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Abstract

We study the passage from Drinfeld-A’-modules to Drinfeld- A-modules for a given finite
flat inclusion A C A’. We show that this defines a morphism from the moduli space of
Drinfeld- A’-modules to the moduli space of Drinfeld-A-modules which is proper but in
general not representable. For Drinfeld-Anderson shtuka and abelian sheaves instead of
Drinfeld modules we obtain the same results.
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Introduction

Throughout this article let Iy, be a finite field with ¢ elements and characteristic p and let C
and C’ be two smooth projective geometrically irreducible curves over Fy. Let 7 : C' — C
be a fixed finite morphism of degree n. Let oo € C be a closed point which does not split
in C’, that is, there is exactly one point oo’ € C’ above co. Set A := T'(C \ {0}, O¢) and
A" =T(C" \ {od'},O¢r), then A’ is a flat A-algebra via 7*: A — A’.

In this situation 7 defines a restriction of coefficients functor from Drinfeld- A’-modules
over S to Drinfeld-A-modules over S. This functor induces a morphism between the moduli
spaces (moduli functors, or more sophisticated, moduli stacks) classifying Drinfeld- A’-modules,
respectively Drinfeld-A-modules. We show in this article that this morphism is proper but
not necessarily representable. Likewise we study the effect of 7 on Drinfeld-Anderson shtuka,
see Definition [T, and on abelian sheaves, a notion introduced by the first author 9] as a
higher dimensional generalization of Drinfeld modules, see Definition For the case of
Drinfeld-Anderson shtuka we may even relax the condition on 7 and drop the assumption
on the ramification of co. The pushforward of sheaves along 7 x idg : Cg — (g defines
a restriction of coefficients functor from Drinfeld-Anderson shtuka on C’ over S to Drinfeld-
Anderson shtuka on C over S, respectively from abelian sheaves on C’ over S to abelian sheaves
on C' over S. Again this yields proper but in general not representable morphisms between
the moduli spaces classifying Drinfeld-Anderson shtuka on C’, respectively Drinfeld-Anderson
shtuka on C' and similarly for abelian sheaves.

Of course the results for Drinfeld modules, Drinfeld-Anderson shtuka, and abelian sheaves
are strongly related by the fact that the category of Drinfeld-A-modules over S is anti-
equivalent to a full subcategory of the category of Drinfeld-Anderson shtuka on C over S

*Both authors acknowledge support of the Deutsche Forschungsgemeinschaft in form of DFG-grant
HA3006/2-1
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and anti-equivalent to a full subcategory of the category of abelian sheaves on C' over S.
Nevertheless we give proofs also for the case of Drinfeld modules since these are particularly
simple. After recalling the definitions and some basic properties in Section [[l we prove in Sec-
tions 2, Bl and @ the properness and non-representability results for Drinfeld modules, abelian
sheaves, respectively Drinfeld-Anderson shtuka.

This article has its origin in a conversation with F. Breuer who mentioned to us a special
case of the proof for properness in the case of Drinfeld modules. Our proof of Proposition
below is a generalization of his. We like to express our gratitude to him.

1 Drinfeld Modules, Shtuka, and Abelian Sheaves

We retain the notation from the introduction. In addition, we set deg(oco) := [k(00) : Fy] and
we denote by ord,, the normalized valuation on the fraction field of A associated with the
place co. For an Fg-scheme S we set Cs := C' Xp, S. Unless mentioned explicitly we make no
noetherian assumption on S.

For an Fg-algebra B we denote by B{7} the non-commutative polynomial ring in the
variable 7 over B with the commutation rule 76 =b?7 for all b € B. As in [I4), §1] one sees

Proposition 1.1. There is an isomorphism of rings between B{r} and Endpr, (Ga,B) the
ring of Fy-linear endomorphisms of the additive group scheme over Spec B given by mapping
T to the q-th power Frobenius of Go . [l

Definition 1.2. (Drinfeld [5, §5.B])

Let S be an [Fy-scheme and assume there is a morphism ¢ : S — Spec A. Let r be a positive
integer. A Drinfeld-A-module of rank r and characteristic ¢ over S is a pair (E,¢) where E
is a commutative group scheme over S and

¢: A— Endg(E)

is a ring homomorphism from A to the ring Endg(F) of endomorphisms of the S-group scheme
FE such that

1. E is Zariski locally on S isomorphic to the additive group scheme G, g,

2. if U = Spec B is an affine open subset of S and ¢ : By —— G, ¢y is an isomorphism of
S-group schemes then for each a € A\ {0}

Yopla)oyp™! = Zéi(a)Ti € B{r}
=0

with dg(a) = ¢*(a), §;(a) € B™ for i = d(a) := —rorde(a) deg(co), and §;(a) nilpotent
for i > d(a).

A morphism of Drinfeld-A-modules ¢ : (E,¢) — (E,®) is a morphism of S-group schemes
¢ : B — E which satisfies ¢(a) oe = o p(a) for all a € A.

If f:5 — S is a morphism of Fj-schemes we can pull back Drinfeld-A-modules (E, )
over S to Drinfeld-A-modules (f*FE, f*¢) over S’.
The following proposition is due to Drinfeld [5, Propositions 5.1 and 5.2]
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Proposition 1.3. Let (E, ) be a Drinfeld-A-module of rank r over S. Then Zariski locally
on S there exists an isomorphism € : (E,p) —== (Gq,5,%) of Drinfeld-A-modules where 1 is
of the standard form

i A— Os{r}, v(a) = Z@(a)f'

with d(a) := —rorde(a)deg(oo) and 4@ € Og. Moreover if 1(a) is of the described form
for one a € AN F, then it already is for any a € A. O

Proposition 1.4. The morphism © : C' — C defines a restriction of coefficients functor
(B, @) — (B, ¢ on*) from Drinfeld-A’-modules of rank r' over S to Drinfeld-A-modules
of rank nr’ over S, where n is the degree of .

Proof. The change of rank results from the fact that nords(a)deg(oo) = ordey(a) deg(oo’)
for all a € A since 7~ 1(c0) = {00'}. The rest is clear from the definition. O

Remark. Consider the moduli problem, that is, the contravariant functor
Dr-A-Mod" : Sch/gpeca — Sets

c: S — Spec — somorphism classes of Drinfeld- A-modules
S — Spec A I hi 1 f Drinfeld- A-modul

of rank r and characteristic ¢ over S }

from the category of schemes over Spec A to the category of sets. This functor is not repre-
sentable (without adding level structures). Nevertheless the restriction of coefficients functor
defines a restriction of coefficients morphism

7 Dr-A-Mod” — Dr-A-Mod™ , (E',¢") = m(E,¢).

Remark. If we let S vary, the category of Drinfeld-A-modules of rank r becomes a stack
Dr-A-Mod" for the fppf topology on the category of Fy-schemes. It is an algebraic stack in the
sense of Deligne-Mumford [], see Laumon [I2, Corollary 1.4.3]. The restriction of coefficients
functor defines a restriction of coefficients 1-morphism my : Dr-A'-Mod"™ — Dr-A-Mod ™" .

Next we study the analogous situation for abelian sheaves. This notion was introduced
in [9]. While Drinfeld modules are analogues for elliptic curves in the arithmetic of function
fields, abelian sheaves are the appropriate analogues for abelian varieties as the results of [0, 2]
amply demonstrate.

Let r and d be positive integers and write Wd@o) = % with relatively prime positive
integers k and £. Let S be an Fy-scheme and fix a morphism ¢ : S — C. Let J be the ideal
sheaf on Cg of the graph of c. We let o := id¢ x Frob, be the endomorphism of Cg that acts
as the identity on the underlying topological space and on the coordinates of C' and as b — b¢
on the elements b € Og. Let pr : Cg — S be the projection onto the second factor. For an
integer m denote by Oc(m - 00) the invertible sheaf on Cg associated with the divisor m - co
and set F(m - 00) := F ®@0p, Ocg(m - 00) for any sheaf of Ocg-modules on Cg.
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Definition 1.5. An abelian sheaf F = (F;,11;, 7;) on C of rank r, dimension d, and character-
istic ¢ over S is a ladder of locally free sheaves JF; on Cg of rank r and injective homomorphisms
IL;, 7 of Ocg-modules (i € Z) of the form

11 1I; i1
— F —  F — Fipp —— -
TTi—Q TTi—l TTi
o*Il;_o o*Il;_1 o*11;
D 0" Fiy T g, TR g T

subject to the following conditions (for all i € Z):
1. the above diagram is commutative,
2. the morphism II;, 41 o...oIl; identifies F; with the subsheaf F;,,(—k - o) of F;1y,
3. prycokerIl; is a locally free Og-module of rank d,
4. coker 7; is annihilated by J¢ and pr, coker 7; is a locally free @g-module of rank d.

A morphism between two abelian sheaves (F;,1II;, ;) and (F, I, 7/

t,7!) is a collection of mor-
phisms F; — F/ which commute with the IT's and the 7’s.

Remark. Abelian sheaves of dimension d = 1 are called elliptic sheaves and were studied by
Drinfeld [6] and Blum-Stuhler [1]. The category of Drinfeld-A-modules of rank r over S is
anti-equivalent to the category of elliptic sheaves of rank r over S which satisfy deg Fp = 1—r,
see [1, Theorem 3.2.1].

Proposition 1.6. The push forward along w : Cy — Cs defines a restriction of coefficients
functor
Ty - £l = (H)H, 7_/) — 7T*£/ = (F*H77T*H;77T*Ti,)

1)

from abelian sheaves on C' of rank v, dimension d' and characteristic ¢ : S — C' over S to
abelian sheaves on C' of rank nr', dimension d' and characteristic toc : S — C over S. Here
n is the degree of .

Proof. Since 7 is finite and flat the sheaves 7, F; are locally free of rank nr’ by [3, Corollary 2 to

Proposition I1.3.2.5]. Let k and ¢ be relatively prime positive integers with % = W/g(oo). Lete

be the ramification index of 7 at oo’. Then n = e deg(o0’)/ deg(co) and hence k = &'/ ged (K, €)
and £ = ¢'e/ ged (K, e). From axiom B of Definition [[H we obtain an isomorphism

g qo... oIl « F = Fi, Boc, Ocy, (—ke - ).
Since 7*Oc; (00) = Ogy (e - oo’) the projection formula

T (‘Tz‘/+€ ®ch OC’S(_ke : OO,)) = (W*H—i-é) ®Ocs OCS(_k : OO)

yields
il g0 omll « mF == (mFiy) ®oc, Ocs(—k - )

from which the proposition is evident. U
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Remark. Consider the contravariant moduli functor

C-Ab-Sh"™*: Sch)c — Sets

(c:85—=0C) {Isomorphism classes of abelian sheaves on C' of

rank r, dimension d, and characteristic ¢ over .S }

Also this functor is not representable (not even after adding level structures, see [9, Remark
4.2]). Again the restriction of coefficients functor defines a restriction of coefficients morphism

7 C-AbSK"? — C-AbSh™, F o n.F.

Remark. If we let S vary, the category of abelian sheaves on C of rank r and dimension
d becomes a stack C-Ab-Sh™? for the fppf topology on the category of Fs-schemes. It is
an algebraic stack in the sense of Deligne-Mumford [4] by [0, Theorem 3.1]. The restriction
of coefficients functor defines a restriction of coefficients 1-morphism m, : C'-Ab-Sh™ 4 —
C-Ab-Sh"'.

The construction of [I, Theorem 3.2.1] yields a 1-isomorphism of Dr-A-Mod"™ with an
open and closed substack of C-Ab-Sh™!, see [9 Example 1.8] such that the following diagram
is 2-commutative

Dr-A-Mod” “—— C'-Ab-Sh™'!
Dr-A-Mod™' “—— C-Ab-Sh™':L .

Finally let us turn to Drinfeld-Anderson shtuka.

Definition 1.7. A right (left) Drinfeld-Anderson shtuka £ = (5,5, J,7yb,c) on C of rank r
and dimension d over S consists of two F,-morphisms b,c¢: S — C and a diagram

eLg £
/ >
o*& (resp. ol —]> o*& )

of locally free sheaves £ and & of rank r on Cs such that coker j, respectively coker 7, are
locally free of rank d as Og-modules and supported on the graphs of b, respectively ¢. The
morphism b is called the pole of £ and c is called the zero of £.

Remark. Every abelian sheaf (F;,II;, 7;) on C of rank r, dimension d, and characteristic ¢ over
S gives rise to a right Drinfeld-Anderson shtuka on C over S by setting for any i € Z

& =F g::]:iﬂ, j=10;, 7:=m.

This defines a faithful functor from abelian sheaves to Drinfeld-Anderson shtuka on C over
S. Together with the functor from Drinfeld-A-modules to elliptic sheaves on C' one obtains a
fully faithful functor from Drinfeld-A-modules of rank r over S to Drinfeld-Anderson shtuka
on C of rank r and dimension 1 over S, see Drinfeld [7, §1]

The argument of Proposition [LH also shows
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Proposition 1.8. Relaring the conditions on m : C' — C assume only that w is finite of
degree n. Then the push forward along 7 defines a restriction of coefficients functor

Ty (5,5,]’,7’,1),0) — (71'*5,71'*5,7T*j,7r*7',7rob,7roc)

from Drinfeld-Anderson shtuka on C' of rank r' and dimension d' to Drinfeld-Anderson shtuka
on C of rank nr’ and dimension d' over S. O

Remark. Consider the contravariant moduli functor
C-DA-Sht™ : Schjoxe — Sets

((b,c): S —= Cxp, C) { Isomorphism classes of Drinfeld-Anderson shtuka on

C' of rank r, dimension d, pole b, and zero c over S }

Also this functor is not representable but the restriction of coefficients functor defines a re-
striction of coefficients morphism

m: C-DA-Sht”" — C-DA-Sht"™' 4 F — mF.

Here again the category of Drinfeld-Anderson shtuka of rank r and dimension d over varying
[F4-schemes S is an algebraic stack C-DA-Sht "4 for the fppf topology in the sense of Deligne-
Mumford [4] and the restriction of coefficients functor defines a restriction of coefficients
1-morphism my : C'-DA-Sht™ % — C-DA-Sht™" .

2 Restriction of Coefficients for Drinfeld Modules

Theorem 2.1. The restriction of coefficient morphism T, : Dr-A’-Mod” — Dr-A-Mod™" for
Drinfeld modules is in general not relatively representable.

Proof. We give a counterexample to relative representability. Let ¢ = 3, A = F3[z], A’ = F3]y]
and 7 : A — A’z — y%. Let S = SpecF3 and ¢*: A — F3,2 — 0. Consider the Drinfeld-A-
module (E, ¢) of rank 2 over S given by E = G, s and

o: A—T3{r}, oz)=12.

Let T := Dr-A’-Mod® XDr-A-Mod? S be the fiber product of functors. Then 7' is the con-

travariant functor
I : SCh/ Spec A’ Xgpec 4S —  Sets

(S’, d:8 — SpecA {Isomorphism classes of Drinfeld-A’-modules (E’, ¢')
f:8—5 ) of rank 1 over S’, such that f*(E, ) = m.(E', ¢) } .

We show that T is not representable. For this purpose make S into a Spec A’-scheme by
(d)*: A" — Fs,y — 0. Then T'(S) contains two isomorphism classes given by E] = E}) = G, g
and

O y—71 and @y oy —T.
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These two isomorphism classes are different because otherwise there were an isomorphism
e € Isom((E},¢)), (B ¢h)) = {c€ Og: —Toe= goT}.

That is, € € F; must satisfy —e37 = e7, whence 2 = —1. This is impossible for € € IF‘; .

On the other hand such an element exists in FS . So if S’ = SpeclFy the two isomorphism
classes become equal in T'(S’). But this implies that T is not representable. Since if it were
representable by a scheme T we had two different morphisms from S to 7" which yield the
same morphism from S’ to T

SpecFg — SpecF3 —— T.

As SpecFg — SpecF3 is a homeomorphism and F3g C Fg this is impossible. O

~

Remark. The reason why T is not representable is that the isomorphism « : f*(E, ) ——
7« (E', ') in the definition of T(S) is only supposed to exist but is not added to the data.
More precisely we have

Theorem 2.2. Let c: S — Spec A be a morphism of Fq-schemes and let (E, ¢) be a Drinfeld-
A-module of rank nr’ and characteristic ¢ over S. Then the contravariant functor

I : SCh/ Spec A’ Xgpec 45 —  Sets

(S',c’ : S — SpecA’  — {Isomorphism classes of tripples (E', ¢, a) where

S = . ,0') is a Drinfeld-A'-module of rank r
fi8 8 F. ) is a Drinfeld-A'-module of rank r’
and characteristic ¢ over S’ and

o a: fNE,p) == m.(E ¢) is a fized isomorphz’sm}

is representable by an affine S-scheme of finite presentation.

Proof. Since the question is local on S we may by Proposition assume that S = Spec B,
E = Gg p and ¢ is given by ¢ : A — B{7} such that the highest coefficient of every yp(a) is a
unit in B.

Let the A-algebra A’ be generated by af,...,ay. In order to extend ¢ to ¢’ : A" — B{r}
we must define ¢'(a}),..., ¢ (d)y). Set d, := —r’ ords(a;,) deg(oo’) for all v. Define

B' == B®@aA[6iy,6;,: v=1,...,N,i=0,....d,]

and the morphism ¢ : Spec B’ — Spec A’ by the natural map A’ — B’. Define
dy 4
¢(a)) = Z 6,7 € B'{r},
i=0

and ¢'|4 == ¢, and let o = idg, 5 - In order that the so defined ¢’ is a Drinfeld- A’-module
of rank 7’ and characteristic ¢ over Spec B’ we must require several conditions which are all
represented by finitely presented closed subschemes of Spec B’. Namely consider successively
for v =1,..., N the minimal polynomial of a/, over A(d},...,al,_;)

(@)™ + bym-1(a,)" "+ ...+ byra, +byo = 0
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with b, € A(a},...,a,_;). The fact that ¢’ : A” — B’{r} is a ring homomorphism is now
expressed by the vanishing of

¢ (@)™ + ¢ (bym-1)¢ (a))™ "+ ..+ & (1)@ (a),) + ¢ (byo) = 0

in B'{r}. Looking at the coefficients of this 7-polynomial we get a finitely generated ideal
of B’ which we must require to vanish, that is, must divide out. Likewise the commutation
of ¢'(a],) with a (finite) generating system of the Fy-algebra A(al,...,a,_,) yields a finitely
generated ideal of B’. Finally the condition on the characteristic means that (¢')*(ai,) = do,,.
Putting everything together the sum of these ideals defines a closed subscheme T" C Spec B’
which is of finite presentation and affine over S.

We claim that T represents T. So let (E’, ¢, @) be an element of T'(S"). The isomorphism
a: f*Gqs —=— E’ yields an isomorphism « : (G, g/,¢") —— (E’,¢’) of Drinfeld-A’-modules
over S" where 1/'(a) := a~! o ¢/(a) o a for all a € A’. Since ¢'(a) = f*p(a) for a € A, ¢ is of
the form described in Proposition [[3 In particular

dy
W(ay) = > Gia)rt € T(S,09){r}.
=0

Mapping 6;, to d;(aj,) defines the desired uniquely determined morphism B’ — T'(S’, Og/),
whence S" — T. O

Proposition 2.3. In the situation of Theorem [ZZ the scheme T representing T is finite over

S.

Proof. We already know that T' is separated and of finite presentation over S. We use the
valuative criterion of properness to show that it is proper. Since it is also affine over S it must
be finite.

So let R be a valuation ring with fraction field K and consider the diagram

E' o«
Spec K CALAL =T
g /~/ - T
_ - g (E7$7a)
Spec R 7 S

where the horizontal arrow on top is given by a Drinfeld-A’-module (E’, ¢’) of rank ’ and char-
acteristic ¢ : Spec K — Spec A’ together with an isomorphism « : (fg)*(E, ¢) —— m.(E', ¢)
over Spec K. We must exhibit the dashed arrow which corresponds to a Drinfeld-A’-module
(E,$) of rank r’ and characteristic ¢ : Spec R — Spec A’ (note that ¢ factors through a
unique morphism ¢ satisfying mo ¢ = co f : Spec R — Spec A because Spec A’ is proper over

Spec A) together with an isomorphism a : f*(E, ) = m.(E,p) over Spec R. The commu-

~

tativity of the diagram means that there exists an isomorphism 3 : ¢*(E, $) —— (E’, ') with
mbogta = a.

Since R is a local ring f*E = G, g without loss of generality and f*¢ : A — R{7}. We use
the isomorphism « to replace (E’,¢') by (G r,¢') with ¢/(a) := ot o ¢/(a) oo € K{r} for
all a € A’. Thus « is replaced by idg, , and ¢'(a) = (fg)*©(a) for all a € A. If we show that

¢'(a) belongs to R{7} for all a € A’, then we may take E = G, g and ¢ =¢' : A’ — R{7}, as

well as a = idg, , and 8 = idg, ,, and we are done.
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So let a € A’ and let a™ + by,_1a™ ' + ... + bia + by = 0 be an equation of integral
dependence of a over A. In particular

(2.1) V(@)™ 4+ ' (b)Y (@)™ L+ 4+ (b)Y (@) + U (by) = 0.

Over an algebraic closure of K the polynomial ¢'(a)(z), where we use 7(x) = z9, splits as
Y'(a)(z) = [[;(x — \;) with \; € K28 From equation (Il we see that each ); is a root
of ¥'(bo) = (fg)*p(bo). Since f*@(by) has coefficients in R with the highest coefficient in
R™, all \; must be integral over R. Therefore the coefficients of ¢(a) which are symmetric
polynomials in the A; are integral over R and belong to K, hence they lie in R as desired.
This proves the proposition. U

Theorem 2.4. The restriction of coefficients morphism m, : Dr-A’-Mod” — Dr-A-Mod™"’
satisfies the valuative criterion for properness.

Proof. Let R be a valuation ring with fraction field K and consider the diagram

T

(B¢ )

(El, /) ,r,/ /
Spec K ——— %7, Dr-A’-Mod X Dr-A-Mod™” Spec R ————— Dr-A’-Mod”

_
i - O lm

(B.p)

Spec R Spec R Dr-A-Mod™"

where the horizontal morphisms are induced by a Drinfeld-A’-module (E’, ¢') of rank r’ and
characteristic ¢’ : Spec K — Spec A’ over Spec K and a Drinfeld-A-module (E, ) of rank nr’
and characteristic ¢ : Spec R — Spec A over Spec R and where T is the representable functor
from Theorem for S = Spec R. The commutativity of the square on the left means that
f(E, @) 2 m.(FE, ¢"). The choice of any such isomorphism « defines a morphism Spec K — T.
By Proposition we find a unique morphism Spec R — T fitting into the diagram which
induces the dashed morphism. It remains to show that the dashed morphism is uniquely
determined (independent of the choice of «) and this is proved in the following lemma. O

Lemma 2.5. Let R be a valuation ring with fraction field K and let f : Spec K — Spec R be
the induced morphism. Let (E},¢)) and (E, %) be two Drinfeld-A’-modules of rank v’ and
characteristic ¢ : Spec R — Spec A" over Spec R and let o : f*(EY, ¢})) —— f*(E}, ) be an
isomorphism over Spec K. Then o = f*3 for a unique isomorphism [ : (E{, ¢}) ——= (E}, ©})
over Spec R.

Proof. Since R is a local ring we have without loss of generality Ef = Ej = G, p. Let
a € A’ \F, and write for j =1,2

m
pila) = Y b T
1=0
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The isomorphism over Spec K is given by an element o € K~ which satisfies wh(a) oaw =
a o ¢ (a), whence 6, a?™ = 01, Since d1,, and d2,, are units in R the same is true for
«. So the isomorphism « is already defined over Spec R. ]

Remark. Phrased in the language of stacks [I3], Theorems Il and 24 say that the restric-
tion of coefficients 1-morphism 7, : Dr-A’-Mod™ — Dr-A-Mod™" is proper but in general
not representable. Namely by the arguments of Theorem the stack 7 classifying data
((E,¢), (E',¢,), ) where (E, ), respectively (E', '), is a Drinfeld-A-module of rank nr’,
respectively a Drinfeld-A’-module of rank 7’ over the same scheme S together with a fixed
isomorphism « : (E,¢) —~ m,(E’,¢') over S is relatively representable over Dr-A-Mod ™'
by a finite and finitely presented morphism of schemes. The projection 7 — Dr-A-Mod"
onto (E', ') is an étale epimorphism and makes 7 into a torsor under the finite relative group
scheme Aut(m,.(E',¢')) over Dr-A’-Mod ™. In particular Dr-A’-Mod™ is of finite presenta-

tion over Dr-A-Mod ™" since 7T is and it satisfies the valuative criterion for properness by the
arguments of Theorem 41

3 Restriction of Coeflicients for Abelian Sheaves

Theorem 3.1. The restriction of coefficients morphism m, : C'-Ab-Sh""? — C-Ab-Sh™"
for abelian sheaves is in general not relatively representable.

Proof. This follows directly from Theorem EZIl and the remark after Definition The
example from Theorem BT yields the following abelian sheaf on C' = IP’]I]E3 over S = SpeclFs.

Let F; = Ocg (|52 ] - 00) @ Ocg (| %] - 00) where | %] is the largest integer < %. Let II; be the
natural inclusion F; C F;41 and let 7; : 0*F; — F;11 be given by the matrix < (1) :(L; > where
Pk, ~ {oo} = SpecFslz].

Let 7: C' = IP’IlF3 — C be given by A — A’ = F3y], z — y?. Then (F;,II;, 7;) is isomorphic
to m(F}, 1L, 7)) for F = Ocy (i - o0'), II; the natural inclusion, and 7/ = +y. The two abelian

17 '
sheaves for 7/ = +y and 7] = —y are not isomorphic over SpecF3 but become isomorphic over

SpeclFy. ]

Theorem 3.2. Let S be a locally noetherian Fy-scheme and let ¢ : S — C be an Fq-morphism.
Let F be an abelian sheaf on C of rank nr', dimension d’' and characteristic ¢ over S. Then
the contravariant functor

IZ SCh/C’XcS —  Sets

(S’,c’ S =0 - {Isomorphz’sm classes of pairs (F',a) where

f:8 =S ) o F' is an abelian sheaf of rank v’, dimension d,

and characteristic ¢ over S’ and

o a: f*F "~ mF isa fived isomorphz’sm}

is representable by a (quasi-affine) S-scheme of finite type.

For the proof we need the following



3 RESTRICTION OF COEFFICIENTS FOR ABELIAN SHEAVES 11

Lemma 3.3. Let S be a locally noetherian scheme, let p : Y — S be a flat projective morphism,
and let 7 : X — Y be a finite faithfully flat morphism of degree n. For an S-scheme S’ set
Y=Y xg 85 and X' := X xgS’. Let F be a locally free sheaf on'Y of rank rn. Then the

contravariant functor

U: Schyg — Sets

(f:8—=98) — {Isomorphism classes of pairs (F',a) where
o F' is a locally free sheaf of rank r on X' and

o a: f*F s F isa fized isomorphz’sm}

is representable by a (quasi-affine) S-scheme of finite type.

Proof. Since the question is local on S we may assume that S is affine. By [EGAL II, Propo-
sition 1.4.3] the functor U is isomorphic to the functor

Ql : (f S — S) = Homoyl-algebras (W*OX/ > 5ndoy,(f*~7:))

the set of Oy-algebra homomorphisms 7,.0x: — Endo,, (f*F). Fix an ample invertible sheaf
LonY. For any integer N define Hy := Homo, (.7-", FRoy £®N) = Endoy (f*F)@ey, LEV.
Then for the homomorphisms of Oy/-modules we obtain

Homo,,,-modutes (T+Ox” , Endo,, (f*F)) = Homo,,-moa (m:0x’ ®o,, LY, f*Hy).
There is an integer N such that

o T7.0x ®o, L2N is generated by global sections and

e p.(m.O0x ®o, LEN) and p,Hy are locally free on S

since these conditions are achieved for N > 0 by the Theorem on Cohomology and Base
Change [10, Theorem III.12.11].

Shrinking S we let z1, ..., z,, be an Og-basis of p,(T.Ox ®o, £®N). We must specify their
images in p,Hy. Let Uy := Specs S}f}rrl(gs(;)ﬂ—(]\/)V and Us := Uy Xg...xgU; the m-fold fiber
product. Let f : Uy — S be the induced morphism and set Y5 := Y xgUs and X5 := X xgUs.
Then for any S-scheme S’

HomS(Sla Ul) = HomOS-algebras (Symos (P*HN)V ) OS’)

= HomOS-modules((p*HN)v ’ OS,)
~ TS, 05 Gou ).

So on Us there exist m universal global sections of p,Hx which we use as the images of our
Z1,...,Zy, to obtain a universal homomorphism of Op,-modules

(3.2) Px (W*OXQ R0y, f*£®N) — pxf"HN .

Next we take care of the Oy-algebra structures. Every x; has a minimal polynomial over
LY, L) [x1,...,2;_1] of the form

P(z;) == aF +ap 2814+ . . +ay = 0
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inside T(Y, m.0x ®0, LZV*). Using our homomorphism (Z) and the Op,-module structure
of f*F we view P(x;) as an element of I'(Us, f*p«Hni). The requirement that this element
vanishes defines a closed subscheme of Us by LemmaB A below. Let Us be the closed subscheme
of Us obtained in this way for ¢ = 1,...,m. This yields a 7m,Ox,-module structure on f*F,
whence (an isomorphism class of) a coherent sheaf F3 on X3 := X ®g Us together with an
isomorphism « : f*F —— 7w, F3.

It remains to represent the condition that F3 is locally free. Let V' C X3 be the open
subscheme on which Fj is flat, see [EGAL IV3, Theorem 11.1.1]. Define U := U~ w(X3\ V).
Since pmw : X3 — Us is proper U C Us is open. Since (pw)_lU C V the coherent sheaf Fj3
is locally free on (pm)~1U of rank r. We claim that U represents the functor U. Indeed, let
S” be an S-scheme and (F', ) € U(S’). Then the m,Ox-module structure on 7. F’ defines a
uniquely determined morphism S’ — Us. Since above every point s € S’ the fiber F, is flat
on X Xg s, the image of s in Us lands in U by [EGAL IV3, Theorem 11.3.10]. (This is the only
place where we use the assumption that 7 is flat.) This proves the lemma. O

Lemma 3.4. Let S be a scheme and let H be a locally free sheaf on S. Let I be a set and let
h; € T'(S,H) for all i € I. Then the condition h; = 0 for all i € I is represented by a closed
subscheme of S.

Proof. This is [EGAL Opew, Proposition 5.5.1] taking into account that on a locally noetherian
topological space the set of global sections of an arbitrary direct sum equals the direct sum of

the global sections. O
Proof of Theorem[ZA. Let F = (F;,11;,7;) and let ¢/ and k' be relatively prime positive inte-
gers with % = ﬁl(od). For i = 0,...,¢ let U; be the scheme from Lemma classifying
the pairs (F], o;) of locally free sheaves F] on X = C% and isomorphisms «; : F; —— m,.F;.
Over T := Uy Xg ... xg Uy we have the universal sheaves Fj,...,F, on Cp. We need that
the morphisms of O¢,-modules

I, == aolljoa;': mF — mFi and

Tl = apomiodtat: motF — mFlg

are actually morphisms of m, OC/T—modules and thus by [EGAL II, Proposition 1.4.3] morphisms
':F — Fand 1) : 0*F] — F|.

It suffices to work on an affine covering of T'. Let pr : Ct — T be the projection onto the
second factor. Let £ be an ample invertible sheaf on C' and let IV be an integer such that for

i=0,...,0 -1
° W*OC% ®0oc, L®N is generated by global sections 1, ..., Zm,
o . F! ®oc, L2N is generated by global sections ¥, ... ,yn, and
o Hit1 = pro(mFiy @oq, LX) is locally free on T.

Then G; := m, OC'T ®0c,. 7o) ®0c,. LO2N g generated by the x,®y,. There are two morphisms

of O¢,-modules

— / 2N
Gi = mFip1 Qog, L2

depending on the order in which IT; is composed with the contraction W*OC'T ®oc,,. | —

7 JF, (coming from the OC/T—module structure on F}). Whether the difference of these two
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morphisms is the zero morphism can be tested on the images of the global sections z, ® ¥,

inside H;+1. By Lemma B4 this condition is represented by a closed subscheme of T
We proceed analogously for the 7; and obtain a closed subscheme 77 C T and for ¢ =
0,...,¢ — 1 universal morphisms IT; : 7/ — Fj,, and 7; : ¢*F; — Fj,, on Cp which
satisfy axiom [ of Definition Since prym, coker II; = pr, cokerII;, and the same for 7,
also axioms Bl and Bl hold except for the condition on the support. For this condition let
Ty := C' x¢cTy, let ¢ : Ty — C’ be the projection and let 7’ be the ideal defining the graph of
¢’. Similarly to the above argument let £ and N be such that (7’ )®d/ ®OC,T L2V is generated
2

by global sections. Again by Lemma B4l the condition that the multiplication morphism

Py ((j’)®d/ ®o., LN ®o,, cokerr) — pr, (LN ®o,, cokert))
T2 T2

C/T2
is zero is represented by a closed subscheme T3 of T5.
Finally for axiom B consider the morphism

(3.3) Oy _qo0...0ly: Fy — Fp — Fp ®OC,T OC/T3/OC/T3(—IC' -od’).
3

Since coker IT; has rank d' axiom B is satisfied if and only if the morphism (B3) is the zero
morphism. Using that the target is locally free on T3 and reasoning as above the later condition
is represented by a closed subscheme T} of T3. Over Ty we define F __, = F(k'm - o) for
alli=0,...,¢ —1 and all m € Z. Then T} represents the functor 7. ]

Proposition 3.5. In the situation of Theorem[ZA the scheme T representing T is finite over

S.

Proof. By Theorem it is separated, of finite type, and quasi-affine over S. It remains to
show that T is proper over S. So let R be a discrete valuation ring with fraction field K and
consider the diagram

Spec K &) =T
g — : - T
_ - - (£,5[)
Spec R 7 S

where the horizontal arrow is given by an abelian sheaf F' on C’ over Spec K of rank 7/, dimen-
sion d’ and characteristic ¢’ : Spec K — C’ together with an isomorphism « : (fg)*F —~— m,F’
on Ck. We need to construct an abelian sheaf f on C’ over Spec R of rank r’, dimension
d', and characteristic ¢ : Spec R — C’ (again the properness of 7 implies that ¢ factors
through a unique morphism ¢ with moé=co f : Spec R — C) together with an isomorphism
&: f*F — m.F on Cg and an isomorphism 3 : ¢* F —~ F' on C satisfying m,fog*a = a.

We begin by constructing for all 7 € Z the locally free sheaf F; on C’%, and the isomorphism
o; @ [*F —— w*fi. Let £ be an ample invertible sheaf on C' such that 7,0c ®o, L is
generated by global sections x1, ..., Z,.

For the next step in the proof we need to introduce some notation. Let w be the generic
point of the special fiber of C'r over the residue field of R and let O := O¢, & be the local ring
at w. It is a discrete valuation ring and every uniformizing parameter of R is a uniformizing
parameter of Oy. Let further K(C') be the fraction field of O. It equals the function field
of Ck. Similarly let O and K(C’) be the rings associated with the curve C’. Since the
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f*II; are invertible over O, we get 7-modules ( *F; ®0cy, O, f*(I1; Lo Tz)) over O, with
f*(1; toT;) being isomorphisms. Now the argument of Gardeyn [8, Proposition 2.13(i )] shows
that ( F; ®0c, O, f*(II; Lo Tz)) is the unique maximal f *(Hi_1 o 7;)-invariant O -lattice in

(f*Fi ®0¢,, K(C), f*(I; ' o). Since every z,, is an endomorphism of
(f*Fi ®0c,, K(C), f*(II; ' o))

it must map f*F; ®ocp, O into itself. This makes f*F; ®0c, Oy into a free O -module.

Now we can apply Lafforgue’s [I1, Lemme 2.7~] which says that to give a locally free sheaf -7?2
on C}% is equivalent to giving its restrictions F; @@ o OCIK and F; ®o o O . Thus out of F/
R R

and the O ,-module f*F; ®0cy, O, we may construct the locally free sheaf Fi together with

the isomorphism g; : g*]?i —~— F/. Since by construction
as ((f9)Fi, ['Fi @0, Ox) == (m(Fico, Oc), mFico, Ow))

is an isomorphism on the two restrictions we obtain the isomorphism a; : f*F; —— 7r*.7?2- from
Lafforgue’s lemma.
Since the II} and the 7] are commuting homomorphisms of OC}(-modules they restrict

to commuting homomorphisms ﬁz and 7; of Ooé—modules. Altogether we have shown that

F = (ﬁ,ﬁi,?’i) satisfies axioms [, B, and B from Definition except for the condition on
the support of coker7;. Let J be the ideal sheaf on C, defining the graph of ¢. Then J d
annihilates the generic fiber of the free R-module coker 7;, so it annihilates all of coker 7;.
Likewise if 2’ is a uniformizing parameter on C” at oo’ then (2/ )¥" annihilates the generic fiber
of the free R-module coker(Il;; 1 o...01l;), so it annihilates this whole cokernel. Now all
axioms are verified and F is the desired abelian sheaf on C’ over Spec R. ]

Theorem 3.6. The restriction of coefficients morphism m, : C'-Ab-Sh""? — C-Ab-Sh™"
satisfies the valuative criterion for properness.

Proof. Since the stacks C-Ab-Sh™? are locally noetherian by [, Theorem 3.1] it suffices to
test the valuative criterion only for discrete valuation rings. For those the argument proceeds
as in Theorem B4 using Lemma B below instead of Lemma, O

Lemma 3.7. Let R be a valuation ring with fraction field K and let f : Spec K — Spec R
be the induced morphism. Let F and F' be two abelian sheaves on C over Spec R of rank r,
dimension d, and characteristic ¢ : Spec R — C. Let o : f*F — f*F’' be an isomorphism over
Spec K. Then o = f*f3 for a unique isomorphism 3 : F — F' over Spec R.

Proof. Recall the rings O and K (C') introduced in the proof of Proposition and consider
the 7-modules (F; ®0¢,, O, I, 'or;) and (]:Z(@@CR O, I, 1 o7]) over O. By the arguments
of Gardeyn [8, Proposition 2.13(i)] these are the unique maximal HZ._1 o 7i-invariant Og-
modules in F; ®0c,, K(C), respectively F! ®0c, K (C). Hence they are mapped isomorphically
into each other under the isomorphism «. Now the lemma follows from [I1, Lemme 2.7]. O

Remark. Like for Drinfeld modules these results say in the language of stacks that the restric-
tion of coefficients 1-morphism 7, : C'-Ab-Sh™ ¥ — C-Ab-Sh™"% is proper but in general
not representable.
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4 Restriction of Coefficients for Drinfeld-Anderson Shtuka

Theorem 4.1. The restriction of coefficients morphism m, : C'-DA-Sht""? — C-DA-Sht""¢
for Drinfeld-Anderson shtuka is in general not relatively representable.

Proof. The abelian sheaf from Theorem Bl provides the counter example also for Drinfeld-
Anderson shtuka. O

The same reasoning as in Theorem and Proposition yields the following

Theorem 4.2. Let S be a locally noetherian Fy-scheme and let b,c : S — C be two Fy-

morphisms. Let € = (E,g’,j, 7,b,¢) be a Drinfeld-Anderson shtuka on C of rank nr' and
dimension d' over S. Then the contravariant functor

IZ SCh/(C’XC’)X(cXc)S —  Sets

(S’, f:8—=S — {Isomorphz’sm classes of pairs (£, a) where

t,d): 8" = C" xg, C' ) o &' is a Drinfeld-Anderson shtuka of rank r’,
dimension d', pole b', and zero ¢’ over S' and

o a: f& . is a fived isomorphism}

1s representable by a finite S-scheme. O
The following results are proved analogously to Theorem and Lemma B7

Theorem 4.3. The restriction of coefficients morphism Ty : C'-DA-Sht" — C-DA-Sht™"
satisfies the valuative criterion for properness. ]

Lemma 4.4. Let R be a valuation ring with fraction field K and let f : Spec K — Spec R
be the induced morphism. Let & and £ be two Drinfeld-Anderson shtuka on C over Spec R
of rank r, dimension d, pole b : Spec R — C, and zero c : SpecR — C. Let o : f*€ — f*&'
be an isomorphism over Spec K. Then o = f*3 for a unique isomorphism 3 : € —~ &' over
Spec R. ]

Remark. Again these results say in the language of stacks that the restriction of coefficients

1-morphism 7, : C’-DA-Sht™ % — C-DA-Sht™" 4 is proper but in general not representable.
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