked to solve the problems as identified by the instruction manuals. However, in the multiple-solutions
condition, students used the time for solving problems in two different ways. In the one-solution condition, students

discussed the solution longer than in the multiple-solutions condition.

3.3 Measures

3.3.1 Performance tests

The two types of problems for the topics of Pythagoras’ theorem — modelling and intra-mathematical ones — were used
in order to test students’ progress. All the tests were administered by trained administrators. Students’ responses
were marked with 1 for a correct solution and with O for the wrong solution. Most of the items were taken from the
sizeable pool of items from other studies (Leiss et al. 2010; Rakoczy et al. 2013; Schukajlow et al. 2009). All items were
examined in previous studies; thus, their approximate degree of difficulty and discriminatory power for the population
of ninth graders were known. The time allocated for each test booklet was one hour.

The item difficulties of two mathematics scales can be approximated by a two-dimensional Rasch model (Bond and Fox
2001). This model allowed us to construct parallel test versions (with no item overlap) for each scale (here, performance
in solving modelling or intra-mathematical problems) at two measurement points (pre- and posttest) so that students’
achievements could be compared. Students’ performance in solving modelling problems and intra-mathematical
problems were examined using 18 and 8 items, respectively. As each student solved similar but not identical items at
pretest and at posttest, students’ performance could be measured accurately, and memorisation effects were minimised.
The ConQuest software (Wu et al. 1998) was used to scale students’ performance data. Weighted likelihood estimator
(WLE) parameters (Warm 1989) were estimated for each student. The WLEs characterise students’ performance using
continuous scales for modelling and for intra-mathematical performance.

The EAP/PV test reliabilities, which are comparable to Cronbach’s a reliabilities, were .66 for modelling and .63 for

intra-mathematical performance. Sample items from the tests are given in Figure 4.
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Cable car (modelling performance)

The rope of the Ristis cable car has
to be replaced. 1 metre of the rope
costs 8 € How much does a new
rope cost approximately? Write
down your solution method.

station 1 hatizental difference

sketeh not true to scale

Side a (intra-mathematical performance)
Calculate the length of side a = |BC|

station 2

Name:

Station 1:

Station 2:

Horizontal difference:
Weight capacity:
Hauling capacity:
Speed:

“Ristis” Cable Car

1600 metres above sea level
1897 metres above sea level
869 metres

132 x 3 persons

1200 persons per hour

1.5 metres per second

Right angle
(intra-mathematical performance)

The lengths of the sides of a right angle are
5 and 12 centimetres. How long is its
diagonal?

10 minutes

Time of travel:

Fig 4
Sample problems from the performance tests

3.3.2 Scales for number of solutions developed and experience of competence

The number of solutions developed by students during the teaching unit was assessed two times during the teaching unit
using a 4-point scale. After the first session, students were asked about the number of solutions they developed for the
first and second problems and after the second session about the number of solutions they developed for the third and
fourth problems. One sample item was “While solving the ‘Fire-brigade’ problem, I developed (0 = no solution; 1 = one
solution; 2 = two solutions, 3 = more than two solutions) today.” In order to simplify the interpretation of this scale, the
last two categories were aggregated into the category “two and more solutions”.* Thus, this scale ranged from 0 (no
solutions) to 2 (two and more solutions).

Students’ experience of competence were also assessed after the first and second teaching sessions. The 5-point Likert
scale used in the current study ranged from 1 (not at all true) to 5 (completely true). This scale was comprised of four
items that asked about understanding and mastering the assigned work during the teaching unit. Two items for this scale
were taken from the study by H&nze and Berger (2007). Another two items were developed for the present study. The
reliabilities of this scale (Cronbach’s a) measured after the second and fourth lessons were .91 and .90, respectively.

Table 1
Items used in the study to assess experience of competence
Scale
Experience of competence
(Schukajlow and Krug 2014b)

Item
I noticed that | really understood things (Hanze and Berger 2007).
| felt able to master the work (H&nze and Berger 2007).
| feel able to deliver the required performance.
| felt confident about my knowledge about the topic today.

3.4 Data analysis

We began the data analysis by examining the influence of the treatment conditions on students’ performance in solving
modelling and intra-mathematical problems. Then we tested the hypothesised model for performance with regard to each
type of problem. In all regression analyses, dummy codes for the treatment factor (0 = one solution; 1 = multiple solutions)

were used.

1 In the multiple-solutions condition, the number of students who reported developing more than two solutions varied between 9%
and 16% for each of four problems presented to the class.
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To answer the research questions, two path models with 11 free parameters and 144 subjects were applied to the data.
The ratio of subjects and parameters was 13 (144/11), which was above the critical value of 5 for obtaining correct results

(Kline 2005). Thus, the sample of 144 participants was sufficient for addressing the research questions.

3.4.1 Clustering of the data

To increase the external validity of the current study, the students were instructed at school in groups of 11-14 students
from the same mathematics class rather than individually. Groups of students attending the same class were randomly
assigned to the two treatment conditions, taking into account their achievement and gender. This procedure produced
hierarchical data such that the individual observations were more or less dependent. To examine the degree of dependence
within the groups (n = 12) for performance at pretest, we calculated the intraclass correlation coefficient (ICC) using the
statistical program Mplus (L. K. Muthén and Muthén 1998 - 2012). The ICC was .137 for modelling and .204 for intra-
mathematical performance. ICCs can be transformed into design effects (B. O. Muthén and Satorra 1995) to indicate the
loss of statistical power due to the dependence of observations. The design effect was 2.36 for modelling and 3.02 for
intra-mathematical performance. Thus, we calculated fit statistics and assessed the effects using maximum-likelihood
estimations with adjusted standard errors (MLR) using the type = complex analysis in Mplus. This statistical method
takes into account the dependence of observations for parameter estimates and goodness-of-fit model testing (B. O.
Muthén and Satorra 1995; L. K. Muthén and Muthén 1998 - 2012).

3.4.1 Missing values

In longitudinal studies, some values are often missing. In the present study, the percentage of missing values ranged from
9% for performance to 1.3% for experience of competence. The use of multiple imputation or the full information
maximum likelihood estimator (Peugh & Enders, 2004) are the preferred solutions for this problem. The missing values
in the current study were estimated using the maximum likelihood algorithm implemented in Mplus (L. K. Muthén and
Muthén 1998 - 2012). This algorithm uses the full information from the covariance matrices to estimate the missing
values.

4 Results

4.1 Preliminary analysis and analysis of treatment effects on performance

The means and standard deviations for modelling and intra-mathematical performance are shown in Table 2. The negative
values in modelling indicate that the modelling test was more difficult for students than the intra-mathematical test.
Students’ performances at pretest differed slightly between the multiple-solution and one-solution groups. Students in
the group in which multiple solutions were prompted showed slightly better results on the modelling and intra-
mathematical pretests, but t-tests revealed that these differences were not statistically significant (modelling: t(142) =
1.623, p = .11, intra-mathematical: t(142) = 1.593, p = .11).

To compare students’ final performance between the two groups, students’ measures at posttest were adjusted using the
respective pretest values. The analysis showed that students in the multiple-solutions condition and the one-solution
condition did not differ in their performance measured after the teaching unit. Thus, prompting students to construct
multiple solutions for modelling problems with vague conditions did not directly improve their performance.

Table 2
Students’ performance in solving modelling and intra-mathematical problems in the Multiple-Solutions condition and One-Solution
condition

Pretest Posttest Adjusted posttest?
MS 0s MS 0s MS 0s
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M(SD) M(SD) M(SD) M(SD) M(SD) M(SD) T@42) p P

modelling -.79 -1.11 -.26 =27 =31 =17 -.92 22 -.16
(1.02) (1.18) (1.03) (1.13) (.90) (.90)
Intra-math. .54 A3 1.07 12 .99 a7 1.22 .36 2

(1.46)  (1.39) (117) (124 (103) (119
Note. MS = multiple-solutions condition. OS = one-solution condition.
aAdjusted by pretest. ® Effect size (Cohen’s d) for adjusted posttest measures.

4.2 Indirect effects via number of solutions and experience of competence

4.2.1 Statistical procedure

The maximum-likelihood algorithm implemented in Mplus was used for the statistical analyses of the path model
(Muthén & Muthén, 2012). This algorithm allows the fit values to be calculated for the path models. The goodness-of-fit
values show whether the data provide a good fit to the hypothesised model. The comparative fit index (CFI) and the
standardised root mean squared residual (SRMR) are most adequate for sample sizes with fewer than 250 persons (Hu &
Bentler, 1999). We applied the combination of cutoff values of CFI > .95 and SRMR < .09 to examine the goodness of
the fit of the model. We also calculated the chi-square goodness of fit. The same structure of the path model and the same
intervening variables used for the investigation of the effects of treatment on performance in solving the two different

types of problems (modelling and intra-mathematical ones) allowed us to cross-validate the hypothesised model.

4.2.2 Model fit

The calculated correlation matrix of the variables measured in the current study is presented in Table 3. The analysis of
the values showed that all the correlations were in the expected direction (e.g., all performance measures were
significantly correlated with each other, and all of the correlations between performance, number of solutions developed,

and experience of competence were positive).

Table 3
Correlations between students’ performance, number of solutions developed, and experience of competence
Variable 1 2 3 4 5 6
Pretest
1. Modelling performance -
2. Intra-math. performance .33* -
Treatment
3. Number of solutions A7 14 -
4. Experience of competence 19* A1 27* -
Posttest
5. Modelling performance .53* .18 .05 .28* -
6. Intra-math. performance 22* 43* 13 33* 27* -
*p<.05.

Model fit values were computed for the path model with regard to modelling and intra-mathematical performance
(illustrated in Figure 2). The hypothesised model fit the data well according to all fit indexes for both measures that were
investigated: for performance in solving modelling problems as well as for performance in solving intra-mathematical
problems. 28% of the variance in modelling and 24% of the variance in intra-mathematical performance at posttest could

be explained by this model (Table 4).

Table 4
Fit Values for the Path Model with regard to modelling and intra-mathematical performance
Path Model Path Model
(modelling) (intra-mathematical performance)
R? .28 24
Va 8.37 4.797
df 4 4
p .08 31
CFI .96 .99
SRMR .06 .03

Note. R? = explained variance in posttest performance; CFl = comparative fit index; SRMR = standardised root mean squared residual.
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4.2.3 Direct and indirect effects on students’ performance

In this section, we will present the direct and indirect effects estimated in the hypothesised model. Parameter estimates
and significance levels for each hypothesised path for the models with regard to modelling and intra-mathematical

performance are presented in Table 5. The direct effects of the path model are also illustrated in Figure 5.

Table 5
Estimates in the Path Model?

Path Modelling Intra-math.
performance
B [op B Ip
Direct effects
From treatment to number of solutions (1) .98 <.01 .98 <.01
From number of solutions to exp. of competence (2) .26 .01 .26 .01
From exp. of competence to performance at posttest (3) 22 <.01 .26 .03
From performance at pretest to number of solutions (4) .07 .24 .04 .30
From performance at pretest to performance at posttest (5) 43 <.01 .28 <.01
Indirect effects
From treatment to performance at posttest .06 .01 .07 .07
From number of solutions to performance at posttest .06 .01 .07 .04
From performance at pretest to performance at posttest .004 .35 .003 42

Note. Because treatment conditions represented a binary factor (one-solution condition vs. multiple-solutions condition), the StdY
values were used in Mplus to calculate the standardised estimates. Thus, B coefficients may be interpreted as the predicted change in
(residualised) criterion measures (in standard deviation units) when the treatment changes from O (one solution) to 1 (multiple
solutions). According to the hypothesised model, we can see that if the prior performance in modelling increased by one standard
deviation (SDpre_m), the modelling performance at posttest changed by Bm * SDpost m = .43 * SDpost_m .

In the previous analysis of path models of students’ interest, we found that the treatment was a strong predictor of the
number of solutions developed (B = .96), and the number of solutions predicted experience of competence (B = .28)
(Schukajlow and Krug 2014b). In the current analysis of the path model of students’ performance, nearly the same
coefficients were calculated for modelling (p = .98, B = .26) and intra-mathematical performance ( = .98, p = .26). The
minor differences in estimates may have resulted in part from using other measures (performance instead of interest) or
from taking into account the design effect for students’ performance.

Teaching
method

98 &.98 Number of |[26&26 | Experience of |-22&26 |  Pposttest
07 &04 solutions competence Performance
Prior ’ 43 &.28 T
Performance
Pretest Treatment Posttest

Note. Significant paths are illustrated with solid lines, and the nonsignificant path is illustrated with a broken line.
Fig5
Graphical Illustration of Direct Effects in the Hypothesised Path Model for Modelling & Intra-Math. Performance

One of the main results from the analysis of the path model was a significant prediction of students’ performance on the
posttest from their experience of competence during the teaching unit. This result was found for both modelling problems
(B = .22) and intra-mathematical problems (8 = .26). Students who reported feeling more competent during the teaching

unit achieved higher scores on the posttest. Next, we analysed indirect effects of the treatment and of the number of

2 The clustering of the data was taken into account when these parameters were estimated. The analysis without clustering showed
smaller p-values for indirect effects from treatment on intra-mathematical performance (p = .031). According to this type of
analysis, the indirect effects were significant at the 5% level. Other parameters did not differ significantly.
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solutions developed on students’ performance at posttest. This analysis showed that both prompting multiple solutions
and the number of solutions improved students’ performance in solving modelling problems at posttest (p = .06). Similar
indirect effects were also found for intra-mathematical performance. Teaching method had a nearly statistically
significant influence on students’ intra-mathematical performance at posttest (B = 0.07), and the number of solutions they
developed significantly affected this performance (p = 0.07). Thus, prompting students to develop multiple solutions for
modelling problems was found to affect their performance indirectly—through the number of solutions they developed
and their experience of competence—as we assumed on the basis of the theoretical considerations.

Prior performance is an important factor that directly predicted performance at posttest for modelling (B = .43) and intra-
mathematical performance (B = .28). However, students’ performance in modelling or in solving intra-mathematical
problems at pretest did not influence the number of solutions they developed during the teaching unit. We also did not
find significant indirect effects of prior performance on students’ performance at posttest. Although students who showed
better performance at pretest outperformed low achievers at posttest, this did not result from the indirect effects of prior

performance on the number of solutions they developed during the teaching unit.

5 Discussion

Prompting students to construct multiple solutions for a given problem is an important topic in mathematics education,
and this practice can be applied in teaching in order to improve students’ learning. The effects of this element of teaching
on students’ learning are based on case studies and analyses of the teaching practices of novice and expert teachers.
However, only a few randomised experimental studies have investigated the effects of prompting students to find multiple
solutions. Moreover, we could not find any studies that had investigated the impact of prompting students to construct
multiple solutions for modelling problems with vague conditions, which should be used in the mathematical classroom
because of the importance of modelling for students’ current and future lives. Furthermore, there has been a lack
information on how prompting multiple solutions or prior performance influences students’ performance at posttest. This
information is important for researchers and teachers as it illustrates which intervening variables should be taken into
account when investigating or practising this kind of teaching method. We assessed these questions using path analysis
to determine the impact of prompting multiple solutions on students’ achievements in solving modelling and intra-

mathematical problems with regard to the topic of Pythagoras’ theorem.

5.1 Direct treatment effects

On the basis of theoretical considerations, we predicted that prompting students to construct multiple solutions for
modelling problems would directly affect students’ performance. However, the results of our study did not confirm this
prediction. Students in the multiple-solutions and one-solution conditions produced similar results when solving
modelling and intra-mathematical problems at posttest after the 5-lesson teaching unit. This result is in line with findings
from previous studies that did not identify effects of prompting multiple solutions for intra-mathematical problems on
students’ performance, measured using accuracy in solving problems (Levav-Waynberg and Leikin 2012; Star and Rittle-
Johnson 2008). Our findings extended this result to modelling problems with vague conditions and specifically for the
prompting of multiple solutions for modelling problems with missing information. As this was the first randomised
empirical study to use this kind of multiple-solution scenario, this result needs to be replicated in future studies. Previous
studies that compared multiple-solution methods or different ways of presenting multiple-solution methods (on the same
or on different problems) and that used word problems with a connection to reality as the content have produced
inconsistent results and have underlined the importance of context factors—such as type of problems, kind of instructions,
and prior knowledge—for learning (Grof3e 2014; Grofe and Renkl 2006; Reed et al. 2012). The comparison of arithmetic
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word problems, for example, had a positive influence on students’ achievements, whereas algebra performance did not
differ between a group that compared solutions and a group that did not compare solutions (Reed et al. 2012). The
investigation of factors that support the learning of complex problems with a connection to reality is an important research
issue that we analysed using path models and will discuss below.

One possible reason for the absence of direct effects of prompting multiple solutions on students’ performance is the way
in which the problems were formulated on the posttest. We argue that when we solve problems in real life, we look for
one solution to a problem; thus, the problems on the posttest required the students to develop only one solution. In the
one-solution group, students had to develop one solution during the teaching unit and also had to develop one solution
for each problem on the performance test. In the multiple-solution condition, however, students had to find two solutions
during the treatment in two of the three sessions but only one solution for each task on the posttest. Given that a crucial
point in the measurement of treatment effects is that the treatment tasks need to provide a good match to the performance
test (Hattie et al. 1996), the way in which the problems were formulated on the posttest may have negatively impacted
the performance of the students in the multiple-solutions group. In future research, the development of multiple solutions
should be examined on the posttest to investigate the effects of prompting students to construct multiple solutions on
students’ performance. A similar approach was already used in other studies and showed advantages of prompting
multiple solutions of intra-mathematical problems with respect to mathematical knowledge, creativity, conceptual
knowledge, and flexibility (Levav-Waynberg and Leikin 2012; Rittle-Johnson and Star 2009; Star and Rittle-Johnson
2008).

Future studies should explore whether students who are instructed to use different mathematical solution methods to
solve given modelling problems (e.g., Pythagoras’ theorem or scale drawing to the “Fire-brigade” problem) improve in
their performance. The first analysis of prompting this kind of multiple solutions to modelling problems with regard to
the topic “linear functions” was conducted for students’ self-regulation and did not reveal any positive effects (Achmetli
et al. 2014). The investigation of different kinds of solutions that can be used to solve modelling problems can contribute
to our knowledge about multiple solutions and provide information about how to enhance students’ ability to solve these

kinds of problems.

5.2 Indirect effects via number of solutions developed and experience of competence

In order to explore how prompting students to find multiple solutions and students’ prior performance would influence
students’ performance on the posttest, we examined the hypothesised path model. As expected, the predicted path model
provided a good fit to the data for modelling and for intra-mathematical performance. Thus, the model adequately
described the influence of treatment and prior performance on students’ performance at posttest.

Indirect effects of prompting students to find multiple solutions for modelling problems were identified. For the effects
of the treatment on performance, two factors—the number of solutions developed and students’ experience of
competence—were found to be crucial. Prompting multiple solutions increased the number of solutions developed, the
number of solutions developed influenced the experience of competence, and the experience of competence improved
students’ final performance. In addition to comparing, reflecting on, and discussing multiple solutions (Rittle-Johnson
and Star 2009; Silver et al. 2005), the number of solutions developed and experience of competence are valuable factors
that play roles in producing the effect that prompting students to find multiple solutions has on students’ performance.
We argue that the number of solutions developed during the teaching unit is important because it indicated the impact of
the individual solution activities on students’ learning. Combined with the group and class discussions about the various
solutions that different students found, the activities that we applied with our teaching method had positive influences on

experience of competence and students’ final performance.
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Schukajlow & Krug (2014b) showed that the experience of competence positively influenced students’ interest at posttest
and mediated the impact of prompting multiple solutions and the number of solutions developed on students’ final
interest. In the current study, we found similar effects on students’ performance. The experience of competence was a
strong predictor of students’ performance in solving modelling and intra-mathematical problems as hypothesised in the
self-determination theory of human behaviour (Deci and Ryan 2000). This finding is in line with empirical results in
other domains: The experience of competence predicted students’ performance in physics to a comparably strong degree
(Hénze and Berger 2007). Moreover, the experience of competence was found to be important for the effects of teaching
method and the number of solutions students developed on students’ performance as we predicted on the basis of
theoretical and empirical considerations from previous studies. These results underline the importance of the experience
of competence for students’ cognitive and affective development. Learning settings that improve students’ experience of
competence contribute to the achievements of cognitive and affective goals in mathematics education, both of which are
important for students’ learning (Zan et al. 2006; McLeod 1992).

To summarise these results and tie them to practical implications in the classroom, we suggest that teachers who instruct
students to find multiple solutions should pay a lot of attention to the number of solutions developed by every student
and to their individual experience of competence. To improve students’ performance (and interest), it is not sufficient to
simply pose problems that require students to construct different solutions. Scaffolding students’ learning using
cooperative settings such as used in our study (alone-together-alone) and comparing and contrasting multiple solutions
with the whole class are important elements that allow students to produce more solutions. Moreover, we posit that
students who do not find any solutions and merely observe how other students or the teacher present solutions will not
improve their knowledge and interest. Thus, in order to help students to progress in mathematics and to improve their
interest, the teacher cannot accept such passive behaviour from his or her students in the classroom.

Another element of the examined path model was students’ prior performance. The results of the current study showed
that, according to the path model, students’ prior performance did not influence the number of solutions they developed
and it did not have any indirect impact on students’ performance at posttest. This finding may be the result of students’
sufficient prior knowledge with regard to the content taught in the classroom and is in line with results from the study by
Levav-Levanberg and Leikin (2012). They used case study observations and found that solving tasks with multiple
solutions was beneficial for students who performed at both advanced and regular levels. To investigate the impact of
prior knowledge on students’ performance, our study should be replicated with students who have limited knowledge of
Pythagoras’ theorem and modelling. We assume that in that case, the influence of prior knowledge may be more powerful,
similar to the study about comparing multiple solutions of linear equations by students who were not familiar with
equations (Rittle-Johnson et al. 2009).

Another explanation for our findings can be found in the kind of multiple solution that was prompted in the classroom.
The influence of prior knowledge might be limited because students did not need special mathematical knowledge to
increase the number of solutions they developed when the solutions were based on different assumptions about missing
data such as the position of the fire vehicle in the “Fire-brigade” task. This assumption is in line with a finding from our
previous case study: Students who found one solution often had only minor difficulties in constructing a second solution
using the same mathematical model and the same mathematical procedure to solve modelling tasks with vague conditions
(Schukajlow and Krug 2013a).

The limited impact of prior knowledge on the effect of prompting multiple solutions to modelling problems with vague
conditions, and thus also on performance at posttest, can be seen as a positive result of students’ learning because students

at different levels benefitted in comparable ways from being prompted to construct multiple solutions to modelling
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problems with vague conditions. Thus, the dispersal of students across different levels of mathematics did not increase

after students practiced this teaching method.

4.3 Strengths and limitations

The effects of the treatment and prior performance on students’ performance at posttest were examined using inferential
and path analyses. The active manipulation of the treatment conditions in our study (prompting multiple solutions vs.
prompting one solution) using a randomised experimental design allowed us to causally interpret the treatment effects on
students’ performance. However, the causal interpretation of paths in the hypothesised path model should be made with
caution. The validity of the analysis of path models depends strongly on the times at which the data were collected and
on evidence from previous research about the possibilities of directed effects such as the impact of experience of
competence on students’ performance at posttest.

We collected data before, during, and after the teaching unit so that the data collected in our study would be ordered
along a timeline. Thus, using these data, it was possible to determine the direction of the effects (e.g., from experience of
competence during the teaching unit to students’ performance after the teaching unit) and thus also to examine the
hypothesised path model. However, a path model cannot replace the use of experimental studies (Spencer et al. 2005).
The assumed path model was derived from constructivist learning theories (Collins et al. 1989; Spiro et al. 1988) and the
self-determination theory of human behaviour (Deci and Ryan 2000). The results of previous empirical studies inspired
the hypothesised paths between the applied teaching method, the number of solutions developed, experience of
competence, and prior and final performances. However, this path model may be incomplete as other intervening
variables such as interest, teachers’ feedback, or the quality of the students’ discussions (Grof3e and Renkl 2006; Rittle-
Johnson and Star 2009) could effect the number of solutions they developed, experience of competence, and their
performance on the posttest. The investigation of the role of these intervening variables for prompting students to find
multiple solutions is an important issue for future research. Moreover, research on multiple-solution learning settings
should include not only performance but also other affective and meta-cognitive factors. We argue that including
emotions, interest, values, self-efficacy, planning, and monitoring activities as intervening variables or dependent
measures can significantly improve knowledge about the effects of multiple solutions (Guberman and Leikin 2013;
Schukajlow and Krug 2012, 2013c, 2013b, 2014b).

Finally, we would like to note three other important limitations of the current study. First, the results may be different for
the long-term practice of prompting multiple solutions in the classroom. We investigated the effects of an intervention
across a relatively short time period because more studies of short duration in mathematics education were recently
requested (Stylianides and Stylianides 2014). But such effects can be expected to be even stronger across a longer period
of instruction. Second, the reliabilities of .66 and .63 for modelling and intra-mathematical performance tests,
respectively, were slightly below the limit of .70. The effects on students’ performance may be stronger if scales with
higher reliabilities are applied. Third, investigations of the stability of changes in students’ interest using follow-up

measures should be implemented in future research (see e.g. Rittle-Johnson and Star 2009).

4.4 Conclusion

Prompting students to find multiple solutions is an important theme that has been investigated in research frameworks
about open(-ended) problems (Becker and Shimada 1997; Lin et al. 2013; Silver 1995; Stacey 1995), the implementation
of multiple-solution tasks (Guberman and Leikin 2013; Leikin and Levav-Waynberg 2007; Levav-Waynberg and Leikin
2012), and the impact of comparison on students’ learning (Reed et al. 2012; Rittle-Johnson and Star 2007, 2009; Star

and Rittle-Johnson 2009, 2008). Our study extended this research using modelling problems with vague conditions and
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identified factors that are important for producing effects of prompting multiple solutions on students’ performance. The
results of the current study showed that the number of solutions developed and experience of competence are factors that
mediate the effects of the investigated teaching method not only on students’ interest (Schukajlow and Krug 2014b) but
also on students’ performance. Thus, these factors should be taken into account when teaching students to find multiple
solutions for modelling problems. The results of other studies on prompting students to construct multiple solutions for
modelling problems have also shown effects on students” metacognition, preferences for finding multiple solutions, and
self-regulation (Schukajlow and Krug 2012, 2013c, 2013b, 2014b) and have extended the list of positive effects of this
teaching method on students’ learning. Moreover, the positive effects of self-regulated teaching method on students’
performance in solving modelling problems and affect shown in previous studies (Schukajlow et al. 2009; Schukajlow et
al. 2012) were found to increase when multiple solutions were prompted. On the basis of these findings, we encourage

teachers to test the teaching method examined in our study in their mathematics classrooms.

Author note: The research project MultiMa, directed by Stanislaw Schukajlow, has been funded by the German Research
Foundation [Deutsche Forschungsgemeinschaft] since 2011.
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