arXiv:1809.02990v2 [math.AG] 10 Sep 2020

Product Formulas for Periods of CM Abelian Varieties and the Function Field Analog

Urs Hartl and Rajneesh Kumar Singh

September 11, 2020

Abstract

We survey Colmez’s theory and conjecture about the Faltings height and a product formula for the periods of abelian varieties with complex multiplication, along with the function field analog developed by the authors. In this analog, abelian varieties are replaced by Drinfeld modules and A-motives. We also explain the necessary background on abelian varieties, Drinfeld modules and A-motives, including their cohomology theories and comparison isomorphisms and their theory of complex multiplication. Mathematics Subject Classification (2000): 11G09, (11G15, 11R42)

1 Introduction

One purpose of this survey is to give a brief introduction to abelian varieties with complex multiplication over number fields, some of their cohomology theories with comparison isomorphisms, and to explain Colmez’s conjectures [Col93] on a product formula for the periods and on the Faltings height of these abelian varieties. The second purpose is to explain the function field analog of this theory. There abelian varieties are replaced by Drinfeld modules [Dri76, Gos96] and their higher dimensional generalizations, so-called A-motives. So we give a brief introduction to Drinfeld modules and A-motives with complex multiplication, some of their cohomology theories with comparison isomorphisms, and explain the conjecture [HS20] of the authors on periods of these A-motives. We point out that recently other surveys on Colmez’s conjectures were written by Gross [Gro18], by Yuan [Yua19], and by Gao, van Känel and Mocz [GvKM19] based on a lecture of Shou-Wu Zhang. However, these do not discuss the function field analog that we are discussing in Part II. In [Gro18] it is explained how Colmez’s conjectures generalize the Chowla-Selberg formula. And in [Yua19] the consequences of the recently proved averaged Colmez Conjecture for the André-Oort Conjecture are explained. In [GvKM19] in addition to these aspects, the proof of Yuan and Shou-Wu Zhang [YZ18] of the averaged Colmez conjecture, and the work of Yun and Wei Zhang [YZ17, YZ19] on the Gross-Zagier formula for intersection numbers in the Chow group of moduli spaces of PGL_2-shtukas is discussed.

1.1. We begin with a review of product formulas for global fields. For a rational number α ∈ Q^× , all of its absolute values |α|_v are linked by the product formula ∏ v |α|_v = 1 where only finitely many factors are different from 1. Here v runs through the set P of places of Q consisting of all prime numbers p together with ∞, and the p-adic absolute values | . |_p are normalized such that |p|_p = p^{−1}. This product formula extends to number fields, i.e. finite extensions of Q, as follows. Let Q^{alg} be the algebraic closure of Q in C , and if p is a prime number let Q_p be the completion of Q with respect to | . |_p and let Q^{alg}_p be an algebraic closure of Q_p . The p-adic absolute value | . |_p extends canonically to Q^{alg}_p . We denote by | . |_∞ the usual absolute value on C . In addition to the embedding Q^{alg} ⊂ C we fix once and for all an embedding of Q^{alg} in Q^{alg}_p for every p and consider the induced absolute value | . |_p on Q^{alg} . For a finite field extension K of Q we set H_K := Hom_Q(K, Q^{alg} ). Then the product formula [Lan94, Chapter V, § 1, bottom of page 99] for 0 ≠ α ∈ K can be written as ∏ p∈P ∏ η∈H_K |η(α)|_p = 1. (1.1)

1.2. The product formula also holds for function fields. More precisely, let Q be a finitely generated field of transcendence degree one over the finite field F_p = Z/pZ. Let F_q := {a ∈ Q: a is algebraic over F_p } ⊂ Q be the field of constants, see [VS06, Definition 2.1.3], which is a finite field with q elements. Then Q is the field of rational functions on a smooth, projective curve C over F_q by [Liu02, Chapter 7.3, Proposition 3.13] which is geometrically irreducible by [Gro65, IV_2, 4.3.1 and Proposition 4.5.9c)]. Every closed point v of C is called a place. We denote its residue field by F_v and set q_v := #F_v = q^{[Fv :Fq ]}. The local ring O_{C,v} is a discrete valuation ring by [Sil86, Proposition 1.1]. We denote the corresponding valuation also by v and the corresponding absolute value on Q by | . |_v . Both are normalized such that v(z_v) = 1 and |z_v|_v = q^{−1}_v for a uniformizing parameter z_v ∈ Q at v. Then every a ∈ Q ∖ {0} satisfies ∏ v |a|_v = 1 where again only finitely many factors are different from 1, see [Cas67, Chapter II, § 12, Theorem]. This can be reinterpreted in terms of divisors on C. Namely, since |a|_v = q^{−v(a)}_v we have − log ∏ v |a|_v = ∑ v v(a) · [F_v : F_q ] · log q = 0, because ∑ v v(a) · [F_v : F_q ] is the degree of the principal divisor of a which is zero, see [VS06, Corollary 3.2.9].

Let Q^{alg} be a fixed algebraic closure of Q. For every place v of Q let Q_v be the completion of Q with respect to | . |_v and let Q^{alg}_v be an algebraic closure of Q_v. The v-adic absolute value | . |_v extends canonically to Q^{alg}_v . We fix once and for all an embedding of Q^{alg} in Q^{alg}_v for every v and consider the induced absolute value | . |_v on Q^{alg}. For a finite field extension K of Q we set H_K := Hom_Q(K, Q^{alg}). Then by transformations of equations as in [Lan94, Chapter V, § 1, bottom of page 99] the product formula [Cas67, Chapter II, § 12, Theorem] for 0 ≠ a ∈ K can be written as ∏

all v ∏ η∈H_K |η(a)|_v = 1. (1.2)

1.3. In [Col93] P. Colmez considers product formulas for periods of abelian varieties. Let X be an abelian variety defined over a number field K with complex multiplication by the ring of integers in a CM-field E and of CMtype Φ, see Section 6 for explanations. Assume that K contains ψ(E) for every ψ ∈ H_E . For a ψ ∈ H_E let ω_ψ ∈ H^1_{dR}(X, K) be a non-zero cohomology class such that b^∗ω_ψ = ψ(b) · ω_ψ for all b ∈ E, see Section 4.3. For every embedding η : K → Q^{alg} , let X^η := X ×_{Spec K,Spec η} Spec η(K) and ω^η_ψ ∈ H^1_{dR}(X^η, η(K)) be deduced from X and ω_ψ by base extension. Let (u_η)_η ∈ ∏ η∈H_K H1(X η(C ), Z) be a family of cycles compatible with complex conjugation, see Section 4.1. Let v be a place of Q. If v = ∞ the de Rham isomorphism between Betti and de Rham cohomology (Theorem 4.4) yields a complex number ∫ u_η ω η ψ and its absolute value | |∫_{uη} ω^η_ψ | |_∞ ∈ R. If

v corresponds to a prime number p ∈ Z, Colmez [Col93] associates a period ∫ u_η ω η ψ in Fontaine’s p-adic period field B_{p,dR} , see Notation 5.4, and an absolute value | |∫_{uη} ω^η_ψ | |_v ∈ R. He considers the product ∏_v ∏_{η∈HK} | |∫_{uη} ω^η_ψ | |_v and (after some modifications which we explain in Section 8) conjectures that this product evaluates to 1; see Conjecture 8.6 for the precise formulation. This conjecture implies a conjectural formula for the Faltings height of a CM abelian variety in terms of the logarithmic derivatives at s = 0 of certain Artin L-functions. Colmez proves the conjectures when E is an abelian extension of Q, see Theorem 8.10. On the way, he computes ∏ η∈H_K | |∫_{uη} ω^η_ψ | |_v at a finite place v in terms of the local factor at v of the Artin L-series associated with an Artin

character a^0_{E,ψ,Φ} : Gal(Q^{alg} /Q) → C that only depends on E, ψ and Φ but not on X and v; see Theorem 8.3. There has been further progress on Colmez’s conjecture on which we report in Section 8.

We point out that Colmez’s formulation generalizes various previous results. Namely, when [E : Q] = 2 his Theorem 8.10 is equivalent to the formula proved by Lerch [Ler97] and rediscovered by Chowla-Selberg [SC67]

ζ^′_E (0) ζ_E (0) = 1 12 # Pic(O_E ) ∑ [I]∈Pic(O_E ) log ( Δ(I)Δ(I^{−1}) ) , (1.3)

where Δ(I) is the modular discriminant of the lattice I ⊂ E ⊂ C . A new geometric proof of (1.3) was given by Gross [Gro78], who together with Deligne conjectured a generalization to a formula for the archimedean periods of certain CM motives up to multiplication by algebraic numbers. Anderson [And82] reformulated the Gross-Deligne conjecture in terms of the logarithmic derivative of an L-function at s = 0 and proved it when the CM field E is abelian over Q. Colmez added the consideration of the non-archimedean periods and thus removed the ambiguity of the algebraic factors in Anderson’s theorem.

1.4. There is a beautiful analog to the theory of elliptic curves and abelian varieties in the “Arithmetic of function fields”. Namely, Drinfeld [Dri76] invented the analog of elliptic curves under the name “elliptic modules”. These are today called Drinfeld modules, see Section 9. Since then, the arithmetic of function fields has evolved into an equally rich parallel world to the arithmetic of number fields. As higher dimensional generalizations of Drinfeld modules and analogs of abelian varieties, Anderson [And86] has defined abelian t-modules and the dual notion of t-motives, which are a kind of “global Dieudonné-modules” for abelian t-modules, see Remark 9.3. They can be slightly generalized to A-motives as follows. In the notation of § 1.2 let ∞ be a fixed closed point on C and let A = Γ(C ∖ {∞}, O_C ) = {a ∈ A: v(a) ≥ 0 for all v ≠ ∞}. Let K ⊂ Q^{alg} be a finite field extension of Q. We write A_K := A ⊗_{Fq} K and consider the endomorphism σ^∗ := id_A ⊗ Frob_{q,K} of A_K , where Frob_{q,K} (b) = b^q for b ∈ K. For an A_K -module M we set σ^∗M := M ⊗_{AK ,σ}∗ A_K and for a homomorphism f : M → N of

A_K -modules we set σ^∗f := f ⊗ id_{AK} : σ^∗M → σ^∗N. Let γ : A → K be the inclusion A ⊂ Q ⊂ K, and set J := (a ⊗ 1 − 1 ⊗ γ(a): a ∈ A) ⊂ A_K . Then γ can be recovered as the homomorphism A → A_K /J = K.

Definition 1.5. An (effective) A-motive of rank r and dimension d over K is a pair M = (M, τ_M ) consisting of a locally free A_K -module M of rank r and an A_K -homomorphism τ_M : σ^∗M → M such that

(a) dim_K (coker τ_M ) = d.

(b) (a − γ(a))^d · coker τ_M = 0 for all a ∈ A.

We write rk M := r and dim M := d.

A-motives possess cohomology realizations in analogy with abelian varieties, see Section 13.

1.6. Let us now explain the analog of Colmez’s theory from § 1.3 which was developed by the authors in [HS20]. Let M be a uniformizable A-motive defined over a finite extension K ⊂ Q^{alg} of Q with complex multiplication by the ring of integers in a CM-algebra E and of CM-type Φ, see Sections 13.1 and 15 for explanations. Assume that K contains ψ(E) for every ψ ∈ H_E := Hom_Q(E, Q^{alg}). For a ψ ∈ H_E let ω_ψ ∈ H^1_{dR}(M, K[[z − ζ]]) be a non-zero cohomology class such that b^∗ω_ψ = ψ(b) · ω_ψ for all b ∈ E, see Section 13.3. For every embedding η : K → Q^{alg}, let M^η := M ⊗_{K,η} η(K) and ω^η_ψ ∈ H^1_{dR}(M^η , η(K)[[z − ζ]]) be deduced from M and ω_ψ by base extension. Let (u_η)_η ∈ ∏ η∈H_K H1,Betti(M

η, A) be a family of cycles, see Section 13.1. Let v be a place of Q. If v = ∞ the comparison isomorphism between Betti and de Rham cohomology (Theorem 13.18) yields an element ∫ u_η ω η ψ in the completion C_∞ of Q^{alg}_∞ with respect to | . |_∞ and its absolute value | |∫_{uη} ω^η_ψ | |_∞ ∈ R. If v corresponds to a maximal

ideal of A, the period isomorphism between v-adic and de Rham cohomology (Theorem 14.12) gives a period ∫ u_η ω η ψ in the analog C_v ((z_v − ζ_v)) of Fontaine’s p-adic period field B_{p,dR} and an absolute value | |∫_{uη} ω^η_ψ | |_v ∈ R, see Definition 14.14. We consider the product ∏ v ∏ η∈H_K | |∫_{uη} ω^η_ψ | |_v and (after some modifications analogous to

Colmez’s which we explain in Section 17) we conjecture that this product evaluates to 1; see Conjecture 17.6 for the precise formulation. In [HS20] we have computed ∏ η∈H_K | |∫_{uη} ω^η_ψ | |_v at all finite places v ≠ ∞ in terms of the

local factor at v of the Artin L-series associated with an Artin character a^0_{E,ψ,Φ} : Gal(Q^{alg}/Q) → C that only depends on E, ψ and Φ but not on M and v; see Theorem 17.3.

If M is the A-motive associated with a Drinfeld module G, then Conjecture 17.6 is equivalent to a formula for the Taguchi height (Definition 16.3) of G in terms of the logarithmic derivatives at s = 0 of an Artin L-function. This formula was established by Fu-Tsun Wei [Wei20] by first proving the function field analogs of Kronecker’s limit theorem and Lerch’s formula 1.3, see Theorem 17.10 below. Previously, formulas of Chowla-Selberg type expressing the periods at ∞ of CM Drinfeld modules in terms of Γ-values were obtained by Thakur [Tha91] for certain CM-fields. Also when proving his results in [And82] Anderson had considered the analogous case of A-motives, but without publishing his results.

This survey contains no new results, except for Theorems 13.20 and 17.8 which give a formula for the Taguchi height of a Drinfeld module with complex multiplication. Our presentation summarizes material from various sources. But all shortcomings of the exposition are solely due to the authors. We describe the content of the individual sections of this survey. In Part I we first define elliptic curves and abelian varieties and discuss their torsion points in Section 2. Section 3 is concerned with simple and semi-simple abelian varieties and their endomorphism rings. In Section 4 we review the singular (co-)homology, Tate modules and the ℓ-adic (co-)homology, and the de Rham (co-)homology of abelian varieties and period isomorphisms between these (co- )homologies. The period isomorphism between ℓ-adic and de Rham (co-)homology is explained in Section 5. It is based on the concept of p-divisible groups, which we also review in this section. The definition of complex multiplication of abelian varieties, of CM-fields, CM-algebras and CM-types is explained in Section 6. A short review of the Faltings height of an abelian variety fills Section 7. Finally, in Section 8 we discuss Colmez’s conjecture alluded to in § 1.3 above.

In Part II we discuss the analog of Colmez’s theory in the “Arithmetic of function fields”. We define Drinfeld modules and A-motives in Section 9, and isogenies and semi-simplicity in Section 10, where we also describe the endomorphism rings of semi-simple A-motives. The analytic theory of Drinfeld modules via lattices is explained in Section 11. Section 12 is devoted to torsion points and Tate modules of Drinfeld modules. In Section 13 we review the singular (co-)homology, Tate modules and the v-adic (co-)homology, and the de Rham (co-)homology of A-motives and period isomorphisms between these (co-)homologies. The period isomorphism between v-adic and de Rham (co-)homology is explained in Section 14. It is based on the concept of z-divisible local Anderson modules and local shtukas, which we also review in this section. In Section 15 we introduce the concept of complex multiplication of A-motives and of their CM-types. Section 16 contains a brief review of the Taguchi height of a Drinfeld module. Then in Section 17 we present the theory of the authors on the product formula for periods of A-motives analogous to Colmez’s conjecture. In the last Section 18 we compute an interesting example for this product formula where Q and C have genus 1.

Contents

1 Introduction 1

I Abelian Varieties and Elliptic Curves 5

2 Basic Definitions 5 3 Semi-simple Abelian Varieties 7 4 Cohomology 8 4.1 Singular Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 4.2 ℓ-adic Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 4.3 De Rham Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 5 p-divisible Groups and the p-adic Period Isomorphism 12 6 Complex Multiplication 14 7 The Faltings Height of an Abelian Variety 16 8 Colmez’s Conjecture on Periods of CM Abelian Varieties 16

II Drinfeld Modules and A-motives 20

9 Basic Definitions 20 10 Isogenies and Semi-simple A-Motives 23 11 Analytic Theory of Drinfeld Modules 24 12 Torsion Points and v-adic Cohomology of Drinfeld Modules 25 13 Cohomology Realizations and Period Maps for A-Motives 26 13.1 Uniformizability and Betti Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 13.2 v-adic Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 13.3 De Rham Cohomology and Period Isomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 14 Local Shtukas and the v-adic Period Isomorphism 32 15 Complex Multiplication 35 16 The Taguchi height of a Drinfeld module 37 17 The Analog of Colmez’s Conjecture for CM A-Motives 39 18 Example 49

References 55

Part I

Abelian Varieties and Elliptic Curves

Our exposition of the theory of abelian varieties and elliptic curves follows [Mum70, Mil86, Mil08, Sil86, DS05], which serve as background material for this article.

2 Basic Definitions

Notation 2.1. As usual we denote by Q and R the fields of rational and real numbers, respectively, by Z the ring of integers and by N_0 , respectively N_{>0} the set of non-negative, respectively positive integers. By a place of Q we mean either ∞ or a maximal ideal v = (p) ⊂ Z for a prime number p ∈ N_{>0} . It defines a normalized absolute value | . |_v : Q → R_{≥0} given for v = ∞ by the usual absolute value |x|_∞ = x if x ≥ 0 and |x|_∞ = −x if x ≤ 0, and for v = (p) by the p-adic absolute value |x|_v := |x|_p = p^{−vp(x)} where v_p(x) = n if x = p^{n a}_b with a, b ∈ Z and p ∤ ab. Let Q_v be the completion of Q with respect to the valuation v, that is Q_∞ = R and Q_v = Q_p for v = (p). Let Q^{alg}_v be a fixed algebraic closure of Q_v and let C_v be the completion of Q^{alg}_v with respect to the canonical extension of the absolute value | . |_v to Q^{alg}_v . Note that C_v is algebraically closed. It equals the field of complex numbers C when v = ∞, and is usually denoted C_p when v = (p). We also fix an algebraic closure Q^{alg} of Q and an embedding Q^{alg} → Q^{alg}_v for every place v of Q. We let O_{Cp} be the ring of integers of C_p .

Definition 2.2. Let K be an arbitrary field, let K^{alg} be a fixed algebraic closure and let K^{sep} be the separable closure of K in K^{alg}, and G_K := Gal(K^{sep}/K). We mean by a (smooth) group variety over K an irreducible smooth separated scheme G of finite type over K with a group law mult : G ×_K G → G, an inverse map inv : G → G and a K-rational point 0 ∈ G(K), the identity element, such that mult and inv are morphisms of varieties satisfying the usual axioms, see [Mum70, Chapter III, § 11]. A morphism of group varieties is a morphism of varieties which is also a homomorphism of groups.

For a group variety G over K, let Lie(G) = T_0G be the tangent space to G at the identity element 0. It is also called the Lie algebra of G. For every endomorphism f of G we let Lie(f) be the induced endomorphism of Lie G.

Definition 2.3. An elliptic curve over a field K is a smooth projective curve E of genus 1, together with a distinguished point 0 ∈ E(K). Every such can be written as a smooth projective plane curve which is the zero locus of an equation

Y^2Z + a_1XY Z + a_3Y Z^2 = X^3 + a_2X^2Z + a_4XZ^2 + a_6Z^3 with a_i ∈ K (2.1)

and with distinguished point 0 = (0 : 1 : 0). It carries a group law making it into a commutative group variety with identity element 0 (see [Sil86, Hus04]).

Let E be an elliptic curve over C . Then E(C ) inherits a complex structure as a sub-manifold of P^2(C ). It is a complex manifold (because E is nonsingular) and compact (because it is closed in the compact space P^2(C )). It is connected and carries a commutative group structure. Therefore, E is a compact connected complex Lie group of dimension 1. Let T_0E(C ) be the tangent space of E(C ) at the identity element 0. It is also called the Lie algebra of E(C ) and denoted Lie E. Then there is a unique homomorphism

exp : T_0E(C ) → E(C )

of complex Lie groups such that, for each v ∈ T_0E(C ), z → exp(zv) is the one parameter subgroup^1 f_v : C → E(C ) corresponding to v. The differential of exp at 0 is the identity map

T_0E(C ) → T_0E(C ),

1 For a complex Lie group G, a one parameter subgroup of G is a holomorphic homomorphism f : C → G. In complex analysis one proves that for every tangent vector v to G at e, there is a unique one-parameter subgroup f_v : C → G such that f_v (0) = e and (df_v )(1) = v, see [Hoc65, pp. 79 and 195].

and the map exp is surjective, and its kernel is a lattice Λ = Λ(E) in the complex vector space T_0E(C ). So E(C ) ∼= C /Λ as a complex Lie group (for more details see [Mum70, Chapter I, § 1]).

Now we explain how one associates an elliptic curve with a lattice. Let Λ be a lattice in C , that is, a discrete Z-module Λ ⊂ C which is free of rank 2. With Λ, we associate its Weierstrass ℘-function

℘_Λ(z) = 1 z^2 + ∑ ω∈Λ∖{0} 1 (z − ω)^2 − 1 ω^2

. (2.2)

Then ℘_Λ(z) is Λ-invariant and meromorphic on C with poles of order 2 at all ω ∈ Λ. It satisfies the equation

℘^′_Λ(z)^2 = 4℘^3_Λ(z) − g_2(Λ)℘_Λ(z) − g_3(Λ) (2.3)

where g_2(Λ) = 60G_4(Λ) and g_3(Λ) = 140G_6(Λ), and

G_k(Λ) = ∑ ω∈Λ−{0} 1 ω^k , is the Eisenstein series of the lattice Λ for k > 2 even. g_2 and g_3 satisfy the relation

Δ := g^3_2 − 27g^2_3 ≠ 0. (2.4)

This means ( ℘_Λ(z), ℘^′_Λ(z) ) ∈ C^2 for z /∈ Λ is a point on the smooth affine curve E^{aff}_Λ (since Δ ≠ 0) with equation

Y^2 = 4X^3 − g_2X − g_3 (2.5) and ( ℘_Λ(z) : ℘^′_Λ(z) : 1 ) ∈ P^2(C ) for all z ∈ C is a point on the projective model of the above curve with equation

Y^2Z = 4X^3 − g_2XZ^2 − g_3Z^3. (2.6)

The above yields a biholomorphic isomorphism of the complex torus C /Λ with E_Λ(C ), well-defined through its restriction to (C ∖ Λ)/Λ by z → ( ℘_Λ(z) : ℘^′_Λ(z) : 1 ) . Note that E_Λ(C ) inherits a group structure from C /Λ, which may however be defined in purely algebraic terms on the algebraic curve E_Λ, and which turns E_Λ into an elliptic curve. This is the elliptic curve associated with the lattice Λ. In fact, each elliptic curve E over C has the form E = E_Λ for some lattice Λ as above, and two such, E_Λ and E_Λ′ , are isomorphic as elliptic curves (i.e., as algebraic curves through some isomorphism preserving the group structures) if and only if Λ^′ and Λ are homothetic, that is, Λ^′ = cΛ for some c ∈ C^× .

Definition 2.4. An abelian variety over a field K is a smooth projective connected group variety. The group law is automatically commutative; see [Mum70, Chapter II, § 4, Corollary 2]. Abelian varieties are higher-dimensional generalizations of elliptic curves, which in turn are abelian varieties of dimension 1.

A homomorphism f : X → Y between abelian varieties over K is a morphism of varieties over K which is compatible with the group structure. The abelian group of homomorphisms f : X → Y over K is denoted Hom_K (X, Y ) and we write End_K (X) = Hom_K (X, X). We also write QHom_K (X, Y ) = Hom_K (X, Y ) ⊗_Z Q and QEnd_K (X) = QHom_K (X, X) = End_K (X) ⊗_Z Q. For an abelian variety X over K and an integer m ∈ Z, there is an endomorphism [m] ∈ End_K (X) given as the multiplication by m on the points. Thus if m > 0, then

[m](P ) = P + P + · · · + P (m times)

For m < 0, we set [m](P ) = [−m](−P ), and we define [0](P ) = 0.

A morphism f : X → Y between abelian varieties is an isogeny if it is surjective with finite kernel. Every isogeny is finite, flat, surjective, see [Mil86, Proposition 8.2]. The degree of an isogeny f : X → Y is its degree as a regular map, i.e., the degree of the field extension [K(X) : f^∗K(Y )]. If there exists an isogeny X → Y defined over K we will say that X and Y are isogenous over K and write X ≈_K Y . Note that ≈_K is an equivalence relation. In fact, for every isogeny f : X → Y there is an isogeny g : Y → X such that g ∘ f = [n] on X for some n ∈ Z, see [Mil08, Remark 6.5]. This means that f becomes invertible in QHom_K (X, Y ), in the sense that f^{−1} := g ⊗^1_n ∈ QHom_K (Y, X) is its inverse.

Remark 2.5. (a) Let X and Y be abelian varieties over K. If X and Y are isogenous over K via an isogeny f, then QEnd_K (X) ∼= QHom_K (X, Y ) ∼= QEnd_K (Y ), h → f ∘ h → f ∘ h ∘ f^{−1}.

More precisely, QHom_K (X, Y ) is a free right QEnd_K (X)-module of rank 1 and a free left QEnd_K (Y )-module of rank 1. If X and Y are not isogenous then QHom_K (X, Y ) = (0).

(b) The homomorphism [m] ∈ End_K (X) is an isogeny of degree m^{2g} , where g = dim X. It is always étale when K has characteristic zero, and when K has characteristic p > 0 it is étale if and only if p does not divide m, see [Mum70, Chapter II, § 6].

(c) The kernel X[m] := ker([m]: X → X) is a finite group scheme over K of order m^{2g}.

Definition 2.6. Let X be an abelian variety and let m ∈ Z with m ≥ 1. The m-torsion subgroup of X, denoted by X[m](K^{alg}), is the subgroup of points of X(K^{alg}) of order m,

X[m](K^{alg}) = {P ∈ X(K^{alg}) : [m]P = 0}.

It equals the group of K^{alg}-valued points of the finite group scheme X[m].

Remark 2.7. For any m not divisible by the characteristic of K, X[m](K^{alg}) has order m^{2g} and is contained in X(K^{sep}). Since this is also true for any n dividing m, X[m](K^{alg}) must be a free Z/mZ-module of rank 2g.

Finally, if X is an abelian variety over C of dimension g, then X(C ) is isomorphic to a complex torus C^g /Λ,

X(C ) ∼= C^g /Λ

for some lattice Λ = Λ(X) in C^g under an isomorphism of complex manifolds which preserves the group structures. Here Λ ⊂ C^g is a discrete Z-submodule which is free of rank 2g. However, when g > 1, not every lattice Λ ⊂ C^g arises from an abelian variety, that is, the quotient C^g /Λ of C^g by an arbitrary lattice Λ does not always arise from an abelian variety. There is a criterion on Λ for when C^g /Λ is an algebraic (hence abelian) variety, namely, that (C^g , Λ) admits a Riemannian form^2, see [Mum70, Chapter I, § 3].

3 Semi-simple Abelian Varieties

Theorem 3.1. For two abelian varieties X and Y over a field K the Z-module Hom_K (X, Y ) is finite projective of rank ≤ (2 dim X) · (2 dim Y ).

Proof. See for example [Mum70, Chapter IV, § 19, Corollary 1].

Definition 3.2. Let X be an abelian variety over K. Then X is called

(a) simple over K if X is non-trivial and there does not exist an abelian subvariety Y ⊂ X over K other than (0) and X.

(b) semi-simple over K if X is isogenous over K to a direct product of simple abelian varieties, i.e. X ≈_K X_1 ×_K . . . ×_K X_n with X_i simple.

Remark 3.3. The Theorem of Poincaré and Weil [Mil08, Proposition 9.1] states that any abelian variety is semi-simple over K. More precisely, for any abelian variety X over K, there are simple abelian subvarieties X_1, · · · , X_n ⊂ X such that the map X_1 ×_K · · · ×_K X_n → X, (a_1, · · · , a_n) → a_1 + · · · + a_n is an isogeny. The proof of this is analogous with a standard proof for the semi-simplicity of a representation of a finite group G on a finite-dimensional vector space over Q, see [Mil08, Remark 9.2].

Let X be a simple abelian variety, and let 0 ≠ f ∈ End_K (X). Then f is an isogeny, because by the simplicity of X, the image of f equals X and the connected component of ker f equals {0}, as both are abelian subvarieties. So f is surjective with finite kernel. From this it follows that QEnd_K (X) is a division algebra or equivalently a skew-field, i.e., a ring, possibly non commutative, in which every nonzero element has an inverse.

Remark 3.4. Let X be a simple abelian variety over K, and let D = QEnd_K (X). Then QEnd_K (X^n) = M_n(D) is the ring of n × n matrices with coefficients in D.

Now consider an arbitrary abelian variety X. Then X is isogenous over K to a product X^{n1}_1 ×_K · · · ×_K X^{nr}_r , where each X_i is simple, and X_i is not isogenous to X_j for i ≠ j over K. The above remarks show that

QEnd_K (X) ∼= ∏ M_{ni} (D_i), D_i = QEnd_K (X_i).

2For a complex torus V /Λ where V is a complex vector space and Λ is a full lattice in V , a skew-symmetric form F : Λ×Λ → Z, that is F (w, v) = −F (v, w), extended to a skew-symmetric R-bilinear form F_R : V × V → R is a Riemannian form if F_R(iv, iw) = F_R(v, w) and the associated Hermitian form H : V × V → C with H(v, w) := F_R(iv, w) + i F_R(v, w) and F_R(v, w) = Im(H(v, w)) is positive definite.

Since End_K (X) is a free Z-module of finite rank ≤ (2 dim X)^2 we know that QEnd_K (X) is a finite dimensional Q-algebra.

In the following we recall a few facts about semi-simple algebras. Let Q be a field, let B be a semi-simple Q-algebra of finite dimension, and let B = ∏ B_i be its decomposition into a product of simple algebras B_i. A simple Q-algebra is isomorphic to a matrix algebra over a division Q-algebra. The center of each B_i is a field F_i, and each degree [B_i : F_i] is a square. The reduced degree of B over Q is defined to be

[B : Q]_{red} = ∑ i [B_i : F_i]^{1/2}[F_i : Q].

For any field Q^′ containing Q,

[B : Q] = [B ⊗_Q Q^′ : Q^′] and [B : Q]_{red} = [B ⊗_Q Q^′ : Q^′]_{red}.

Proposition 3.5 ([Mil06, Proposition 1.2]). Let B be a semi-simple Q-algebra which is finite dimensional over Q. For any faithful B-module M, dim_Q M ≥ [B : Q]_{red};

and there exists a faithful module for which equality holds if and only if the simple factors of B are matrix algebras over their centers.

Proposition 3.6 ([Mil06, Proposition 1.3]). Let char(Q) = 0 and let B be a semi-simple Q-algebra. Every maximal étale Q-subalgebra of B has degree [B : Q]_{red} over Q. Here we mean by an étale Q-algebra a finite product of finite separable field extensions of Q.

4 Cohomology

4.1 Singular Cohomology

Let X be an abelian variety of dimension g over C . Let V be the tangent space of X at the identity element and let Λ be the kernel of the exponential map exp : V → X. Now the space V ∼= C^g is simply connected, and exp : V → X is a covering map, therefore it realizes V as the universal covering space of X, and so π_1(X) is its group of covering transformations, which is Λ. In particular, it is abelian. As for any good topological space we obtain for the singular cohomology of X

H^1(X, Z) ∼= Hom_{groups}(π_1(X), Z) = Hom_Z(Λ, Z).

Since we have seen that X is a complex torus of dimension g, it is isomorphic to (R/Z)^{2g} = (S^1)^{2g} as a real Lie group, where S^1 is the circle group. We claim that for all r ∈ N_{>0} ⋀_r H^1(X, Z)^∼−→ H^r(X, Z)

under the natural map defined by the cup product. Indeed, by the Künneth formula if the above map is an isomorphism for spaces X_1 and X_2 with finitely generated cohomologies, then it is an isomorphism for X_1 ×_K X_2. Since it is an isomorphism for S^1 for all r ≥ 0, where the module is (0) for r ≥ 2, the result for X follows.

Since X is compact and orientable and H^r(X, Z) is torsion free, the duality theorems gives us for the singular homology of X H_r(X, Z) ∼= H^r(X, Z)^∨ and in particular H_1(X, Z) = Λ .

4.2 ℓ-adic Cohomology

We follow [Mil86, § 15]. Let X be an abelian variety of dimension g over a field K, and let ℓ be a prime different from char(K). Recall that, for any m not divisible by the characteristic of K, X[m](K^{sep}) has order m^{2g}. Define the ℓ-adic Tate module of X as T_ℓ(X) = lim_{←−} ( X[ℓ^n](K^{sep}), [ℓ] ) . It follows that T_ℓ(X) is a free Z_ℓ-module of rank 2g. There is a continuous action of G_K on this module.

Let X and Y be two abelian varieties over K. A homomorphism f : X → Y induces a homomorphism X[ℓ^n] → Y [ℓ^n], and hence a homomorphism T_ℓ(f) : T_ℓ(X) → T_ℓ(Y ), (a_1, a_2, · · · ) → ( f(a_1), f(a_2), · · · ) . Therefore, T_ℓ is a functor from abelian varieties to Z_ℓ-modules. It is easy to see that for any prime ℓ ≠ char(K), the natural map Hom_K (X, Y ) → Hom_{Zℓ}(T_ℓ(X), T_ℓ(Y )) is injective. From this one obtains that the Z-algebra Hom_K (X, Y ) of morphisms X → Y of group varieties is torsion-free. The following theorem was conjectured by Tate [Tat66] and proved by him for finite fields K. It was proved by Zarhin [Zar75] for fields of positive characteristic and by Faltings [Fal83, Fal84b] for fields of characteristic zero.

Theorem 4.1 (Tate conjecture for abelian varieties). Let X and Y be two abelian varieties over a finitely generated field K and let ℓ be a prime different from the characteristic of K. Then the natural map Hom_K (X, Y ) ⊗_ZZ_ℓ → Hom_{Zℓ[GK ]}(T_ℓX, T_ℓY ), f ⊗ a → a · T_ℓ(f) is an isomorphism of Z_ℓ-modules.

The theorem is known to fail for some classes of fields which are not finitely generated (e.g. local fields and of course algebraically closed fields).

Now we write X_Kalg := X ×_K Spec K^{alg} and denote by π^{ét}_1 (X_Kalg , 0) the étale fundamental group, then H^1_{ét}(X_Kalg , Z_ℓ) ∼= Hom^{cont}(π^{ét}_1 (X_Kalg , 0), Z_ℓ).

For each n the map [ℓ^n] : X → X is a finite étale covering of X with group of covering transformations X[ℓ^n](K^{sep}). By definition π^{ét}_1 (X_Kalg , 0) classifies such coverings, and therefore there is a canonical epimorphism π^{ét}_1 (X_Kalg , 0) ↠ X[ℓ^n]. On passing to the inverse limit, we get an epimorphism π^{ét}_1 (X_Kalg , 0) ↠ T_ℓ(X), and consequently an injection Hom_{Zℓ}(T_ℓ(X), Z_ℓ) → H^1_{ét}(X_Kalg , Z_ℓ), which actually is an isomorphism, see [Mil86, Theorem 15.1]. So we obtain for the first ℓ-adic homology group of X H_{1,ét}(X_Kalg , Z_ℓ) = T_ℓ(X) and H_{1,ét}(X_Kalg , Q_ℓ ) = T_ℓ(X) ⊗_{Zℓ} Q_ℓ , and for the first ℓ-adic cohomology group of X H^1_{ét}(X_Kalg , Z_ℓ) = H_{1,ét}(X_Kalg , Z_ℓ)^∨ and H^1_{ét}(X_Kalg , Q_ℓ ) = H_{1,ét}(X_Kalg , Q_ℓ )^∨.

By [Mil86, Theorem 15.1] the cup product pairings define isomorphisms

H_{r,ét}(X_Kalg , Z_ℓ) ∼= ⋀_r H_{1,ét}(X_Kalg , Z_ℓ) and H^r_{ét}(X_Kalg , Q_ℓ ) ∼= ⋀_r H^1_{ét}(X_Kalg , Q_ℓ ).

Now, over the field K = C the choice of an isomorphism X(C ) ∼= C^g /Λ determines X[m](C ) ∼= m^{−1}Λ/Λ. Then T_ℓ(X) = lim_{←−} ( X[ℓ^n](C ), [ℓ] ) ∼ = lim_{←−} ( ℓ^{−n}Λ/Λ, multiplication with ℓ ) ∼= lim_{←−}(Λ ⊗_Z(Z/ℓ^nZ), mod ℓ^n) ∼= Λ ⊗_Zlim_{←−}(Z/ℓ^nZ), because Λ is a free Z-module ∼= Λ ⊗_ZZ_ℓ. Taking duals and exterior powers, we can summarize the results as a Theorem 4.2. For every abelian variety X over C there are canonical comparison isomorphisms between singular and ℓ-adic (co-)homology H^r_{ét}(X, Z_ℓ) ∼= H^r(X, Z) ⊗_ZZ_ℓ and H_{r,ét}(X, Z_ℓ) ∼= H_r(X, Z) ⊗_ZZ_ℓ .

Example 4.3. Also for the multiplicative group scheme G_m := G_{m,Q} = Spec Q[x, x^{−1} ] there is a period isomorphism between H_1(G_m (C ), Z) ⊗_Z Z_ℓ and H_{1,ét}(G_{m,C} , Z_ℓ). Namely, H_1(G_m (C ), Z) = Z · u, where u: [0, 1] → G_m (C ) = C^× is the cycle given by u(s) = exp(2πis). Also let ε^{(n)}_ℓ := exp(2πi/ℓ^n) ∈ Q^{alg} ⊂ C . It is a primitive ℓ^nth root of unity with (ε^{(n+1)}_ℓ )^ℓ = ε^{(n)}_ℓ for all n. Let ε_ℓ := (ε^{(n)}_ℓ )_{n∈N} ∈ T_ℓG_m . Then H_{1,ét}(G_{m,C} , Z_ℓ) = T_ℓG_m = ε^{Zℓ}_ℓ and the comparison isomorphism

H_1(G_m (C ), Z) ⊗_ZZ_ℓ^∼−→ H_{1,ét}(G_{m,C} , Z_ℓ)

sends u to ε_ℓ. This can be seen from the exact sequence 0 → Z = π_1(C^× ) → C^{exp(2πi • )}−−−−−−−−→ C^× → 0 and the induced comparison isomorphism π_1(C^× ) ⊗_ZZ_ℓ^∼−→ T_ℓG_m , 1 → ( exp(2πi/ℓ^n) ) n∈N. 4.3 De Rham Cohomology

We will now explain the construction of the Dolbeault complex associated with X which is an analog of the de Rham complex for complex manifolds. Let X be an abelian variety over C .

Let C^n = ⊕_{p+q=r}C^{p,q} be the sheaf of C^∞ complex valued differential n-forms, where C^{p,q} is the sheaf of C^∞ complex valued differential forms of type (p, q). In terms of local coordinates, let (z_1, · · · , z_g ) be a holomorphic coordinate system. First we decompose the complex coordinates into their real and imaginary parts: z_j = x_j +iy_j for each j. Letting dz_j = dx_j +idy_j , dz̄_j = dx_j −idy_j , one sees that any differential 1-form with complex coefficients can be written uniquely as a sum_n ∑ j=1 (f_j dz_j + g_j dz̄_j ) ,

for C -valued C^∞-functions f_j and g_j . Let C^{1,0} be the sheaf of C^∞ complex valued differential 1-forms where all g_j are zero, and let C^{0,1} be the sheaf of C^∞ complex valued differential 1-forms where all f_j are zero. Then the space C^{p,q} of type (p, q)-forms is defined by taking linear combinations of the wedge products of p elements from C^{1,0} and q elements from C^{0,1}. Symbolically, C^{p,q} = p⋀ C^{1,0} ∧ q⋀ C^{0,1}

In particular for each n and each p and q with p + q = n, there are canonical projection maps which we denote by π^{(p,q)} : C^n → C^{p,q}. The exterior derivative defines a map d : C^n → C^{n+1} i.e. if φ ∈ C^{p,q} then d(φ) ∈ C^{p+1,q} ⊕ C^{p,q+1}. Using d and the projections maps, it is possible to define the operators: ∂ = π^{p+1,q} ∘ d : C^{p,q} → C^{p+1,q} , ¯∂ = π^{p,q+1} ∘ d : C^{p,q} → C^{p,q+1} In terms of local coordinates z = (z_1, · · · z_g) we can write φ ∈ C^{p,q} as φ = ∑ #I=p, #J=q f_{IJ} dz_I ∧ dz̄_J ∈ C^{p,q}

where I and J are multi-indices and dz_I = ⋀ i∈I dz_i and dz̄_I = ⋀ i∈I dz̄_i. Then ∂φ = ∑ #I=p, #J=q ∑ i ∂f_{IJ} ∂z_i dz_i ∧ dz_I ∧ dz̄_J and ¯∂φ = ∑ #I=p, #J=q ∑ i ∂f_{IJ} ∂z̄_i dz̄_i ∧ dz_I ∧ dz̄^J .

It is not difficult to see the following properties: d = ∂ + ¯∂ ∂^2 = ¯∂^2 = ∂ ¯∂ + ¯∂∂ = 0.

Then the Poincaré lemma gives that the complex 0 → C → C^{0 d}−→ C^{1 d}−→ · · · is a fine resolution of the constant sheaf C . It is called the de Rham resolution. We define the de Rham cohomology as the cohomology of this complex i.e.

H^n_{dR}(X, C ) =

{global n-forms φ ∈ C^n(X) on X which are d-closed, i.e. dφ = 0} {dψ : where ψ ∈ C^{n−1}(X) is a global (n − 1)-form on X} . Let V = T_0X be the tangent space to X at 0 (regarded as a complex vector space). Let T^∨ = Hom_C (V, C ) be the complex cotangent space to X at 0 and T^∨ = Hom_{C -antilinear}(V, C ). Then from linear algebra

Hom_R(V, C ) ∼= Hom_C (V, C ) ⊕ Hom_{C -antilinear}(V, C ) i.e. Hom_R(V, C ) ∼= T^∨ ⊕ T^∨, and ⋀_r Hom_R(V, C ) ∼= ⨁ p+q=r ⋀_p T^∨ ⊗ ⋀_q T^∨

By translation under the group law on X every complex co-vector φ ∈ ∧^pT^∨ ⊗ ∧^qT^∨ extends to a unique translation invariant ω_φ ∈ C^{p,q} , and therefore every complex co-vector φ ∈ ∧^r Hom_R(V, C ) extends to a unique translation invariant form ω_φ belonging to C^n. For all d-closed n-forms ω, there is unique translation invariant ω_φ for φ ∈ ∧^n Hom_R(V, C ), such that

ω − ω_φ = dη, for some (n − 1)-form η.

Therefore, H^r_{dR}(X, C ) ∼= ⋀_r Hom_R(V, C ), and has the decomposition

H^r_{dR}(X, C ) ∼= ⨁ p+q=r ⋀_p T^∨ ⊗ ⋀_q T^∨.

For the sheaf Ω^p := ker( ¯∂ : C^{p,0} → C^{p,1}) of holomorphic p-forms on X we know from [Mum70, Chapter I, § 1, Theorem] that H^q(X, O_X ) ∼= ⋀_q T^∨ and H^q(X, Ω^p) ∼= ⋀_p T^∨ ⊗ ⋀_q T^∨, so H^r_{dR}(X, C ) ∼= ⨁ p+q=r H^{p,q} (X), where H^{p,q} (X) := H^q (X, Ω^p).

This is the famous Hodge decomposition.

Now we obtain the de Rham isomorphism

H^1(X, C ) = H^1(X, Z) ⊗_ZC = Hom_Z(Λ, Z) ⊗_ZC = Hom_R(V, C ) ∼= H^1_{dR}(X, C ).

Then, H^n_{dR}(X, C ) ∼= H^n(X, Q) ⊗_Q C . Note that complex conjugation on the right tensor factor of the target defines a conjugate-linear automorphism of H^n_{dR}(X, C ). For more details see [Mum70, Chapter I, § 1]. Taking also exterior powers, we can summarize the results as a

Theorem 4.4 (De Rham isomorphism). For every abelian variety X over C there are canonical comparison isomorphisms between singular and de Rham cohomology

H^r_{dR}(X, C ) ∼= H^r(X, Z) ⊗_ZC .

Example 4.5. Also for the multiplicative group scheme G_m := G_{m,C} = Spec C [x, x^{−1} ] there is a de Rham isomorphism between H^1(G_m (C ), Z) and H^1_{dR}(G_m , C ) = C^{dx}_x . As in Example 4.3, the singular homology H_1(G_m (C ), Z) = Z · u, where u: [0, 1] → G_m (C ) = C^× is the cycle given by u(s) = exp(2πis). The de Rham isomorphism is given as the pairing

H_1(G_m , Z) × H^1_{dR}(G_m , C ) −→ C , (nu, ω) −→ n ∫ uω , (u,^{dx}_x ) −→ ∫ u dx x = 2πi. The corresponding isomorphism H^1(G_m , Z) ⊗_Z C^∼−→ H^1_{dR}(G_m , C ) sends the generator of H^1(G_m , Z), which is dual to u, to (2πi)^{−1} ·^{dx}_x .

5 p-divisible Groups and the p-adic Period Isomorphism

Let R be a commutative ring. Let p be a prime number, and h an integer ≥ 0. A p-divisible group G over R of height h is an inductive system (G_n, i_n), n ≥ 0 where

(a) G_n is a finite flat commutative group scheme of finite presentation over R of order p^{nh},

(b) for each n ≥ 0, 0 → G_n^{in}−→ G_{n+1}^{[pn]}−−→ G_{n+1} is exact (i.e., G_n can be identified via i_n with the kernel of multiplication by p^n in G_{n+1}).

These axioms for ordinary abelian groups would imply

G_n ∼= (Z/p^nZ)^h and G = lim−→ G_n = (Q_p /Z_p)^h.

A homomorphism f : G → H of p-divisible groups is defined in the obvious way: if G = (G_n, i_n), H = (H_n, i_n) then f is a system of homomorphisms f_n : G_n → H_n of group schemes over R, satisfying i_n ∘ f_n = f_{n+1} ∘ i_n for all n ≥ 1.

Example 5.1. Let G be a commutative group variety over a field K, which is either an abelian variety or G_m . We can associate a p-divisible group with G:

Define G[m] as the kernel of multiplication by m. Then (G[p^n], i_n) is a p-divisible group, where i_n denotes the obvious inclusion. This p-divisible group is sometimes denoted G[p^∞].

(a) If G = X is an abelian variety, then the height of G[p^∞] is 2 dim X.

(b) If G = G_m is the multiplicative group scheme, then G_m [p^∞] = lμ._p∞ := (lμ._pn , i_n) with height 1. Here

lμ.^{pn = Spec K[x]/(xpn − 1) is the group scheme of pn-th roots of unity.}

Let us see how p-divisible groups generalize Tate modules. Suppose p ≠ char(K). Then for a p-divisible group (G_n, i_n) of height h over K each G_n is a finite étale group scheme over K and each M_n := G_n(K^{sep}) is a discrete G_K -module of size p^{nh} annihilated by p^n and M_{n+1}[p^n] = M_n. It follows that M_n = (Z/p^nZ)^h. We can form two kinds of limits:

(i) the direct limit M_∞ = lim−→ M_n is (Q_p /Z_p)^h with a continuous G_K -action for the discrete topology, and (ii) multiplication by p on M_{n+1} provides a quotient map M_{n+1} ↠ M_n of discrete G_K -modules yielding an inverse limit T_p(M) = lim_{←−} M_n that is a finite free Z_p-module of rank h equipped with a continuous action of G_K for the p-adic topology.

We can recover the direct system (M_n, i_n) from both limits, namely M_n = M_∞[p^n] and M_n = T_p(M)/(p^n). The viewpoint of M_∞ explains the p-divisible aspect of the situation (since multiplication by p is surjective on (Q_p /Z_p)^h), whereas T_p(M) has a nicer Z_p-module structure. Since the étale group scheme G_n is uniquely determined by the G_K -module M_n, this proves:

Proposition 5.2. If K is a field with p ≠ char(K), then the functor G → T_p(G) is an equivalence from the category of p-divisible groups over K to the category of finite free Z_p-modules with continuous G_K -action.

On the other hand let K be a finite extension of Q_p and let X be an abelian variety over K. Assume that X has good reduction, i.e. there exists a smooth projective commutative group scheme X over O_K with X ∼= X ×_{OK} Spec K. Then X[p^n] admits an integral model G_n := X [p^n] with G_n = G_{n+1}[p^n] for all n ≥ 1 and G = (G_n, i_n) is a p-divisible group over O_K with G_K := G ×_{OK} Spec K ∼= X[p^∞].

Now due to Tate [Tat67] we know that if G and H are p-divisible groups over O_K then

Hom_{OK} (G, H)^∼−→ Hom_K (G_K , H_K ).

Remark 5.3. p-divisible groups over a perfect field k of characteristic p have a description via semi-linear algebra by their Dieudonné module. The latter is a finite free module M over the ring W (k) of p-typical Witt-vectors over k, equipped with a Frob_p-semi-linear morphism F : M → M, called Frobenius, and a Frob^{−1}_p -semi-linear morphism V : M → M, called Verschiebung, satisfying F V = p = V F .

This was generalized by Fontaine [Fon77] to p-divisible groups G over the ring of integers O_K of a finite field extension K of Q_p . Those p-divisible groups are described by the Dieudonné module D of the special fiber G ×_{OK} Spec k together with a decreasing exhaustive and separated filtration Fil^• on D_K = D ⊗_{K0} K satisfying Fil^0(D_K ) = D_K , Fil^2(D_K ) = (0), where K_0 = W (k)[p^{−1}] is the maximal unramified subextension of K.

Notation 5.4. Let O^♭_{Cp} := lim_{←−}(O_{Cp} , Frob_p) = {x = (x^{(n)})_{n∈N0} ∈ (O_{C p} )^{N0} : (x^{(n+1)})^p = x^{(n)}} and A_{inf} := W (O^♭_{Cp} )

be the ring of Witt vectors. Every element of A_{inf} can be written in the form ∑_∞ i=0[x_i]p^i where [x] denotes the Teichmüller lift of the element x = (x^{(n)})_n ∈ O^♭_{Cp} . Let Θ : A_{inf} [^1_p ] ↠ C_p be the morphism sending ∑ i[x_i]p^i to ∑ i x^{(0)}_i p^i. The de Rham period ring B^+_{p,dR} is the completion of A_{inf} [^1_p ] at the maximal ideal ker Θ and B_{p,dR} := Frac(B^+_{p,dR} ) is the field of p-adic periods. The de Rham period ring B^+_{p,dR} is a complete discrete valuation ring with residue field C_p and maximal ideal ker Θ. One can show that the ideal ker Θ ⊂ A_{inf} is principal and generated by an element [p^♭] − p ∈ A_{inf} , where p^♭ = (p, p^{1/p}, p^{1/p2} , · · · ) ∈ O^♭_{Cp} . Any other generator is of the form ([p^♭] − p) · u for u ∈ A^×_{inf} . For more details see [Fon77]. There is a filtration on B_{p,dR} defined by putting Fil^i(B_{p,dR} ) = ([p^♭] − p)^i · B^+_{p,dR} for i ∈ Z, and we define v̂_p(x) for x ∈ B_{p,dR} ∖ {0} by v̂_p(x) = i if x ∈ Fil^i(B_{p,dR} ) ∖ Fil^{i+1}(B_{p,dR} ). For x ∈ B_{p,dR} ∖ {0}, the quantity

v_p(x) := v_p ( Θ(x · ([p^♭] − p)^{−v̂p(x)}) ) ∈ Q (5.1)

does not depend on the choice of the generator [p^♭] − p of A_{inf} ∩ ker Θ. Indeed, if we replace the generator [p^♭] − p of ker Θ ⊂ A_{inf} by another generator ([p^♭] − p) · u with u ∈ A^×_{inf} , because then v_p ( Θ(x · (([p^♭] − p) · u)^{−v̂p(x)} ) = v_p ( Θ(x · ([p^♭] − p)^{−v̂p(x)} ) + v_p(Θ(u))^{−v̂p(x)} = v_p ( Θ(x · ([p^♭] − p)^{−v̂p(x)} ) as Θ(u) ∈ O^×_{Cp} . If x and y are two elements of B_{p,dR} , then v̂_p(xy) = v̂_p(x) + v̂_p(y), and hence v_p(xy) = v_p(x) + v_p(y). But note that v_p does not satisfy the triangle inequality.

Finally, if K ⊂ C_p is a finite field extension of Q_p , then there is an action of G_K on B_{p,dR} which respects the filtration, and (B_{p,dR} )^{GK} = K. Also note that there does not exist a lift of the absolute Frobenius φ_p on B_{p,dR} .

The p-adic period isomorphism is provided by the following theorem which was proved by Fontaine and Messing [FM87] using the associated p-divisible group.

Theorem 5.5. Let K_p ⊂ Q^{alg}_p be a finite extension of Q_p and let X be an abelian variety over K_p. Then for every n ≥ 0 there is a period isomorphism from p-adic Hodge theory

h_{p,dR} : H^n_{ét}(X ×_{Kp} Spec Q^{alg}_p , Z_p) ⊗_{Zp} B_{p,dR}^∼−→ H^n_{dR}(X, K_p) ⊗_{Kp} B_{p,dR} ,

which is G_{Kp} -equivariant and compatible with the filtrations, where on the left hand side, G_{Kp} acts on both factors and the filtration is induced only by B_{p,dR} , and on the right hand side G_{Kp} acts only on B_{p,dR} and the filtration is induced by the Hodge filtration on H^1_{dR}(X, K_p) and the filtration on B_{p,dR} , i.e. Fil^k ( H^1_{dR}(X, K_p) ⊗_{Kp} B_{p,dR} ) := ∑ i+j=k Fil^i H^1_{dR}(X, K_p) ⊗_{Kp} Fil^j B_{p,dR} .

It was conjectured by Fontaine [Fon82, A.6] and proved by Faltings [Fal89, Theorem 8.1], Niziol [Niz98] and Tsuji [Tsu99], that the theorem also holds for arbitrary smooth proper schemes over K_p.

Example 5.6. Also for the multiplicative group scheme G_m := G_{m,Qp} = Spec Q_p [x, x^{−1}] there is a period isomorphism between H^1_{ét}(G_{m,Q}alg_p , Z_p) and H^1_{dR}(G_m , Q_p ) = Q_p^{dx}_x , see Example 4.5. As in Example 4.3 let

ε^{(n)}_p ∈ Q^{alg} ⊂ Q^{alg}_p be a primitive p^n-th root of unity with (ε^{(n+1)}_p )^p = ε^{(n)}_p , such that ε_p = (ε^{(n)}_p )_n ∈ O^♭_{Cp} . Then H_{1,ét}(G_{m,Q}alg_p , Z_p) = T_pG_m = ε^{Zp}p and H^1_{ét}(G_{m,Q}alg_p , Z_p) = (T_pG_m )^∨ = (ε^{−1}_p )^{Zp}. On the latter Gal(Q^{alg}_p /Q_p ) acts through the inverse of the cyclotomic character. The series t_p := log[ε_p] := − ∑ n>0 1 n (1 − [ε_p])^n converges in B_{p,dR} . Under the period isomorphism

h_{p,dR} : H^1_{ét}(G_{m,Q}alg_p , Z_p) ⊗_{Zp} B_{p,dR}^∼−→ H^1_{dR}(G_m , Q_p ) ⊗_{Qp} B_{p,dR} ,

of G_m the element^{dx}_x ⊗ 1 is mapped to ε^{−1}_p ⊗ t_p. Therefore t_p can be viewed as the p-adic analog of the complex period 2πi from Example 4.5. It satisfies v̂_p(t_p) = 1 and v_p(t_p) = v_p ( Θ(t_p · ([p^♭] − p)^{−1}) ) =^1_{p−1} , see [Col93, § 0.2].

6 Complex Multiplication

We follow [Mil06]. Complex conjugation on C (or a subfield) is denoted by c or simply by a → ā. A complex conjugation on a field K is an involution induced by an embedding of K into C and by complex conjugation on C . A number field E is a CM-field if it is a quadratic extension E/F where the base field F is totally real but E is totally imaginary. i.e., every embedding of F → C lies entirely within R, but there is no embedding of E → R or equivalently there exists an automorphism c_E ≠ id of E such that ρ ∘ c_E = c ∘ ρ for all homomorphisms ρ : E → C . In other words, there is a subfield F of E such that E = F [ √ α], F totally real, α ∈ F and ρ(α) < 0 for all homomorphisms ρ : F → C .

Remark 6.1. A finite composite of CM-subfields of a field is CM. In particular, the Galois closure of a CM-field in any larger field is CM.

A CM-algebra is a finite product of CM-fields. Equivalently, it is a finite product of number fields admitting an automorphism c_E that is of order 2 on each factor and such that ρ ∘ c_E = c ∘ ρ for all homomorphisms ρ : E → C . The fixed algebra of c_E is a product of the largest totally real subfields of the factors.

Let E be a CM-algebra. The set Hom_Q(E, C ) of Q-homomorphisms E → C is a union in complex conjugate pairs {φ, c ∘ φ}. A CM-type on E is the choice of one element from each such pair. More formally:

Definition 6.2. A CM-type on a CM-algebra E is a subset Φ ⊂ Hom_Q(E, C ) such that

Hom_Q(E, C ) = Φ ⊔ cΦ (disjoint union).

Here cΦ := {c ∘ φ | φ ∈ Φ}).

Let X be an abelian variety over the complex numbers C . We have seen that QEnd_C (X) is a semi-simple Qalgebra which acts faithfully on the (2 dim X)-dimensional Q-vector space H_1(X, Q). Therefore, by Proposition 3.5

2 dim X ≥ [QEnd_C (X) : Q]_{red}

and when equality holds, QEnd_C (X) is a product of matrix algebras over fields.

Definition 6.3. An abelian variety X over a subfield K ⊂ C is said to have complex multiplication (or be of CM-type, or be a CM abelian variety) over K if

2 dim X = [QEnd_K (X) : Q]_{red} .

By Proposition 3.6 this definition is equivalent to the statement that QEnd_K (X) contains an étale Q-subalgebra of degree 2 dim X over Q. Indeed, if the latter holds then 2 dim X is less or equal to the degree of a maximal étale Q-subalgebra. By Proposition 3.6 the latter degree equals [QEnd_K (X) : Q]_{red} . And the inequality [QEnd_K (X) : Q]_{red} ≤ 2 dim X proves the claim.

Note that when X is a CM abelian variety over a field K ⊂ C then QEnd_K (X) ⊂ QEnd_C (X) implies that this inclusion is an equality.

Remark 6.4. Let X ≈_K ∏ i X^{ni}_i be the decomposition of X (up to isogeny) into a product of isotypic abelian varieties over K. Then D_i = QEnd_K (X_i) is a division algebra, and QEnd_K (X) ∼= ∏ M_{ni} (D_i) is the decomposition of QEnd_K (X) into a product of simple Q-algebras. From the above definition and Proposition 3.5 we see that X has complex multiplication if and only if D_i is a commutative field of degree 2 dim X_i for all i. In particular, a simple abelian variety X has complex multiplication if and only if QEnd_K (X) is a field of degree 2 dim X over Q, and an arbitrary abelian variety has complex multiplication if and only if each simple isogeny factor does.

Let X be an abelian variety over C . An endomorphism α of X defines an endomorphism of the vector space H_1(X, Q) of dimension 2 dim X over Q. Therefore, the characteristic polynomial P_α of α is defined as

P_α(T ) := det ( α − T | H_1(X, Q) ) . It is monic, of degree 2 dim X, and has coefficients in Z. More generally, we define the characteristic polynomial of any element of QEnd(X) by the same formula.

Consider an endomorphism α of an abelian variety X over C , and write X = C^g /Λ with Λ = H_1(X, Z). If α is an isogeny, then α : Λ → Λ is injective, and it defines an isomorphism

ker(α) = α^{−1}Λ/Λ^∼−→ Λ/αΛ.

Therefore, for an isogeny α : X → X

deg α = # ker(α) = | det ( α| H_1(X, Q) )| = |P_α(0)|. More generally, for any integer r we have deg(α − r) = | |det (α − r| H_1(X, Q)) | | = |P_α(r)|; compare [CS86, Chap 5 § 12].

For the convenience of the reader we reproduce the proof from [Mil06] of the following results.

Lemma 6.5 ([Mil06, Lemma 3.7]). Let F be a subfield of QEnd(X), where X is an abelian variety over C . If F has a real prime, then [F : Q] divides dim X.

Proof. First note that H_1(X, Q) is a vector space over F of dimension m := 2 dim X/[F : Q]. So for any α ∈ End(X) ∩ F , the characteristic polynomial P_α(T ) is the m-th-power of the characteristic polynomial of α in F/Q. In particular, Norm_{F/Q}(α)^m = deg α ≥ 0.

However, if F has a real prime, then from the weak approximation theorem α can be chosen to be large and negative at that prime and close to 1 at the remaining primes so that Norm_{F/Q}(α) < 0. This gives a contradiction unless m is even.

For the next proposition recall the definition of a Rosati involution on QEnd_K (X). By [Mum70, Chapter III, § 13, Corollary 5] there exist polarizations on X, that is, isogenies λ: X → X^∨ = Pic^0(X) which over K^{alg} are of the form λ(x) = x^∗L ⊗ L^{−1} for an ample line bundle L on X_Kalg . Every polarization λ has an inverse λ^{−1} ∈ QHom_K (X^∨, X). The Rosati involution on QEnd_K (X) corresponding to λ is

α → α^† = λ^{−1} ∘ α^∨ ∘ λ (6.1)

Proposition 6.6 ([Mil06, Proposition 3.6]). (a) A simple abelian variety X has complex multiplication if and only if QEnd(X) is a CM-field of degree 2 dim X over Q.

(b) An isotypic abelian variety X has complex multiplication if and only if QEnd(X) contains a field of degree 2 dim X over Q (which can be chosen to be a CM-field invariant under some Rosati involution).

(c) An abelian variety X has complex multiplication if and only if QEnd(X) contains an étale Q-algebra E (which can be chosen to be a CM-algebra invariant under some Rosati involution) of degree 2 dim X over Q. In this case H_1(X, Q) is free over E of rank 1.

Proof. (a) QEnd_K (X) is a field extension of Q of degree 2 dim X by Remark 6.4. We know that it is either totally real or CM because it is stable under the Rosati involutions (6.1). Now Lemma 6.5 shows that QEnd_K (X) is a CM-field.

For (b) and (c) see [Mil06, Proposition 3.6].

Definition 6.7. Let X be an abelian variety with complex multiplication, so that QEnd(X) contains a CMalgebra E for which H_1(X, Q) is a free E-module of rank 1, and let Φ be the set of homomorphisms E → C occurring in the representation of E on T_0(X), i.e., T_0(X) ∼= ⨁ φ∈Φ C_φ where C_φ is the one-dimensional C -vector space on which a ∈ E acts as φ(a). Then, because

H_1(X, R) ∼= T_0(X) ⊕ T_0(X), (6.2)

Φ is a CM-type on E, and we say that, X together with the injective homomorphism E → QEnd(X) is of CM-type (E, Φ).

Let e be a basis vector for H_1(X, Q) as an E-module, and let a be the O_E -lattice in E such that ae = H_1(X, Z). Under the above isomorphism

H_1(X, R)^∼−→ ⨁ φ∈Φ C_φ ⊕ ⨁ φ∈cΦ C_φ , (6.3) e ⊗ 1 −→ (· · · , e_φ, · · · ; · · · , e_{c∘φ}, · · · ) where each e_φ is a C -basis for C_φ . The e_φ determine an isomorphism

T_0(X) ∼= ⨁ φ∈Φ C_φ .

Next we state two important results on abelian varieties with complex multiplication from [ST61] and [ST68] which we will need later.

Proposition 6.8. [ST61, Prop 26 §12.4] Let X be an abelian variety over K = K^{sep} ⊂ C with complex multiplication, then there exists an abelian variety isogenous to X defined over a field which is a finite extension of Q. Theorem 6.9. [ST68, Thm 6] Let X be an abelian variety over a finite extension K/Q with complex multiplication, then there exists a finite extension L/K such that X has good reduction at every place of O_L.

7 The Faltings Height of an Abelian Variety

We recall the definition of the Faltings height of an abelian variety. It was introduced by Faltings in his proof of the Mordell Conjecture and the Tate Conjecture 4.1 for abelian varieties; see [Fal83] or [CS86, Chapter 2, § 3] for the English translation. Let K be a number field, O_K the ring of integers in K. We define a metrized line bundle on Spec(O_K ) to be a projective O_K -module P of rank 1, together with norms ‖ . ‖_v on P ⊗_{OK} K_v for all infinite places v of K, where K_v denotes the completion of K at v. We define ε_v = 1 or 2 according to whether K_v ∼= R or K_v ∼= C . The degree of the metrized line bundle is defined as

deg(P, ‖ . ‖) = log(#(P/O_K · x)) − ∑ v|∞ ε_v log ‖x‖_v,

where x is a nonzero element of P and the sum runs over all infinite places of K. The right-hand side is of course independent of x because of the product formula (1.1).

Let now X be an abelian variety of dimension g over K, and let X be the relative identity component of the Néron model of X over O_K . Assume that X is semi-abelian, i.e. a smooth algebraic group q : X → Spec O_K , whose fibers are connected of dimension g, and are extensions of an abelian variety by a torus. Let s : X → Spec O_K be the zero section. Let ω_{X/OK} = s^∗(Ω^g_{X /OK} ), ω_{X/OK} is a line bundle on O_K . The metrics at the infinite places v of K are given by

‖α‖^2_v := 1 (2π)^g ∫ X_v (C)

|α ∧ ᾱ| for α ∈ ω(X_v) = Γ(X_v, Ω^g_{Xv} ) ,

where X_v denotes the base change of X under the map K → K_v. Then Faltings [CS86, Chapter 2, § 3] defines a moduli-theoretic height as follows.

Definition 7.1. The (stable) Faltings height ht^{st}_{Fal}(X) of X is defined as

ht^{st}_{Fal}(X) := 1 [K : Q] deg(ω_{X/OK} , ‖ . ‖). (7.1) It is easy to check that ht^{st}_{Fal}(X) is invariant under extension of the ground field. Since every abelian variety is potentially semi-stable by Grothendieck [SGA 7, Exposé IX, Théorème 3.6], the Faltings height is defined for every abelian variety over a number field. It measures the arithmetic complexity of the abelian variety and is “not far” from an actual height on the moduli space of principally polarized abelian varieties.

8 Colmez’s Conjecture on Periods of CM Abelian Varieties

In [Col93] P. Colmez considers product formulas for periods of abelian varieties in the following

Situation 8.1. Let X be an abelian variety defined over a number field K with complex multiplication by the ring of integers O_E in a CM-field E and of CM-type (E, Φ). Let H_E := Hom_Q(E, Q^{alg} ) be the set of all ring homomorphisms E → Q^{alg} and assume that K contains ψ(E) for every ψ ∈ H_E . By Theorem 6.9 we may assume moreover, that K is a finite Galois extension of Q and that X has good reduction at every prime of O_K . For a fixed ψ ∈ H_E let ω_ψ ∈ H^1_{dR}(X, K) be a non-zero cohomology class such that b^∗ω_ψ = ψ(b) · ω_ψ for all b ∈ E.

For every embedding η : K → Q^{alg} , let X^η := X ×_{Spec K,Spec η} Spec K and ω^η_ψ ∈ H^1_{dR}(X^η, K) be deduced from X and ω_ψ by base extension. Let (u_η)_η ∈ ∏ η∈H_K H1(X η(C ), Z) be a family of cycles compatible with complex conjugation c, that is u_{cη} = c(u_η). Let v be a place of Q.

If v = ∞ the de Rham isomorphism (Theorem 4.4) between Betti and de Rham cohomology yields a pairing

⟨ . , . ⟩_∞ : H_1(X^η(C ), Z) × H^1_{dR}(X^η, K) −→ C , (u_η, ω^η_ψ) −→ ⟨u_η, ω^η_ψ⟩_∞ .

We define the complex absolute value | |∫_{uη} ω^η_ψ | |_∞ := |⟨u_η , ω^η_ψ⟩_∞|_∞ ∈ R. If v corresponds to a prime number p ∈ Z, the comparison isomorphism H^1(X^η(C ), Z)⊗_ZZ_p^∼−→ H^1_{ét}(X^η_{Qalgp} , Z_p) together with the comparison isomorphism from p-adic Hodge theory (Theorems 4.2 and 5.5) yield a pairing

⟨ . , . ⟩_p : H_1(X^η(C ), Z) × H^1_{dR}(X^η, K) −→ B_{p,dR} , (u_η, ω^η_ψ) −→ ⟨u_η, ω^η_ψ⟩_p .

We define the absolute value |∫ u_η ω η ψ | p := |⟨u_η, ω^η_ψ⟩_p|_p := p^{−vp}(^{⟨uη ,ωηψ ⟩p}) ∈ R, where the “valuation” v_p on B_{p,dR} was defined in (5.1) in Notation 5.4.

Colmez [Col93] now considers the product ∏ v ∏ η∈H_K | |∫_{uη} ω^η_ψ | |_v, or equivalently^1_{#HK} times its logarithm 1 #H_K ∑ v ∑ η∈H_K log | |∫_{uη} ω^η_ψ | |_v =^1_{#HK} ∑ η∈H_K log | |⟨u_η, ω^η_ψ⟩_∞ | |_∞ −^1_{#HK} ∑ v=v_p≠∞ ∑ η∈H_K v_p ( ⟨u_η, ω^η_ψ⟩_p ) log p . (8.1)

The right sum over all v = v_p does not converge. Namely, Colmez [Col93, Theorem II.1.1] proves the following Theorem 8.3 below. To formulate the theorem we need a

Definition 8.2. In this definition we denote by Q the function field from the introduction or the field Q, and by Q_v the completion of Q at a place v ≠ ∞. The case Q = Q is relevant in the present section, and the other case will be relevant in Section 17. For F = Q or F = Q_v let F^{sep} be the separable closure of F in F^{alg} and let G_F := Gal(F^{sep}/F ). Let C(G_F , Q) be the Q-vector space of locally constant functions a: G_F → Q and let C^0(G_F , Q) be the subspace of those functions which are constant on conjugacy classes, that is, which satisfy a(h^{−1}gh) = a(g) for all g, h ∈ G_F . Then the C -vector space C^0(G_F , Q) ⊗_Q C is spanned by the traces of representations ρ: G_F → GL_n(C ) with open kernel for varying n by [Ser77, § 2.5, Theorem 6]. Via the fixed embedding Q^{sep} → Q^{sep}_v we consider the induced inclusion G_{Qv} ⊂ G_Q and morphism C(G_Q, Q) → C(G_{Qv} , Q). If χ is the trace of a representation ρ: G_Q → GL_n(C ) with open kernel we let L(χ, s) := ∏ all v Lv(χ, s), respectively L^∞(χ, s) := ∏ v≠∞ Lv(χ, s) be the Artin L-function of ρ with, respectively without the factor at ∞. Note that

the latter factor involves the Gamma-function if Q = Q. These L-functions only depend on χ and converge for all s ∈ C with Re(s) > 1; see [Lan94, Chapter XII, § 2] for Q = Q and [Ros02, pp. 126ff] for the function field case. We also let q_v be the cardinality of the residue field of Q_v (this means q_v = p if Q = Q and Q_v = Q_p ) and we set Z^∞(χ, s) := d ds L^∞(χ, s) L^∞(χ, s) = − ∑ v≠∞ Z_v(χ, s) log q_v with (8.2)

Z_v(χ, s) := d ds L_v(χ, s) −L_v(χ, s) · log q_v = d dq^{−s}_v Lv(χ, s) q^s_v · L_v(χ, s) . (8.3)

Moreover, we let f_χ be the Artin conductor of χ. If Q = Q, it is a positive integer f_χ = ∏ p p^{μArt,p(χ)} ∈ Z, and if Q is the function field of the curve C it is an effective divisor f_χ = ∑ v μ_{Art,v}(χ) · [v] on C; see [Ser79, Chapter VI, §§ 2,3], where μ_{Art,v} (χ) is denoted f(χ, v). In particular, only finitely many values μ_{Art,v}(χ) are non-zero. We set

μ^∞_{Art}(χ) := log(f_χ) = ∑ v≠∞ μ_{Art,v}(χ) log q_v if Q = Q , respectively (8.4)

μ_{Art}(χ) := deg(f_χ) log q := ∑ all v

μ_{Art,v}(χ)[F_v : F_q ] log q = ∑ all v

μ_{Art,v}(χ) log q_v and

μ^∞_{Art}(χ) := ∑ v≠∞ μ_{Art,v}(χ) log q_v if Q is a function field . (8.5)

By linearity we extend Z^∞( . , s) and μ^∞_{Art} to all a ∈ C^0(G_Q, Q) and Z_v( . , s) and μ_{Art,v} to all a ∈ C^0(G_{Qv} , Q). The map Z_v( . , s) takes values in Q(q^{−s}_v ).

For our CM-type (E, Φ) and for every ψ ∈ H_E we define the functions a_{E,ψ,Φ} : G_Q → Z, g → { 1 when gψ ∈ Φ 0 when gψ /∈ Φ and

a^0_{E,ψ,Φ} : G_Q → Q, g →^1_{#HK} ∑ η∈H_K a_{E,ηψ,ηΦ}(g) = #{η ∈ H_K : η^{−1}gηψ ∈ Φ} #H_K (8.6)

which factor through Gal(K/Q) by our assumption that ψ(E) ⊂ K for all ψ ∈ H_E . In particular, a_{E,ψ,Φ} ∈ C(G_Q, Q) and a^0_{E,ψ,Φ} ∈ C^0(G_Q, Q) is independent of K.

We also define integers v_p(ω^η_ψ) which are all zero except for finitely many. Let K_p be the p-adic completion of K ⊂ Q^{alg} ⊂ Q^{alg}_p ⊂ C_p and let X^η be an abelian scheme over O_{Kp} with X^η ×_{OKp} Spec K_p ∼= X^η ×_K Spec K_p. Then there is an element x ∈ K^×_p , unique up to multiplication by O^×_{Kp} , such that x^{−1}ω^η_ψ is an O_{Kp} -generator of the free O_{Kp} -module of rank one

H^{ηψ}(X^η , O_{Kp} ) := { ω ∈ H^1_{dR}(X^η , O_{Kp} ): b^∗ω = ηψ(b) · ω ∀ b ∈ O_E } , and we set v_p(ω^η_ψ) := v_p(x) ∈ Z . (8.7)

This value does not depend on the choice of the model X^η with good reduction, because all such models are isomorphic over O_{Kp} . Now Colmez [Col93, Theorem II.1.1] computed the terms in (8.1) as follows.

Theorem 8.3. If the image of u_η in H_1(X^η(C ), Q_p ) = H_{1,ét}(X^η_{Qalgp} , Z_p) is a generator of the O_E ⊗_Z Z_p-module H_{1,ét}(X^η_{Qalgp} , Z_p) = T_pX^η, then 1 #H_K ∑ η∈H_K v_p(⟨ω^η_ψ , u_η⟩_v ) = Z_p(a^0_{E,ψ,Φ}, 1) − μ_{Art,p}(a^0_{E,ψ,Φ}) +^1_{#HK} ∑ η∈H_K v_p(ω^η_ψ) . (8.8)

Since −μ_{Art,p}(a^0_{E,ψ,Φ}) +^1_{#HK} ∑ η∈H_K v_p(ω^η_ψ) vanishes for all but finitely many primes p and ∑ p Z_p(a^0_{E,ψ,Φ}, 1) diverges, the sum (8.1) diverges. Colmez [Col93, Convention 0] assigns to this divergent sum a value by the following

Convention 8.4. Let (x_p)_{p≠∞} be a tuple of complex numbers indexed by the prime numbers p in Z. We will give a sense to the (divergent) series Σ^?= ∑ p<∞ x_p in the following situation. We suppose that there exists an element a ∈ C^0(G_Q, Q) such that x_p = −Z_p(a, 1) log p for all p except for finitely many. Then we let a^∗ ∈ C^0(G_Q, Q) be defined by a^∗(g) := a(g^{−1}). We further assume that Z^∞(a^∗, s) does not have a pole at s = 0, and we define the limit of the series ∑ p<∞ x_p as Σ := −Z^∞(a^∗, 0) − μ^∞_{Art}(a) + ∑ p<∞ ( x_p + Z_p(a, 1) log p ) (8.9)

inspired by the functional equation relating L(a, s) with L(a^∗, 1 − s) deprived of the terms at ∞.

Example 8.5. The convention allows to prove the product formula for the multiplicative group G_m := G_{m,Q} = Spec Q[x, x^{−1} ]. Namely, for the generator ω =^{dx}_x of H^1_{dR}(G_m , Q) = Q ·ω and for the cycle u: [0, 1] → G_m (C ) = C^× given by u(s) = exp(2πis) with H_1(G_m (C ), Z) = Z · u, we have computed in Examples 4.3, 4.5 and 5.6

⟨ω, u⟩_∞ = 2πi and log | |⟨ω, u⟩_∞ | |_∞ = log(2π) ,

⟨ω, u⟩_p = t_p and log | |⟨ω, u⟩_p | |_p = log |t_p|_p = −^{log p}_{p−1} = −Z_p(1l, 1) log p ,

where 1l(g) = 1 for every g ∈ G_Q. So Convention 8.4 implies ∑ p<∞ log |⟨ω, u⟩_p|_p = −^{ζ′Z(0)}_{ζZ(0)} = − log(2π) for the Riemann Zeta-function ζ_Z and ∑ v log |⟨ω, u⟩_v|_v = 0. Therefore ∏ v |⟨ω, u⟩_v |_v = 1.

The Convention 8.4 and the Theorem 8.3 allow us to give to the divergent sum (8.1) a convergent interpretation. In order to remove the dependency on the chosen cycles (u_η)_η ∈ ∏ η∈H_K H1(X η(C ), Z), Colmez considers the value

⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_v := ( t_v · ⟨ω^η_ψ, u_η⟩_v ⟨ω^η_{cψ}, u_η⟩_v ) 1_2

, (8.10)

where t_∞ = 2πi and for v = v_p ≠ ∞, t_v = t_p is the p-adic analog of 2πi from Examples 5.6 and 8.5. Note that Φ ⊔ cΦ = H_E implies a^0_{E,ψ,Φ} + a^0_{E,cψ,Φ} = 1l, and hence Z_p(a^0_{E,ψ,Φ}, 1) + Z_p(a^0_{E,cψ,Φ}, 1) = Z_p(1l, 1) and μ_{Art,p}(a^0_{E,ψ,Φ}) + μ_{Art,p}(a^0_{E,cψ,Φ}) = μ_{Art,p}(1l) = 0. Therefore, Theorem 8.3 implies 1 #H_K ∑ η∈H_K v_p(⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_v ) = 1 2 ( Z_p(1l, 1) + Z_p(a^0_{E,ψ,Φ}, 1) − μ_{Art,p}(a^0_{E,ψ,Φ}) +^1_{#HK} ∑ η∈H_K v_p(ω^η_ψ)

− Z_p(a^0_{E,cψ,Φ}, 1) + μ_{Art,p}(a^0_{E,cψ,Φ}) −^1_{#HK} ∑ η∈H_K v_p(ω^η_{cψ}) )

= Z_p(a^0_{E,ψ,Φ}, 1) − μ_{Art,p}(a^0_{E,ψ,Φ}) + 1 2 (_1 #H_K ∑ η∈H_K v_p(ω^η_ψ) − v_p(ω^η_{cψ}) ) . Using Convention 8.4 one thus obtains 1 #H_K ∑ v ∑ η∈H_K log | |⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_v | |_v (8.11)

= −Z^∞((a^0_{E,ψ,Φ})^∗, 0) +^1_{#HK} ∑ η∈H_K ( log | ⟨ω^η_ψ , ω^η_{cψ}, u_η⟩_∞ | ∞ − 1 2 ∑ p<∞ ( v_p(ω^η_ψ) − v_p(ω^η_{cψ}) ) log p )

which is independent of the chosen u_η. Colmez formulated the following

Conjecture 8.6 ([Col93, Conjecture 0.1]). The sum (8.11) is zero, or equivalently the product formula holds: ∏ v ∏ η∈H_K | |⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_v | |_v = 1 .

He then proved

Lemma 8.7 ([Col93, Lemme II.2.9]). In Situation 8.1 the value ht(E, ψ, Φ) :=^1_{#HK} ∑ η∈H_K ( log | |⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_∞ | |_∞ − 1 2 ∑ p<∞ ( v_p(ω^η_ψ) − v_p(ω^η_{cψ}) ) log p ) (8.12)

only depends on E, ψ and Φ and not on the choice of X, ω_ψ, u_η and K.

Colmez also relates the product formula to the Faltings height, see Definition 7.1.

Theorem 8.8 ([Col93, Théorème II.2.10(ii)]). In Situation 8.1 the Faltings height ht^{st}_{Fal}(X) of X satisfies

ht^{st}_{Fal}(X) = − ∑ ψ∈Φ ( ht(E, ψ, Φ) +^1_2 μ^∞_{Art}(a^0_{E,ψ,Φ}) ) (8.13)

This immediately implies the following

Corollary 8.9. In Situation 8.1 the following assertions are equivalent.

(a) ht(E, ψ, Φ) = Z^∞((a^0_{E,ψ,Φ})^∗, 0).

(b) The product formula holds, that is, the expression (8.11) is zero and ∏ v ∏ η∈H_K | ⟨ω^η_ψ, ω^η_{cψ}, u_η⟩_v | v = 1.

If (a) and (b) hold for all ψ ∈ Φ then ht^{st}_{Fal}(X) = − ∑ ψ∈Φ ( Z^∞((a^0_{E,ψ,Φ})^∗, 0) +^1_2 μ^∞_{Art}(a^0_{E,ψ,Φ}) ) . Colmez [Col93, Conjecture II.2.11] conjectures that statements (a) and (b) of Corollary 8.9 hold for all E, ψ, Φ.

There are various partial results in this direction. The first is due to Colmez himself who was able to prove the following theorem up to a rational multiple of log 2, which was then removed by Obus:

Theorem 8.10 ([Col93, Théorème 0.5], [Obu13, Theorem 4.9]). If E is abelian over Q, then the product formula holds true for every ψ, Φ, and hence

ht^{st}_{Fal}(X) = − ∑ ψ∈Φ ( Z^∞((a^0_{E,ψ,Φ})^∗, 0) +^1_2 μ^∞_{Art}(a^0_{E,ψ,Φ}) ) . (8.14)

There has been much further work and progress on Colmez’s conjecture by many people. For example, Yang [Yan13] proved it for a large class of CM-fields E of degree [E : Q] = 4, including the first known cases when E/Q is non-abelian. Let us also mention the most recent results by Andreatta, Goren, Howard, Madapusi Pera [AGHMP18], Yuan, Shou-Wu Zhang [YZ18] and Barquero-Sanchez, Masri [BSM18].

Theorem 8.11 ([AGHMP18, Theorem A], [YZ18, Theorem 1.1]). For every CM-field E Colmez’s conjecture holds true on average over all CM-types Φ, that is ∑ Φ ∑ ψ∈Φ ht(E, ψ, Φ) = ∑ Φ ∑ ψ∈Φ Z^∞((a^0_{E,ψ,Φ})^∗, 0) .

Remark 8.12. In [YZ18] the averaged Colmez conjecture (Theorem 8.11) follows from a generalized Chowla- Selberg formula [YZ18, Theorem 1.7]. Moreover, (generalized) Chowla-Selberg formulas are special cases of generalized Gross-Zagier formulas. In the case when [E : Q] = 2, the generalized Chowla-Selberg formula [YZ18, Theorem 1.7] is actually equivalent to the classical Lerch-Chowla-Selberg formula (1.3), and it is also equivalent to the Colmez conjecture for E, by using a result of Faltings [Fal84a, Theorem 7.b)]. See [Col93, § 0.6] and [GvKM19, § 4.3] for additional explanations.

As a consequence of Theorem 8.11, Barquero-Sanchez and Masri [BSM18, Theorem 1.1] proved that for any fixed totally real number field F of degree [F : Q] ≥ 3 there are infinitely many effective, “positive density” sets of CM extensions E/F such that E/Q is non-abelian and Colmez’s conjecture (8.14) on the Faltings height holds true for E and any Φ. Moreover, they prove

Theorem 8.13 ([BSM18, Theorem 1.4]). In Situation 8.1 if the Galois closure of E has degree 2^{dim X} · (dim X)! over Q, then ht^{st}_{Fal}(X) = − ∑ ψ∈Φ Z^∞((a^0_{E,ψ,Φ})^∗, 0) −^1_2 μ^∞_{Art}(a^0_{E,ψ,Φ}) .

As another consequence of Theorem 8.11 and of previous work by Edixhoven [EMO01, Problem 14], Pila, Wilkie, Yafaev, Zannier and many others [EY03, PT14, PW06, PZ08], Tsimerman [Tsi18] proved the André- Oort-Conjecture for the Siegel modular varieties:

Theorem 8.14 ([Tsi18, Theorem 1.3]). Let A_g be the Siegel modular variety parameterizing principally polarized abelian varieties of dimension g over C . Let X ⊂ A_g be an irreducible closed subvariety which contains a Zariski dense subset of special points of A_g . Then X is a special subvariety.

The averaged Colmez conjecture (Theorem 8.11) enters in this result by implying that the Galois orbit of a special point, that is a CM abelian variety, is large. This result and the André-Oort-Conjecture were previously obtained in several cases conditionally under assumption of the generalized Riemann Hypothesis.

Part II

Drinfeld Modules and A-motives

9 Basic Definitions

Following the general philosophy about similarities between number fields and function fields, we now transfer the contents of Part I to characteristic p. Here Drinfeld modules replace elliptic curves and A-motives replace abelian varieties. We follow the expositions in [Gos96, Ch.4], [Tha04, Ch.2] and begin with the analog of Notation 2.1

Notation 9.1. Let F_q be a finite field with q elements and characteristic p. Let C be a smooth projective, geometrically irreducible curve over F_q with function field Q = F_q (C). Let ∞ ∈ C be a fixed closed point and let

A := Γ(C ∖ {∞}, O_C ) be the F_q -algebra of those rational functions on C which are regular outside ∞. Let v_∞ be the valuation associated with the prime ∞.

By a place of C we mean a closed point v ∈ C. So either v = ∞ or v is a maximal ideal of A. It defines a normalized valuation on Q which we also denote by v, respectively by v_∞ and which takes the value v(z_v ) = 1 on a uniformizing parameter z_v ∈ Q at v. We now fix such a uniformizer z_v at every v and if v = ∞ we abbreviate z_∞ to z. We denote the residue field of v by F_v , its degree over F_q by d_v = [F_v : F_q ] and its cardinality by q_v := #F_v = q^{dv} . Thus if a ∈ A ∖ F_q then v_∞(a) < 0, because F_q is the field of constants in Q as C is geometrically irreducible, see [Gro65, IV_2, 4.3.1 and Proposition 4.5.9c)]. The ring A and its fraction field Q play the role of Z and Q in the arithmetic of function fields.

Let Q_v be the completion of Q with respect to the valuation v and let A_v ⊂ Q_v be the valuation ring of v. Then there is a canonical isomorphism A_v ∼= F_v [[z_v]]. Let Q^{alg}_v be a fixed algebraic closure of Q_v and let C_v be the completion of Q^{alg}_v with respect to the canonical extension of v. We also use v to denote this extension to Q^{alg}_v and thus to C_v . However, we denote the image of z_v in C_v by ζ_v and abbreviate ζ_∞ to ζ. Note that C_v is algebraically closed. On C_v and all its subrings we consider the normalized absolute value | . |_v : C_v → R_{≥0} given by |x|_v = q^{−v(x)}v . We let O_{Cv} = {x ∈ C_v : |x|_v ≤ 1} be the valuation ring of C_v . We also fix an algebraic closure Q^{alg} of Q and an embedding Q^{alg} → Q^{alg}_v for every place v of Q.

Let K be a field extension of F_q and fix an F_q -morphism γ : A → K. We will call the pair (K, γ : A → K) an A-field. The prime ideal ker(γ) ⊂ A is called the A-characteristic of K and is denoted A-char(K, γ) or simply A-char(K). If A-char(K) = (0) we say K has generic A-characteristic. Then γ is injective and K is via γ a field extension of Q. If A-char(K) = v ⊂ A is a maximal ideal, we say that A-char(K) is finite and K has finite A-characteristic v. Then K is via γ a field extension of F_v .

Let G_{a,K} = Spec(K[X]) be the additive group scheme over K and let τ ∈ End_K (G_{a,K} ) be the q-th power Frobenius endomorphism given by τ^∗(X) = X^q. Also every b ∈ K induces an endomorphism ψ_b ∈ End_K (G_{a,K} ) given by ψ^∗_b (X) = bX. These endomorphisms satisfy τ ∘ ψ_b = ψ_bq ∘ τ. Then the ring End_{K,Fq} (G_{a,K} ) of F_q -linear endomorphisms of group schemes over K equals the non-commutative polynomial ring over K in τ: K{τ} := {^n∑ i=0 b_iτ^i : n ∈ N_0 , b_i ∈ K } with τb = b^qτ .

For^n ∑ i=0 b_iτ^i ∈ K{τ} we set deg_τ (_n∑ i=0 b_iτ^i ) = max{i: b_i ≠ 0}.

Definition 9.2. Let (K, γ : A → K) be an A-field. A Drinfeld A-module over K is a pair G = (G, φ) with G ∼= G_{a,K} and φ is an F_q -algebra homomorphism φ : A → End_{K,Fq} (G) ∼= K{τ}, a → φ_a, such that

(a) Lie(φ_a) = γ(a) i.e. (a − γ(a)) · Lie(G) = 0 in K for all a ∈ A.

(b) There exists an a ∈ A such that φ_a ∈ K{τ} ∖ K i.e. φ_a ≠ γ(a) · τ^0 i.e. deg_τ (φ_a) > 0.

Then there is an integer r > 0 such that deg_τ (φ_a) = −rd_∞v_∞(a) for every a ∈ A, see [Gos96, § 4.5]. It is called the rank of (G, φ) and is denoted rk G or rk φ. Also sometimes a Drinfeld A-module G = (G, φ) is simply denoted by φ.

A morphism between Drinfeld A-modules (G, φ) and (G^′, φ^′) over K is a homomorphism f : G → G^′ of group schemes such that φ^′_a ∘ f = f ∘ φ_a for every a ∈ A. We denote the set of morphisms between G and G^′ by Hom_K (G, G^′) and we write End_K (G) := Hom_K (G, G).

In particular, for every c ∈ A the commutation φ_a ∘ φ_c = φ_{ac} = φ_{ca} = φ_c ∘ φ_a implies that φ_c ∈ End_K (G). Thus End_K (G) is an A-algebra via A → End_K (G), c → φ_c and Hom_K (G, G^′) is an A-module. So we may also define QHom_K (G, G^′) := Hom_K (G, G^′) ⊗_A Q and write QEnd_K (G) := QHom_K (G, G) = End_K (G) ⊗_A Q.

Remark 9.3. Drinfeld A-modules possess higher dimensional generalizations, which are called abelian Anderson A-modules, see [Har17, Definition 1.2]. They were originally defined by Anderson [And86] for A = F_q [t] under the name abelian t-modules. These are group schemes which carry an action of the ring A subject to certain conditions. Abelian Anderson A-modules are the function field analogs of abelian varieties. Although Anderson worked over a field, abelian Anderson A-modules also exist naturally over arbitrary A-algebras as base rings. They possess an (anti-)equivalent description by semi-linear algebra objects called A-motives, which we will define next. Through the work of Drinfeld and Anderson it was realized very early on that a Drinfeld module or abelian Anderson A-module over a field is completely described by its A-motive. The same is true over an arbitrary A-algebra R, as is shown for example in [Har17]. So in a way the situation in function field arithmetic is much better than in the arithmetic of abelian varieties (which only have a local p-adic semi-linear algebra description via the Dieudonné module of the associated p-divisible group, see Remark 5.3): the A-motive is a “global” Dieudonné module which integrates the “local” Dieudonné modules for every prime in a single object. We will return to this in Section 14 and Proposition 14.7.

Before we define A-motives we have to fix some

Notation 9.4. For an A-field (K, γ) we write A_K := A ⊗_{Fq} K and set J := (a ⊗ 1 − 1 ⊗ γ(a): a ∈ A) ⊂ A_K . We consider the endomorphism σ^∗ := id_A ⊗ Frob_{q,K} of A_K , where Frob_{q,K} (b) = b^q for b ∈ K. For an A_K -module M we set σ^∗M := M ⊗_{AK ,σ}∗ A_K and we write σ^∗_M : M → σ^∗M, m → m ⊗ 1 for the natural σ^∗-semilinear map. For a homomorphism f : M → N of A_K -modules we set σ^∗f := f ⊗ id_{AK} : σ^∗M → σ^∗N. Note that the endomorphism σ^∗ corresponds to a morphism of schemes

σ := id_C × Spec(Frob_{q,K} ): C_K := C ×_{Fq} Spec K → C_K (9.1)

which is the identity on points and on sections of O_C and the q-Frobenius on K. It satisfies σ|_{Spec AK} = Spec(σ^∗): Spec A_K → Spec A_K .

Example 9.5. Before we give the general definition of A-motives, we define the A-motive associated to a Drinfeld A-module G = (G, φ) over K as in [And86]. Namely, we set

M := M(G) := M(φ) := Hom_{K,Fq} (G, G_{a,K} ),

where Hom_{K,Fq} (−, −) is the group of F_q -linear homomorphisms of group schemes over K. Every choice of an isomorphism G ∼= G_{a,K} induces an isomorphism M(G) ∼= K{τ}. We make M(G) into an A_K {τ} = A ⊗_{Fq} K{τ} module in the fashion given below: (a, m) → m ∘ φ_a for m ∈ M, a ∈ A; (9.2) (b, m) → ψ_b ∘ m for m ∈ M, b ∈ K; (9.3) (τ, m) → τm = Frob_{q,Ga} ∘ m for G_{a,K} → G_{a,K} : m ∈ M. (9.4) Since the actions of a ∈ A and of b ∈ K commute, i.e. a(b · m) = ψ_b ∘ m ∘ φ_a = b(a · m), this makes M into a module over A_K := A ⊗_{Fq} K. It is not difficult to see that M is a locally free A_K -module of rank r := rk G, see [Gos96, Lemma 5.4.1]. Now for a ∈ A and b ∈ K we have τ ∘ (a ⊗ b)(m) = τ ∘ (ψ_b ∘ m ∘ φ_a) = ψ_bq ∘ τ ∘ m ∘ φ_a = (a ⊗ b^q) ∘ τm . Since the action of τ is not A_K -linear but σ^∗-semi linear, it induces an A_K -linear map τ_M : σ^∗M → M defined by τ_M (m ⊗ 1) = τm. Sending m ∈ M := Hom_{K,Fq} (G, G_{a,K} ) to Lie m ∈ Hom_K (Lie G, Lie G_{a,K} ) = Hom_K (Lie G, K) defines a canonical isomorphism of A_K -modules

coker τ_M = M/τ_M (σ^∗M)^∼−→ Hom_K (Lie G, K), m mod τ_M (σ^∗M) −→ Lie m , (9.5)

where a ∈ A acts on Lie E via Lie φ_a; see [And86, Lemma 1.3.4]. This implies dim_K (coker τ_M ) = 1, which can also be seen directly from M ∼= K{τ} and τ_M (σ^∗M) ∼= K{τ} · τ.

The above construction motivates the definition of A-motives:

Definition 9.6. An (effective) A-motive of rank r and dimension d over K is a pair M = (M, τ_M ) consisting of a locally free A_K -module M of rank r and an A_K -homomorphism τ_M : σ^∗M → M such that

(a) dim_K (coker τ_M ) = d.

(b) (a − γ(a))^d · coker τ_M = 0 for all a ∈ A.

We write rk M := r and dim M := d.

A morphism between A-motives f : (M, τ_M ) → (N, τ_N ) over K is an A_K -homomorphism f : M → N with f ∘τ_M = τ_N ∘σ^∗f. We denote the set of morphisms between M and N by Hom_K (M, N) and we write End_K (M) := Hom_K (M, M). Since σ^∗(a) = a for all a ∈ A and τ_M is A_K -linear, we have a · id_M ∈ End_K (M). Thus End_K (M) is an A-algebra via A → End_K (M), a → a · id_M and Hom_K (M, N) is an A-module. So we may also define QHom_K (M, N) := Hom_K (M, N) ⊗_A Q and write QEnd_K (M) := QHom_K (M, M) = End_K (M) ⊗_A Q.

On the relation with Drinfeld A-modules we have the following theorem, see [And86] or [Gos96, §5.4].

Theorem 9.7. The contravariant functor G → M(G) from Drinfeld A-modules to A-motives over K is fully faithful. Its essential image consists of all M = (M, τ_M ) such that M is free over K{τ} of rank 1. The latter implies that dim M = 1.

In this sense we view A-motives as higher dimensional generalizations of Drinfeld A-modules. As an illustration of the claim that A-motives (and abelian Anderson A-modules) play the role of abelian varieties, see for example [BH09] where the theory of A-motives over finite fields is developed in analogy with [Tat66].

Example 9.8. Let C = P^1_{Fq} , and set A = F_q [t]. Then A_K = K[t]. Let K = F_q (θ) be the rational function field in the variable θ and let γ : A → K be given by γ(t) = θ. The Carlitz module over K is given by G = (G_{a,K} , φ) with φ: F_q [t] → K{τ} defined by φ_t = θ + τ. The A-motive associated with the Carlitz module is given by C = (C = K[t], τ_C = t − θ) and is called the Carlitz motive. Both G and C have rank 1. As we will see in Examples 12.3 and 14.10 below, the Carlitz module is the function field analog of the multiplicative group G_{m,Q} from Example 4.3.

10 Isogenies and Semi-simple A-Motives

If we define the rank of an abelian variety X ad rk X := 2 · dim X, see Remark 12.5 below, the analog of Theorem 3.1 is the following

Theorem 10.1. For two A-motives M and N over an A-field K the A-module Hom_k(M, N) is finite projective of rank ≤ (rk M) · (rk N). The same is true for Drinfeld A-modules over K.

Proof. For A-motives this was proved by Anderson [And86, Corollary 1.7.2] and for Drinfeld A-modules it can be found in [Gos96, Theorem 4.7.8].

Definition 10.2. Let G = (G, φ) and G^′ = (G^′, φ^′) be two Drinfeld A-modules over K. A non zero morphism f ∈ Hom_K (G, G^′) is called an isogeny. If there is an isogeny f : G → G^′, then G and G^′ are isogenous.

From [Gos96, 4.7.13], we know that if there is an isogeny f : G → G^′, then there exists a some nonzero a ∈ A and an isogeny f̂ : G^′ → G such that f̂f = φ_a and ff̂ = φ^′_a.

In particular, if 0 ≠ f ∈ End_K (G), then f is invertible in QEnd(G) := End_K (G) ⊗_A Q, so QEnd(G) is a finite dimensional division algebra over Q.

Definition 10.3. Let M and N be two A-motives over K. A morphism f ∈ Hom_K (M, N) is called an isogeny if f is injective and coker f is a finite dimensional K-vector space. If there exists an isogeny f ∈ Hom_K (M, N) then M and N are said to be isogenous over K and we write M ≈_K N. This defines an equivalence relation by Remark 10.4(d) below.

Remark 10.4. (a) Two Drinfeld A-modules are isogenous if and only if their associated A-motives are isogenous, see [Har17, Theorem 5.9 and Proposition 5.4].

(b) If two A-motives M and N are isogenous then rk M = rk N and dim M = dim N, see [Har17, Proposition 5.8].

(c) Conversely, let f : M → N be a morphism of A-motives with rk M = rk N. Then f is injective if and only if coker f is a finite dimensional K-vector space, and in this case f is an isogeny. Indeed, since M is locally free over A_K , it is contained in M ⊗_{AK} Quot(A_K ) where Quot(A_K ) denotes the fraction field of A_K . Since rk M = rk N the injectivity of f is equivalent to f inducing an isomorphism M ⊗_{AK} Quot(A_K ) → N ⊗_{AK} Quot(A_K ), and this in turn is equivalent to coker f being torsion, and hence finite.

(d) If f : M → N is an isogeny between A-motives, then there exists non-canonically an isogeny f̂ : N → M and a non-zero element a ∈ A with f̂f = a · id_M and ff̂ = a · id_N by [Har17, Corollary 5.15]

(e) Let M and N be A-motives over K. If M and N are isogenous over K via an isogeny f, then

QEnd_K (M) ∼= QHom_K (M, N) ∼= QEnd_K (N), h → f ∘ h → f ∘ h ∘ f^{−1}.

More precisely, QHom_K (M, N) is a free right QEnd_K (M)-module of rank 1 and a free left QEnd_K (N)- module of rank 1. If M and N are not isogenous then QHom_K (M, N) = (0).

Definition 10.5. Let M be an A-motive over K.

(a) An A-factor-motive over K of M is an A-motive M^′ together with a surjective morphism M ↠ M^′ of A-motives over K.

(b) M is called simple over K if M is non trivial and M has no A-factor-motives over K other than (0) and M.

(c) M is called semi-simple over K if M is isogenous to a direct sum of simple A-motives over K, i.e. M ≈_K ⊕_iM_i with M_i simple.

Remark 10.6. (a) In comparison to the analogous Definition 3.2 for abelian varieties, A-motives behave dually. This is due to the fact that the functor from Drinfeld A-modules to A-motives is contravariant.

(b) For any Drinfeld A-module φ over K the A-motive M(φ) is simple by [BH11, Corollary 7.5].

(c) But in contrast to abelian varieties (Remark 3.3) not every A-motive is semi-simple up to isogeny. This was observed in [BH09, Examples 6.1 and 6.13].

(d) Let M and N be two A-motives over K of same rank and let M be simple over K. Then every non-zero morphism f ∈ Hom_K (M, N) is an isogeny. Namely, the image of f is a non-zero A-factor-motive of M, and hence isomorphic to M via f, because M is simple. So f is injective and hence an isogeny by Remark 10.4(c).

In particular, if M is simple over K then every non-zero endomorphism 0 ≠ f ∈ End_K (M) is an isogeny and therefore invertible in QEnd_K (M) by Remark 10.4(d). This implies that QEnd_K (M) is a division algebra over Q. Moreover, if M is semi-simple over K with decomposition M ≈_K M_1 ⊕ · · · ⊕ M_n up to isogeny into simple A-motives M_i over K, then QEnd_K (M) decomposes into a finite direct product of full matrix algebras over the division algebras QEnd_K (M_i) over Q, compare Remark 3.4.

11 Analytic Theory of Drinfeld Modules

In this section we consider Drinfeld A-modules over C_∞ , which is an A-field via the natural inclusion A ⊂ Q ⊂ Q_∞ ⊂ C_∞ denoted by γ.

If G = (G_{a,C ∞} , φ) with φ: A → C_∞ {τ} is a Drinfeld A-module over C_∞ then there is a uniquely determined power series exp_G(z) = ∑_∞ i=0 e_iz^{qi} with e_i ∈ C_∞ , e_0 = 1 satisfying

φ_a(exp_G(z)) = exp_G(γ(a) · z)

for all a ∈ A, see [Gos96, 4.6.7]. It is called the exponential function of G. The power series exp_G converges for every z ∈ C_∞ and its kernel Λ(G) is an A-lattice in C_∞ (that is, a finitely generated projective, discrete A-submodule) of the same rank as the Drinfeld A-module G. Note that C_∞ is infinite dimensional over Q_∞ and therefore contains A-lattices of arbitrarily high rank.

Conversely, let Λ ⊂ C_∞ be an A-lattice of rank r. Then the function

exp_Λ(z) = z ∏ 0≠λ∈Λ (1 −^z_λ ) (11.1)

converges for every z ∈ C_∞ and can be written as an everywhere convergent power series in z. Moreover exp_Λ : C_∞ → C_∞ is a surjective F_q -linear map whose zeroes are simple and located at Λ. For more details see [Gos96, §4.2]. For a ∈ A ∖ {0} we can now define the polynomial

φ^Λ_a (x) := γ(a) · x · ∏ 0≠λ∈γ(a)^{−1}Λ/Λ ( 1 −^x_{expΛ(λ)} ) ∈ C_∞ [x] . (11.2)

It satisfies exp_Λ(γ(a) · z) = φ^Λ_a (exp_Λ(z)) (11.3) and makes the following diagram with exact rows commutative

0 // Λ fflffl // C_∞^{expΛ} // γ(a) fflffl C_∞ φ^Λ_a fflffl // 0

0 // Λ // C_∞^{expΛ} // C_∞ // 0

. (11.4)

It is easy to see that

(a) φ^Λ_a (x) is an F_q -linear polynomial, i.e. φ^Λ_a ∈ C_∞ {τ}, of τ-degree deg_τ (φ^Λ_a ) = −rd_∞v_∞(a);

(b) φ^Λ : a → φ^Λ_a defines a ring homomorphism φ^Λ : A → C_∞ {τ}.

The additive group C_∞ , considered as the quotient C_∞ /Λ via exp_Λ, thus carries a new structure as an A-module given by z → φ^Λ_a (z) for a ∈ A. Therefore, for every A-lattice Λ ⊂ C_∞ of rank r we get a Drinfeld A-module G^Λ := (G_{a,C ∞} , φ^Λ) of rank r over C_∞ .

Definition 11.1. Let Λ_1, Λ_2 be two A-lattices of the same rank. A morphism from Λ_1 → Λ_2 is an element c ∈ C_∞ , with cΛ_1 ⊆ Λ_2. If the ranks of Λ_1 and Λ_2 are different, then we only allow 0 ∈ C_∞ to be a morphism.

Theorem 11.2 ([Dri76, Proposition 3.1]). The functors G → Λ(G) and Λ → G^Λ give an equivalence of categories between the category of Drinfeld A-modules over C_∞ and the category of A-lattices in C_∞ .

Corollary 11.3. If G is a Drinfeld A-module over a field K of generic A-characteristic, then QEnd_K (G) is a commutative field whose degree over Q divides rk G.

Proof. Since G and all elements of QEnd_K (G) are defined over a finitely generated subfield K_0 of K, we can choose a Q-embedding K_0 → C_∞ and it suffices to prove the corollary when K = C_∞ . In this case G ∼= G^Λ for an Alattice Λ ⊂ C_∞ of rank equal to rk G. By Theorem 11.2 we have isomorphisms End_K (G)^∼−→ {c ∈ C_∞ : cΛ ⊂ Λ}, f → Lie(f) and QEnd_K (G)^∼−→ {c ∈ C_∞ : c(Q · Λ) ⊂ Q · Λ}. In particular QEnd_K (G) ⊂ C_∞ is a commutative field. Since Q · Λ ⊂ C_∞ is a Q-vector space of dimension rk G and also a QEnd_K (G)-vector space, the formula rk G = dim_Q(Q · Λ) = [QEnd_K (G) : Q] · dim_{QEndK (G)}(Q · Λ) tells us that [QEnd_K (G) : Q] divides rk G.

We regard Drinfeld A-modules and particularly those of rank two as analogs of elliptic curves, where the functional equation (11.3) for exp_Λ(z) corresponds to the group law derived from (2.3). The point is that (2.3) defines a Z-module structure on the elliptic curve C /Λ^∼−→ E_Λ(C ), while (11.2) and (11.3) define the above A-module structure on the additive group scheme G_{aK} .

Definition 11.4. Let G be a Drinfeld A-module of rank r over C_∞ . The Betti (co-)homology realization of G is defined by H^1_{Betti}(G, R) := Λ(G) ⊗_A R and H_{1,Betti}(G, R) := Hom_A(Λ(G), R)

for any A-algebra R. Both are free R-modules of rank r.

12 Torsion Points and v-adic Cohomology of Drinfeld Modules

Definition 12.1. Let G = (G, φ) be a Drinfeld A-module over an A-field K and let G(K^{alg}) be the set of K^{alg}-valued points of G. For an element a ∈ A, we set

G[a](K^{alg}) := φ[a](K^{alg}) := {P ∈ G(K^{alg}) | φ_a(P ) = 0},

and we call G[a](K^{alg}) the module of a-torsion points of G = (G, φ). If a ⊆ A is an ideal, we set

G[a](K^{alg}) := φ[a](K^{alg}) := {P ∈ G(K^{alg}) | φ_a(P ) = 0 for all a ∈ a}.

The latter are the K^{alg}-valued points of a closed subgroup scheme G[a] of G, which is an A/a-module scheme via a → φ_a|_{G[a]}. If a = (a) then G[a](K^{alg}) = G[a](K^{alg}).

Remark 12.2. We have the following observation, see [Gos96, § 4.5], where we denote the A-characteristic of K by p = A-char(K) := ker(γ : A → K):

(a) If a ∈ A is prime to A-char(K), we see that the polynomial φ_a is separable and #G[a](K^{alg}) = (#A/(a))^{rk G}.

Since this holds for every a ∈ A and G[a](K^{alg}) is an A/a-module, one obtains G[a](K^{alg}) ∼= (A/a)^{rk G} as A-modules.

(b) #G[p](K^{alg}) = (#A/(p))^{rk G−h} and G[p](K^{alg}) ∼= (A/(p))^{rk G−h}, where h is the height of the Drinfeld Amodule defined by h :=^{w(a)}_{vp(a)·[Fp:Fq ]} for every a ∈ A, where w(a) is the smallest integer i ≥ 0 with τ^i occurring in φ_a, with nonzero coefficient.

Example 12.3. The Carlitz module G = (G_{a,K} , φ) over K = F_q (θ) with φ_t = θ + τ from Example 9.8 has rank 1. For every a = ∑_n i=0 a_it^i with a_i ∈ F_q and a_n ≠ 0, we have φ_a = ∑_n i=0 a_iφ^n_t = ∑_n i=0 a_i(θ + τ)^n = ( ∑_n i=0 a_iθ^n) · τ^0 + . . . + a_nτ^n = γ(a)τ^0 + . . . + a_nτ^n. Therefore, the polynomial φ_a(x) = γ(a) x + . . . + a_n x^{qn} has degree q^n and is separable, because γ(a) ≠ 0. From this it follows that #G[a](K^{alg}) = q^n = #(A/(a)) and that G[a](K^{alg}) ∼= A/(a) for every a ∈ A. This illustrates that the Carlitz module is the function field analog of the multiplicative group G_m = G_{m,Q} from Example 4.3, which for a ∈ N_{>0} satisfies G_m [a](Q^{alg} ) := ker[a](Q^{alg} ) = {x ∈ Q^{alg} : x^a = 1} ∼= Z/(a).

Definition 12.4. Let v be a prime ideal of A. Let G = (G, φ) be a Drinfeld A-module over K of fixed rank r and define the A_v -module G[v^∞](K^{alg}) := ∪_{n≥1}G[v^n](K^{alg}). The A_v -module

H_{1,v} (G, A_v ) := T_v(G) = Hom_{Av} ( Q_v/A_v , G(K^{alg}) ) = Hom_{Av} ( Q_v/A_v , G[v^∞](K^{alg}) ) . (12.1)

is called the v-adic homology realization or the v-adic Tate module of G. It carries a continuous G_K -action. Note that when z =^a_c ∈ Q is a uniformizing parameter of A_v then the map φ_z := φ^{−1}_c ∘ φ_a : G[v^n](K^{alg}) → G[v^{n−1}](K^{alg}) is well defined and T_v(G) ∼= lim_{←−} ( G[v^n](K^{alg}), φ_z ) ; see for example [HK20, after Definition 4.8]. A morphism f : G → G^′ of Drinfeld A-modules gives a morphism T_v(f) : T_v(G) → T_v(G^′) of A_v [G_K ]-modules. If v is different from the A-characteristic A-char(K) of K, then T_v(G) is isomorphic to A^{⊕r}_v .

Remark 12.5. The results of this section parallel Remark 2.7 for abelian varieties. Since the ℓ-adic Tate module of an abelian variety X is isomorphic to (Z_ℓ)^{2 dim X} , while the v-adic Tate module of a Drinfeld A-module G is isomorphic to A^{rk G}v it is natural to call the number rk X := 2 dim X the rank of the abelian variety X, compare also Theorems 3.1 and 10.1.

There is a similar theory of Tate modules for A-motives which we will explain in the next section.

13 Cohomology Realizations and Period Maps for A-Motives

13.1 Uniformizability and Betti Cohomology

In this section we discuss the notion of uniformizability, cohomology realizations and period maps for A-motives from [HJ20] and also we generalize the results to the case d_∞ = [F_∞ : F_q ] ≠ 1. For a field extension K of F_q we consider the closed subscheme ∞_K := ∞ ×_{Fq} Spec K ⊂ C_K := C ×_{Fq} Spec K. If K contains F_∞ , then ∞_K is the disjoint union of d_∞-many K-rational points of C_K .

In order to define the notion of uniformizability for A-motives we have to introduce some notation of rigid analytic geometry as in [HP04]. For a general introduction to rigid analytic geometry see [BGR84].

Notation 13.1. With the curve C_{C ∞} and its open affine part C^′_{C ∞} := C_{C ∞} ∖ ∞_{C∞} one can associate by [BGR84, §9.3] rigid analytic spaces C_{C∞} := (C_{C ∞} )^{rig} and C^′_{C∞} := (C^′_{C∞} )^{rig} = C_{C∞} ∖ ∞_{C∞} . The underlying sets of C_{C∞} and C^′_{C∞} are the sets of C_∞ -valued points of C_{C∞} and C_{C∞} ∖ ∞_{C∞} , respectively. The endomorphism σ of C_{C ∞} from (9.1) induces endomorphisms of C_{C∞} and C^′_{C∞} which we denote by the same symbol σ.

Let O_{C∞} be the valuation ring of C_∞ and let κ_{C∞} be its residue field. By the valuative criterion of properness every point of C_{C∞} = C_{C ∞} (C_∞ ) = C(C_∞ ) extends uniquely to an O_{C ∞} -valued point of C and in the reduction gives rise to a κ_{C∞} -valued point of C. This gives us a reduction map

red : C_{C∞} = C(C_∞ ) −→ C(κ_{C∞} ) . (13.1)

The subscheme ∞_{κC∞} ⊂ C_{κC∞} contains d_∞ points. We denote them by {∞_i for i ∈ Z/d_∞Z} in such a way that the map σ from (9.1) transports ∞_i to ∞_{i+1} and (σ^{d∞} )^∗ stabilizes each ∞_i. Since the curve C_{κC∞} is non-singular, [BL85, Proposition 2.2] implies for each i that the preimage D_i of ∞_i ∈ ∞_{κC∞} under red is an open rigid analytic unit disc in C_{C∞} around ∞_i. Let D^′_i := D_i ∖ ∞_i be the punctured open unit disc around ∞_i in C_{C∞} . Then σ maps D_i isomorphically onto D_{i+1}. We let O(D_i) and O(C_{C∞} ∖ ∪_iD_i) be the coordinate rings of rigid analytic functions on the spaces D_i and C_{C∞} ∖ ∪_iD_i, respectively. The uniformizer z ∈ O(D_i) is a coordinate function on the disc D_i for every i.

Example 13.2. If C = P^1_{Fq} , A = F_q [t], and [F_∞ : F_q ] = 1, we can give the following explicit description. D_0 ⊂ P^1(C_∞ ) is the open unit disc around ∞.

O(C_{C∞} ∖ D_0) := C_∞ ⟨t⟩ := {_∞∑ i=0 a_it^i, a_i ∈ C_∞ , a_i → 0 as i → ∞ }

and C_{C∞} ∖D_0 is the closed unit disc inside C(C_∞ )∖∞_{C∞} = C_∞ on which the coordinate t has absolute value less or equal to 1. Also we can take z = 1/t as the coordinate on the disc D_0, and suggestively write D_0 = {|z| < 1}.

Definition 13.3. For an A-motive M over C_∞ , we define the τ-invariants

Λ(M) := (M ⊗_{AC∞} O(C_{C∞} ∖ ∪_iD_i))^τ := {m ∈ M ⊗_{AC∞} O(C_{C∞} ∖ ∪_iD_i) : τ_M (σ^∗_M m) = m}.

Since the ring of σ^∗-invariants in O(C_{C∞} ∖ ∪_iD_i) equals A, the set Λ(M) is an A-module. It was shown implicitly by Anderson [And86, Proof of Lemma 2.10.6] that Λ(M) is finite projective of rank at most equal to rk M.

Definition 13.4. An A-motive M is called uniformizable (or rigid analytically trivial) if the natural homomorphism h_M : Λ(M) ⊗_A O(C_{C ∞} ∖ ∪_iD_i) −→ M ⊗_{AC∞} O(C_{C∞} ∖ ∪_iD_i), λ ⊗ f −→ f · λ is an isomorphism.

Example 13.5. We keep the notation from Example 9.8. We recall that the Carlitz motive over C_∞ is given by C = ( C = C_∞ [t], τ_C = t − θ ) . We set ℓ^− := ∏_∞ i=0 ( 1 −^t_{θqi} ) ∈ O(C^′_{C ∞} ) ⊂ O(C_{C ∞} ∖ D_0) and choose an η ∈ C_∞ with η^{1−q} = −θ. Then we see that ηℓ^− ∈ Λ(C), because

τ_C (σ^∗_C (ηℓ^−)) = (t − θ) · η^q · σ^∗ ∞∏ i=0 ( 1 − t θ^{qi} ) = η · t − θ −θ · ∞∏ i=1 ( 1 − t θ^{qi} ) = ηℓ^− . Since ηℓ^− has no zeroes outside D_0 it generates the O(C_{C ∞} ∖ D_0)-module C ⊗_{AC∞} O(C_{C∞} ∖ D_0) = O(C_{C∞} ∖ D_0) and so h_C is an isomorphism and C is uniformizable.

Anderson [And86] proved the following criterion for uniformizability.

Lemma 13.6. Let M be an A-motive of rank r.

(a) The homomorphism h_M is injective and it satisfies h_M ∘ (id_{Λ(M )} ⊗ id) = (τ_M ⊗ id) ∘ σ^∗h_M .

(b) M is uniformizable if and only if rk_A Λ(M) = r.

Proof. (b) was proved by Anderson [And86, Lemma 2.10.6].

(a) is implicitly proved by Anderson [And86]. It is explicitly stated for example in [BH07, Lemma 4.2].

Next we state the generalization of [HJ20, Proposition 3.25], which we will need to define period maps. The point V(J ) ∈ C_{C ∞} (C_∞ ) lies in one of the discs D_i, because |γ(a)|_∞ > 1 for all a ∈ A ∖ F_q . We normalize the indexing of the D_i in such a way that V(J ) ∈ D_0. Then for any i ∈ N_0 , we consider the pullbacks σ^{i∗}J = (a ⊗ 1 − 1 ⊗ γ(a)^{qi} : a ∈ A) ⊂ A_{C∞} and the points V(σ^{i∗}J ) of C^′_{C∞} and C^′_{C∞} . They correspond to the point V(z − ζ^{qi} ) ∈ D_i and have ∞_{C∞} = {∞_0, · · · , ∞_{d∞−1}} as accumulation points. More precisely, for each k = 0, 1, · · · , d_∞ − 1 the point ∞_k is the limit of the sequence V(σ^{(k+d∞ i)∗}J ) = V(z − ζ^{qk+d∞i} ) for i ∈ N_0 . Therefore, C^′_C ∖ ∪_{i∈N0} V(σ^{i∗}J ) is an admissible open rigid analytic subspace of C^′_{C∞} .

Proposition 13.7. [HJ20, Proposition 3.25] Let M be a uniformizable effective A-motive over C_∞ . Then Λ(M) equals {m ∈ M ⊗_{AC∞} O(C^′_{C ∞} ) : τ_M (σ^∗_M m) = m} and the isomorphism h_M extends to an injective homomorphism h_M : Λ(M) ⊗_A O(C^′_{C ∞} ) −→ M ⊗_{AC∞} O(C^′_{C∞} ), λ ⊗ f → f · λ with h_M ∘ (id_{Λ(M )} ⊗ id) = (τ_M ⊗ id) ∘ σ^∗h_M . At the point V(J ) its cokernel satisfies coker h_M ⊗ C_∞ [[z − ζ]] = M/τ_M (σ^∗M). The morphism h_M is a local isomorphism away from ∪_{i∈N0} V(σ^{i∗}J ), and σ^∗h_M is a local isomorphism away from ∪_{i∈N>0} V(σ^{i∗}J ).

Proof. This follows in the same way as [HJ20, Proposition 3.25].

Definition 13.8. Let M be an A-motive of rank r over C_∞ . Anderson defined the Betti cohomology realization of M by setting H^1_{Betti}(M, R) := Λ(M) ⊗_A R and H_{1,Betti}(M, R) := Hom_A(Λ(M), R) for any A-algebra R. This is most useful when M is uniformizable, in which case both are locally free R-modules of rank equal to rk M.

Example 13.9. We keep the notation from Example 13.5. There we have calculated Λ(C) as the A-module generated by ηℓ^−, so H^1_{Betti}(C, A) = ηℓ^− · A and H_{1,Betti}(M, A) = (ηℓ^− )^{−1} · A.

Remark 13.10. To explain the compatibility with Definition 11.4 let Ω^1_{A/Fq} be the module of Kähler differentials of A over F_q . Then Ω^1_{A/Fq} ⊗_A Q = Ω^1_{Q/Fq} = Q dz because the field extension Q/F_q (z) is separable as it is unramified at ∞.

Proposition 13.11 ([And86, Corollary 2.12.1]). Let G = (G, φ) be a Drinfeld A-module over C_∞ and let M = M(G) be the associated A-motive. Then M is uniformizable and there is a perfect pairing of A-modules H_{1,Betti}(G, A) × H^1_{Betti}(M, A) −→ Ω^1_{A/Fq} , (λ, m) −→ ω_{A,λ,m} where ω_{A,λ,m} is determined by the residues Res_∞(a · ω_{A,λ,m}) = −m ( exp_G(Lie φ_a(λ)) ) ∈ F_q for all a ∈ Q. The pairing yields a canonical isomorphism H_{1,Betti}(M, A) ⊗_A Ω^1_{A/Fq}^∼−→ H_{1,Betti}(G, A) , which is functorial in G.

13.2 v-adic Cohomology

Definition 13.12. For an A-field K consider the v-adic completion A_{v,K} := lim_{←−} A_K /v^nA_K of A_K . Let M be an A-motive over K and let v ⊂ A be a maximal ideal with v ≠ A-char(K). Since (A_{v,K}sep )^{τ =id} = A_v, we can define the v-adic cohomology realizations of M as the A_v -modules H^1_v(M, A_v ) := (M ⊗_{AK} A_{v,K}sep )^τ := {m ∈ M ⊗_{AK} A_{v,K}sep | τ_M (σ^∗_M m) = m} and (13.2) H_{1,v}(M, A_v) := Hom_{Av} (H^1_v(M, A_v ), A_v ).

They are free A_v -modules of rank equal to rk M, carrying a continuous action of the Galois group G_K by [TW96, Proposition 6.1], and the inclusion H^1_v(M, A_v ) ⊂ M ⊗_{AK} A_{v,K}sep induces a canonical isomorphism of A_{v,K}sep - modules H^1_v(M, A_v ) ⊗_{Av} A_{v,K}sep^∼−→ M ⊗_{AK} A_{v,K}sep which is both G_K and τ-equivariant, where on the left module G_K acts on both factors and τ is id ⊗ σ^∗ and on the right module G_K acts only on A_{v,K}sep and τ is (τ_M ∘ σ^∗_M ) ⊗ σ^∗. One also sometimes denotes H^1_v (M, A_v) by Ť_v(M) and calls this the v-adic dual Tate module associated with M at v. We also define the Q_v-vector spaces with continuous G_K -action H^1_v(M, Q_v) := H^1_v(M, A_v ) ⊗_{Av} Q_v and H_{1,v}(M, Q_v) := Hom_{Av} (H^1_v(M, A_v ), Q_v) = H_{1,v} (M, A_v) ⊗_{Av} Q_v .

The association M → H^1_v (M, A_v) or M → H^1_v(M, Q_v) is a covariant functor which is exact and faithful.

The analog of the Tate conjecture is the following theorem which was proved by Taguchi [Tag95] and Tamagawa [Tam94, § 2].

Theorem 13.13 (Tate conjecture for A-motives). If K is a finitely generated A-field and v ≠ A-char(K) then Hom(M, M^′) ⊗_A A_v^∼−→ Hom_{Av [GK ]}(H^1_v (M, A_v), H^1_v(M^′, A_v )) is an isomorphism of A_v -modules for A-motives M and M^′.

Let us explain the relation between T_vG and Ť_vM(G) := H^1_v(M(G), A_v ) for a Drinfeld A-module G. The A_v - module Hom_{Fv} (Q_v/A_v , F_v ) is canonically isomorphic to the A_v -module ^Ω^1_{Av /Fv} = A_v dz_v of continuous differential forms; see [HK20, Equation (4.5)], and therefore, it is a free A_v -module of rank 1. If G is a Drinfeld A-module over K and M = M(G) is its associated A-motive, then there is a natural G_K -equivariant perfect pairing of A_v-modules ⟨ . , . ⟩: T_vG × Ť_vM −→ Hom_{Fv} (Q_v /A_v, F_v ) ∼= ^Ω^1_{Av /Fv} , ⟨f, m⟩ := m ∘ f , (13.3) which identifies T_vG with the contragredient G_K -representation Hom_{Av} (Ť_vM, ^Ω^1_{Av /Fv} ) of Ť_vM; see [HK20, Proposition 4.9]. Together with Theorems 9.7 and 13.13 this implies the following

Corollary 13.14 (Tate conjecture for Drinfeld A-modules). Let G and G^′ be two Drinfeld A-modules over a finitely generated field K. Then the natural map Hom_K (G, G^′) ⊗_A A_v → Hom_{Av [GK ]}(T_vG, T_vG^′), f ⊗ a → a · T_v(f) is an isomorphism of A_v -modules.

13.3 De Rham Cohomology and Period Isomorphisms

In this subsection let (K, γ) be an A-field of generic A-characteristic. Then K is a field extension of Q via γ and we set ζ := γ(z). There is an identification lim_{←−} A_K /J^n = K[[z − ζ]] from [HJ20, Lemma 1.3].

Definition 13.15. Let M be an A-motive over an A-field K of generic A-characteristic. The de Rham realization of M is defined as

H^1_{dR} ( M, K[[z − ζ]] ) := σ^∗M ⊗_{AK} lim_{←−} A_K /J^n ,

H^1_{dR} ( M, K((z − ζ)) ) := H^1_{dR} ( M, K[[z − ζ]] ) ⊗_{K[[z−ζ]]} K((z − ζ)) and

H^1_{dR}(M, K) := σ^∗M ⊗_{AK} A_K /J

= H^1_{dR} ( M, K[[z − ζ]] ) ⊗_{K[[z−ζ]]} K[[z − ζ]]/(z − ζ) . The Hodge-Pink lattice of M is defined as q^M := τ^{−1}_M (M ⊗_{AK} lim_{←−} A_K /J^n) ⊂ H^1_{dR} ( M, K((z − ζ)) ) , and the

descending Hodge-Pink filtration of M is defined via p^M := H^1_{dR}(M, K[[z − ζ]]) and

F^i H^1_{dR}(M, K) := ( p^M ∩ (z − ζ)^iq^M )/( (z − ζ)p^M ∩ (z − ζ)^iq^M ) = image of ( σ^∗M ∩ τ^{−1}_M (J^iM) ) ⊗_R K in H^1_{dR}(M, K) ;

compare also with [Gos96, § 2.6]. Since M is effective, we have p^M ⊂ q^M with τ_M : q^M /p^{M ∼}−→ coker τ_M and F^0 H^1_{dR}(M, K) = H^1_{dR}(M, K). Note that the de Rham realization with Hodge-Pink lattice and filtration is a covariant functor on the category of A-motives over K with quasi-morphisms.

Definition 13.16. If G is a Drinfeld A-module over an A-field K of generic characteristic, let M = (M, τ_M ) = M(G) be the associated A-motive. Then the de Rham cohomology realization of G is defined to be

H^1_{dR}(G, K) := Hom_A(Ω^1_{A/Fq} , σ^∗M/J · σ^∗M) ,

H^1_{dR}(G, K[[z − ζ]]) := Hom_A ( Ω^1_{A/Fq} , σ^∗M ⊗_{AK} K[[z − ζ]] ) , H_{1,dR}(G, K[[z − ζ]]) := Hom_{AK} (σ^∗M, ^Ω^1_{K[[z−ζ]]/K} ) and

H_{1,dR}(G, K) := Hom_{AK} (σ^∗M, ^Ω^1_{K[[z−ζ]]/K} ) ⊗_{K[[z−ζ]]} K[[z − ζ]]/(z − ζ) ,

where Ω^1_{A/Fq} is the module of Kähler differentials of A over F_q and ^Ω^1_{K[[z−ζ]]/K} = K[[z−ζ]]dz is the K[[z−ζ]]-module of continuous differentials. We define the Hodge-Pink lattices of G as the K[[z − ζ]]-submodules

q^G := Hom_A ( Ω^1_{A/Fq} , τ^{−1}_M (M) ⊗_{AK} K[[z − ζ]] ) ⊂ H^1_{dR} ( G, K((z − ζ)) ) and q_G := (τ^∨_M ⊗ id_{K((z−ζ))}) ( Hom_{AK} (M, ^Ω^1_{K[[z−ζ]]/K} ) ) ⊂ H_{1,dR} ( G, K((z − ζ)) ) .

In both cases the Hodge-Pink filtrations F^i H^1_{dR}(G, K) and F^i H_{1,dR}(G, K) of G are recovered as the images of H^1_{dR} ( G, K[[z − ζ]] ) ∩ (z − ζ)^iq^G in H^1_{dR}(G, K) and of H_{1,dR} ( G, K[[z − ζ]] ) ∩ (z − ζ)^iq_G in H_{1,dR}(G, K) like in Definition 13.15. All these structures are compatible with the natural duality between H^1_{dR} and H_{1,dR}. Remark 13.17. It was shown in [HJ20, Remark 4.45 and Lemma 5.46] that this definition coincides with the definitions given by Deligne, Anderson, Gekeler and Jing Yu, see [Gos94, Definition 2.6.1], [Gek89, § 2] and [Yu90]. Moreover, it was shown in [HJ20, Diagram (5.36) in the Proof of Theorem 5.40] that the dual of the sequence of K[[z − ζ]]-modules 0 → p^M → q^M → coker τ_M → 0 is isomorphic to the sequence 0 −→ q_G −→ H_{1,dR}(G, K[[z − ζ]]) −→ Lie G −→ 0 .

Since z − ζ = 0 on Lie G we obtain modulo (z − ζ) H_{1,dR}(G, K[[z − ζ]]) the exact sequence of K-vector spaces 0 −→ F^0 H_{1,dR}(G, K) −→ H_{1,dR}(G, K) −→ Lie G −→ 0 , (13.4) which is the analog of the decomposition (6.2).

For a uniformizable A-motive M over C_∞ the morphism h_M from Proposition 13.7 induces comparison isomorphisms between the Betti and the v-adic, respectively the de Rham realizations as follows.

Since v ≠ ∞ the points in the closed subscheme {v} ×_{Fq} Spec C_∞ ⊂ C_{C∞} do not specialize to ∞_{κC} ∈ C_{κC} and so this closed subscheme lies in C_{C∞} ∖ ∪_iD_i. This gives us isomorphisms O(C_{C ∞} ∖ ∪_iD_i)/v^nO(C_{C ∞} ∖ ∪_iD_i)^∼−→ A_{C∞} /v^nA_{C∞} for all n ∈ N and lim_{←−} O(C_{C ∞} ∖ ∪_iD_i)/v^nO(C_{C ∞} ∖ ∪_iD_i)^∼−→ lim_{←−} A_{C∞} /v^nA_{C∞} = A_{v,C∞} . The isomorphism h_M from Proposition 13.7 induces a τ-equivariant isomorphism H^1_{Betti}(M, A) ⊗_A lim_{←−} O(C_{C ∞} ∖ ∪_iD_i)/v^nO(C_{C ∞} ∖ ∪_iD_i)^∼−→ M ⊗_{AC∞} A_{v,C∞} .

Taking τ-invariant on both sides provides us with the isomorphism between the Betti and the v-adic realization h_{Betti,v} : H^1_{Betti}(M, A_v ) = H^1_{Betti}(M, A) ⊗_A A_v^∼−→ H^1_v(M, A_v ), λ ⊗ f → (f · λ mod v^n)_{n∈N}.

On the other hand, Proposition 13.7 implies that σ^∗h_M is an isomorphism locally at V(J ) that is σ^∗h_M ⊗ id_{C∞ [[z−ζ]]} : H^1_{Betti}(M, A) ⊗_A C_∞ [[z − ζ]]^∼−→ σ^∗M ⊗_{AC∞} C_∞ [[z − ζ]].

This induces an isomorphism between the Betti and the de Rham realization h_{Betti,dR} := σ^∗h_M ⊗ id_{C∞ [[z−ζ]]} : H^1_{Betti}(M, C_∞ [[z − ζ]])^∼−→ H^1_{dR}(M, C_∞ [[z − ζ]]), h_{Betti,dR} := σ^∗h_M mod J : H^1_{Betti}(M, C_∞ )^∼−→ H^1_{dR}(M, C_∞ ).

We summarize the above result as follows, compare [HJ20, Theorem 3.39].

Theorem 13.18. If M is a uniformizable A-motive over C_∞ there are canonical comparison isomorphisms, sometimes also called period isomorphisms

h_{Betti,v} : H^1_{Betti}(M, A_v ) = H^1_{Betti}(M, A) ⊗_A A_v^∼−→ H^1_v (M, A_v ), λ ⊗ f → (f · λ mod v^n)_{n∈N} (13.5) and h_{Betti,dR} := σ^∗h_M ⊗ id_{C∞ [[z−ζ]]} : H^1_{Betti}(M, C_∞ [[z − ζ]])^∼−→ H^1_{dR}(M, C_∞ [[z − ζ]]), h_{Betti,dR} := σ^∗h_M mod J : H^1_{Betti}(M, C_∞ )^∼−→ H^1_{dR}(M, C_∞ ). (13.6) The latter yields a pairing ⟨ . , . ⟩_∞ : H_{1,Betti}(M, C_∞ ) × H^1_{dR}(M, C_∞ ) −→ C_∞ , (13.7) (u , ω) −→ ⟨u, ω⟩_∞ := u ⊗ id_{C∞} ( h^{−1}_{Betti,dR}(ω) ) . All these cohomology realizations and period isomorphisms are functorial in M and by [HJ20, Theorem 5.49] compatible with the functor from Drinfeld A-modules to A-motives, Proposition 13.11 and the pairing (13.3).

Example 13.19. For the Carlitz motive C = (C = F_q (θ)[t], τ_C = t − θ) from Example 9.8 the period isomorphism h_{Betti,dR} is given as follows. By Example 13.5 the generator ηℓ^− of H^1_{Betti}(C, C_∞ ) = A · ηℓ^− is sent under h_{Betti,dR} to the element σ^∗(ηℓ^−)|_{t=θ} = η^q ∏_∞ i=1(1 − θ^{1−qi} ) ∈ C_∞ which has absolute value | |ηq ∏^∞_{i=1}(1 − θ1−q^i ) | |_∞ = |ηq |_∞ = |θ|^{q/(1−q)} ∞ = q^{−q/(q−1)}. This element is the analog of the period (2πi)^{−1} from Example 4.5, because the Carlitz module and Carlitz motive are the analogs of the multiplicative group G_m , see Example 12.3.

Theorem 13.20. Let G be a Drinfeld A-module over C_∞ and let M = (M, τ_M ) = M(G) := Hom_{C∞ ,Fq} (G, G_{a,C ∞} ) be the associated A-motive. Let q^M and p^M := H^1_{dR}(M, C_∞ [[z − ζ]]) be as in Definition 13.15. Let m ∈ q^M be such that its image m under the isomorphism τ_M ⊗ id_{C∞ [[z−ζ]]} : q^M /p^{M ∼}−→ coker τ_M generates the one dimensional C_∞ -vector space coker τ_M . Let ω := −(z − ζ) · m ∈ (z − ζ)q^M ⊂ p^M . Consider the pairing

coker τ_M × Lie G −→ Lie G_{a,C ∞} = C_∞ , (m, λ) −→ m(λ) (13.8)

induced from (9.5) and the isomorphism

β_A : H_{1,Betti}(G, Q)^∼−→ H_{1,Betti}(M, Q) ⊗_Q Ω^1_{Q/Fq} = H_{1,Betti}(M, Q) · dz

from Proposition 13.11 using Remark 13.10. Let λ ∈ H_{1,Betti}(G, Q) ⊂ Lie G and let u ∈ H_{1,Betti}(M, Q) be such that β_A(λ) = u dz. Then the pairing (13.7) can be computed as ⟨u, ω⟩_∞ = m(λ) . (13.9) Proof. As in [HJ20, Diagram (5.36) in the proof of Theorem 5.39] the isomorphism β_A fits into a commutative diagram

H_{1,Betti}(M, Q) ⊗_Q Ω^1_{Q/Fq} γ̃_A //

Hom_{C∞} (coker τ_M , C_∞ )

H_{1,Betti}(G, Q) Ø

¨ // ∼= β_A OO

Lie G ∼= α OO (13.10)

where the isomorphism α is induced from the pairing (13.8), and the map γ̃_A is given by

γ̃_A : H_{1,Betti}(M, Q) ⊗_Q Ω^1_{Q/Fq} = H_{1,Betti}(M, Q) · dz −→ Hom_{C∞} (coker τ_M , C_∞ ) , u dz −→ [ m → − Res_{z=ζ} u(m)dz ] . Here u(m) ∈ C_∞ ((z − ζ)) is defined as

u(m) := (u ⊗ id_{C∞ ((z−ζ))}) ∘ (h_M ⊗ id_{C∞ ((z−ζ))})^{−1} ∘ (τ_M ⊗ id_{C∞ ((z−ζ))})(m)

= (u ⊗ id_{C∞ ((z−ζ))}) ∘ (h^{−1}_{Betti,dR} ⊗ id_{C∞ ((z−ζ))})(m)

where h_M ⊗ id_{C∞ ((z−ζ))} : H^1_{Betti}(M, Q) ⊗_Q C_∞ ((z − ζ))^∼−→ M ⊗_{AC∞} C_∞ ((z − ζ))

is the isomorphism from Proposition 13.7 with h_M = τ_M ∘ σ^∗h_M and h_{Betti,dR} = σ^∗h_M ⊗ id_{C∞ [[z−ζ]]}. Note that u(m) is only well defined up to adding elements of C_∞ [[z − ζ]], because the preimage m of m is only well defined up to p^M and (u ∘ h^{−1}_{Betti,dR})(p^M ) = u ( H^1_{Betti}(M, C_∞ [[z − ζ]]) ) ⊂ C_∞ [[z − ζ]]. This shows that, nevertheless, the residue − Res_{z=ζ} u(m)dz is well defined and independent of the preimage m of m. We may thus compute

m(λ) = α(λ)(m) = (γ̃_A ∘ β_A)(λ)(m) = γ̃_A(u dz)(m) = − Res_{z=ζ} u(m)dz .

Now m = −(z − ζ)^{−1} · ω and u(m) = (u ∘ h^{−1}_{Betti,dR})(m) = −(z − ζ)^{−1} · ⟨u, ω⟩_∞ in C_∞ ((z − ζ)) / C_∞ [[z − ζ]]. This yields m(λ) = − Res_{z=ζ} u(m)dz = Res_{z=ζ} ( ⟨u, ω⟩_∞^{d(z−ζ)}_{z−ζ} ) = ⟨u, ω⟩_∞ .

14 Local Shtukas and the v-adic Period Isomorphism

We next describe the function field analog of p-divisible groups.

Notation 14.1. We fix a place v ≠ ∞ of Q. Let K ⊂ Q^{alg} be an A-field which is a finite extension of Q via γ. Under the fixed embedding Q^{alg} → C_v let L be the v-adic completion of K ⊂ C_v . Let R be the valuation ring of L, let π_L be a uniformizing parameter of R and let κ be the residue field of R. Then R = κ[[π_L]] and L = κ((π_L)). The homomorphism γ : A → K extends by continuity to γ : A_v → L and factors through γ : A_v → R with ζ_v = γ(z_v) ∈ π_LR ∖ {0}. Let R[[z_v]] be the power series ring in the variable z_v over R and σ̂^∗_v the endomorphism of R[[z_v]] with σ̂^∗_v (z_v) = z_v and σ̂^∗_v (b) = b^{qv} for b ∈ R, where q_v = #F_v . For an R[[z_v ]]-module M̂ we let σ̂^∗_v M̂ := M̂ ⊗_{R[[zv ]],σ̂}∗_v R[[z_v]] as well as M̂[^1_{zv −ζv} ] := M̂ ⊗_{R[[zv ]]} R[[z_v]][^1_{zv −ζv} ] and M̂[^1_{zv} ] := M̂ ⊗_{R[[zv ]]} R[[z_v]][^1_{zv} ]. We obtain a canonical embedding A_R := A ⊗_{Fq} R → R[[z_v]] by mapping z_v ⊗ 1 → z_v and 1 ⊗ ζ_v → ζ_v .

The function field analog of p-divisible groups is given by the following Definition 14.2. A z_v-divisible local Anderson module over R is a sheaf of F_q [[z_v]]-modules G on the big fppf -site of Spec R such that

(a) G is z_v-torsion, that is G = lim_{−→} G[z^n_v ],

(b) G is z_v-divisible, that is z_v : G → G is an epimorphism,

(c) for every n the F_q -module G[z^n_v ] is representable by a finite locally free strict F_q -module scheme over R in the sense of Faltings (see [Fal02] or [HS20, Definition 4.7]), and

(d) locally on Spec R there exists an integer d ∈ Z_{≥0}, such that (z_v − ζ_v )^d = 0 on ω_G where ω_G := lim_{←−} ω_{G[z}n_{v ]} and ω_{G[z}n_{v ]} := ε^∗Ω^1_{G[znv ]/ Spec R} for the unit section ε of G[z^n_v ] over R.

Example 14.3. Let G = (G, φ) be a Drinfeld A-module over R which is defined as in Definition 9.2 by replacing K by R. By [Har17, Theorem 6.6] the torsion module G[v^n] is a finite locally free strict F_v -module scheme and the inductive limit G[v^∞] := lim_{−→} G[v^n] is a z_v-divisible local Anderson module over R for which one can take d = 1 in Definition 14.2(d).

Similarly to Remark 5.3, divisible local Anderson modules have a description by semi-linear algebra. It is given by local σ̂^∗_v -shtukas.

Definition 14.4. A local σ̂^∗_v -shtuka of rank r over R is a pair M̂ = (M̂, τ_{M̂} ) consisting of a free R[[z_v]]-module M̂ of rank r, and an isomorphism τ_{M̂} : σ̂∗_v M̂[^1_{zv −ζv} ]^∼−→ M̂[^1_{zv −ζv} ]. It is effective if τ_{M̂} (σ̂∗_v M̂) ⊂ M̂ and étale if τ_{M̂} (σ̂^∗_v M̂) = M̂. We write rk M̂ for the rank of M̂.

A morphism of local shtukas f : M̂ = (M̂, τ_{M̂} ) → N̂ = (N̂, τ_{N̂} ) over R is a morphism of the underlying modules f : M̂ → N̂ which satisfies τ_{N̂} ∘ σ̂^∗_v f = f ∘ τ_{M̂} . We denote the A_v -module of homomorphisms f : M̂ → N̂ by Hom_R(M̂, N̂) and write End_R(M̂) = Hom_R(M̂, M̂).

A quasi-morphism between local shtukas f : (M̂, τ_{M̂} ) → (N̂, τ_{N̂} ) over R is a morphism of R[[z_v]][^1_{zv} ]-modules f : M[^1_{zv} ]^∼−→ N[^1_{zv} ] with τ_{N̂} ∘σ̂^∗_v f = f ∘τ_{M̂} . It is called a quasi-isogeny if it is an isomorphism of R[[z_v ]][^1_{zv} ]-modules. We denote the Q_v-vector space of quasi-morphisms from M̂ to N̂ by QHom_R(M̂, N̂) and write QEnd_R(M̂) = QHom_R(M̂, M̂).

Note that Hom_R(M̂, N̂) is a finite free A_v -module of rank at most rk M̂ · rk N̂ by [HK20, Corollary 4.5] and QHom_R(M̂, N̂) = Hom_R(M̂, N̂) ⊗_{Av} Q_v. Also every quasi-isogeny f : M̂ → N̂ induces an isomorphism of Q_v-algebras QEnd_R(M̂)^∼−→ QEnd_R(N̂), g → fgf^{−1}, similarly to Remark 2.5(a).

The analog of the (“local”) Dieudonné functor from Remark 5.3 is given by the following Theorem 14.5 ([HS20, Theorem 8.3]). There is an anti-equivalence between the category of z_v-divisible local Anderson modules over R and the category of effective local σ̂^∗_v -shtukas over R given by the contravariant functor M̂_{qv} defined by M̂_{qv} (G) := lim_{←−} n M̂_{qv} (G[z^n_v ]), where

M̂_{qv} (G[z^n_v ]) := (Hom_{R-groups,Fq -lin}(G[z^n_v ], G_{a,R} ), τ̂_{Mq (G[znv ])})

and τ̂_{Mq (G[z}n_{v ])} is provided by the relative q_v -Frobenius of the additive group scheme G_{a,R} over R like in (9.4).

It turns out that like with abelian Anderson A-modules, one can dispense with the notions of z_v-divisible local Anderson modules, because their equivalent description by local σ̂^∗_v -shtukas can be obtained purely from A-motives as in the following

Example 14.6. Let M = (M, τ_M ) be an A-motive over K and assume that it has good reduction, that is, there exist a pair M = (M, τ_M) consisting of a locally free module M over A_R := A⊗_{Fq} R of finite rank and a morphism τ_M : σ^∗M → M of A_R-modules whose cokernel is annihilated by a power of the ideal J := (a ⊗ 1 − 1 ⊗ γ(a) : a ∈ A) ⊂ A_R, such that M ⊗_R L ∼= M ⊗_K L. The reduction M ⊗_R κ is an A-motive over κ of A-characteristic v = ker(γ : A → κ). The pair M is called an A-motive over R and a good model of M.

We consider the v-adic completions A_{v,R} of A_R and M ⊗_{AR} A_{v,R} := (M ⊗_{AR} A_{v,R}, τ_M ⊗ id) of M. We let d_v := [F_v : F_q ] and discuss the two cases d_v = 1 and d_v > 1 separately. If d_v = 1, and hence q_v = q and σ̂^∗_v = σ^∗, we have A_{v,R} = R[[z_v]], and M ⊗_{AR} A_{v,R} is an effective local σ̂^∗_v -shtuka over Spec R which we denote by M̂_v(M) and call the local σ̂^∗_v -shtuka at v associated with M.

If d_v > 1, the situation is more complicated, because F_v ⊗_{Fq} R and A_{v,R} fail to be integral domains. Namely, F_v ⊗_{Fq} R = ∏ Gal(F_v /F_q ) F_v ⊗_{Fv} R = ∏ i∈Z/d_vZ F_v ⊗_{Fq} R / (a ⊗ 1 − 1 ⊗ γ(a)^{qi} : a ∈ F_v )

and σ^∗ transports the i-th factor to the (i + 1)-th factor. In particular σ̂^∗_v stabilizes each factor. Denote by a_i the ideal of A_{v,R} generated by {a ⊗ 1 − 1 ⊗ γ(a)^{qi} : a ∈ F_v }. Then A_{v,R} = ∏ Gal(F_v /F_q ) A_v ^⊗_{Fv} R = ∏ i∈Z/d_vZ A_{v,R} / a_i.

Note that each factor is isomorphic to R[[z_v]] and the ideals a_i correspond precisely to the places v_i of C_{Fv} lying above v. The ideal J decomposes as follows J · A_{v,R}/a_0 = (z_v − ζ_v) and J · A_{v,R}/a_i = (1) for i ≠ 0. We define the local σ̂^∗_v -shtuka at v associated with M as M̂_v (M) := (M̂, τ_{M̂} ) := ( M ⊗_{AR} A_{v,R}/a_0 , (τ_M ⊗ 1)^{dv} ) , where τ^{dv}_M := τ_M ∘ σ^∗τ_M ∘ . . . ∘ σ^{(dv −1)∗}τ_M. Of course if d_v = 1 we get back the definition of M̂_v (M) given above. Also note that M/τ_M(σ^∗M) = M̂/τ_{M̂}(σ̂^∗_v M̂).

The local shtuka M̂_v(M) allows to recover M ⊗_{AR} A_{v,R} via the isomorphism d_v −1⨁

i=0 (τ_M ⊗ 1)^i mod a_i : (^dv^{−1}⨁ i=0 σ^{i∗}(M ⊗_{AR} A_{v,R}/a_0), (τ_M ⊗ 1)^{dv} ⊕ ⨁ i≠0 id )_∼ −→ M ⊗_{AR} A_{v,R} , because for i ≠ 0 the equality J ·A_{v,R}/a_i = (1) implies that τ_M ⊗ 1 is an isomorphism modulo a_i; see [BH11, Propositions 8.8 and 8.5] for more details.

Proposition 14.7 ([Har17, Theorem 7.6]). Let G = (G, φ) be a Drinfeld A-module over R and let G[v^∞] := lim_{−→} G[v^n] be its z_v-divisible local Anderson module over R from Example 14.3. Let M(G) be the associated A-

motive over R and let M̂_{qv} (G[v^∞]) be the associated local σ̂^∗_v -shtuka over R. Then M̂_{qv} (G[v^∞]) is canonically isomorphic to the local σ̂^∗_v -shtuka M̂_v (M) from Example 14.6.

Example 14.8. It was shown in [HK20, Example 2.7] that the local σ̂^∗_v -shtuka at v associated with the Carlitz motive C = (C = F_q (θ)[t], τ_C = t − θ) from Example 9.8 equals M̂_v(C) = ( F_v [[ζ_v ]][[z]], τ_{M̂} = (z_v − ζ_v ) ) . Here L = F_v ((ζ_v )) and R = O_L = F_v [[ζ_v ]].

Next we define the v-adic realization and the de Rham realization of a local shtuka M̂ = (M̂, τ_{M̂} ) over R. Since τ_{M̂} induces an isomorphism τ_{M̂} : σ̂^∗_v M̂ ⊗_{R[[zv ]]} L[[z_v]]^∼−→ M̂ ⊗_{R[[zv ]]} L[[z_v]], we can think of M̂ ⊗_{R[[zv ]]} L[[z_v]] as an étale local shtuka over L.

Definition 14.9. The v-adic realization H^1_v (M̂, A_v) of a local σ̂^∗_v -shtuka M̂ = (M̂, τ_{M̂} ) is the G_L-module of τ-invariants

H^1_v (M̂, A_v) := (M̂ ⊗_{R[[zv ]]} L^{sep}[[z_v]])^τ := {m ∈ M̂ ⊗_{R[[zv ]]} L^{sep}[[z_v]] : τ_{M̂} (σ̂^∗_{M̂} m) = m},

where we set σ̂^∗_{M̂} m := m ⊗ 1 ∈ M̂ ⊗_{R[[zv ]],σ̂}∗_v R[[z_v]] =: σ^∗M for m ∈ M. One also writes sometimes Ť_vM̂ = H^1_v(M̂, A_v ) and calls this the dual Tate module of M̂. By [HK20, Proposition 4.2] it is a free A_v -module of the same rank as M̂. We also write H^1_v(M̂, B) := H^1_v(M̂, A_v ) ⊗_{Av} B for an A_v -algebra B.

If M = (M, τ_M ) is an A-motive over L with good model M and M̂ = M̂_v(M) is the local shtuka at v associated with M, then H^1_v(M̂, A_v ) is by [HK20, Proposition 4.6] canonically isomorphic as a representation of G_L to the v-adic realization H^1_v(M, A_v ) of M.

Example 14.10. We describe the v-adic realization H^1_v (C, A_v) = H^1_v(M̂_v (C), A_v) of the Carlitz module from Example 14.8 by using its local shtuka M̂_v(C) = ( F_v [[ζ_v ]][[z_v]], τ_{M̂} = (z_v − ζ_v) ) at v computed there. For all i ∈ N_0 let ℓ_i ∈ L^{sep} be solutions of the equations ℓ^{qv −1}_0 = −ζ_v and ℓ^{qv}_i + ζ_vℓ_i = ℓ_{i−1}. This implies |ℓ_i| = |ζ_v |^{q−iv /(qv −1)} < 1. Define the power series ℓ^+_v = ∑_∞ i=0 ℓ_iz^i_v ∈ O_Lsep [[z_v]]. It satisfies σ̂^∗_v (ℓ^+_v ) = (z_v − ζ_v ) · ℓ^+_v , but depends on the choice of the ℓ_i. A different choice yields a different power series ℓ̃^+_v which satisfies ℓ̃^+_v = uℓ^+_v for a unit u ∈ (L^{sep}[[z_v]]^×)^{σ̂∗v =id} = F_v [[z_v]]^× = A^×_v , because σ̂^∗_v (u) =^{σ̂∗v (ℓ̃+v )}_{σ̂∗v (ℓ+v )} =^{ℓ̃+v}_{ℓ+v} = u. The field extension F_v ((ζ_v ))(ℓ_i : i ∈ N_0 )

of F_v ((ζ_v )) is the function field analog of the cyclotomic tower Q_p (^{pi} √ 1: i ∈ N_0 ); see [Har09, § 1.3 and § 3.4]. There is an isomorphism of topological groups called the v-adic cyclotomic character

χ_v : Gal ( F_v ((ζ_v ))(ℓ_i : i ∈ N_0 ) / F_v ((ζ_v )) )_∼ −→ A^×_v , which satisfies g(ℓ^+_v ) := ∑_∞ i=0 g(ℓ_i)z^i_v = χ_v (g) · ℓ^+_v in L^{sep}[[z_v]] for g in the Galois group. It is independent of the choice of the ℓ_i. The v-adic (dual) Tate module Ť_vM̂ = H^1_v(M̂_v(C), A_v ) of M̂_v(C) and C is generated by (ℓ^+_v )^{−1} on which the Galois group acts by the inverse of the v-adic cyclotomic character. The reader should compare this to Example 5.6.

Definition 14.11. Let M̂ = (M̂, τ_{M̂} ) be a local σ̂^∗_v -shtuka over R. We define the de Rham realizations of M̂ as

H^1_{dR}(M̂, R) := σ̂^∗_v M̂/(z_v − ζ_v )M̂ = σ̂^∗_v M̂ ⊗_{R[[zv ]],zv →ζv} R , as well as

H^1_{dR}(M̂, L[[z_v − ζ_v ]]) := σ̂^∗_v M̂ ⊗_{R[[zv ]]} L[[z_v − ζ_v ]] and

H^1_{dR}(M̂, L) := σ̂^∗_v M̂ ⊗_{R[[zv ]],zv →ζv} L = H^1_{dR}(M̂, L[[z_v − ζ_v ]]) ⊗_{L[[zv −ζv ]]} L[[z_v − ζ_v]]/(z_v − ζ_v )

= H^1_{dR}(M̂, R) ⊗_R L .

It carries the Hodge-Pink lattice q^{M̂} := τ^{−1}_{M̂} (M̂ ⊗_{R[[zv ]]} L[[z_v − ζ_v]]) ⊂ H^1_{dR}(M̂, L[[z_v − ζ_v ]])[^1_{zv −ζv} ].

If M = (M, τ_M ) is an A-motive over L with good model M and M̂ = M̂_v(M) is the local shtuka at v associated with M and d_v = [F_v : F_q ] is as in Example 14.6, the map σ^∗τ^{dv −1}_M = σ^∗τ_M ∘ σ^{2∗}τ_M ∘ · · · ∘ σ^{(dv −1)∗}τ_M : σ^{dv ∗}M ⊗_{AR} A_{v,R}/a_0^∼−→ σ^∗M ⊗_{AR} A_{v,R}/a_0 is an isomorphism, because τ_M is an isomorphism over A_{v,R}/a_i for all i ≠ 0. Therefore, it defines canonical isomorphisms of the de Rham realizations

σ^∗τ^{dv −1}_M : H^1_{dR} (^ M, L[[z_v − ζ_v ]] )_∼ −→ H^1_{dR} ( M, L[[z_v − ζ_v ]] ) and σ^∗τ^{dv −1}_M : H^1_{dR}(M̂, L)^∼−→ H^1_{dR}(M, L) ,

which are compatible with the Hodge-Pink lattices and the Hodge-Pink filtrations.

The v-adic period isomorphism for an A-motive M over a field K ⊂ Q^{alg}_v is provided by the following theorem by using the local σ̂^∗_v -shtuka M̂ := M̂_v(M).

Theorem 14.12 ([HK20, Theorem 4.14]). If M̂ is a local σ̂^∗_v -shtuka over R then there is a canonical comparison isomorphism

h_{v,dR} : H^1_v (^ M, Q_v) ⊗_{Qv} C_v ((z_v − ζ_v))^∼−→ H^1_{dR} (^ M, L((z_v − ζ_v )) ) ⊗_{L((zv −ζv ))} C_v ((z_v − ζ_v ))

If M is an A-motive over L (which does not need to have good reduction) then there is a canonical comparison isomorphism

h_{v,dR} : H^1_v ( M, Q_v) ⊗_{Qv} C_v ((z_v − ζ_v))^∼−→ H^1_{dR} ( M, L((z_v − ζ_v )) ) ⊗_{L((zv −ζv ))} C_v ((z_v − ζ_v )) (14.1)

Both isomorphisms are equivariant for the action of G_L, where on the source this group acts on both factors of the tensor product and on the target it acts only on C_v .

In comparison with the p-adic comparison isomorphism for an abelian variety over a finite extension of Q_p from Theorem 5.5, the ring C_v ((z_v − ζ_v )) is the function field analog of B_{p,dR} .

Example 14.13. For the Carlitz motive C = (C = F_q (θ)[t], τ_C = t − θ) from Example 9.8 we have H^1_v(C, Q_v) = Q_v · (ℓ^+_v )^{−1} ∼= Q_v and H^1_{dR}(C, F_q (θ)[[z_v − ζ_v ]]) = F_q (θ)[[z_v − ζ_v ]] =: p, see Example 14.10. The Hodge-Pink lattice is q = (z_v − ζ_v )^{−1}p and the Hodge filtration satisfies F^1 = H^1_{dR}(C, F_q (θ)) ⊃ F^2 = (0). With respect to the bases (ℓ^+_v )^{−1} of H^1_v (C, Q_v) and 1 of H^1_{dR}(C, F_q (θ)[[z_v − ζ_v ]]) the comparison isomorphism h_{v,dR} from Theorem 14.12 is given by the v-adic Carlitz period (z_v − ζ_v )^{−1}(ℓ^+_v )^{−1} = σ̂^∗_v (ℓ^+_v )^{−1}. It has a pole of order one at z_v = ζ_v because ℓ^+_v ∈ F_v ((ζ_v ))^{sep}⟨^{zv}_{ζv} ⟩^× ⊂ C_v [[z_v − ζ_v ]]^×. So h_{v,dR} ( H^1_v(C, Q_v) ⊗_{Qv} C_v [[z_v − ζ_v ]] ) = (z_v − ζ_v )^{−1}C_v [[z_v − ζ_v ]] = q ⊗_{K[[zv −ζv ]]} C_v [[z_v − ζ_v ]].

Definition 14.14. On the power series ring O_{Cv} [[z_v]] we consider the O_{Cv} -embedding O_{Cv} [[z_v]] → C_v [[z_v − ζ_v ]] given by z_v → z_v = ζ_v +(z_v −ζ_v). Let Θ : C_v [[z_v −ζ_v]] → C_v , z_v → ζ_v be the residue map. Then O_{Cv} [[z_v]]∩ker Θ is a principal ideal of O_v[[z_v]] generated by z_v −ζ_v . Any other generator is of the form (z_v −ζ_v)·u with u ∈ O_{Cv} [[z_v]]^×. On C_v ((z_v − ζ_v )) we define a valuation v̂ by v̂ (_∞ ∑ i=−N b_i(z_v − ζ_v )^i ) := min{i : b_i ≠ 0}.

and we extend the valuation v on C_v to C_v ((z_v − ζ_v )) by v(f) := v ( Θ(f · (z_v − ζ_v)^{−v̂(f )}) ) . (14.2)

If f and g are two elements of C_v ((z_v − ζ_v )), then v̂(fg) = v̂(f) + v̂(g), and hence v(fg) = v(f) + v(g). But note that v does not satisfy the triangle inequality. The valuation v(f) is unchanged, if we replace the generator z_v −ζ_v of O_{Cv} [[z_v]]∩ker Θ by another generator (z_v −ζ_v)·u with u ∈ O_{Cv} [[z_v]]^×, because then v ( Θ(f ·((z_v −ζ_v )·u)^{−v̂(f )} ) = v ( Θ(f · (z_v − ζ_v )^{−v̂(f )} ) + v(Θ(u))^{−v̂(f )} = v ( Θ(f · (z_v − ζ_v)^{−v̂(f )} ) as Θ(u) ∈ O^×_v .

Example 14.15. The inverse (z_v − ζ_v )(ℓ^+_v ) = σ̂^∗_v (ℓ^+_v ) of the v-adic Carlitz period σ^∗_v (ℓ^+_v )^{−1} from Example 14.13 satisfies v̂ ( (z_v − ζ_v)(ℓ^+_v ) ) = 1 and v_p(σ̂^∗_v (ℓ^+_v )) = v_p ( (z_v − ζ_v)(ℓ^+_v ) ) = v_p(Θ(ℓ^+_v )) = v_p( ∑_∞ i=0 ℓ_iζ^i_v ) = v_p(ℓ_0) =^1_{qv −1} , see Example 14.10. The reader should compare this to Example 5.6.

15 Complex Multiplication

Definition 15.1. Let M be an A-motive over an A-field K. If QEnd_K (M) contains a commutative semi-simple Q-algebra E of dimension dim_Q E = rk M, then we call M a CM A-motive over K and we say that M has complex multiplication by E over K.

Here semi-simple means that E is a product of fields. Note that we do not assume that E is itself a field. By [Sch09, Theorem 4.2.5] any CM A-motive M is semi-simple. We know from [Sch09, Theorem 4.4.7] if M is simple, uniformizable then dim_Q QEnd_K (M) ≤ rk M and if in addition M has complex multiplication by E, then E = QEnd_K (M) is a field.

Let M be an A-motive over K with complex multiplication through E and let O_E be the integral closure of A in E. If E = ∏ i E_i is a product of finite field extensions of Q, then O_E = ∏ i O_{Ei} , where O_{Ei} is the integral closure of A in E_i. By [Sch09, Theorem 3.3.3] there exists an A-motive M^′ isogenous to M such that O_E ⊆ End_K (M^′). So for all aspects which only depend on the isogeny class of M we can assume that O_E ⊆ End_K (M). Then M is a locally free module over the ring O_E ⊗_{Fq} K and M = ⨁ i (M ⊗_{OE} O_{Ei} ). Since O_E → End_K (M) is injective, M ⊗_{OE} O_{Ei} is a locally free module over the ring O_{Ei} ⊗_{Fq} K of rank ≥ 1, because otherwise O_{Ei} acts as 0 on M, which is a contradiction. Now the estimate

rk_{AK} M = ∑ i rk_{AK} (M ⊗_{OE} O_{Ei} ) = ∑ i rk_{(OEi ⊗FqK)}(M ⊗_{OE} O_{Ei} ) · [E_i : Q] ≥ ∑ i [E_i : Q] = [E : Q] = rk_{AK} M

shows that rk_{(OEi ⊗FqL)}(M ⊗_{OE} O_{Ei} ) = 1 for all i. Therefore, M is a locally free module over O_E ⊗_{Fq} K of rank 1. Thus we have the following proposition.

Proposition 15.2. [Sch09, Proposition 3.3.5] Let M = (M, τ_M ) be an A-motive over K with complex multiplication E such that O_E ⊆ End_K (M), then

(a) M is a locally free O_E ⊗_{Fq} K-module of rank 1.

(b) τ_M : σ^∗M → M is an O_E ⊗_{Fq} K-linear injection.

Theorem 15.3 ([Sch09, Theorem 6.3.6]). Let M be an A-motive over an A-field K with complex multiplication E such that O_E ⊆ End_K (M) and E is separable over Q. Then M is already defined over a finite separable extension L of the A-field Quot(A/A-char(K)) which is Q or a finite field, i.e. M ∼= M_L ⊗_L K for an A-motive M_L over L. Theorem 15.4 ([Pel09, Section 3.6]). If M is an A-motive defined over a finite extension K/Q with complex multiplication by a separable Q-algebra E, then there exists a finite separable extension L/K such that M has good reduction at every prime of O_L.

Remark 15.5. If M = M(G) is the A-motive of a Drinfeld A-module G then both theorems are well known. Namely, in this case there is exactly one place of E above ∞ by [Gos96, Proposition 4.7.17]. Then G can be viewed as a Drinfeld O_E -module of rank 1. All these are defined over the Hilbert class field of E and have everywhere good reduction by [Hay79], see [Tha04, Theorems 2.6.4 and 3.4.2].

Definition 15.6. A CM-type is a pair (E, (d_ψ )_{ψ∈HE} ) consisting of a finite dimensional, semi-simple, commutative Q-algebra E and a tuple of integers (d_ψ )_{ψ∈HE} indexed by H_E := Hom_Q(E, Q^{alg}).

An isomorphism f : (E, (d_ψ )_{ψ∈HE} )^∼−→ (E^′, (d^′_ψ′ )_ψ′_{∈HE′} ) of CM-types is an isomorphism f : E^∼−→ E^′ of Q-algebras with d_ψ′_{∘f} = d^′_ψ′ for all ψ^′ ∈ H_E′ .

Remark 15.7. The analog of a classical CM-type (E, Φ) as in Definition 6.2 would be a tuple (d_ψ)_{ψ∈HE} for which d_ψ ∈ {0, 1}. Then one can set Φ := {ψ ∈ H_E : d_ψ = 1} and has d_ψ = 1 for all ψ ∈ Φ and d_ψ = 0 for all ψ ∈ H_E ∖ Φ. But note, that we need a more flexible definition of CM-type here, due to the construction of the CM-type of a CM A-motive in Definition 15.8 below.

To prepare for this construction let z ∈ Q be a uniformizer at ∞ and denote by ζ the image of z in Q^{alg} under the natural inclusion Q ⊂ Q^{alg}. We consider the power series ring Q^{alg}[[z − ζ]] over Q^{alg} in the “variable” z − ζ as a Q-algebra via z → ζ + (z − ζ). Let E be a finite dimensional, semi-simple, commutative Q-algebra. Then by [HS20, Lemma A.3] there is a decomposition

E ⊗_Q Q^{alg}[[z − ζ]] = ∏ ψ∈H_E Q^{alg}[[y_ψ − ψ(y_ψ)]], (15.1)

where y_ψ is a uniformizer at a place of E such that ψ(y_ψ ) ≠ 0. By [HJ20, Lemma 1.5] the factors are obtained as the completion of O_E ⊗_A A_Qalg = O_E ⊗_{Fq} Q^{alg} along the kernels (a ⊗ 1 − 1 ⊗ ψ(a): a ∈ O_E ) of the homomorphisms ψ ⊗ id_Qalg : O_E ⊗_{Fq} Q^{alg} → Q^{alg} for ψ ∈ H_E . If (E, (d_ψ )_{ψ∈HE} ) is a CM-type, then there is a finite free Q^{alg}[[z − ζ]]- submodule q := ∏ ψ∈H_E ( y_ψ − ψ(y_ψ) )_{−dψ} · Q^{alg}[[y_ψ − ψ(y_ψ)]] ⊆ E ⊗_Q Q^{alg}((z − ζ)) (15.2)

with q · Q^{alg}((z − ζ)) = E ⊗_Q Q^{alg}((z − ζ)). Conversely, every such Q^{alg}[[z − ζ]]-submodule q uniquely determines a tuple (d_ψ )_{ψ∈HE} of integers satisfying (15.2). So we could equivalently call (E, q) a “CM-type”. In this description, an isomorphism f : (E, q)^∼−→ (E^′, q^′) of CM-types is an isomorphism f : E^∼−→ E^′ of Q-algebras which satisfies (f ⊗ id_Qalg_{((z−ζ))})(q) = q^′.

Definition 15.8. Let M be an A-motive over a finite field extension K ⊂ Q^{alg} of Q with complex multiplication through E. We assume that K contains ψ(E) for all ψ ∈ H_E . Then the decomposition (15.1) exists already with Q^{alg} replaced by K. The E ⊗_Q K[[z − ζ]]-module H^1_{dR}(M, K[[z − ζ]]) is finite free of rank one, and correspondingly decomposes into eigenspaces

H^ψ(M, K[[y_ψ − ψ(y_ψ )]]) := H^1_{dR}(M, K[[z − ζ]]) ⊗_{E⊗QK[[z−ζ]]} K[[y_ψ − ψ(y_ψ)]]

each of which is free of rank one over K[[y_ψ − ψ(y_ψ)]], that is

p^M := H^1_{dR}(M, K[[z − ζ]]) = ∏ ψ∈H_E H^ψ (M, K[[y_ψ − ψ(y_ψ)]]) .

Since the Hodge-Pink lattice q^M from Definition 14.11 is also an E ⊗_Q K[[z − ζ]]-module and contains p^M , there are non-negative integers d_ψ ∈ Z_{≥0} such that

q^M = ∏ ψ∈H_E (y_ψ − ψ(y_ψ))^{−dψ} H^ψ(M, K[[y_ψ − ψ(y_ψ )]]) .

The tuple (d_ψ )_{ψ∈HE} is the CM-type of M. Since coker τ_M = q^M / H^1_{dR}(M, K[[z − ζ]]) we see that d_ψ is the dimension over K of the generalized ψ-eigenspace of the action of E on coker τ_M .

If we fix an isomorphism α : H^1_{dR}(M, K[[z − ζ]])^∼−→ E ⊗_Q K[[z − ζ]], then the CM-type of M can equivalently be described as (E, α(q^M )).

Example 15.9. Let G be a Drinfeld A-module over an A-field K of generic A-characteristic, such that M := M(G) has CM by O_E for a field extension E of Q with [E : Q] = rk M = rk G. By Remark 15.5 we may assume that K is a finite extension of Q, and we can fix an embedding K ⊂ Q^{alg}. Theorem 9.7 and Corollary 11.3 imply that QEnd_K (M) = QEnd_K (G)^{op} is a (commutative) field extension of Q of degree dividing rk G and containing E. Thus, E = QEnd_K (M) = QEnd_K (G). The field E acts K-linearly on the one dimensional K-vector space Lie G. Therefore, there is a Q-homomorphism ψ_0 : E → End_K (Lie G) = K, that is, an element ψ_0 ∈ H_E such that every a ∈ E acts on Lie G via multiplication with ψ_0(a). If K contains ψ(E) for all ψ ∈ H_E , then as E-modules, sequence (13.4) takes the form 0 −→ ⨁ ψ≠ψ_0 K_ψ −→ H_{1,dR}(G, K) −→ K_{ψ0} −→ 0

where K_ψ denotes the 1-dimensional K-vector space on which E acts via ψ. In particular Lie G = K_{ψ0} , and hence (13.4) is analogous to the decomposition (6.3). Since coker τ_M ∼= (Lie G)^∨ is 1-dimensional with the induced E-action also given by ψ_0, the CM-type of G is (E, (d_ψ )_{ψ∈HE} ) with d_{ψ0} = 1 and d_ψ = 0 for all ψ ≠ ψ_0. This yields an isomorphism

τ_M : ( y_{ψ0} − ψ_0(y_{ψ0} ) )_{−1} H^{ψ0} ( M, K[[y_{ψ0} − ψ_0(y_{ψ0} )]] )/ H^{ψ0} ( M, K[[y_{ψ0} − ψ_0(y_{ψ0} )]] ) = q^M /p^{M ∼}−→ coker τ_M .

Let ω_{ψ0} ∈ H^{ψ0} (M, K[[y_{ψ0} − ψ_0(y_{ψ0} )]]) be a K[[y_{ψ0} − ψ_0(y_{ψ0} )]]-generator. Then m := (y_{ψ0} − ψ_0(y_{ψ0} ))^{−1} · ω_{ψ0} ∈ q^M and the image of m in coker τ_M ∼= q^M /p^M generates the one dimensional K-vector space coker τ_M . In particular, if E/Q is separable, we can take y_{ψ0} = z and ψ_0(y_{ψ0} ) = ζ by [HJ20, Lemma 1.3]. Then y_{ψ0} − ψ_0(y_{ψ0} ) = z − ζ and K[[y_{ψ0} − ψ_0(y_{ψ0} )]] = K[[z − ζ]].

16 The Taguchi height of a Drinfeld module

Pushing the analogy between abelian varieties and Drinfeld modules forward, Taguchi [Tag93, Section 5] defined the analog of the Faltings height for Drinfeld modules. It is today called the Taguchi height. Taguchi used it to prove the Tate Conjecture 13.14 for Drinfeld modules. We follow the exposition of Wei [Wei20, § 5.1].

Definition 16.1. For an A-lattice Λ ⊂ C_∞ of rank r, a Q_∞-basis {λ_i}_{1≤i≤r} of Q_∞ · Λ is called orthogonal if λ_1, . . . , λ_r satisfy that

(a) λ_i ∈ Λ for 1 ≤ i ≤ r ,

(b) |a_1λ_1 + . . . + a_rλ_r|_∞ = max{ |a_iλ_i|_∞; 1 ≤ i ≤ r } for all a_1, . . . , a_r ∈ Q_∞ ,

(c) Q_∞ · Λ = Λ + (A_∞λ_1 + . . . + A_∞λ_r) .

Note that if λ_i ∈ Q · Λ for 1 ≤ i ≤ r such that ⊕^r_{i=1}Qλ_i = Q · Λ and (b) holds, then (a) and (c) can be achieved by multiplying all λ_i with some a ∈ A that has v_∞(a) ≪ 0. Then we define the A-volume D_A(Λ) of Λ by

D_A(Λ) := ( ∏ 1≤i≤r |λi|∞ # ( Λ/(Aλ_1 + · · · + Aλ_r) ) )_{1/r} = q^{1−gQ} · ( ∏ 1≤i≤r |λi|∞ # ( Λ ∩ (A_∞λ_1 + · · · + A_∞λ_r) ) )_{1/r} , (16.3)

where g_Q is the genus of Q

Example 16.2. Let E be a finite imaginary field extension of Q, that is, E_∞ := E ⊗_Q Q_∞ is still a field. Then the absolute value | . |_∞ on Q_∞ extends in a unique way to an absolute value on E_∞. The latter equals the restriction of the absolute value | . |_∞ on C_∞ for any Q_∞-embedding E_∞ → C_∞ . Under any such embedding O_E is an A-lattice in C_∞ of rank [E : Q], and we can define D_A(O_E ), which is independent of the chosen embedding. If the ramification of ∞ in E/Q is tame then

log D_A(O_E ) = 1 2[E : Q] · log #(A/d_{OE /A}) by [Wei20, Remark 5.6] where d_{OE /A} is the (relative) discriminant of O_E over A.

For the Taguchi height [Tag93, § 5] of a Drinfeld module the following alternative, equivalent definition was given by Wei [Wei20, § 5.1].

Definition 16.3 ([Tag93, § 5], [Wei20, § 5.1]). Let G = (G, φ) be a Drinfeld A-module of rank r over a finite field extension K ⊂ Q^{alg} of Q. For every η ∈ H_K := Hom_Q(K, Q^{alg}) the embedding η : K → Q^{alg} ⊂ Q^{alg}_v allows to restrict the valuation v on Q^{alg}_v to a valuation, that is, a place ṽ_η of K, such that the completion K_{ṽη} equals the closure of η(K) in Q^{alg}_v . Conversely, for each place ṽ of K with ṽ|v, we let K_ṽ be the completion of K at ṽ. We choose a Q_v-embedding η : K_ṽ → Q^{alg}_v and the induced Q-embedding η : K → Q^{alg}. Then ṽ = ṽ_η . In this way the place ṽ is obtained [K_ṽ : Q_v]-many times. We let G^η = (G^η , φ^η ) be the base change of G to Q^{alg} via η : K → Q^{alg} and also to C_∞ via the fixed inclusion Q^{alg} ⊂ C_∞ .

We choose an isomorphism m: G^∼−→ G_{a,K} and consider the induced isomorphisms m^η : G^{η ∼}−→ G_{a,Q}alg and Lie m^η : Lie G^{η ∼}−→ Q^{alg} for every η ∈ H_K . The local height of G at ~∞_η with respect to m is given by ht_{Tag,~∞η} (G/K) := −[K_{~∞η} : Q_∞] · log_q D_A ( Lie m^η ( H_{1,Betti}(G^η , A) )) . (16.4)

To define the local height of G at a finite place ṽ_η of K with ṽ_η|v ≠ ∞ we write

m^η ∘ φ^η_a ∘ (m^η)^{−1} = γ(a) + r deg a∑

i=1 φ^η_{a,i} τ^i ∈ End_Qalg_{,Fq} (G_{a,Q}alg ) = Q^{alg}{τ} with φ^η_{a,i} ∈ Q^{alg} .

for each a ∈ A. We put ord_{ṽη} (G) := min { e(ṽ_η |v) · v(φ^η_{a,i}) q^i − 1 : a ∈ A ∖ F_q , 1 ≤ i ≤ r deg a } , where e(ṽ_η |v) is the

ramification index of ṽ_η in K/Q. The local height of G at ṽ_η with respect to m is given by

ht_{Tag,ṽη} (G/K) := −[F_{ṽη} : F_q ] · ⌊ord_{ṽη} (G)⌋ , (16.5)

where ⌊x⌋ denotes the largest integer n ≤ x, and F_{ṽη} is the residue field of ṽ_η .

Then the Taguchi height ht_{Tag}(G/K) of G is defined by taking the sum over all places of K

ht_{Tag}(G/K) := 1 [K : Q] · (∑ ṽ∤∞ ht_{Tag,ṽ}(G/K) + ∑ ~∞|∞ ht_{Tag,~∞}(G/K) ) . (16.6)

It does not depend on the isomorphism m.

Remark 16.4. (1) Let K^′ be a finite field extension of K. Let η^′ : K^′ → Q^{alg} be a Q-homomorphism and let η : K → Q^{alg} be its restriction to K. Let ~∞^′_η′ and ~∞_η be the corresponding places of K^′ and K, respectively. It is clear that Lie m ( H_{1,Betti}(G^{η′} , A) ) = Lie m ( H_{1,Betti}(G^η, A) ) ⊂ C_∞ , and ht_{Tag,~∞}′_{η′} (G/K^′) = [K^′_{~∞}′_{η′} : K_{~∞η} ] · ht_{Tag,~∞η} (G/K). For places ṽ of K and ṽ^′ of K^′ with ṽ^′ | ṽ ∤ ∞, one has ord_ṽ′ (G) = e(ṽ^′|ṽ)·ord_ṽ (G), where e(ṽ^′|ṽ) is the ramification index of ṽ^′/ṽ. Thus we get ht_{Tag,ṽ}′ (G/K^′) ≤ [K^′_ṽ′ : K_ṽ] · ht_{Tag,ṽ} (G/K). In particular, assume that G has stable reduction at ṽ, that is, there is an x ∈ K_ṽ such that v(x^{qi −1}φ^η_{a,i}) ≥ 0 for all i and a, and for every a ∈ A ∖ F_q there is an i ≥ 1 such that v(x^{qi −1}φ^η_{a,i}) = 0. Then ord_ṽ (G) = −e(ṽ|v) · v(x) = −ṽ(x) is an integer, which implies that ht_{Tag,ṽ}′ (G/K^′) = [K^′_ṽ′ : K_ṽ] · ht_{Tag,ṽ}(G/K). In conclusion, we have ht_{Tag}(G/K^′) ≤ ht_{Tag}(G/K), and the equality holds when G has stable reduction everywhere.

(2) Note that every Drinfeld A-module G over K has potentially stable reduction everywhere by [Dri76, Proposition 7.1]. Define the stable Taguchi height of G as

ht^{st}_{Tag}(G) := log q · lim_{K′/K finite} ht_{Tag}(G/K^′),

which is always convergent by (1).

(3) Let G and G^′ be two Drinfeld A-modules over Q^{alg} which are isomorphic over Q^{alg}. Then

ht^{st}_{Tag}(G) = ht^{st}_{Tag}(G^′) .

17 The Analog of Colmez’s Conjecture for CM A-Motives

In [HS20] the authors have formulated the analog of Colmez’s conjecture (Section 8) for periods of CM A-motives. We consider the following

Situation 17.1. Let M be a uniformizable A-motive over a finite extension K ⊂ Q^{alg} of Q with complex multiplication of CM-type (E, (d_ψ )_{ψ∈HE} ), in the sense of Definition 15.6 such that E is a product of separable field extensions of Q and M has complex multiplication by the ring of integers O_E of E. As an abbreviation we denote the CM-Type of M by (E, Φ) with Φ = (d_ψ)_{ψ∈HE} . Let H_E := Hom_Q(E, Q^{alg}) be the set of all Qhomomorphisms E → Q^{alg} and assume that K contains ψ(E) for every ψ ∈ H_E . By Theorems 15.3 and 15.4 we may assume moreover, that K is a finite Galois extension of Q and that M has good reduction at every prime of K. For a fixed ψ ∈ H_E let ω_ψ be a generator of the K[[y_ψ − ψ(y_ψ)]]-module H^ψ(M, K[[y_ψ − ψ(y_ψ )]]). The image of ω_ψ in H^1_{dR}(M, K) is non-zero and satisfies a^∗ω_ψ = ψ(a) · ω_ψ for all a ∈ E. For every embedding η : K → Q^{alg}, let M^η := M ⊗_{K,η} K and ω^η_ψ ∈ H^{ηψ} (M^η, K[[y_{ηψ} − ηψ(y_{ηψ} )]]) be deduced from M and ω_ψ by base extension, and let u_η ∈ H_{1,Betti}(M^η, Q) = Hom_A ( H^1_{Betti}(M^η, A), Q ) be an E-generator. Let v be a place of Q.

If v = ∞ the pairing (13.7) from Theorem 13.18 between Betti and de Rham cohomology gives a pairing

⟨ . , . ⟩_∞ : H_{1,Betti}(M^η, Q) × H^1_{dR}(M^η, K) −→ C_∞ , (u_η, ω^η_ψ) −→ ⟨u_η , ω^η_ψ⟩_∞ =: ∫ u_η ω η ψ . We define the absolute value | |∫_{uη} ω^η_ψ | |_∞ := |⟨u_η, ω^η_ψ⟩_∞|_∞ = q^{−v∞}(^{⟨uη ,ωηψ⟩∞}) ∞ ∈ R. If v ⊂ A is a maximal ideal, the comparison isomorphism h_{Betti,v} from (13.5) in Theorem 13.18 between Betti and v-adic cohomology together with the comparison isomorphism h_{v,dR} between v-adic and de Rham cohomology from (14.1) in Theorem 14.12 yield a pairing

⟨ . , . ⟩_v : H_{1,Betti}(M^η, Q) × H^1_{dR}(M^η, K) −→ C_v ((z_v − ζ_v )) , (u_η, ω^η_ψ) −→ ⟨u_η, ω^η_ψ⟩_v := u_η ⊗ id_{Cv ((zv −ζv ))} ( h^{−1}_{Betti,v} ∘ h^{−1}_{v,dR}(ω^η_ψ) ) . We define the absolute value | |∫_{uη} ω^η_ψ | |_v := |⟨u_η, ω^η_ψ⟩_v |_v := q^{−v}(^{⟨uη ,ωηψ ⟩v} ) v ∈ R, where the “valuation” v on C_v ((z_v − ζ_v)) was defined in (14.2) in Definition 14.14.

In analogy with Section 8 we now consider the product ∏ v ∏ η∈H_K | |∫_{uη} ω^η_ψ | |_v over all places v of Q, or equivalently 1 #H_K times its logarithm 1 #H_K ∑ v ∑ η∈H_K log | |∫_{uη} ω^η_ψ | |_v =^1_{#HK} ∑ η∈H_K log | |∫_{uη} ω^η_ψ | |_∞ −^1_{#HK} ∑ v≠∞ ∑ η∈H_K v (∫ u_η ω η ψ ) log q_v . (17.1)

Again the right sum over all v ≠ ∞ does not converge. Namely, we prove in [HS20, Theorem 1.3] the following Theorem 17.3 below. To formulate the theorem we recall Definition 8.2. For our CM-type (E, Φ) and for every ψ ∈ H_E we define the functions a_{E,ψ,Φ} : G_Q → Z, g → d_{gψ} and (17.2) a^0_{E,ψ,Φ} : G_Q → Q, g →^1_{#HK} ∑ η∈H_K a_{E,ηψ,ηΦ}(g) =^1_{#HK} ∑ η∈H_K d_η−1_{gηψ} (17.3)

which factor through Gal(K/Q) by our assumption that ψ(E) ⊂ K for all ψ ∈ H_E . In particular, a_{E,ψ,Φ} ∈ C(G_Q, Q) and a^0_{E,ψ,Φ} ∈ C^0(G_Q, Q) is independent of K.

We also define integers v(ω^η_ψ) and v_{ηψ}(u_η ) for all v ≠ ∞ which are all zero except for finitely many. Let O_{Ev} := O_E ⊗_A A_v and let c ∈ E_v := E ⊗_Q Q_v be such that c^{−1}u_η is an O_{Ev} -generator of H_{1,Betti}(M^η , A) ⊗_A A_v = H_{1,v}(M^η, A_v ), which exists because O_{Ev} is a product of discrete valuation rings. Then c is unique up to multiplication by an element of O^×_{Ev} and we set

v_{ηψ} (u_η) := v ( ηψ(c) ) ∈ Q , (17.4)

where we extend ηψ ∈ H_E by continuity to ηψ : E_v → Q^{alg}_v .

Also let K_v be the v-adic completion of K ⊂ Q^{alg} ⊂ Q^{alg}_v ⊂ C_v and let M^η = (M^η , τ_Mη ) be an A-motive over O_{Kv} with good reduction and M^η ⊗_{OKv} K_v ∼= M^η ⊗_K K_v; see Example 14.6. On H^1_{dR}(M^η , K_v) we consider the following two integral structures arising from H^1_{dR}(M^η, O_{Kv} ) := σ^∗M^η ⊗_{AOKv , γ⊗idOKv} O_{Kv}

~H^{ηψ}(M^η , O_{Kv} ) := {ω ∈ H^1_{dR}(M^η, O_{Kv} ): [a]^∗ω = ηψ(a) · ω ∀ a ∈ O_E } and

H^{ηψ}(M^η , O_{Kv} ) := H^1_{dR}(M^η , O_{Kv} ) / ([a]^∗ − ηψ(a): a ∈ O_E ) · H^1_{dR}(M^η , O_{Kv} ) .

By [HS21, Lemma 1] (see also the arXiv version of [HS20, Lemma B.1]) these are free O_{Kv} -modules of rank one contained in H^{ηψ} (M^η , K_v) = ~H^{ηψ} (M^η, O_{Kv} ) ⊗_{OKv} K_v = H^{ηψ} (M^η, O_{Kv} ) ⊗_{OKv} K_v

and satisfying ~H^{ηψ}(M^η , O_{Kv} ) ⊂ H^{ηψ} (M^η, O_{Kv} ) with H^{ηψ}(M^η , O_{Kv} ) /~ H^{ηψ}(M^η , O_{Kv} ) ∼= O_{Kv} /ηψ(D_{OE /A}), where D_{OE /A} is the different of O_E over A. Then there are elements x̃, x ∈ K^×_v , unique up to multiplication by O^×_{Kv} , such that

x̃^{−1}ω^η_ψ mod y_{ηψ} − ηψ(y_{ηψ} ) is an O_{Kv} -generator of ~H^{ηψ} (M^η, O_{Kv} ) and

x^{−1}ω^η_ψ mod y_{ηψ} − ηψ(y_{ηψ} ) is an O_{Kv} -generator of H^{ηψ}(M^η , O_{Kv} ) .

We set

v^∼(ω^η_ψ ) := v(x̃) ∈ Q and (17.5)

v(ω^η_ψ ) := v(x) ∈ Q . (17.6)

Then v(ω^η_ψ ) − v^∼(ω^η_ψ) = v ( ηψ(D_{OE /A}) ) = v(D_{ηψ(Ev )/Qv} ) by [HS21, Corollary 2] (see also the arXiv version of [HS20, Corollary B.2]), and consequently ∑ η∈H_K v(ω^η_ψ) − v^∼(ω^η_ψ ) = ∑ η∈H_K v ( ηψ(D_{OE /A}) ) = v ( ∏ η∈H_K ηψ(D_{OE /A}) ) = v ( N_{K/Q}(D_{ψ(OE )/A}) )

= v ( N_{ψ(E)/Q} ( N_{K/ψ(E)}(D_{ψ(OE )/A}) )) = [K : ψ(E)] · v(d_{ψ(OE )/A}) and ∑ η∈H_K ∑ v≠∞ ( v(ω^η_ψ ) − v^∼(ω^η_ψ) ) log q_v = [K : ψ(E)] · log #(A/d_{ψ(OE )/A}) . (17.7)

These value only depend on the image of ω^η_ψ in H^1_{dR}(M^η , K). They also do not depend on the choice of the model M^η with good reduction, because all such models are isomorphic over O_{Kv} by [Gar03, Proposition 2.13(ii)].

Remark 17.2. In [HS20, Formula (1.13) and Definition 4.10] there is an error in the definition of v(ω^η_ψ ). Namely, there v(ω^η_ψ) is defined to be v^∼(ω^η_ψ) as in (17.5). However, in the rest of [HS20] the above definition (17.6) for v(ω^η_ψ) is used; see [HS21] or the arXiv version of [HS20, Erratum B].

In [HS20, Theorem 1.3] we computed the terms in (17.1) as follows, where we use (17.7) and the logarithmic derivative Z_v of the Artin L-function from (8.3) in Definition 8.2.

Theorem 17.3. Let d_{ψ(OE )/A} denote the discriminant of the extension of Dedekind rings ψ(O_E )/A. Then for every v ≠ ∞ we have 1 #H_K ∑ η∈H_K v( ∫ u_η ω η ψ) = Z_v(a^0_{E,ψ,Φ}, 1) − μ_{Art,v}(a^0_{E,ψ,Φ}) − v(d_{ψ(OE )/A}) [ψ(E) : Q]

+^1_{#HK} ∑ η∈H_K ( v(ω^η_ψ) + v_{ηψ} (u_η) )

= Z_v(a^0_{E,ψ,Φ}, 1) − μ_{Art,v}(a^0_{E,ψ,Φ}) +^1_{#HK} ∑ η∈H_K ( v^∼(ω^η_ψ ) + v_{ηψ} (u_η) ) . This formula holds more generally for all tuples of E_v -generators u_η ∈ H_{1,Betti}(M^η, Q_v) = H_{1,v}(M^η, Q_v).

Since −μ_{Art,v}(a^0_{E,ψ,Φ}) − v(d_{ψ(OE )/A}) [ψ(E) : Q]

+^1_{#HK} ∑ η∈H_K ( v(ω^η_ψ ) + v_{ηψ} (u_η) ) vanishes for all but finitely many places

v and ∑ v≠∞ Z_v(a^0_{E,ψ,Φ}, 1) diverges, the sum (17.1) diverges. But as in Section 8 we can assign to this divergent

sum a value by the following

Convention 17.4. Let (x_v )_{v≠∞} be a tuple of complex numbers indexed by the finite places v of Q. We will give a sense to the (divergent) series Σ^?= ∑ v≠∞ xv in the following situation. We suppose that there exists an element

a ∈ C^0(G_Q, Q) such that x_v = −Z_v(a, 1) log q_v for all v except for finitely many. Then we let a^∗ ∈ C^0(G_Q, Q) be defined by a^∗(g) := a(g^{−1}). We further assume that Z^∞(a^∗, s) does not have a pole at s = 0, and we define the limit of the series ∑ v≠∞ xv as Σ := −Z^∞(a^∗, 0) − μ^∞_{Art}(a) + ∑ v≠∞ ( x_v + Z_v(a, 1) log q_v ) (17.8)

inspired by Weil’s [Wei48, p. 82] functional equation Z(χ, 1 − s) = −Z(χ^∗, s) − (2 · genus(C) − 2)χ(1) log q − μ_{Art}(χ) deprived of the summands at ∞, where the genus term is considered as belonging to ∞.

Convention 17.4, Theorem 17.3 and (17.7) allow us to give to the divergent sum (17.1) the convergent interpretation

− Z^∞((a^0_{E,ψ,Φ})^∗, 0) + log #(A/d_{ψ(OE )/A})

[ψ(E) : Q]

+^1_{#HK} ∑ η∈H_K ( log | |∫_{uη} ω^η_ψ | |_∞ − ∑ v≠∞ ( v(ω^η_ψ) + v_{ηψ} (u_η) ) log q_v )

= −Z^∞((a^0_{E,ψ,Φ})^∗, 0) +^1_{#HK} ∑ η∈H_K ( log | |∫_{uη} ω^η_ψ | |_∞ − ∑ v≠∞ ( v^∼(ω^η_ψ) + v_{ηψ}(u_η ) ) log q_v ) . (17.9)

Remark 17.5. The problem arises that formulas (17.1) and (17.9) depend on the choices of the E-generators u_η of H_{1,Betti}(M^η, Q). Namely, multiplying one u_η with an element a ∈ E changes these sums by the summand 1 #H_K ∑ all v v ( ηψ(a) ) log q_v, which may be different from zero. On the other hand, if all u_η are simultaneously multiplied with the same a ∈ E then the term^1_{#HK} ∑ η∈H_K ∑ all v v ( ηψ(a) ) log q_v is added, which is zero by (1.2).

Colmez [Col93] faces the same problem and overcomes it by considering the terms (8.10) instead, which are independent of the chosen u_η. This is not possible for general A-motives, because it relies on the existence of a Q-automorphism c of Q^{alg} such that the set of integers {d_ψ, d_{cψ}} does not depend on ψ ∈ H_E . In (8.10), c is complex conjugation and {d_ψ, d_{cψ}} = {0, 1} for every ψ ∈ H_E . These conditions are not satisfied for the more general CM-types we considered so far for A-motives.

It should also be noted, that it is in general not possible to choose all u_η in a compatible way, although this is possible for the generators ω^η_ψ by pulling back ω_ψ under η. However, it is possible for A-motives to pull back the induced E_v -generators u_η ⊗ 1 ∈ H_{1,Betti}(M^η , Q) ⊗_Q Q_v = H_{1,v}(M^η, Q_v) under additional automorphisms η̃ ∈ G_Q = Gal(Q^{sep}/Q). Namely, it follows from the definition in (13.2) that applying η̃ yields an O_{Ev} -isomorphism

η̃ : H^1_v(M^η , A_v)^∼−→ H^1_v (M^{η̃η}, A_v ) , m → η̃(m) .

If η̃ = κ ∈ Gal(Q^{sep}/K) then this isomorphism is just ρ_M η (κ) where ρ_M η : G_Q → Aut_{OEv} H_{1,v}(M^η, A_v ) = O^×_{Ev} is the Galois representation. Then η̃(u_η ⊗ 1) ∈ H_{1,v}(M^{η̃η} , Q_v) = Hom_{Qv} (H^1_v (M^{η̃η}, Q_v), Q_v) is defined by requiring

η̃(u_η ⊗ 1) ( η̃(m) ) = (u_η ⊗ 1)(m) for every m ∈ H^1_v (M^η, Q_v) . (17.10)

η̃(u_η ⊗ 1) is an E_v -generator of H_{1,v}(M^{η̃η} , Q_v). If η̃ is replaced by η̃^′ = η̃ ∘ κ with κ ∈ Gal(Q^{sep}/K) then M^{η̃′ η} = M^{η̃η} and η̃^′(m) = ρ_M η (κ) · η̃(m), and hence η̃^′(u_η ⊗ 1) = ρ_M η (κ)^{−1} · η̃(u_η ⊗ 1) = ρ^∨_M η (κ) · η̃(u_η ⊗ 1). In particular, the value v_{η̃ηψ} ( η̃(u_η ⊗1) ) only depends on the image of η̃ in Gal(K/Q) = H_K . We abbreviate η̃(u_η ⊗1) to u^{η̃}. Allthough the notation is similar to ω^η_ψ, it is understood, that u^{η̃} does not exist in H_{1,Betti}(M^{η̃η} , Q), but only in H_{1,Betti}(M^{η̃η}, A^∞_Q ) = ∏_′ v≠∞ H1,v(M η̃η , Q_v) where A^∞_Q is the adèle ring of Q. Then for every fixed η ∈ H_K

Convention 17.4, Theorem 17.3 and (17.7) yield log | |∫_{uη} ω^η_ψ | |_∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ log | |∫_{uη̃} ω^{η̃η}_ψ | |_v = (17.11)

= log |∫ u_η ω η ψ | ∞ − Z^∞((a^0_{E,ψ,Φ})^∗, 0) + log #(A/d_{ψ(OE )/A}) [ψ(E) : Q]

−^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v(ω^{η̃η}_ψ ) + v_{η̃ηψ}(u^{η̃}) ) log q_v

= log |∫ u_η ω η ψ | ∞ − Z^∞((a^0_{E,ψ,Φ})^∗, 0) −^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v^∼(ω^{η̃η}_ψ ) + v_{η̃ηψ} (u^{η̃}) ) log q_v .

If we restrict to imaginary CM-fields E, which means that E_∞ := E ⊗_Q Q_∞ is still a field and carries a unique extension of the valuation v_∞, then this sum is independent of the choice of the E-generator u_η ∈ H_{1,Betti}(M^η, Q). Indeed, if u_η is multiplied with a unit a ∈ E^×, then in (17.11) the term

−v_∞(ηψ(a)) log q_∞ −^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ v ( η̃(ηψ(a)) ) log q_v = −^1_{#HK} ∑ η̃∈H_K ∑ all v v ( η̃(ηψ(a)) ) log q_v

is added, which is zero by (1.2). Imaginary CM-fields are particularly relevant for Drinfeld modules, see Theorem 17.8 below. On the other hand, if E has more than one place above ∞, then only the place induced from the embedding ηψ : E → Q^{alg}_∞ ⊂ C_∞ contributes to (17.11), and then this formula is not invariant under changing u_η.

We thus propose to average twice over η, η̃ ∈ H_K and make the following

Conjecture 17.6. Let E be a finite imaginary field extension of Q, which means that E_∞ := E ⊗_Q Q_∞ is still a field. Then the sum ∑ η∈H_K ( log | |∫_{uη} ω^η_ψ | |_∞ − Z∞((a0_{E,ψ,Φ})∗, 0) + log #(A/d^{ψ(OE )/A}) [ψ(E) : Q]

−^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v(ω^{η̃η}_ψ ) + v_{η̃ηψ}(u^{η̃} ) ) log q_v )

= ∑ η∈H_K ( log | |∫_{uη} ω^η_ψ | |_∞ − Z∞((a0_{E,ψ,Φ})∗, 0) −^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v^∼(ω^{η̃η}_ψ ) + v_{η̃ηψ}(u^{η̃} ) ) log q_v ) (17.12)

is zero, or equivalently the product formula holds: ∏ η̃,η∈H_K (| |∫_{uη} ω^η_ψ | |_∞ · ∏ v≠∞ | |∫_{uη̃} ω^{η̃η}_ψ | |_v ) := ∏ η̃,η∈H_K (| |⟨u_η, ω^η_ψ⟩_v | |_∞ · ∏ v≠∞ | |⟨u^{η̃}, ω^{η̃η}_ψ ⟩_v | |_v ) = 1 .

Example 17.7. Similarly to Example 8.5, the convention allows to prove the product formula for the Carlitz motive C = (C = F_q (θ)[t], τ_C = t − θ) from Example 9.8 over the field K = F_q (θ) = Q for which H_K = {id_K }. We let u ∈ H_{1,Betti}(C, A) be the generator which is dual to ηℓ^− ∈ H^1_{Betti}(C, A) and we let ω = 1 ∈ H^1_{dR}(C, C_∞ ). Then we have computed in Examples 13.19, 14.13 and 14.15 that ⟨u, ω⟩_∞ = η^{−q} ∞∏ i=1 (1 − θ^{1−qi} )^{−1} and log | |⟨u, ω⟩_∞ | |_∞ = log(q^{q/(q−1)}) =^q_{q−1} log q ,

⟨u, ω⟩_v = σ̂^∗_v (ℓ^+_v ) and log | |⟨u, ω⟩_v | |_v = −v(σ̂^∗_v (ℓ^+_v )) log q_v = −^{log q}v_{qv −1} = −Z_v(1l, 1) log q_v ,

where 1l(g) = 1 for every g ∈ G_Q. Here the CM-field is E = Q, H_E = {id} and the CM-type is given by d_{id} = 1. This implies that a^0_{E,id,Φ} = 1l. So Convention 17.4 implies ∑ v≠∞ log |⟨u, ω⟩v|v = − ζ^′_A(0) ζ_A(0) = − q q−1 log q for the Riemann Zeta-function

ζ_A(s) := ∏ v≠∞ (1 − (#F_v )^{−s})^{−1} = ∏ v≠∞ (1 − q^{−s}_v )^{−1} = 1 1 − q^{1−s} .

We conclude ∑ v log |⟨u, ω⟩_v|_v = 0 and ∏ v |⟨u, ω⟩_v|_v = 1. In Section 18 we will discuss an interesting example where C and Q have genus 1. In the remainder of this section we focus on CM A-motives which come from Drinfeld modules. As analog of Colmez’s Theorem 8.8 we have the following

Theorem 17.8. Let G be a Drinfeld A-module over a finite separable field extension K ⊂ Q^{alg} of Q with complex multiplication of CM-type (E, Φ) as in Example 15.9, where Φ = (d_ψ)_{ψ∈HE} with d_{ψ0} = 1 for one ψ_0 ∈ H_E and d_ψ = 0 for all ψ ≠ ψ_0. Assume that G has complex multiplication by O_E and that E is a separable field extension of Q. Let M = M(G) and choose ω_{ψ0} and u_η as in Situation 17.1. Then the stable Taguchi height ht^{st}_{Tag}(G) of G satisfies

ht^{st}_{Tag}(G) =^1_{#HK} ∑ η∈H_K ( − log |∫ u_η ω η ψ_0 | ∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v(ω^{η̃η}_{ψ0} ) + v_{η̃ηψ0} (u^{η̃} ) ) log q_v )

− log #(A/d_{OE /A}) [E : Q]

− log D_A(O_E ) (17.13)

=^1_{#HK} ∑ η∈H_K ( − log | |∫_{uη} ω^η_{ψ0} | |_∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v^∼(ω^{η̃η}_{ψ0} ) + v_{η̃ηψ0} (u^{η̃} ) ) log q_v ) − log D_A(O_E ) .

Proof. 1. Since both sides of the claimed equality (17.13) are invariant under extending the field K, we may assume that K is Galois over Q and that G has good reduction at every finite place of K. Via the inclusion K ⊂ Q^{alg} ⊂ Q^{alg}_∞ the restriction of the valuation v_∞ on Q^{alg}_∞ to K corresponds to a place ~∞ of K such that the completion K_{~∞} equals the closure of K in Q^{alg}_∞ . For every η ∈ H_K = Gal(K/Q) we denote the image of ~∞ under η by ~∞_η. Note that ~∞_η′ = ~∞_η if and only if η^′η^{−1} ∈ Gal(K_{~∞}/Q_∞).

For η ∈ Gal(K/Q), we obtained G^η = (G^η , φ^η ), M^η and ω^η_{ψ0} ∈ H^{ηψ0} (M^η, K[[z − ζ]]) from G = (G, φ), M and ω_{ψ0} in Situation 17.1 by applying η to the coefficients in K. Note that K[[y_{ψ0} − ψ_0(y_{ψ0} )]] = K[[z − ζ]] by [HJ20, Lemma 1.3] because E/Q is separable. In addition, we chose E-generators u_η ∈ H_{1,Betti}(M^η, Q) and as in Remark 17.5 we obtain E_v -generators u^{η̃} ∈ H_{1,v}(M^{η̃η} , Q_v) for every v ≠ ∞ and every η̃ ∈ H_K . As in Example 15.9 let m^η := −(z − ζ)^{−1} · ω^η_{ψ0} ∈ q^{M η} . The image m^η = τ_M η (m^η ) of m^η in coker τ_M η = Hom_K (Lie G^η, K) provides an isomorphism m^η : Lie G^{η ∼}−→ K . using (9.5). We can lift m^η in a unique way to an element ~m^η ∈ M^η which is an isomorphism ~m^η : G^{η ∼}−→ G_{a,K} . Indeed, if we choose any isomorphism n: G^{η ∼}−→ G_{a,K} with n ∈ M^η, then m^η = b · Lie n for some b ∈ K^×, and we may take ~m^η := b · n. In particular, ~m^η is obtained from ~m := ~m^{id} : G^∼−→ G_{a,K} by pull back under η. We recall the E-equivariant isomorphism for Betti-homology from Proposition 13.11

H_{1,Betti}(M^η , A) ⊗_A Ω^1_{A/Fq}^∼−→ H_{1,Betti}(G^η, A) . (17.14)

We tensor it to Q and observe that Ω^1_{A/Fq} ⊗_A Q = Ω^1_{Q/Fq} = Q dz; see Remark 13.10. Under the isomorphism (17.14) we consider the element λ_η := u_η dz ∈ H_{1,Betti}(G^η, Q). We may multiply u_η by an element a ∈ A such that we can assume u_η ∈ H_{1,Betti}(M^η , A) and λ_η ∈ H_{1,Betti}(G^η, A). Since c ∈ E acts on Lie G^η as multiplication with ηψ_0(c), Theorem 13.20 implies for every c ∈ E | |∫_{cuη} ω^η_{ψ0} | |_∞ = | |⟨cu_η, ω^η_{ψ0} ⟩_∞ | |_∞ = | |m^η (cλ_η ) | |_∞ = | |ηψ_0(c) | |_∞ · | |m^η (λ_η ) | |_∞ .

2. We want to compute ht_{Tag,~∞η} (G/K) as in Equations (16.4) and (16.3). From [Gos96, Proposition 4.7.17] we know that E_∞ := E ⊗_Q Q_∞ is still a field, that is E/Q is imaginary in the sense of Example 16.2 and Remark 17.5. For every η ∈ H_E we consider the Q_∞-homomorphism ηψ_0 ⊗ id_{Q∞} : E_∞ → K_{~∞} ⊂ Q^{alg}_∞ which is hence injective. Therefore, the restriction to E_∞ of the valuation v_∞ on Q^{alg}_∞ is the unique valuation on E_∞ extending v_∞ on Q_∞. It is thus independent of η. By [Ser79, § I.4, Proposition 10] and [BGR84, § 3.6.2, Proposition 5] there are elements c_1, . . . , c_r ∈ E such that E = ⊕^r_{i=1}Q · c_i and | | ∑ i a_i · ηψ_0(c_i) | |_∞ = max { | a_i · ηψ_0(c_i) | ∞ } (17.15)

for every tuple a_1, . . . , a_r ∈ Q_∞. Under the isomorphism (17.14) we consider the elements λ_{η,i} := c_i · λ_η = c_i · u_η dz ∈ H_{1,Betti}(G^η, Q). Then H_{1,Betti}(G^η , Q) = ∑_r i=1 Q · λ_{η,i}, because u_η is an E-generator of H_1(M^η , Q). We will check whether the tuple m^η(λ_{η,1}), . . . , m^η(λ_{η,r} ) is orthogonal in the sense of Definition 16.1 for the A-lattice

Λ(G^η ) := m^η ( H_{1,Betti}(G^η, A) ) ⊂ m^η (Lie G^η ⊗_K C_∞ ) = C_∞ .

For a_1, . . . , a_r ∈ Q_∞ equation (17.15) implies | | ∑ i a_i m^η(λ_{η,i}) | |_∞ = | | ∑ i a_i · ηψ_0(c_i) · m^η(λ_η ) | |_∞ = | | ∑ i a_i · ηψ_0(c_i) | |_∞ · | m^η(λ_η ) | ∞ = max { | a_i m^η(λ_{η,i}) | ∞ } . By multiplying all c_i by the same element a ∈ A with v_∞(a) ≪ 0, we may assume that c_i ∈ O_E for all i and

that conditions (a), (b) and (c) from Definition 16.1 are satisfied for m^η (λ_{η,i}). We observe that ( ∑_r i=1 A c_i ) λ_η ⊂ O_E λ_η ⊂ H_{1,Betti}(G^η, A), and hence # ( H_{1,Betti}(G^η , A) ( ∑_r i=1 A c_i ) λ_η ) = # ( H_{1,Betti}(G^η , A) O_E λ_η ) · # ( O_E λ_η ( ∑_r i=1 A c_i ) λ_η )

= # ( H_{1,Betti}(G^η , A) O_E λ_η ) · # ( O_E ∑_r i=1 A c_i ) . Then ht_{Tag,~∞η} (G/K) −[K_{~∞η} : Q_∞] = log_q D_A ( m^η ( H_{1,Betti}(G^η, A) ))

= log_q ( ∏ 1≤i≤r |m η(λ_{η,i})|_∞ # ( Λ(G^η ) / (A · m^η(λ_{η,1}) + · · · + A · m^η (λ_{η,r})) ) )_{1/r}

= log_q ( ∏ 1≤i≤r | |ηψ_0(c_i) | |_∞ · | | ∫_{uη} ω^η_{ψ0} | |_∞ # ( H_{1,Betti}(G^η , A) / ( ∑_r i=1 A c_i)λ_η ) )_{1/r}

= log_q | |∫_{uη} ω^η_{ψ0} | |_∞ − log_q # ( H_{1,Betti}(G^η, A) O_E λ_η )_{1/r} + log_q ( ∏ 1≤i≤r | |ηψ_0(c_i) | |_∞ # ( O_E / ∑_r i=1 A c_i ) )_{1/r}

= log_q |∫ u_η ω η ψ_0 | ∞ − 1 r log_q # ( H_{1,Betti}(G^η , A) O_E λ_η ) + log_q D_A(O_E ) , (17.16)

where the last equation is the definition of D_A(O_E ) from Example 16.2. In particular, this formula holds equally

for all η^′ ∈ H_K with ~∞_η′ = ~∞_η of K, that is for all η^′ ∈ Gal(K_{~∞η} /Q_∞) · η.

3. We compute further

H_{1,Betti}(G^η, A) / O_E λ_η = ∏ v≠∞ ( H_{1,Betti}(G^η , A) / O_E λ_η ) ⊗_A A_v = ∏ v≠∞ H_{1,Betti}(G^η, A_v ) / O_{Ev} λ_η . Under the isomorphism (17.14), tensored to A_v we have

O_{Ev} λ_η Ø

¨ // H_{1,Betti}(G^η , A_v)

O_{Ev} u_η ⊗_{Av} A_v dz oo //˙˙˙˙ ∼= OO

O_{Ev} u_η ⊗_A Ω^1_{A/Fq} ⊂ H_{1,Betti}(M^η, A_v ) ⊗_A Ω^1_{A/Fq} , ∼= OO

where the dashed arrow in the lower left corner comes from a comparison of A_v-modules of rank one, which is an

inclusion A_v dz ⊂ Ω^1_{A/Fq} ⊗_A A_v or A_v dz ⊃ Ω^1_{A/Fq} ⊗_A A_v and even an equality for almost all v. Therefore,

log_q # ( H_{1,Betti}(G^η , A_v) / O_{Ev} λ_η ) = r ord_v (dz) · [F_v : F_q ] + log_q # ( H_{1,Betti}(M^η, A_v ) / O_{Ev} u_η ) . Here the factor r = rk_{Av} O_{Ev} comes from the tensor product with O_{Ev} u_η, and ord_v(dz) is the order at v of the

rational section dz of the line bundle Ω^1_{C/Fq} . That is, if A_v dz ⊂ Ω^1_{A/Fq} ⊗_A A_v then log_q # ( Ω^1_{A/Fq} ⊗_A A_v / A_v dz ) = [F_v : F_q ] ord_v(dz). Adding over all places v ≠ ∞ we obtain

log_q # ( H_{1,Betti}(G^η , A) / O_E λ_η ) = ∑ v≠∞ ( r ord_v(dz) · [F_v : F_q ] + log_q # ( H_{1,Betti}(M^η , A_v) / O_{Ev} u_η )) . (17.17)

4. We now fix a place v ≠ ∞ and let e_η ∈ E_v := E⊗_QQ_v such that e^{−1}_η u_η is an O_{Ev} -generator of H_{1,Betti}(M^η, A_v ) = H_{1,v}(M^η , A_v). Then O_{Ev} /e_ηO_{Ev}^∼−→ H_{1,Betti}(M^η, A_v ) / O_{Ev} u_η under a → a e^{−1}_η u_η. By the definition of u^{η̃} in (17.10) also e^{−1}_η u^{η̃} is an O_{Ev} -generator of H_{1,v} (M^{η̃η}, A_v ). This means

v_{η̃ηψ0} (u^{η̃}) := v ( η̃ηψ_0(e_η) ) . The Q_v-algebra E_v decomposes into a product of fields E_v = ∏ i E_{v,i}. To compute the cardinality of O_{Ev} /e_ηO_{Ev} = ∏ i O_{Ev,i} /e_ηO_{Ev,i} , note that each O_{Ev,i} /e_ηO_{Ev,i} is an F_v -vector space. We denote its dimension by n_i. Let K_v be the closure in C_v of K ⊂ Q^{alg} ⊂ Q^{alg}_v ⊂ C_v , let O_{Kv} be its valuation ring and k_v its residue field. For every Q_v-homomorphism ~ψ_i ∈ H_{Ev,i} := Hom_{Qv} (E_{v,i}, Q^{alg}_v ) the F_v -vector space ( O_{Ev.i} /e_ηO_{Ev,i} ) ⊗_{OEv,i , ~ψi} O_{Kv} = O_{Kv} / ~ ψ_i(e_η)O_{Kv} has dimension n_i · [K_v : ~ψ_i(E_{v,i})], because O_{Kv} is free over O_{Ev,i} of rank [K_v : ~ψ_i(E_{v,i})]. This dimension is equal to [k_v : F_v ] · ord_{Kv} ( ~ψ_i(e_η)) = [K_v : Q_v] · v( ~ψ_i(e_η )). We conclude that

n_i := dim_{Fv} ( O_{Ev.i} /e_ηO_{Ev,i} ) = [K_v : Q_v] [K_v : ~ψ_i(E_{v,i})]

· v( ~ψ_i(e_η )) = [E_{v,i} : Q_v] · v( ~ψ_i(e_η))

and log_q # ( H_{1,Betti}(M^η , A_v) / O_{Ev} u_η ) = ∑ i n_i · [F_v : F_q ] .

We now consider the following maps

H_K // // H_E^∼ // Hom_{Qv} (E_v , Q^{alg}_v )

η̃ Ø // η̃ηψ_0 =: ~ψ Ø // ~ψ ⊗ id_{Qv}

The set Hom_{Qv} (E_v , Q^{alg}_v ) is equal to ∐ i H_{Ev,i} , because every ~ψ ⊗ id_{Qv} factors in a unique way ~ψ ⊗ id_{Qv} : E_v ∏_i E_{v,i} $$ $$II III I // Q^{alg}_v

E_{v,i( ~ψ)} -fl ~ψ_i := ( ~ψ ⊗ id_{Qv} )|_{Ev,i( ~ψ)} ¡¡yy yyy (17.18)

for an index i( ~ψ). The number of elements η̃ ∈ H_K which are mapped to the same ~ψ := η̃ηψ_0 ∈ H_E equals # Gal(K/ηψ_0(E)) = [K : ηψ_0(E)] =^{[K:Q]}_{[E:Q]} , and the number of η̃ ∈ H_K which are mapped into the set H_{Ev,i} equals #H_{Ev,i} ·^{[K:Q]}_{[E:Q]} = [E_{v,i} : Q_v] ·^{[K:Q]}_{[E:Q]} . (17.19)

For each of the latter η̃ the valuation v(η̃ηψ_0(e_η )) = v( ~ψ_i(e_η )) =^{ni}_{[Ev,i:Qv ]} is the same. This implies 1 #H_K ∑ η̃∈H_K v_{η̃ηψ0} (u^{η̃}) · [F_v : F_q ] =^1_{#HK} ∑ η̃∈H_K v(η̃ηψ_0(e_η)) · [F_v : F_q ]

=^{[K:Q]}_{#HK} ∑ i n_i [E_{v,i} : Q_v] · [E_{v,i} : Q_v] [E : Q]

· [F_v : F_q ]

= 1 r log_q # ( H_{1,Betti}(M^η, A_v ) / O_{Ev} u_η ) . (17.20)

Putting equations (17.16), (17.17) and (17.20) together we can compute ht_{Tag,~∞η} (G/K) [K_{~∞η} : Q_∞]

= − log_q |∫ u_η ω η ψ_0 | ∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( ord_v(dz) + v_{η̃ηψ0} (u^{η̃}) ) [F_v : F_q ] − log_q D_A(O_E ) . (17.21)

5. Now we take a finite place ṽ_η of K and let v ≠ ∞ be the place of Q with ṽ_η|v. We choose an η ∈ H_K such that ṽ_η is the place induced from v via η : K → Q^{alg} ⊂ Q^{alg}_v ⊂ C_v and view G^η as a Drinfeld module over C_v . We use the isomorphism ~m^η from Step 1 above to write

~m^η ∘ φ^η_a ∘ ( ~m^η )^{−1} = γ(a) + r deg a∑

i=1 φ^η_{a,i} τ^i ∈ End_{Cv ,Fq} (G_{a,C v} ) = C_v {τ} with φ^η_{a,i} ∈ C_v . Since G has good reduction at ṽ_η there exists an element x_η ∈ K^×_{ṽη} such that

x_η ~m^η ∘ φ^η_a ∘ ( ~m^η)^{−1}x^{−1}_η = γ(a) + r deg a∑

i=1 φ^η_{a,i} · x^{1−qi}_η τ^i ∈ O_{Cv} {τ} and φ^η_{a, r deg a} · x^{1−qr deg a}_η ∈ O^×_{Cv} .

We have e(ṽ_η|v) · v(φ^η_{a,i}) q^i − 1 = e(ṽ_η |v) · v(φ^η_{a,i} · x^{1−qi}_η ) q^i − 1

+ e(ṽ_η|v) · v(x_η ). Note that e(ṽ_η |v) · v(φ^η_{a,i} · x^{1−qi}_η ) q^i − 1

≥ 0 for all

i and equal to 0 for i = r deg a. So

ord_{ṽη} (G) := min { e(ṽ_η|v) · v(φ^η_{a,i}) q^i − 1 : a ∈ A ∖ F_q , 1 ≤ i ≤ r deg a } = e(ṽ_η|v) · v(x_η ) ∈ Z . Then ht_{Tag,ṽη} (G/K) := −[F_{ṽη} : F_q ] · e(ṽ_η |v) · v(x_η ) = −[K_{ṽη} : Q_v] · v(x_η ) · [F_v : F_q ] . (17.22)

It remains to relate v(x_η ) to v(ω^η_{ψ0} ). For this let G^η be the good model of G^η over O_{Cv} and let M^η be the A-motive of G^η . The latter is the good model of M^η over O_{Cv} . Then x_η ~m^η extends to a coordinate system x_η ~m^η : G^{η ∼}−→ G_{a,OCv} over O_{Cv} of G^η and induces an isomorphism End_{OCv ,Fq} (G_{a,OCv} ) = O_{Cv} {τ}^∼−→ M^η := Hom_{OCv ,Fq} (G^η, G_{a,OCv} ) , f −→ f ∘ x_η ~m^η . This implies that x_η m^η generates the O_{Cv} -module coker τ_Mη . Next let w = w_η be the place of E which is induced from the place ṽ_η of K under the embedding ψ_0 : E → K. Then w_η is induced from the valuation v on C_v under the embedding ηψ_0 : E → C_v and lies above the place v of Q. Let y_w ∈ O_E be an element which is a uniformizing parameter at w, that is, which satisfies w(y_w) = 1. Set θ_w := ηψ_0(y_w) ∈ O_{Cv} . We use the isomorphism induced from τ_M η

(y_w − θ_w)^{−1} H^{ηψ0} (M^η, C_v [[y_w − θ_w]]) / H^{ηψ0} (M^η , C_v [[y_w − θ_w]])^∼−→ q^{M η} /p^{M η ∼}−→_{τM η} coker τ_M η .

In the source of this isomorphism the elements x_η m^η and τ^{−1}_M η (x_η ~m^η) are equal, because both have the same image x_η m^η in the target coker τ_M η . Therefore, x_η m^η is a generator of the canonical O_{Cv} -module structure on the source induced from M^η. Multiplication with y_w − θ_w maps this O_{Cv} -structure isomorphically onto the O_{Cv} - module H^{ηψ0} (M^η, O_{Cv} ), which is hence generated by (y_w − θ_w)x_η m^η . On the other hand, after multiplication with −(z − ζ) mod (z − ζ)^2 we obtain x_ηω^η_{ψ0} = −(z − ζ)x_η m^η in

H^{ηψ0} (M^η, C_v ) = H^{ηψ0} (M^η , C_v [[y_w − θ_w]]) / (y_w − θ_w) H^{ηψ0} (M^η , C_v [[y_w − θ_w]]) .

All these are one dimensional C_v -vector spaces. Note that y_w − θ_w and z − ζ are not equal. Namely, if we write I := ker ( O_E ⊗_{Fq} O_E → O_E , a ⊗ a^′ → aa^′ ) = (a ⊗ 1 − 1 ⊗ a: a ∈ O_E ), the element (z − ζ) mod (z − ζ)^2 of C_v is the image of dz := (z ⊗ 1 − 1 ⊗ z) mod I^2 ∈ Ω^1_{OE /Fq} := I/I^2 under the O_E -homomorphism Ω^1_{OE /Fq} −→ Ω^1_{OE /Fq} ⊗_{OE ⊗OE /I, idO} E ⊗ηψ_0 (O_E ⊗_{Fq} C_v )/(a ⊗ 1 − 1 ⊗ ηψ_0(a): a ∈ O_E ) = Ω^1_{OE /Fq} ⊗_{OE , ηψ0} C_v .

On the other hand, y_w − θ_w is the image of dy_w := (y_w ⊗ 1 − 1 ⊗ y_w) mod I^2 and is a generator of the O_{Cv} -module Ω^1_{OE /Fq} ⊗_{OE , ηψ0} O_{Cv} . Therefore, x_η^{yw −θw}_{z−ζ} · ω^η_{ψ0} is an O_{Cv} -generator of H^{ηψ0} (M^η, O_{Cv} ), and hence

v(ω^η_{ψ0} ) = v ( x^{−1}_η^{z−ζ}_{yw −θw} ) = v ( x^{−1}_η · ηψ_0(^{dz}_{dyw} ) ) = −v(x_η ) + ord_{wη} (dz) e(w_η |v) , where again ord_{wη} (dz) ∈ Z is the order at w_η of the rational section dz of the line bundle Ω^1_{OE /Fq} . From (17.22)

we obtain for the local Taguchi height at ṽ_η ht_{Tag,ṽη} (G/K) [K_{ṽη} : Q_v]

= −v(x_η) · [F_v : F_q ] = v(ω^η_{ψ0} ) · [F_v : F_q ] − ord_{wη} (dz) · [F_{wη} : F_q ]

[E_{wη} : Q_v]

. (17.23)

6. The summand on the right is related to the different D_{OE /A}. Namely, by [Ser79, § III.7, Proposition 14] the

O_E -module of relative differentials Ω^1_{OE /A} is generated by one element and is isomorphic to O_E /D_{OE /A}. This

gives rise to the exact sequence [EGA, 0_{IV}, Théorème 0.20.5.7]

0 // Ω^1_{A/Fq} ⊗_A O_E // Ω^1_{OE /Fq} // O_E /D_{OE /A} // 0 .

There is an element 0 ≠ a ∈ A with a dz ∈ Ω^1_{A/Fq} . Dividing out O_E · a dz yields the exact sequence

0 // ( Ω^1_{A/Fq} ⊗_A O_E )/ O_E · a dz // Ω^1_{OE /Fq} / O_E · a dz // O_E /D_{OE /A} // 0 . Counting elements, and denoting the places of E by w and their residue fields by F_w , we obtain ∏ w∤∞ (#F_w )^{ordw (a dz)} = # ( Ω^1_{OE /Fq} / O_E · a dz )

= # ( O_E /D_{OE /A} ) · # ( (Ω^1_{A/Fq} /A · a dz) ⊗_A O_E )

= # ( O_E /D_{OE /A} ) · # ( Ω^1_{A/Fq} /A · a dz )_{[OE :A]}

= # ( O_E /D_{OE /A} ) · ( ∏ v≠∞ (#F_v )^{ordv (a dz)} )_r .

We observe ord_w(a dz) = w(a) + ord_w(dz) and that for every place v ≠ ∞ of Q ∏ w|v (#F_w )^{w(a)} = ∏ w|v (#F_v )^{[Fw :Fv ]·e(w|v)·v(a)} = (#F_v )^{∑w|v [Fw :Fv ]·e(w|v)·v(a)} = (#F_v )^{r·v(a)}.

Taking log_q this yields ∑ w∤∞ [F_w : F_q ] · ord_w(dz) − r · ∑ v≠∞ [F_v : F_q ] · ord_v (dz) = log_q # ( O_E /D_{OE /A} ) = log_q # ( A/d_{OE /A}) , (17.24)

where d_{OE /A} = N_{E/Q}(D_{OE /A}) is the discriminant of O_E over A, and the last equality comes from the fact that

for all maximal ideals P ⊂ O_E and p := A ∩ P ⊂ A with residue fields F_P , respectively F_p , and for every n ∈ N

we have N_{E/Q}(P^n) = p^{[FP:Fp]n} and #(O_E /P^n) = #(F_P )^n = (#F_p )^{[FP :Fp ]n} = # ( A/N_{E/Q}(P^n) ) . 7. Fix a place w of E above v. In terms of the decomposition E_v := E ⊗_Q Q_v = ∏ i E_{v,i} from diagram (17.18) the

completion E_w of E at w equals E_{v,i} for some i and the number of η ∈ H_K which give rise to the same w_η = w equals [E_w : Q_v] ·^{[K:Q]}_{[E:Q]} by (17.19). This together with (17.23), (17.21) and (17.24) finally implies

ht^{st}_{Tag}(G) = log q [K : Q] · (∑ ṽ∤∞ ht_{Tag,ṽ}(G/K) + ∑ ~∞|∞ ht_{Tag,~∞}(G/K) )

= log q [K : Q] · ∑ η∈H_K ( ∑ v≠∞ ht_{Tag,ṽη} (G/K) [K_{~vη} : Q_v] + ht_{Tag,~∞η} (G/K) [K_{~∞η} : Q_∞] )

= log q [K : Q] · ∑ η∈H_K ( ∑ v≠∞ ( v(ω^η_{ψ0} ) · [F_v : F_q ] − ord_{wη} (dz) · [F_{wη} : F_q ] [E_{wη} : Q_v] )

− log_q | |∫_{uη} ω^η_{ψ0} | |_∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( ord_v(dz) + v_{η̃ηψ0} (u^{η̃} ) ) [F_v : F_q ] − log_q D_A(O_E ) )

=^1_{#HK} ∑ η∈H_K ( − log |∫ u_η ω η ψ_0 | ∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v(ω^{η̃η}_{ψ0} ) + v_{η̃ηψ0} (u^{η̃}) ) log q_v ) − log D_A(O_E )

+ log q [K : Q] · ( − [K : Q] [E : Q] ∑ w∤∞ [F_w : F_q ] · ord_w(dz) + [K : Q] ∑ v≠∞ [F_v : F_q ] · ord_v(dz) )

=^1_{#HK} ∑ η∈H_K ( − log | |∫_{uη} ω^η_{ψ0} | |_∞ +^1_{#HK} ∑ η̃∈H_K ∑ v≠∞ ( v(ω^{η̃η}_{ψ0} ) + v_{η̃ηψ0} (u^{η̃}) ) log q_v )

− log #(A/d_{OE /A}) [E : Q]

− log D_A(O_E )

which finishes the proof.

Remark 17.9. For a Drinfeld module G of rank r over a finite Galois extension K/Q with CM by O_E for a separable field extension E/Q with CM type as in Theorem 17.8, the functions from (17.2) and (17.3) are a_{E,ψ0,Φ}(g) = { 1 if g ∈ Gal(K/ψ_0(E)) 0 else } = 1l_{Gal(K/ψ0 E)}(g) and

a^0_{E,ψ0,Φ}(g) =^1_{#HK} ∑ η∈H_K 1l_{Gal(K/ηψ0 E)}(g) =

(_1

r · Ind^{Gal(K/Q)}

Gal(K/ψ_0 E) 1lGal(K/ψ0 E) ) (g) , where 1l_{Gal(K/ηψ0 E)} is the characteristic function of the subset Gal(K/ηψ_0(E)) ⊂ Gal(K/Q) and Ind denotes the induction of characters; see [Cas67, Chapter VIII, § 3, Property (V), page 222]. Then (a^0_{E,ψ0,Φ})^∗ = a^0_{E,ψ0,Φ} and [Cas67, loc. cit.] implies L^∞ ( (a^0_{E,ψ0,Φ})^∗, s, K/Q )_r = L^∞(Ind^{Gal(K/Q)} Gal(K/ψ_0 E) 1lGal(K/ψ0E), s, K/Q) = L^∞(1l_{Gal(K/ψ0E)}, s, K/ψ_0E) = ζ_{OE} (s) , and hence r · Z^∞ ( (a^0_{E,ψ0,Φ})^∗, 0 ) = ζ^′_{OE} (0) ζ_{OE} (0) . If ∞ is tamely ramified in E/Q then Example 16.2 and [HS20, Lemma 5.17 and Proposition 5.18] imply that

log D_A(O_E ) = log #(A/d_{OE /A}) 2r = 1 2 · μ^∞_{Art}(a^0_{E,ψ0,Φ}) ,

where μ^∞_{Art} was defined in (8.5). This puts Theorem 17.8 in a form analogous to Colmez’s Theorem 8.8.

Thus to establish the product formula in Conjecture 17.6 for a CM Drinfeld A-module G it suffices to relate the Taguchi height of G to the logarithmic derivative of the Zeta-function ζ_{OE} . This was achieved by Fu-Tsun Wei [Wei20]:

Theorem 17.10 ([Wei20, Theorem 1.6]). In Situation 17.1 let M = M(G) for a Drinfeld A-module G of rank r with complex multiplication by O_E over K which has everywhere good reduction. Then the stable Taguchi height (Definition 16.3) satisfies

ht^{st}_{Tag}(G) = − 1 r · ζ^′_{OE} (0) ζ_{OE} (0)

− log D_A(O_E )

Theorems 17.10 and 17.8 and Remark 17.9 imply the following

Corollary 17.11. The product formula from Conjecture 17.6 holds for CM Drinfeld A-modules.

In [Wei20] Theorem 17.10 follows from the function field analogs of Kronecker’s limit theorem and Lerch’s formula (1.3). In that sense, Wei’s theorem can be viewed as the analog of Colmez’s Theorem 8.10 in the abelian case. Analogously to Remark 8.12, it would be interesting to describe, also in the function field case, the relation on the one hand between the Kronecker limit and the Lerch-type formulas in [Wei20], and on the other hand Gross-Zagier formulas like the ones proved by Yun, Wei Zhang, Howard and Shnidman [YZ17, YZ19, HS19] for the intersection numbers of Heegner cycles on moduli spaces of global PGL_2-shtukas.

In the direction of the André-Oort conjecture over function fields there is the following analog of Theorem 8.14 by Breuer and Hubschmid.

Theorem 17.12. The André-Oort-Conjecture holds for irreducible closed subvarieties X in Drinfeld modular varieties M in the following cases:

(a) [Bre07] M is a product of Drinfeld modular curves which parameterize Drinfeld A-modules of rank 2.

(b) [Bre12] M is a Drinfeld modular variety parameterizing Drinfeld A-modules of rank r and X is a curve.

(c) [Hub13] M is a Drinfeld modular variety parameterizing Drinfeld A-modules of rank r such that (q, r) = 1.

That is, in both cases X ⊂ M is a special subvariety if and only if it contains a dense set of CM points.

Like in Theorem 8.14 one crucial ingredient is to show that the Galois orbit of a special point, that is a CM Drinfeld module, is large. This is done by following the strategy of Edixhoven [EMO01, Edi05], who proved cases of the original André-Oort-Conjecture for Shimura varieties conditionally under assuming the generalized Riemann Hypothesis. Over function fields various zeta functions are known to satisfy the Riemann Hypothesis by Deligne [Del74]. So this approach to the André-Oort-Conjecture over function fields can become unconditional. One the other hand, Conjecture 17.6 might also imply lower bounds for Galois orbits once it is related to heights of A-motives.

18 Example

We give an example for Conjecture 17.6 in case of an A-motive M of rank 1 where the curve C has genus 1. In this case, Conjecture 17.6 follows from Theorem 17.10. This example was studied in detail by Green and Papanikolas [GP16]. It is a beautiful exercise in computing with elliptic curves.

18.1. Let C be an elliptic curve over F_q , given by the (non-homogeneous) Weierstraß equation

F := F (t, y) := y^2 + a_1ty + a_3y − t^3 − a_2t^2 − a_4t − a_6, with a_i ∈ F_q ,

in the variables t =^X_Z and y =^Y_Z , compare (2.1). Let ∞ ∈ V(Z^3 · F ) ⊂ P^2_{Fq} be the F_q -rational point with (X : Y : Z) = (0 : 1 : 0) at which t and y have pole order given by

v_∞(t) = −2, v_∞(y) = −3 .

We have A = Γ(C ∖ {∞}, O_C ) = F_q [t, y]/(F (t, y)). For any field extension L of F_q there is exactly one point ∞_L on C_L above ∞, because ∞ is F_q -rational. To shorten the notation we sometimes denote the point ∞_L again by ∞. We consider a second copy of the ring A given by F_q [θ, ε]/(F (θ, ε)) in the variables θ and ε, and its fraction field F_q (θ, ε). This is the function field of a second copy of the elliptic curve C, which we denote by X_0 and which has coordinates θ and ε. That is F_q (θ, ε) = F_q (X_0). Let γ : A → F_q (θ, ε) be given by γ(t) = θ and γ(y) = ε. This makes F_q (θ, ε) into an A-field. We use the isomorphism γ : Q^∼−→ F_q (θ, ε) to embed F_q (θ, ε) canonically into C_v for all places v of Q. We note that

Ξ = V(t − θ, y − ε) = V(J ) for the ideal J := (a ⊗ 1 − 1 ⊗ γ(a): a ∈ A) = (t − θ, y − ε)

is an F_q (θ, ε)-rational point of C. Furthermore, Ξ ∈ C ( F_q (θ, ε) ) ⊂ C(C_∞ ) specializes to ∞ ∈ C(κ_∞) under the reduction map red : C(C_∞ ) → C(κ_∞) from (13.1). Recall the rigid analytic space C := C_{C∞} = (C_{C ∞} )^{rig} and the disc D ⊂ C, which is defined in Notation 13.1 as the preimage in C = C(C_∞ ) of ∞ ∈ C(κ_∞). This disc D is the formal group of the elliptic curve C_{C ∞} over C_∞ , see [Sil86, Example IV.3.1.3], where this formal group is denoted Ĉ(m_∞) for the maximal ideal m_∞ ⊂ O_{C∞} .

For any field extension L of F_q the relative q-Frobenius isogeny Fr_{q,CL/L} : C_L → C_L of C_L over L is given on Spec A_L ⊂ C_L by the L-homomorphism Fr^∗_{q,CL/L} : A_L → A_L, t → t^q , y → y^q . For any point P ∈ C_L(L) we denote by P^{(1)} := Fr_{q,CL/L}(P ) ∈ C_L(L) the image of P . The composition σ ∘ Fr_{q,CL/L} = Fr_{q,CL/L} ∘ σ with the morphism σ : C_L → C_L from (9.1) equals the absolute q-Frobenius on C_L, which is the identity on points and the q-power map on the structure sheaf. For example, the morphism Fr_{q,C/Fq} sends Ξ to Ξ^{(1)} = Fr_{q,C/Fq} (Ξ) = V(t−θ^q, y −ε^q).

The isogeny 1 − Fr_{q,C/Fq} : C → C is separable by [Sil86, Corollary III.5.5] and it induces an isomorphism of formal groups 1 − Fr_{q,C/Fq} : Ĉ(m_∞) → Ĉ(m_∞) by [Sil86, Corollary IV.4.3 and Lemma IV.2.4]. Therefore, we can pick a unique point V ∈ Ĉ(m_∞) = D ⊂ C(C_∞ ) so that under the group law of C

(1 − Fr_{q,C/Fq} )(V ) = V − V^{(1)} = Ξ, (18.1)

and moreover, (1 − Fr_{q,C/Fq} )^{−1}(Ξ) = {V + P | P ∈ C(F_q )}.

If we set V = V(t − α, y − β) with α, β ∈ C_∞ then K := F_q (θ, ε)(α, β) = F_q (α, β) ⊂ C_∞ is the Hilbert class field of F_q (θ, ε) by [GP16, Proposition 3.3]. We view K as the function field of a third copy of the elliptic curve C, which we denote by X_1 and which has coordinates α and β. The inclusion of fields F_q (θ, ε) ⊂ K corresponds to a morphism X_1 → X_0 which is equal to the morphism 1 − Fr_{q,C/Fq} : C → C under the identifications X_1 = C = X_0. In particular, the set X_1(F_q ) equals the preimage of ∞ = (0 : 1 : 0) ∈ X_0 under this map. This set consists of the points with α, β ∈ F_q together with the point P = ∞_1 ∈ X_1 where α and β have poles of order 2 and 3 respectively. It follows that X_1 ∖ X_1(F_q ) = Spec O_K for the integral closure O_K of A in K.

18.2. Now by (18.1) and the definition of the group law on C, see [Sil86, § III.2], the K-valued points V^{(1)} = V(t − α^q , y − β^q ) and −V = V(t − α, y + β + a_1α + a_3) and Ξ in C(K) are collinear. We take m to be the slope of the line connecting them: m = ε − β^q θ − α^q = ε + β + a_1α + a_3 θ − α = β^q + β + a_1α + a_3 α^q − α ∈ K. (18.2)

With respect to the valuation v_∞ on K ⊂ C_∞ we compute v_∞(θ) = v_∞(α) = −2 and v_∞(ε) = v_∞(β) = −3, and hence obtain v_∞(m) = v_∞(^{ε−βq}_{θ−αq} ) = −q. We extend this to the following

Lemma 18.3. Let P ∈ X_1 be a closed point. Then the element m ∈ K has a pole at P if and only if P ∈ X_1(F_q ) = X_1 ∖ Spec O_K . In particular, m ∈ O_K . Moreover, for the normalized valuation v_P corresponding to P we have

v_P (m) = { −1 when P ∈ X_1(F_q ), P ≠ ∞_1 , −q when P = ∞_1 .

Proof. This can be proved by computing a uniformizing parameter at P , but we use the following different strategy. The element m ∈ K was defined as the slope of the line through V^{(1)}, −V and Ξ. This also holds over X_1 for the canonical extensions of V^{(1)}, −V and Ξ to X_1-valued points of C ×_{Fq} X_1. We now specialize to the residue field L := κ(P ) of P . If m(P ) = ∞, that is^1_m (P ) = 0 then on the elliptic curve C_L := C ×_{Fq} Spec L the line through V^{(1)}, −V and Ξ contains the neutral element ∞_L, so V^{(1)} = ∞_L or −V = ∞_L or Ξ = ∞_L. If V^{(1)} = ∞_L or −V = ∞_L then V = ∞_L, because ∞_L = −∞_L and this is the only point in Fr^{−1}_{q,CL/L}(∞_L). From V = V(t−α, y−β) it follows that P = ∞_1 ∈ X_1(F_q ). In this case v_P (θ) = v_P (α) = −2 and v_P (ε) = v_P (β) = −3, and we obtain v_P (m) = v_P (^{ε−βq}_{θ−αq} ) = −q as above. If ∞_L = Ξ = V − V^{(1)} and V ≠ ∞_L, then V^{(1)} = V = V(t − α, y − β) lies in C(F_q ). Thus α, β ∈ F_q and P ∈ X_1(F_q ). In this case v_P (α), v_P (β) ≥ 0, and Ξ = V(t − θ, y − ε) = ∞_L implies v_P (θ) = −2 and v_P (ε) = −3. We obtain v_P (m) = v_P (^{ε−βq}_{θ−αq} ) = −1. Conversely, if P ∈ X_1(F_q ), then V = V(t − α, y − β) ∈ C(F_q ) and Ξ = V − V^{(1)} = V − V = ∞_L and so the line through V^{(1)}, −V and Ξ has slope m = ∞. 18.4. By (18.1) and [Sil86, Corollary III.3.5] the divisor [V^{(1)}] − [V ] + [Ξ] − [∞] on C_K is principal. So there is a function f ∈ K(t, y) = Quot(A_K ), called the shtuka function for A with

div(f) = [V^{(1)}] − [V ] + [Ξ] − [∞] . (18.3)

The shtuka function f can be written as f = ν(t, y) δ(t) = y − ε − m(t − θ) t − α = y + β + a_1α + a_3 − m(t − α) t − α = y + β + a_1α + a_3 t − α − m, (18.4) for ν := ν(t, y) := y − ε − m · (t − θ) ∈ O_K [t, y] and δ := δ(t) := t − α ∈ O_K [t, y], with divisors on C_K given by div(ν) = [V^{(1)}] + [−V ] + [Ξ] − 3[∞] and div(δ) = [V ] + [−V ] − 2[∞]. (18.5) The formulas (18.3) and (18.5) also hold for the Cartier divisors of f, ν and δ on the two dimensional scheme C_{OK} := C ×_{Fq} Spec O_K , because ν and δ do not vanish on an entire fiber of C_{OK} over a closed point of Spec O_K . Here we consider the O_K -valued points ∞ := V(^1_t ,^t_y ) = {∞} ×_{Fq} Spec O_K and V = V(t − α, y − β) and Ξ = V(t − θ, y − ε), etc. as Cartier divisors on C_{OK} . 18.5. We consider the invertible sheaf O_{CK} ([V ]) on C_K with

Γ(Spec A_K , O_{CK} ([V ])) = { x ∈ Quot(A_K ): ord_P (x) ≥ 0 ∀ P ∈ C_K ∖ {V, ∞} and ord_V (x) ≥ −1 } = { x ∈ Quot(A_K ): ord_P (x) ≥ 0 ∀ P ≠ V, ∞ and (t − α)x, (y − β)x ∈ A_K } . Then we compute Γ(Spec A_K , σ^∗O_{CK} ([V ])) as the A_K -module { x ⊗ b ∈ Quot(A_K ) ⊗_{AK ,σ}∗ A_K : ord_P (x) ≥ 0 ∀ P ≠ V, ∞ and (t − α)x, (y − β)x ∈ A_K } = { x ⊗ b ∈ Quot(A_K ) ⊗_{AK ,σ}∗ A_K : ord_P (x) ≥ 0 ∀ P ≠ V, ∞ and x ⊗ b(t − α^q ), x ⊗ b(y − β^q ) ∈ A_K } = Γ(Spec A_K , O_{CK} ([V^{(1)}])) . (18.6) We define an A-motive M = (M, τ_M ) over K of rank 1 and dimension 1 as follows. M = Γ(Spec A_K , O_{CK} ([V ])) σ^∗M = Γ(Spec A_K , O_{CK} ([V^{(1)}])) τ_M := f : σ^∗M^∼−→ M ⊗ O_{CK} (−[Ξ]) ⊂ M coker τ_M ∼= O_{CK} /O_{CK} (−[Ξ]) ∼= K .

This A-motive corresponds to a Drinfeld A-module of rank 1 over K, which is described more explicitly in [GP16, § 3]. In particular, M is uniformizable. Moreover, M has CM through O_E := A. We set E = Q and then H_E = Hom_Q(E, Q^{alg}) = {id_E } consists of one single element ψ = id_E . Correspondingly we drop all occurrences of ψ from the notation used in Section 17. The de Rham cohomology of M is

H^1_{dR}(M, K[[t − θ]]) = σ^∗M ⊗_{OCK} lim_{←−} A_K /J^n = Γ(Spec A_K , O_{CK} (V^{(1)})) ⊗_{OCK} K[[t − θ]] = K[[t − θ]],

because lim_{←−} A_K /J^n = K[[t − θ]], and O_{CK} (V^{(1)}) equals O_{CK} on the neighborhood C_K ∖ {V^{(1)}} of Ξ. For the unique element ψ = id_E in H_E we have H^ψ(M, K[[y_ψ − ψ(y_ψ)]]) = H^1_{dR}(M, K[[t − θ]]) and the Hodge-Pink lattice q^M := τ^{−1}_M (M ⊗_{AR} lim_{←−} A_K /J^n) ⊂ H^1_{dR} ( M, K((t − θ)) ) of M satisfies

q^M = f^{−1} · H^1_{dR} ( M, K[[t − θ]] ) = (t − θ)^{−1} · H^1_{dR} ( M, K[[t − θ]] ) by (18.3). So according to Definition 15.8 the CM-type of M is Φ = (d_{idE} ) with d_{idE} = 1. 18.6. We will next see that M has a good integral model M over O_K . Namely, by a similar computation as in (18.6) the invertible sheaf O_{COK} ([V ]) on C_{OK} satisfies

σ^∗O_{COK} ([V ]) = O_{COK} ([V^{(1)}]).

Then the good model M = (M, τ_M) of M over O_K is given by M = Γ(Spec A_{OK} , O_{COK} ([V ])) σ^∗M = Γ(Spec A_{OK} , O_{COK} ([V^{(1)}])) τ_M := f : σ^∗M^∼−→ M ⊗ O_{COK} (−[Ξ]) ⊂ M coker τ_M ∼= A_{OK} /A_{OK} (−[Ξ]) ∼= O_K .

18.7. With respect to the inclusion K ⊂ C_∞ Papanikolas and Green [GP16, § 4] calculate H^1_{Betti}(M, A) as follows. They fix (q − 1)-st roots of −α and mθ − ε, and set ν_φ := (mθ − ε)^{1/(1−q)} ∞∏ i=0 ( 1 − ( m mθ − ε )_qi t + ( 1 mθ − ε )_qi y ) ,

δ_φ := (−α)^{1/(1−q)} ∞∏ i=0 ( 1 − t α^{qi} ) . Since v_∞(α) = −2 in C_∞ , it follows that the product for δ_φ converges in Γ(C ∖ {∞}, O_C), is invertible on C ∖ D and has zeroes of order 1 at V^{(i)} and −V^{(i)} for all i ∈ N_0 . Since v_∞(m) = −q, and so v_∞(mθ − ε) = −q − 2 and v_∞(^m_{mθ−ε} ) = 2 it similarly follows that ν_φ converges in Γ(C ∖ {∞}, O_C) and is invertible on C ∖ D. Moreover, ν_φ has zeroes of order 1 at Ξ^{(i)} and −V^{(i)} and V^{(i+1)} for all i ∈ N_0 , because 1 −^m_{mθ−ε} θ +^1_{mθ−ε} ε = 0 and 1 −^m_{mθ−ε} α −^1_{mθ−ε} (β + a_1α + a_3) = 0 and 1 −^m_{mθ−ε} α^q +^1_{mθ−ε} β^q = 0. These functions satisfy the equations

ν_φ = ν · σ^∗ν_φ = (y − ε − m · (t − θ)) · σ^∗ν_φ and δ_φ = δ · σ^∗δ_φ = (t − α) · σ^∗δ_φ .

Thus with the corresponding (q − 1)-st root ξ^{1/(q−1)} of ξ = −^{mθ−ε}_α = −(m +^{β+a1α+a3}_α ) we set

λ_M := ν_φ δ_φ = ξ^{1/(1−q)} ∞∏ i=0 σ^{i∗}f ξ^{qi} ∈ Γ(C ∖ D, O_C)^×. (18.7)

Then τ_M (σ^∗λ_M ) = f · σ^∗λ_M = λ_M , and λ_M is a meromorphic function on C ∖ {∞} without poles or zeroes on C ∖ D. (By looking at the product decomposition of λ_M one even sees that it has a simple pole at V and simple zeroes at Ξ^{(i)} for all i ∈ N_0 .) So we obtain

H^1_{Betti}(M, A) = λ_M · A. (18.8)

Let u ∈ H_{1,Betti}(M, A) be the generator such that ⟨u, λ_M ⟩ = 1. We also write u_{idK} := u.

18.8. We can take ω := ω_ψ := σ^∗δ^{−1} = (t − α^q )^{−1} as a generator of H^1_{dR}(M, K[[t − θ]]). Then the comparison isomorphism h_{Betti,dR} = σ^∗h_M from Theorem 13.18 sends the generator λ_M of H^1_{Betti}(M, A) to σ^∗λ_M = σ^∗(λ_M δ)· ω ∈ H^1_{dR}(M, K[[t − θ]]) and the comparison isomorphism h_{Betti,dR} = σ^∗h_M mod J from (13.6) sends the generator λ_M of H^1_{Betti}(M, A) to σ^∗(λ_M δ)(Ξ) · ω ∈ H^1_{dR}(M, K). Therefore,

⟨u, h^{−1}_{Betti,dR}(ω)⟩_∞ = ⟨u, σ^∗(λ_M δ)(Ξ)^{−1} · λ_M ⟩_∞ = ξ^{q/(q−1)} (σ^∗δ)(Ξ) ∞∏ i=1 ξ^{qi} (σ^{i∗}f)(Ξ) .

To compute the absolute value of ⟨u, h^{−1}_{Betti,dR}(ω)⟩_∞ we observe that for every i ∈ N_{>0} | | | ξ^{qi} (σ^{i∗}f)(Ξ) | | |_∞ = | | | 1 −^θ_{αqi} 1 − (^m_{mθ−ε} )^{qi} θ + (^1_{mθ−ε} )^{qi} ε | | |_∞ = 1 ,

as well as v_∞(ξ) = −q, whence |ξ^{q/(q−1)}|_∞ = q^{q2/(q−1)}, and |(σ^∗δ)(Ξ)|_∞ = |(t − α^q )(Ξ)|_∞ = |θ − α^q |_∞ = |α^q |_∞ = q^{2q}. Thus we obtain | | | ∫ u ω | | |_∞ := | | | ⟨u, h^{−1}_{Betti,dR}(ω)⟩∞ | | |_∞ = q^q 2 q−1 −2q = q^q_{q−1} −q and log | | | ∫ u ω | | |_∞ = (_q q−1 − q ) log q . (18.9)

18.9. We consider the set H_K := Hom_Q(K, Q^{alg}) = Gal ( K/F_q (θ, ε) ) which actually is a group, because K is Galois over F_q (θ, ε). It is isomorphic to the group C(F_q ) under the map η → P_η := V − η(V ). Indeed, since η(Ξ) = Ξ ∈ C(K) is fixed by η we see that η(V ) still satisfies η(V ) − η(V )^{(1)} = η(V ) − η(V^{(1)}) = η(Ξ) = Ξ = V − V^{(1)}. Therefore, the point P_η = V − η(V ) satisfies P^{(1)}η = P_η , and hence P_η ∈ C(F_q ). Since the coordinates (α, β) of V generate the field extension K/F_q (θ, ε), the map η → P_η is bijective. It is a group homomorphism, because P_{η̃η} = V − η̃η(V ) = V − η̃(V ) + η̃(V ) − η̃η(V ) = P_{η̃} + η̃(P_η ) = P_{η̃} + P_η , as P_η ∈ C(F_q ) is fixed by η̃. In particular, #H_K = #C(F_q ).

We now fix an element η ∈ H_K with η ≠ id_K and let the A-motive M^η over O_K and ω^η ∈ H^1_{dR}(M^η, K[[t − θ]]) be deduced from M and ω by base extension. Then M^η is isogenous to M by the theory of complex multiplication, which was developed for Drinfeld modules by Hayes [Hay79] and for general A-motives by Pelzer [Pel09]. We give an elementary and explicit treatment for our M. We claim that there is an isomorphism

g_η : M^{η ∼}−→ M ⊗ O(−[P_η ]) =: M(−[P_η]) , (18.10)

where O(−[P_η ]) denotes the invertible sheaf on Spec A_{OK} associated to the divisor −[P_η]×_{Fq} Spec O_K . Namely, the A-motives M^η and M(−[P_η ]) correspond to the invertible sheaves O_{CK} ([η(V )]) = O_{CK} ([V −P_η]) and O_{CK} ([V ])⊗ O_{CK} (−[P_η]) = O_{CK} ([V ] − [P_η ]) on C_K , respectively.

By (18.1) and [Sil86, Corollary III.3.5] the divisor [V − P_η ] − [V ] + [P_η] − [∞] on C_K is principal and there is a function g_η ∈ K(t, y) = Quot(A_K ) with

div(g_η) = [V − P_η ] − [V ] + [P_η] − [∞] = [V − P_η ] + [−V ] + [P_η] − [V ] − [−V ] − [∞] . (18.11)

It can be written explicitly as follows. By construction of the group law on C, the three points V − P_η = η(V ) and −V and P_η lie on a single line whose slope is η(β) − y(P_η ) η(α) − t(P_η ) = η(β) + β + a_1α + a_3 η(α) − α = y(P_η ) + β + a_1α + a_3 t(P_η ) − α ∈ O_K . This slope is a priory an element of K, but we see that it lies in O_K by reasoning like in Lemma 18.3. Indeed, the slope has a pole if and only if one of the points P_η or −V or V − P_η = η(V ) equals ∞. If P_η = ∞, then the bijectivity of the map η → P_η implies η = id_K which was excluded. If V − P_η = ∞, and hence V = P_η ∈ C(F_q ), or if −V = ∞, then Ξ = ∞, and so the poles of the slope do not lie in Spec O_K . That is, the slope lies in O_K as claimed. Then we can take

g_η = y − η(β) −^{η(β)+β+a1α+a3} η(α)−α (t − η(α)) t − α (18.12)

as an isomorphism M^{η ∼}−→ M ⊗ O(−[P_η ]). Here we use that formula (18.11) for the divisor of g_η also holds on C_{OK} , because both numerator and denominator of g_η lie in O_K [t, y] and do not vanish on an entire fiber of C_{OK} over a closed point of Spec O_K .

In order to see that g_η is an isomorphism of A-motives, it remains to prove that g_η ∘ η(f) = f ∘ σ^∗g_η. Since the divisor on both sides equals [η(V )^{(1)}] + [P_η] − [V ] + [Ξ] − 2[∞], both sides differ by multiplication with an element of K^×. Multiplying both sides with the common denominator and comparing the coefficients of t^2y shows that both sides are equal as desired.

18.10. The isomorphism g_η : M^{η ∼}−→ M(−[P_η ]) induces isomorphisms on (co-)homology

g_η : H^1_{dR}(M^η, O_K )^∼−→ H^1_{dR}(M(−[P_η ]), O_K ) ,

g_η : H^1_{Betti}(M^η, A)^∼−→ H^1_{Betti}(M(−[P_η ]), A) , and

g_η : H_{1,Betti}(M^η , A)^∼−→ H_{1,Betti}(M(−[P_η ]), A) .

These are compatible with the period isomorphisms h_{Betti,dR} and the pairing between H^1_{Betti} and H_{1,Betti}. So we may replace M^η by M(−[P_η ]) in the rest of our computation.

Since ω = (t − α^q )^{−1} and ω mod (t − θ) = (θ − α^q )^{−1} ∈ H^1_{dR}(M, O_K ) we obtain ω^η = (t − η(α)^q )^{−1} and ω^η mod (t − θ) = (θ − η(α)^q )^{−1}, and we set ~ω^η := g_η(ω^η ) ∈ H^1_{dR}(M(−[P_η ]), K[[t − θ]]) and ~ω^η mod (t − θ) = g_η(ω^η) mod (t − θ) ∈ H^1_{dR}(M(−[P_η]), O_K ). By definition, H^1_{dR}(M, O_K ) := σ^∗M/J σ^∗M = σ^∗M|_Ξ, with

J = (t − θ, y − ε) being the vanishing ideal of the O_K -valued point Ξ ∈ C(O_K ). We compute

~ω^η = σ^∗(g_η) · (t − η(α)^q )^{−1}

= y − η(β)^q −^{η(β)q +βq +a1αq +a3} η(α)^q −α^q (t − η(α) q ) t − α^q · (t − η(α)^q )^{−1}

= y − η(β)^q −^{η(β)q +βq +a1αq +a3} η(α)^q −α^q (t − η(α) q ) t − η(α)^q · (t − α^q )^{−1} and

~ω^η mod (t − θ) = ε − η(β)^q −^{η(β)q +βq +a1αq +a3} η(α)^q −α^q (θ − η(α) q ) θ − η(α)^q · (θ − α^q )^{−1}

= ( ε − η(β)q θ − η(α)^q − η(β)^q + β^q + a_1α^q + a_3 η(α)^q − α^q ) · ω mod (t − θ) . The element σ^∗g_η|_Ξ :=^{ε−η(β)q}_{θ−η(α)q} −^{η(β)q +βq +a1αq +a3}

η(α)^q −α^q has absolute value | σ^∗g_η|_Ξ | ∞ = q^q , and hence log | σ^∗g_η|_Ξ | ∞ = q log q , (18.13)

because the first summand has absolute value q and is dominated by the second summand which has absolute value q^q .

18.11. We now compute v(ω^η) for all places v ≠ ∞ of Q and for all η ∈ H_K . Observe that by (18.5) the multiplication with t − α induces an isomorphism O_{COK} ([V ])^∼−→ O_{COK} (2[∞] − [−V ]) and the multiplication with t − α^q induces an isomorphism O_{COK} ([V^{(1)}])^∼−→ O_{COK} (2[∞] − [−V^{(1)}]). We restrict this morphism to the O_K -valued point Ξ, that is, we pull it back under the corresponding morphism h_Ξ : Spec O_K → C_{OK} . To do so we first claim that h_Ξ factors through the open subscheme of C_{OK} which is the complement of {∞} ∪ {−V^{(1)}}. Indeed, the locus on C_{OK} where Ξ = −V^{(1)} is equal to the locus where V = ∞, and the latter locus does not lie above Spec O_K . The same is true for the locus where Ξ = ∞. We conclude that multiplication with θ − α^q induces an isomorphism

θ − α^q : H^1_{dR}(M, O_K ) = h^∗_Ξ O_{COK} ([V ])^∼−→ h^∗_Ξ O_{COK} (2[∞] − [−V ]) = h^∗_Ξ O_{COK} = O_K

ω mod (t − θ) = (θ − α^q )^{−1} −→ 1 .

This shows that H^1_{dR}(M, O_K ) = O_K · ω mod (t − θ), and by base extension under η, also H^1_{dR}(M^η , O_K ) = O_K · ω^η mod (t − θ). This yields

v(ω^η) = 0 for every place v ≠ ∞ and every η ∈ H_K . (18.14)

18.12. We next compute H^1_{Betti}(M(−[P_η ]), A) for the A-motive M(−[P_η]) = ( O_{CK} ([V ] − [P_η ]), τ = f ) . The function λ_M from (18.7) satisfies τ(σ^∗λ_M ) = f · σ^∗λ_M = λ_M , but it does not have a zero at P_η , and hence does not lie in M(−[P_η ]) ⊗_{AK} O_{C∖D} and not in H^1_{Betti}(M(−[P_η ]), A). Instead,

H^1_{Betti}(M(−[P_η ]), A) = λ_M · Γ(Spec A, O_C (−[P_η ])) = λ_M · p_η ,

where p_η ⊂ A is the maximal ideal defining the F_q -valued point P_η ∈ C. Correspondingly, when we take ũ_η := u ∈ H_{1,Betti}(M(−[P_η ]), Q) = H_{1,Betti}(M, Q), which pairs with λ_M to ⟨ũ_η , λ_M ⟩ = ⟨u, λ_M ⟩ = 1, we obtain

H_{1,Betti}(M(−[P_η ]), A) = ũ_η · Γ(Spec A, O_C ([P_η ])) = ũ_η · p^{−1}_η .

This yields

v_η (ũ_η) · log q_v = { 0 if v ≠ p_η or η = id_K ,

log q if v = p_η and η ≠ id_K .

(18.15)

Also from (18.9) and (18.13) we compute the absolute value log | | | ∫ ũ_η ~ω η | | |_∞ = log | | |⟨u, σ^∗gη|Ξ · ω⟩∞ | | |_∞ = log | |σ∗g_η|_Ξ | |_∞ + log | |⟨u, ω⟩_∞ | |_∞ =^q_{q−1} log q . (18.16)

18.13. Finally, we recall the zeta functions for the elliptic curve C, which are defined as the following products which converge for s ∈ C with Re(s) > 1

ζ_C (s) := ∏ all v

(1 − (#F_v )^{−s})^{−1} = ∏ all v

(1 − q^{−s}_v )^{−1} =

1 − (q + 1 − #C(F_q ))q^{−s} + q^{1−2s} (1 − q^{−s})(1 − q^{1−s}) and ζ_A(s) := ∏ v≠∞ (1 − (#F_v )^{−s})^{−1} = ∏ v≠∞ (1 − q^{−s}_v )^{−1} =

1 − (q + 1 − #C(F_q ))q^{−s} + q^{1−2s} 1 − q^{1−s} .

Since the CM-field is E = Q, H_E = {id} and the CM-type is given by d_{id} = 1, we have a^0_{E,id,Φ} = 1l. Since L^∞(1l, s) = ζ_A(s) we obtain

Z^∞(1l, 0) = ζ^′_A(0) ζ_A(0) = ( q + 1 − #C(F_q ) − 2q 1 − (q + 1 − #C(F_q )) + q − q 1 − q ) log q = ( 1 − #C(F_q ) − q #C(F_q ) + q q − 1 ) log q . (18.17)

We now put everything together using Theorem 17.3 and formula (17.9) to compute 1 #H_K ∑ v ∑ η∈H_K log | |∫_{ũη} ω^η_ψ | |_v =

(q + #C(F_q ) − 1 #C(F_q ) − q q − 1 ) · log q from (18.17) + 1 #C(F_q ) ( q q − 1 − q ) · log q from (18.9) + #C(F_q ) − 1 #C(F_q ) q q − 1 · log q from (18.16) − #C(F_q ) − 1 #C(F_q )

· log q from (18.14) and (18.15)

= 0 .

Miraculously, all terms cancel and this shows that in the present example our Conjecture 17.6 holds true.

Acknowledgments. We thank F. Breuer, F. Pellarin and D. Thakur for helpful suggestions and for remarks about the early history of the subject. We thank the unknown referees for their careful reading and their useful suggestions. Both authors acknowledge the support received from the German Science Foundation (DFG) in form of grant SFB 878 and Germany’s Excellence Strategy EXC 2044–390685587 “Mathematics Münster: Dynamics– Geometry–Structure”.

References

[EGA] A. Grothendieck, Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. I, Inst. Hautes Études Sci. Publ. Math. (1964), no. 20, 259. MR 173675

[SGA 7] Alexander Grothendieck, Michel Raynaud, and Dock Sang Rim, Groupes de monodromie en géométrie algébrique. I, Lecture Notes in Mathematics, Vol. 288, Springer-Verlag, 1972, Séminaire de Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 I).

[AGHMP18] Fabrizio Andreatta, Eyal Z. Goren, Benjamin Howard, and Keerthi Madapusi Pera, Faltings heights of abelian varieties with complex multiplication, Ann. of Math. (2) 187 (2018), no. 2, 391–531. MR 3744856

[And82] Greg W. Anderson, Logarithmic derivatives of Dirichlet L-functions and the periods of abelian varieties, Compositio Math. 45 (1982), no. 3, 315–332. MR 656608

[And86] , t-motives, Duke Math. J. 53 (1986), no. 2, 457–502. MR 850546 (87j:11042)

[BGR84] S. Bosch, U. Güntzer, and R. Remmert, Non-Archimedean analysis, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 261, Springer-Verlag, Berlin, 1984, A systematic approach to rigid analytic geometry. MR 746961 (86b:32031)

[BH07] Gebhard Böckle and Urs Hartl, Uniformizable families of t-motives, Trans. Amer. Math. Soc. 359 (2007), no. 8, 3933–3972. MR 2302519 (2008e:11070)

[BH09] Matthias Bornhofen and Urs Hartl, Pure Anderson motives over finite fields, J. Number Theory 129 (2009), no. 2, 247–283. MR 2473877 (2010d:11060)

[BH11] , Pure Anderson motives and abelian τ-sheaves, Math. Z. 268 (2011), no. 1-2, 67–100. MR 2805425

[BL85] Siegfried Bosch and Werner Lütkebohmert, Stable reduction and uniformization of abelian varieties. I, Math. Ann. 270 (1985), no. 3, 349–379. MR 774362 (86j:14040a)

[Bre07] Florian Breuer, CM points on products of Drinfeld modular curves, Trans. Amer. Math. Soc. 359 (2007), no. 3, 1351–1374. MR 2262854

[Bre12] , Special subvarieties of Drinfeld modular varieties, J. Reine Angew. Math. 668 (2012), 35–57. MR 2948870

[BSM18] Adrian Barquero-Sanchez and Riad Masri, On the Colmez conjecture for non-abelian CM fields, Res. Math. Sci. 5 (2018), no. 1, Paper No. 10, 41. MR 3761437

[Cas67] Algebraic number theory, Proceedings of an instructional conference organized by the London Mathematical Society (a NATO Advanced Study Institute) with the support of the International Mathematical Union. Edited by J. W. S. Cassels and A. Fröhlich, Academic Press, London; Thompson Book Co., Inc., Washington, D.C., 1967. MR 0215665

[Col93] Pierre Colmez, Périodes des variétés abéliennes à multiplication complexe, Ann. of Math. (2) 138 (1993), no. 3, 625–683. MR 1247996

[CS86] Gary Cornell and Joseph H. Silverman (eds.), Arithmetic geometry, Springer-Verlag, New York, 1986, Papers from the conference held at the University of Connecticut, Storrs, Connecticut, July 30–August 10, 1984. MR 861969

[Del74] Pierre Deligne, La conjecture de Weil. I, Inst. Hautes Études Sci. Publ. Math. (1974), no. 43, 273– 307. MR 340258

[Dri76] V. G. Drinfeld, Elliptic modules, Math. USSR-Sb 23 (1976), 561–592.

[DS05] Fred Diamond and Jerry Shurman, A first course in modular forms, Graduate Texts in Mathematics, vol. 228, Springer-Verlag, New York, 2005. MR 2112196

[Edi05] Bas Edixhoven, Special points on products of modular curves, Duke Math. J. 126 (2005), no. 2, 325–348. MR 2115260

[EMO01] S. J. Edixhoven, B. J. J. Moonen, and F. Oort, Open problems in algebraic geometry, Bull. Sci. Math. 125 (2001), no. 1, 1–22. MR 1812812

[EY03] Bas Edixhoven and Andrei Yafaev, Subvarieties of Shimura varieties, Ann. of Math. (2) 157 (2003), no. 2, 621–645. MR 1973057

[Fal83] G. Faltings, Endlichkeitssätze für abelsche Varietäten über Zahlkörpern, Invent. Math. 73 (1983), no. 3, 349–366. MR 718935

[Fal84a] Gerd Faltings, Calculus on arithmetic surfaces, Ann. of Math. (2) 119 (1984), no. 2, 387–424. MR 740897

[Fal84b] , Complements to Mordell, Rational points (Bonn, 1983/1984), Aspects Math., E6, Friedr. Vieweg, Braunschweig, 1984, pp. 203–227. MR 766574

[Fal89] , Crystalline cohomology and p-adic Galois-representations, Algebraic analysis, geometry, and number theory (Baltimore, MD, 1988), Johns Hopkins Univ. Press, Baltimore, MD, 1989, pp. 25–80. MR 1463696

[Fal02] , Group schemes with strict O-action, Mosc. Math. J. 2 (2002), no. 2, 249–279, Dedicated to Yuri I. Manin on the occasion of his 65th birthday. MR 1944507

[FM87] Jean-Marc Fontaine and William Messing, p-adic periods and p-adic étale cohomology, Current trends in arithmetical algebraic geometry (Arcata, Calif., 1985), Contemp. Math., vol. 67, Amer. Math. Soc., Providence, RI, 1987, pp. 179–207. MR 902593

[Fon77] Jean-Marc Fontaine, Groupes p-divisibles sur les corps locaux, Société Mathématique de France, Paris, 1977, Astérisque, No. 47-48. MR 0498610

[Fon82] , Sur certains types de représentations p-adiques du groupe de Galois d’un corps local; construction d’un anneau de Barsotti-Tate, Ann. of Math. (2) 115 (1982), no. 3, 529–577. MR 657238

[Gar03] Francis Gardeyn, The structure of analytic τ-sheaves, J. Number Theory 100 (2003), no. 2, 332–362. MR 1978461

[Gek89] Ernst-Ulrich Gekeler, On the de Rham isomorphism for Drinfel’d modules, J. Reine Angew. Math. 401 (1989), 188–208. MR 1018059

[Gos94] David Goss, Drinfel’d modules: cohomology and special functions, Motives (Seattle, WA, 1991), Proc. Sympos. Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 309–362. MR 1265558

[Gos96] , Basic structures of function field arithmetic, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 35, Springer-Verlag, Berlin, 1996. MR 1423131 (97i:11062)

[GP16] Nathan Green and Mathew A. Papanikolas, Special L-values and shtuka functions for drinfeld modules on elliptic curves, Preprint available as arXiv:1607.04211 (2016).

[Gro65] , Éléments de Géométrie Algébrique. IV. étude locale des schémas et des morphismes de schémas. II, Inst. Hautes Études Sci. Publ. Math. (1965), no. 24, 231. MR 0199181

[Gro78] Benedict H. Gross, On the periods of abelian integrals and a formula of Chowla and Selberg, Invent. Math. 45 (1978), no. 2, 193–211, With an appendix by David E. Rohrlich. MR 480542

[Gro18] , On the periods of abelian varieties, 2018, http://www.math.harvard.edu/∼gross/preprints/cs.pdf.

[GvKM19] Z. Gao, R. van Känel, and L. Mocz, Faltings heights and L-functions: Minicourse given by shou-wu zhang, Arithmetic and Geometry: Ten Years in Alpbach, Annals of Mathematics Studies, vol. 202, Princeton University Press, Princeton, 2019, pp. 102–174.

[Har09] Urs Hartl, A dictionary between Fontaine-theory and its analogue in equal characteristic, J. Number Theory 129 (2009), no. 7, 1734–1757. MR 2524192

[Har17] , Isogenies of abelian Anderson A-modules and A-motives, Preprint, available as arXiv:math/1706.06807 (2017).

[Hay79] David R. Hayes, Explicit class field theory in global function fields, Studies in algebra and number theory, Adv. in Math. Suppl. Stud., vol. 6, Academic Press, New York-London, 1979, pp. 173–217. MR 535766

[HJ20] Urs Hartl and Ann-Kristin Juschka, Pink’s theory of Hodge structures and the Hodge conjecture over function fields, to appear in Proceedings of the conference on “t-motives: Hodge structures, transcendence and other motivic aspects”, BIRS, Banff, Canada 2009, eds. G. Böckle, D. Goss, U. Hartl, M. Papanikolas, EMS 2018; also available as arxiv:1607.01412. (2020).

[HK20] Urs Hartl and Wansu Kim, Local Shtukas, Hodge-Pink structures and Galois representations, to appear in Proceedings of the conference on “t-motives: Hodge structures, transcendence and other motivic aspects”, BIRS, Banff, Canada 2009, eds. G. Böckle, D. Goss, U. Hartl, M. Papanikolas, EMS 2018; also available as arxiv:1512.05893. (2020).

[Hoc65] G. Hochschild, The structure of Lie groups, Holden-Day, Inc., San Francisco-London-Amsterdam, 1965. MR 0207883

[HP04] Urs Hartl and Richard Pink, Vector bundles with a Frobenius structure on the punctured unit disc, Compos. Math. 140 (2004), no. 3, 689–716. MR 2041777 (2005a:13008)

[HS19] Benjamin Howard and Ari Shnidman, A Gross-Kohnen-Zagier formula for Heegner-Drinfeld cycles, Adv. Math. 351 (2019), 117–194. MR 3950427

[HS20] Urs Hartl and Rajneesh Kumar Singh, Periods of Drinfeld modules and local shtukas with complex multiplication, J. Inst. Math. Jussieu 19 (2020), no. 1, 175–208. MR 4045083

[HS21] , Erratum to Periods of Drinfeld modules and local shtukas with complex multiplication, submitted to J. Inst. Math. Jussieu (2021). MR 4045083

[Hub13] Patrik Hubschmid, The André-Oort conjecture for Drinfeld modular varieties, Compos. Math. 149 (2013), no. 4, 507–567. MR 3049695

[Hus04] Dale Husemöller, Elliptic curves, second ed., Graduate Texts in Mathematics, vol. 111, Springer- Verlag, New York, 2004, With appendices by Otto Forster, Ruth Lawrence and Stefan Theisen. MR 2024529

[Lan94] Serge Lang, Algebraic number theory, second ed., Graduate Texts in Mathematics, vol. 110, Springer- Verlag, New York, 1994. MR 1282723

[Ler97] Matthias Lerch, Sur quelques formules relatives au nombre des classes, Bulletin des Sciences Mathématiques (1897).

[Liu02] Qing Liu, Algebraic geometry and arithmetic curves, Oxford Graduate Texts in Mathematics, vol. 6, Oxford University Press, Oxford, 2002, Translated from the French by Reinie Erné, Oxford Science Publications. MR 1917232

[Mil86] J. S. Milne, Abelian varieties, Arithmetic geometry (Storrs, Conn., 1984), Springer, New York, 1986, pp. 103–150. MR 861974

[Mil06] James S. Milne, Complex Multiplication, Course notes (2006), http://www.jmilne.org/math/CourseNotes/cm.html.

[Mil08] , Abelian Varieties, Course notes (2008), http://www.jmilne.org/math/CourseNotes/av.html.

[Mum70] David Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathematics, No. 5, Published for the Tata Institute of Fundamental Research, Bombay; Oxford University Press, London, 1970. MR 0282985

[Niz98] Wiesł awa Nizioł, Crystalline conjecture via K-theory, Ann. Sci. École Norm. Sup. (4) 31 (1998), no. 5, 659–681. MR 1643962

[Obu13] Andrew Obus, On Colmez’s product formula for periods of CM-abelian varieties, Math. Ann. 356 (2013), no. 2, 401–418. MR 3048601

[Pel09] Antje Pelzer, Der Hauptsatz der Komplexen Multiplikation für Anderson A-motive, Diploma thesis, University of Muenster (2009).

[PT14] Jonathan Pila and Jacob Tsimerman, Ax-Lindemann for A_}, Ann. of Math. (2) 179 (2014), no. 2, 659–681. MR 3152943

[PW06] J. Pila and A. J. Wilkie, The rational points of a definable set, Duke Math. J. 133 (2006), no. 3, 591–616. MR 2228464

[PZ08] Jonathan Pila and Umberto Zannier, Rational points in periodic analytic sets and the Manin- Mumford conjecture, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 19 (2008), no. 2, 149–162. MR 2411018

[Ros02] Michael Rosen, Number theory in function fields, Graduate Texts in Mathematics, vol. 210, Springer- Verlag, New York, 2002. MR 1876657

[SC67] Atle Selberg and S. Chowla, On Epstein’s zeta-function, J. Reine Angew. Math. 227 (1967), 86–110. MR 215797

[Sch09] Anne Schindler, Anderson A-Motive mit komplexer Multiplikation, Diploma thesis, University of Muenster (2009).

[Ser77] Jean-Pierre Serre, Linear representations of finite groups, Springer-Verlag, New York-Heidelberg, 1977, Translated from the second French edition by Leonard L. Scott, Graduate Texts in Mathematics, Vol. 42. MR 0450380

[Ser79] , Local fields, Graduate Texts in Mathematics, vol. 67, Springer-Verlag, New York-Berlin, 1979, Translated from the French by Marvin Jay Greenberg. MR 554237 (82e:12016)

[Sil86] Joseph H. Silverman, The arithmetic of elliptic curves, Graduate Texts in Mathematics, vol. 106, Springer-Verlag, New York, 1986. MR 817210

[ST61] Goro Shimura and Yutaka Taniyama, Complex multiplication of abelian varieties and its applications to number theory, Publications of the Mathematical Society of Japan, vol. 6, The Mathematical Society of Japan, Tokyo, 1961. MR 0125113

[ST68] Jean-Pierre Serre and John Tate, Good reduction of abelian varieties, Ann. of Math. (2) 88 (1968), 492–517. MR 0236190

[Tag93] Yuichiro Taguchi, Semi-simplicity of the Galois representations attached to Drinfeld modules over fields of “infinite characteristics”, J. Number Theory 44 (1993), no. 3, 292–314. MR 1233291

[Tag95] , The Tate conjecture for t-motives, Proc. Amer. Math. Soc. 123 (1995), no. 11, 3285–3287. MR 1286009

[Tam94] Akio Tamagawa, Generalization of Anderson’s t-motives and Tate conjecture, Sūrikaisekikenkyūsho Kōkyūroku (1994), no. 884, 154–159, Moduli spaces, Galois representations and L-functions (Japanese) (Kyoto, 1993, 1994). MR 1333454

[Tat66] John Tate, Endomorphisms of abelian varieties over finite fields, Invent. Math. 2 (1966), 134–144. MR 0206004

[Tat67] J. T. Tate, p-divisible groups, Proc. Conf. Local Fields (Driebergen, 1966), Springer, Berlin, 1967, pp. 158–183. MR 0231827

[Tha91] Dinesh S. Thakur, Gamma functions for function fields and Drinfel’d modules, Ann. of Math. (2) 134 (1991), no. 1, 25–64. MR 1114607

[Tha04] , Function field arithmetic, World Scientific Publishing Co., Inc., River Edge, NJ, 2004. MR 2091265

[Tsi18] Jacob Tsimerman, The André-Oort conjecture for A_}, Ann. of Math. (2) 187 (2018), no. 2, 379–390. MR 3744855

[Tsu99] Takeshi Tsuji, p-adic étale cohomology and crystalline cohomology in the semi-stable reduction case, Invent. Math. 137 (1999), no. 2, 233–411. MR 1705837

[TW96] Y. Taguchi and D. Wan, L-functions of φ-sheaves and Drinfeld modules, J. Amer. Math. Soc. 9 (1996), no. 3, 755–781. MR 1327162 (96j:11082)

[VS06] Gabriel Daniel Villa Salvador, Topics in the theory of algebraic function fields, Mathematics: Theory & Applications, Birkhäuser Boston, Inc., Boston, MA, 2006. MR 2241963

[Wei48] André Weil, Sur les courbes algébriques et les variétés qui s’en déduisent, Actualités Sci. Ind., no. 1041 = Publ. Inst. Math. Univ. Strasbourg 7 (1945), Hermann et Cie., Paris, 1948. MR 0027151

[Wei20] Fu-Tsun Wei, On kronecker terms over global function fields, Invent. Math. (2020), https://doi.org/10.1007/s00222-019-00944-8.

[Yan13] Tonghai Yang, Arithmetic intersection on a Hilbert modular surface and the Faltings height, Asian J. Math. 17 (2013), no. 2, 335–381. MR 3078934

[Yu90] Jing Yu, On periods and quasi-periods of Drinfel’d modules, Compositio Math. 74 (1990), no. 3, 235–245. MR 1055694

[Yua19] Xinyi Yuan, On Faltings heights of abelian varieties with complex multiplication, Proceedings of the Seventh International Congress of Chinese Mathematicians, Vol. I, Adv. Lect. Math. (ALM), vol. 43, Int. Press, Somerville, MA, 2019, pp. 521–536. MR 3971887

[YZ17] Zhiwei Yun and Wei Zhang, Shtukas and the Taylor expansion of L-functions, Ann. of Math. (2) 186 (2017), no. 3, 767–911. MR 3702678

[YZ18] Xinyi Yuan and Shou-Wu Zhang, On the averaged Colmez conjecture, Ann. of Math. (2) 187 (2018), no. 2, 533–638. MR 3744857

[YZ19] Zhiwei Yun and Wei Zhang, Shtukas and the Taylor expansion of L-functions (II), Ann. of Math. (2) 189 (2019), no. 2, 393–526. MR 3919362

[Zar75] Ju. G. Zarhin, Endomorphisms of Abelian varieties over fields of finite characteristic, Izv. Akad. Nauk SSSR Ser. Mat. 39 (1975), no. 2, 272–277, 471. MR 0371897

Urs Hartl Universität Münster Mathematisches Institut Einsteinstr. 62 D – 48149 Münster Germany https://www.uni-muenster.de/Arithm/hartl/

Rajneesh Kumar Singh Indian Institute of Technology Goa Goa Engineering College Campus Farmagudi, Ponda-403401, Goa India