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Abstract. : Let R be a complete discrete valuation ring with residue char-
acteristic zero, and let X be an integral regular flat curve over R with smooth
generic fiber. Assume that the special fiber of X is smooth outside a single
point where it has a cusp as singularity. We explicitly determine the structure
of the minimal semi-stable model of X. In particular, we give an algebraic
proof for the fact that the special fiber of any semi-stable model of X is
treelike. This is equivalent to the finiteness of the monodromy of X over
R. These two results were obtained in the 1970’s by L& Diing Trdng and A.
Durfee using analytic methods.

Mathematics Subject Classification (2000): 14H10, (14DO05)

1 Introduction

Let R be a complete discrete valuation ring with uniformizing parameter 7,
field of fractions K, and algebraically closed residue field k of characteristic
zero, thus R = k[[x]]. By a curve over R we mean an integral scheme X,
flat, separated and of finite type over Spec R, whose fibers are geometrically
connected and one dimensional. It is called regular if X is regular. We will
only consider curves X over R whose generic fiber X := X @p K is
smooth over Spec K.

Now let X be a regular curve over R. We assume that the special fiber
C := X := X ®p k of X is smooth outside a single point P. The com-
pletion of the local ring of X at P is isomorphic to R[[z, y]l/(f) for some

* This research was made possible by the support of the Deutsche Forschungsgemeinschaft
in form of grant LU 224/4-1.
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2 U.T. Hartl

element f € R[[x,y]. E. Brieskorn studied the monodromy of X over R in
the case k = C, the field of complex numbers, and conjectured it to be of
finite order. This was proved by L& Diing Trang in [L&], if the singularity of
X is acusp, ie.if f := f mod = is irreducible in k[[x, y]), in which case
we also say that f is analytically irreducible in 0. Later N. A’Campo [AC]
and D.W. Sumners and J.M. Woods [SW] gave different proofs for this result.
AlsoN. A’Campo [AC] constructed a counterexample to Brieskorn’s conjec-
ture for general f. Furthermore, there is an unpublished proof by P. Deligne.
All the articles mentioned use the analytic methods developed by Milnor
[Mr] and study the knot associated to the singularity. Still by analytic means
A. Durfee [Du] gave a criterion for the finiteness of the monodromy: The
monodromy is of finite order if and only if any semi-stable model of X is
treelike. Being treelike means that the graph associated to its special fiber is
a tree. There, the vertices of this graph are the irreducible components of the
special fiber and the edges are the intersection points of these components.

The aim of the present paper is to give an algebraic proof of these results.
If f is analytically irreducible, we explicitly construct the minimal semi-
stable model of X, which exists after an extension of discrete valuation
rings. We also determine this extension. From this we read off the structure
of the semi-stable model and find that its special fiber is treelike. The usual
argument with vanishing cycles then gives the finiteness of the monodromy
using the algebraic monodromy theory [SGA 7].

The construction of the semi-stable model follows the usual line. We first
blow up all singular points of the special fiber, which are not yet ordinary
double points. This process terminates after finitely many blowing-ups. The
special fiber of the resulting curve is in general not reduced. It is a tree in
which every irreducible component intersects at most three other compo-
nents. Next we change the base to an extension of R, whose ramification
index is a common multiple of all the multiplicities of the components of the
special fiber. Afterwards, the normalization of our curve has reduced spe-
cial fiber. The problem thereby is to control the effect of the normalization
on the configuration. Above the components which meet at most two other
components nothing bad can happen. A loop can only come from a compo-
nent meeting three other components. For example consider the following
configuration of projective lines in V() just before the normalization.




Semi-stable models for curves with cusps 3

The component £ is linked to the original component C by a chain of
further projective lines. Let the multiplicity of E; in V(7) be ;. If now

d = gecd(ro,r3,74,75) < ged(ry,ro,rs) =: d,

then there will be d’ components above Es, but only d components above
E5 (cf. Lemma 2.1). This causes d’ — d loops to appear in the normalization.

It is not obvious that this scenario is impossible in our situation. How-
ever by using the Puiseux expansion of the cusp and a careful analysis of
the combinatorial data involved, we can show that the scenario is in fact
impossible and that the semi-stable model is treelike.

2 Preliminaries

An essential ingredient in our proof is the Puiseux expansion. We briefly
recall it in this section together with other facts needed later on.

Puiseux expansions

Let X be a regular curve over R and let the special fiber of X be smooth
outside a single point P, where X}, has a cusp as singularity. The completion
of the local ring of X at P is isomorphic to R[[x, y]]/(f) for some element
f € R[lx,y]l. Being regular implies that its maximal ideal is generated by
z and y. Since £ C R we can thus write

f(ac,y) = T(l‘,y)—ﬂ-&"

for f € kl[z,y]] and a unit e € R[[z, y]|" . Having a cusp, f is irreducible
in k[[x, y]l. So we may assume, that

f=v+fint..

for f; homogeneous in = and y of degree i. By the Weierstra Preparation
Theorem there is a unit v € k[[x,y]] , such that u f is a polynomial in
k[[«][y] monic and of degree n in y. Hence y is integral over k[[z]]. Now
it is a classical fact due to I. Newton [Ne] and rediscovered by V. Puiseux
[Pu], that the roots y of this polynomial are Puiseux series in z, i.e. formal
series in 2'/™ with coefficients in k

y = Zaj;rj/” in  k[z'/™].
Jj=0

For a modern account of Puiseux’ theorem see [Ei, p. 118]. We will write
out the Puiseux series expansion in increasing order of the exponent of
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z. Thereby we only write down the monomials with non-zero coefficients
and we write their exponents as reduced fractions. The Puiseux series may
start with a polynomial P(z) in z. But there comes a term whose exponent
does not lie in Z, we call it a;, g™1/™ | Certainly nin. If np < n, we
continue until we get to the first term whose exponent does not lie in n%Z.

Its denominator must be divisible by n{, we call it a;, gme/nnz Again
ning|n. We proceed in this manner and obtain

l1
y = P(a)+a;a™/M 43 ayatmiim
=1
l2
+ aj2 xmz/funz + ZQQ . x(m2+l)/n1n2 + (21)
=1
+ ... +ajy g M Z a; 2/ )

j>mpy

where nq - ... - ny = n. The a;,...,a;j, are non-zero and P(x) is a
polynomial without constant and linear terms. The pairs (m;, n;) are called
the Puiseux pairs of f. They are numerical invariants of the singularity of
X at V(z,y). We have m; > ny and m; > n;m;_q for all i > 2. The
Puiseux expansion yields a factorization of f over k[[z'/"]]

f(xay) - ?(.’I},y)—ﬂ'{f = u_l H y—za]fjxj/" —T-E,
geﬂn(k) j=0

where by u,.(A) we denote the group of r-th roots of unity in a ring A. See
[L€é] for more details.

Intersection theory

From Lichtenbaum [Li] we recall the basic facts about Intersection Theory
on arithmetic surfaces.

Let X be a regular curve over R and C' C X}, a proper reduced, not
necessarily irreducible curve over Spec k. Further let D be a positive Cartier
divisor on X with defining sheaf of ideals Z. We define the intersection
number of C and D as

(C.D) = degy (T ®oy Oc).
It has the following properties:

— It is bilinear, hence we can define it for arbitrary Cartier divisors C' and
D, with C supported on Xj.
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— It is symmetric if both C and D are supported on Xj.
— If D is principal, we have (C.D) = 0.
— Let C and D be positive and have no common component, i.e C N D =

{P1,..., P,}. Letlocally at P; the divisors be given as C' = V(¢;) and
D =V(d;). Then

(C.D) = > dimy Op,/(ci,d;).
=1

Let P = V(mp) € X}, be a closed point and D a positive Cartier divisor
on X, locally at P given as D = V(g). We define the multiplicity of P on
D as

mp(D) = max{r e Ny:g e mp}.

If P € C'is a point of an irreducible and reduced curve C' over k we define
the §-invariant of C at P as

5P(C) = length(ac,p/(')c,p),

where 6(;7 p denotes the normalization of the local ring O¢ p in its field
of fractions. The curve C has a singularity at P if and only if dp(C) > 0.
In this case the J-invariant is a measure for the singularity. If C' is further
projective over k and C' is its normalization, the arithmetic genus can be
computed by the following formula

pa(C) = pa(C)+ D 3p(C). (2.2)

In relation with blowing-ups the intersection number satisfies the fol-
lowing rules. Let P € X} be a closed point and let f : X — X be the
blowing-up of X in P. We denote by E = f~!(P) the exceptional line of
the blowing-up. It is isomorphic to P}, since X is regular. For each Cartier
divisor D on X we denote by f*(D), respectively D the total, respectively
the strict transform of D under f. Then

Q

(©).f (D)) = (C.D),
(D).E) =0 and (E.E)= -1, hence (D.E) = mp(D),
C.D) = (C.D)—mp(C)mp(D).
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During that blowing-up the é-invariant at P of an irreducible and reduced
curve C' C X passing through P drops according to

— ) 6(0) = %mp(C)(mP(C')—l). (2.3)
QeEE

This is due to the fact that 6p(C') can be computed as the sum over
mQ(é) (mQ(C~’) — 1) for all infinitely near points Q € Cof P e C,
i.e. points () on blowing-ups of X such that () lies above P (including
Q=PecX).

Semi-stable models

We call a curve X over R semi-stable if its special fiber is reduced with only
ordinary double points as singularities. A closed subscheme of a regular
scheme is called a normal crossings divisor if locally for the étale topology
itisdefinedas V(f;-...- f,) foraregular system of parameters (f1,. .., f).
A normal crossings divisor is reduced. In particular the special fiber Xj of
a regular curve X over R is a normal crossings divisor if and only if X is
semi-stable. We say that X, has transversal crossings if the reduced special
fiber X}, ;eq 1S @ normal crossings divisor, i.e. if X}, o4 has only ordinary
double points as singularities. We recall the construction of a semi-stable
model for a regular curve X over R in chark = 0 (cf. [Ab]) By such a
model we mean a semi-stable curve X over R with X K= ~ X K. Itexists after
an eventual extension R C R’ of discrete valuation rings. The construction
proceeds in two steps.

During the blowing-up process we blow up all the closed points at which
the special fiber does not yet have transversal crossings. This process ter-
minates after finitely many blowing-ups (use the formulas on intersection
numbers). We obtain a regular curve X’ over R whose special fiber X}, has
transversal crossings, but is in general not reduced. All irreducible compo-
nents of X that appeared during the blowing-up process are divisors on X,
isomorphic to ]P’,lg, since X was regular.

During the normalization process we change the base ring from R to
R’ := R|n'|/(x'¢—m), where e is acommon multiple of all the multiplicities
of the components in the special fiber X . Let X be the normalization of
X'®pr R inits field of fractions. By the Abhyankar-Lemma the special fiber
X i 1s reduced. Further it has only ordinary double points as singularities,
hence X is semi-stable. However it may not be regular at the double points.
Blowing up the non-regular points yields after finitely many steps a regular
semi-stable curve over R’. We want to explicitly determine the effect of the
normalization on the irreducible components of X
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Lemma 2.1 Let X be a regular curve over R and let X, have transversal
crossings. Let D C Xy be a closed subscheme, isomorphic to IF",lg with
multiplicity r in Xy. Denote the irreducible components of Xy which meet
D by Dy, ..., Dy, and their multiplicities in Xy by r1,...,r, respectively.
Let d; := ged(r,r;) and d := ged(r,71,...,77) and let e be a common
multiple of all the r,r;. Consider the normalization X of the base change
X ®g R, where R' := R[r']/(7'¢ — ).

Then the component D splits in X i into d irreducible components which
are all isomorphic. We call one of them D. The induced morphism D — D
is of degree r/d and ramified exactly above the points in which D meets the
D,. The ramification indices there are r/d,;.

Proof. (cf. [Ab, Théoreme 1.2])
Let x € D be a not necessarily closed point and let A be the completion
of the local ring Ox ,, of X in x. Further let 1, ...,z be the points of X

lying above x and for every i let O 5 ., be the completion of the local ring

of X in x;. Denote by A the normalization of A ® r R/ in its ring of total
fractions. Since X is excellent we have by [EGA, IV, Scholie 7.8.3]

S
A Hohi.
=1

We show that D splits into d irreducible components in X. Let 7, Z; for
i =1,...,nbetheinvertibleideals of Ox with V(Z) = Dand V(Z;) = D;.
Then in a neighborhood of D in X we have an equality of invertible O x-
ideals

TOx = I"- I/ -...-I".

We tensor it with Op and obtain an equality of invertible O p-modules. Now
let y € D be a point not lying on any of the D;. Then

D—{y} = Ay = Speckl]

and so all the above invertible sheaves are principal on D —{y},say Z; ® Op
generated by t —t; and Z® Op = T /7?2, the conormal sheaf of D, generated
by u. So the above equality reads on D — {y}

m o= cu (t—t)" .. (E—1ty)™

for a global unit con D—{y},i.e.c € k[t]” = k" . If we lift these generators
to local sections of Ox, they still satisfy the same equation with ¢ replaced
by some section C' of Ox. Now we consider this equation in the completion
A of the local ring Ox , at the generic point 77 of D. Since the d-th root of ¢
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exists in the residue field of A, the d-th root of C' lies in A and the equation
splits in A ® gz R’ into irreducible factors

0 = 7°=Cu" (t—t)™ ...-(t—t,)™
= JI @ —¢ctiurlt @ —t)/te st — )™
§epa(R)

Hence there are d generic points of irreducible components lying above 7.
This means that D splits in X into d irreducible components which are all
conjugate by p4(R) and one of which we call D.

It remains to investigate the ramification of the morphism D — D.So
let = be a closed point of D. Now we distinguish two cases. First let x not
be lying on any of the D;. Then

A = Rlu,v]l/(u" —m).

Since r divides e, we set e = ¢’ r and compute

A = H R’[[u,v]]/(ﬂ’el—gu) = H R[v].

&cpr(R) Eepr(R)
So there are r smooth points lying above x. Thus the degree of the morphism
D — Disr/d.

Next let = be the intersection point of D and D;. Then
A 2 Rfu,v]l/(u"v" — ).
Setr =ad;, r; =bd; and e = €’ abd;,

A = H {R’[[u,v]]/(w'elab—fu“vb)}N,

§€pa, (R)

where { }~ denotes the normalization. Fixing { € pg4, (R) and choosing
6 € R such that 2 = ¢, we claim that

{R'[[u,v]]/(w'elab — u™?) )T Rz, yl/ (7€ —6zy) = B.

b

Namely z and y should satisfy the integral equations z° = u and y* = v

along with the equations

re’a re’'b
a _ T b T
z¢ = and yo= —

v e u b

in the field of fractions of R/[[u, v]]/ (/€% — £uP). Since (a,b) = 1 we
indeed find z and y in this field of fractions satisfying the above equations.
Since B is normal, our claim is proved. Hence, above the intersection point
z of D and D; there are d; ordinary double points, which are all conjugate
by the action of 114, (R). The morphism D — D is thus ramified above x
with ramification index r/d;. 0
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3 Theorems and proofs

In this section we give an algebraic proof for the following

Theorem 3.1 Let X be a regular curve over R and let the special fiber X,
of X be smooth outside a single point, where Xy, has a cusp. Then
a) every semi-stable model of X is treelike,

b) the monodromy of X over R is of finite order.

Remark 3.1.1 As mentioned earlier an analytic proof of this theorem was
given by L& Diing Trang [Lé€, 3.3] and A. Durfee [Du, Theorem 2].

Proof. Part a) is a direct consequence of Theorem 3.5 below.

Assertion b) is equivalent to assertion a) by the usual argument with van-
ishing cycles (cf. [Du, Theorem 1] for the analytic version). For simplicity
we give the argument in the case, where X is proper over S. It follows the
same line in the general case.

The monodromy of X over R is by definition the action of the inertia
group I := Gal(K/K) of the ring R on the f-adic cohomology group
H' (X ®x K, Zy). Let now X be a regular semi-stable model of X, which
exists after a finite extension R C R’ of discrete valuation rings. Since
X = Xk and the inertia group I’ := Gal(K/K') of R’ is of finite index
in I, we see that the monodromy of X over 1 is of finite order if and only if
the monodromy of X over R'is.Let Z C X & be the singular locus of X k-
Since all points of Z are ordinary double points, the monodromy of X over
R’ can be computed by the “Formula of Picard-Lefschetz” [SGA 7, Exposé
XV, Théoreme 3.4].

Namely to every double point z € Z is associated a vanishing cycle 0y €
H! (XK @k K, Zy). Strictly speaking the &, are generators of H{ }(Xk, Zy),
the cohomology groups with support in {2}, uniquely determined up to
multiplication with —1 (cf. [SGA 7, Exposé XV, 3.3.4]). We also denote by
d,. all its images under the maps

H%m}(‘)}kazé) — HY(X,,Z) < H'(Xk 9k K,Z).

By [SGA 7, Exposé XV, Théoréeme 3.4] the map on the right is injective.
Further the vanishing cycles are pairwise orthogonal and orthogonal to them-
selves under the cup-product pairing on H' ()Z'K @K K,Z¢). InH! ()~(k, Zy)
the vanishing cycle d, can be represented by the following cocycle: Let U
be an open neighborhood of x contained in the two components of X & that
intersect in , such that U N Z = {z}, and let V := X}, — {z}. The inter-
section U NV has two connected components. Then 14, is represented by
the (alternating) Cech-cocycle in ' ({U V3, Zg) given by the element of
Ze(U N'V) that is 1 on one connected component and 0 on the other.
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According to the “Formula of Picard-Lefschetz” the monodromy action
of o € I'ona € HY(Xx ®x K, 7Zy) is given by

o(a) = a— g(o) Z(auéx)&c,

T€Z

where ¢ : I’ = Z(1) —» Z(1) is the canonical character (cf. [SGA 7,
Exposé XV, 3.3.2], using that X is regular). Let

V o= (0p:x€Z)y, C HY (X Z)

andletp: Y, — X & be the normalization of the special fiber. We claim
that B
I ker(p* L HY (X, Ze) — HA(Y, ZZ)) .

Indeed in the following diagram where the horizontal sequences are exact (cf.
[Mi, Proposition II1.1.25]) V' is the image of the map «, since le(X ks L)
is generated by the 4.

HIZ(X]C,Z@) L) Hl(Xk,Zg) _ Hl(Xk—Z,Ze)

E |» I

H 1, (Yk,Ze) —— H' (Y, Ze) —— H' (Y —p7'Z,Z)

The explicit description of §, above shows that p*(d,) = 0. (Also (3 is zero
by [SGA 7, Exposé XV, 3.3.4].) Thus the claim follows.

We deduce that V' = 0 if and only if p* : H (X}, Z;) — H' (Y}, Z¢)
is injective, which in turn is the case if and only if X is treelike. So if X is
treelike, the monodromy of X over R’ is trivial. On the other hand if X is
not treelike, there exist 0 # §, € H! (Xx @K K,7Zy). The relations among
the ¢, are of the form

> Aaby = 0 with A, € {-1,0,1}.
r€Z
Therefore there exists an a € H' (X ®f K, Z;) such that
Y (aUé)s. # 0.
reZ
So the monodromy is of infinite order in this case. O
In order to prove part a) of Theorem 3.1 we will explicitly construct

a semi-stable model of X. The Puiseux expansion will serve as a tool to
control the effect of the blowing-up process.
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The blowing-up process

Proposition 3.2 Forr,s € Ng consider the scheme
Y = SpecRlz,yll/(y"2°f —me),

where f = y" + fo+1 + ... € kllz,y]l is analytically irreducible, f, is
homogeneous of degree vande € R[[x,y]” isa global unit. Let the Puiseux
pairs of f be (my,n1),...,(my,ny). In particularn =nq - ... -ny. Let
my = qny + p for integers p,q with 0 < p < ny. The special fiber V(r) of
Y has the displayed configuration with the components

C B

. ¢ = v,
E = V(y),
B = V(z).

The component E meets C tangentially in the common intersection point of
all three components.

Then q times blowing up the singular point of C leads to the following
configuration of projective lines in V().

C E'

E B

All the indicated components are strict transforms under the various
blowing-ups. The components C, E and the exceptional line E' of the last
blowing-up all intersect in the point P. Thereby E' is tangential to C' in P.
From E' proceeds a chain of the previous q — 1 exceptional lines, the first
of which intersects B.

The multiplicities of the components in the chain from E' to B decrease
by n + r at each component. The completion of the local ring at P is
Op = Rllu,z]l/(z*u"f — 7&) with = s + q(n + 1), 7 = np/ny and
f: " + ]?ﬁ+1 + ... € kllu, ]l analytically irreducible, ﬁ, homogeneous
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of degree v and € € R[[u, 2] a global unit. The Puiseux pairs of fare

(mi,ni) =

{(nhp) Jori=1

(mi—nz-...-ni-(ml—nl),ni) fori>1

In case p = 1, blowing up the singular point of C another n, times leads
to the following configuration of projective lines in V().

E/I

All the indicated components are strict transforms under the various
blowing-ups. The component C' intersects the exceptional line E" of the last
blowing-up in the point Q). Out of a second point of E" proceeds a chain
of the previous ny — 1 exceptional lines, the first of which intersects E. In
a third point E" intersects E', from which proceeds the chain with end B
mentioned in the previous diagram.

The completion of the local ring at Q is OQ = R[Iu vll/(u T’f —TE)
witht =nis+ma(n+r), i=n/nyand f = 0"+ fap1 + ... € kllu, v]]
analytically irreducible, fl, homogeneous of degree v and € € R[[u, o] a
global unit. The first Puiseux pair of f has disappeared. The new Puiseux
pairs of f are

(ﬁ%,ﬁl) = (mH_l—ng-...~ni+1-m1,ni+1) fori: 1,...,N—1.

Proof. We study the Puiseux expansion of y in terms of x as written out
in equation (2.1) on page 4. Now ¢ times blowing up the singular point
V(z,y) = V(z,y — P(z)) of C introduces the new coordinate

Y- P($) /n 2 (p+1)/n
u = — = a; a"™ + Zaux p L+
=1

l2

+ aj, (m2—gnin2)/ning + Z as p(m2—gqnin2+l)/ninz +
=1

+ ... + ajN x(mN—qn)/n + Z aj x(j—qn)/n .

j>mpy
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Since p < n; we can expand z into a Puiseux series z = E bju’ /7 of u.

Jj=0
We plug in and compare coefficients to obtain
l
R LD S
I=1
la
+ bj u(m27n2(m1*n1))/pn2 + Zb2’lu(mzfng(mlfnl)Jrl)/png +
=1
_.I_
b by My —n-ny (mi—n1)) /i 3 byl

j>my—na-...ny(mi—ny)

ﬂm/p w™/P_ Further if

Indeed the first non-zero term is a
. n .
7 < m,;niH-...-nN—n—ml—i—n and nl‘_;_l-...-nN)[j
1
we show inductively that b; has to be zero. Namely, say x is of the form

r = bj u™/P (1+ Q(ul/Pramay 4 b;/b;, wld=—m/n
+Terms of higher order ) ,

where () is a polynomial without constant term. Now the first assumption
on j implies 1 + (j — n)/n < m;/png - ...-n; — qni/p. So plugging
into the series expansion of u we get

+Terms of higher order ) ,

for some polynomial é without constant term. The term
aj, - p/n - by /by, ul ="

is not subsumed under this polynomial, because 7,11 « ... ny 1 j. This
implies b; = 0 as claimed.
On the other hand we compute

ni - emg U p

3
This proves our claim about the Puiseux expansion of x in terms of w. In
particular the new Puiseux pairs are

(M, ;) = {(”1’79) fori =1

(mi—ng-...-ni-(ml—nl),ni) fori > 1
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Since the multiplicity of the singular point on C'is n and on F is r at each
step, the multiplicity of the components in the chain ending in B decreases
by n + r. Thus E’ has the multiplicity s = s + q(n + 7).

In case p = 1 the first terms in the u-expansion of z are in fact a poly-
nomial

l1
P(u) = bju™ + Z by g u™ T

I=1
of u. Blowing up the singular point V (z, u) of C' another n; times introduces
the new coordinate v = z/u™ . The component C'intersects E” = V(u) in
Q = V(u,v —bj,), whereas E' = V(v) intersects E” in V(u,v). Thus the
configuration is as claimed.

Since the multiplicity of the singular point on C'is n/n; and on E’ is

s at each step, the multiplicity of the components in the chain ending in
decreases by n/ny + 5. Thus the component £ has the multiplicity

~ n
T r+n1(s+q(n+r)+n—) = nms+mi(n+r).
1

Finally the first Puiseux pair has disappeared. Subtracting n; from the expo-
nents in the u-expansion of x yields the remaining Puiseux pairs as claimed.
0

With this proposition we can give a description of the blowing-up pro-
cess. It is a repeated application of the following proposition.

Proposition 3.3 For r € Ng consider the scheme
Y = SpecRlxz,yll/(z"f —7e),

wheren|r, f = y" + fni1+. .. € kllx, y]l is analytically irreducible, f, is
homogeneous of degree v and e € R|[x, y]| “isa global unit. Let the Puiseux
pairs of f be (my,n1),...,(my,ny). Son = ny - ... ny. The special
fiber V(m) of Y has the displayed configuration with the components

¢ = V(f),

c
N_ Do = V().
P

Set po := ny and p_1 := mq and let p, and q,, be integers with

Pu—2 = Qubu—1 -+ Dy, 0< Pu < Pu-—1 (1 <p< 6) )
Pe—1 = 1 and pe = 0.
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Then q1 + . . . + qe times blowing up the singular point of C leads to the
following configuration of projective lines in V ().

Dg

D,

All the indicated components are strict transforms under the various
blowing-ups. The component C' intersects the exceptional line D1 of the
last blowing-up in the point Q. In a second point D intersects D', which
is the beginning of a chain of previous exceptional lines. In a third point
D intersects Dy, which is the beginning of a chain of the other previous
exceptional lines. This chain ends in Dar which in turn meets the component
Dy we started with.

For any component D of the special fiber let v(D) be its multiplicity in
V(7). Then we have

r(C) = 1, r(Do) = r, r(D1) = nmi+mnr,

ged(r(Do),r(Dg)) = n,
gcd(r(Dl),r(Df)) = n,

ged(r(D1), (DY) = -t
The greatest common divisor of the multiplicities of any two consecutive
components in the chain from Dy to Dy is n. Further the value of the
d-invariant of C' at its singular point has dropped after these blowing-ups
by
1 n
(5P(C> — 5@(0) = 5 — (nm1 —ni1—mi+ 1).
ni
The completion of the local ring at Q) is @Q > R[[x, y]]/(a;r(Dl)f— TE)
withn = n/n; andf~: yﬁ+fﬁ+1 +... € kllx, yll analytically irreducible,
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Jv homogeneous of degree v and € € R|[x, yl| “a global unit. In particular
n divides r(D1). The Puiseux pairs of f are

(mi,ni)) = (Mig1—ng-... N1 -my,niy1)  fori=1,...,N—1

Proof. We divide the blowing-ups into e phases such that the u-th phase
consists of g, blowing-ups. In other words, each phase corresponds to the
process described in Proposition 3.2. We denote the exceptional line of the
last blowing-up of phase p by £, and its multiplicity in V() by r,. By
Proposition 3.2 the configuration of the special fiber after the g1 + ... + ¢¢
blowing-ups is as follows.

Dy

Es E D

The exceptional lines ), lie on the chain ending in Dy for odd y and on the
other chain for even p. One of the neighbors D} or D of Dy = E, is the
exceptional line F._;.

The following statements are true in Phase p for 1 < p < e:

— Before each blowing-up the multiplicity of the singular point on C'is
n

Ppu—1 — -
S

— The multiplicity of the exceptional line of each blowing-up is by

n
d. = 7”ufl‘*'ppﬂnfl for2<pu<e
wo=
n forp=1

greater than the multiplicity of the exceptional line of the previous
blowing-up.

— The self-intersection number (Eu, 1) 2 of the component I, 1 decreases
at each blowing-up by 1 since the blowing-up is centered in a smooth
pointof £/, 1.
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— The self-intersection number (E,,_) % of the component E,_, decreases
at the first blowing-up by 1 since this blowing-up is centered in a smooth
point of £, 1 and stays constant afterwards since F,_o does not meet
C then.

This implies that the self-intersection number of £, at the end of phase
eis
—qu+1—2 for1<pu<e—2,
(Eu)2 = —qe—1 for py=e—1,
—1 for py=-e.
The multiplicities of the two components intersecting £, are r,, — d,, and
Ty + dyy2. Hence pairing (E,, . V(r)) = 0 yields the equation
dyt2 = quyrrp+dy for 1< pu<e—2.

Further there are g, blowing-ups in phase p, therefore setting 7o := 0 and
r_1 := r we have

Tp = Qudy +7u-2 for 1 <pu<e.

This implies by induction that p,, 17, + p,d, = mnmy + nir for every
1 < pu < e. In particular we obtain (D1 ) = r. = nmj +nyr using p, = 0
and p._; = 1.

The neighbor Dar of Dy has multiplicity r 4+ n. Therefore

gcd(r(Do),r(D(T)) = n.
The neighbors of D; = E., one of them being E._1, have multiplicities
re—1 and r. — d.. We obtain
n
ged(re,me—1) = ng(ere—la +7Te2,7e-1) = ged(re—1,de—1),
because gepe—1 = Pe—2. So using ged(ry,, d,) = ged(r,—2,d,—2) we ob-
tain
{gcd(re, Te—1), gcd(re,Te — de)} = {gcd(rg, da) , ged(ry, dl)} :

Since D7 belongs to the chain ending in D, i.e. the chain with odd indices,
we see

ged(r(Dy),7(DT)) = ged(ri,di) = n,

n
—m1 4.

gcd(r(Dl),r(Dll)) = ged(rg, da) -

Further the gecd of the multiplicities of any two consecutive components in
the chain from D; to Dy is ged(r1,dy) = n.
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We compute the Puiseux pairs. According to Proposition 3.2 the Puiseux
pairs at the end of phase p for0 <y <e—1are

(pu—1,pp) for i =1, (mi—ng-. o (M —pu—1), nz) for 2<i<N.

After phase e — 1 the first pair disappears because p._; = 1. During the
remaining ¢ = p.—2 blowing-ups the exponents in the Puiseux expansion
decrease by p._2 and thus the Puiseux pairs are as claimed.

The value of the d-invariant of C' at its singular point drops according to
formula (2.3) on page 6 in phase y at each blowing-up by

1 n ( n 1)
9 Pu—1 nl Pu—-1 " .

Thus in total it drops by

ni 2m

1/ n\2g 9 1 n < 1n
) (*) qﬂpufl_i — Z quPp—1 = 5 — (nml—n1—m1+1) .
1 MmO

This proves the proposition. a

The proposition enables us to determine the result of the whole blowing-
up process. It describes the way in which the number of the Puiseux pairs
is reduced by performing the blowing-ups.

We start with the situation V(7)) = C' at the beginning of the blowing-
up process. In terms of Proposition 3.3 the component Dy is not there, i.e.
r = 0. Let the Puiseux pairs at the beginning be

(mgo),ngo)) = (mi,m), ..., (mg\?),ng\?)) = (mn,nn) .
So the multiplicity of the singular point of C'is n(9) = ny - ... ny in the

beginning. Now we apply Proposition 3.3 [V times. After the v-th application
a new component has appeared which meets the other components in three
distinct points. We call it D,,. Let its multiplicity in V() be (*). In the chain
leading from D, to D, _; let the neighbor of D, be D, with multiplicity
()= and the neighbor of D,_; be D} | with multiplicity =1+, In
the third chain proceeding from D, let the neighbor of D, be D!, with
multiplicity »(*)’. (In Proposition 3.3 these were called D1, Dy, DO+ , D}
) n(l/))
1 Y

)

respectively.) After the v-th application let the Puiseux pairs be (m
for 1 < i < N — v. We have the following
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Lemma 3.4 Setting r(©) = 0 the data described above can be computed as
follows (1 <v <N, 1<i<N-v):

(mgu) ; ngy)) = (mi+y —Nyg1 - Ny, ni+u)
n®) = ngy)-...-ng\?)ﬂ/ = Ny41- ... NN,
v—1
M = gy (e 3 (g~ Dimg)

j=1

gcd(r(l’),r(l’H) = Nyy1-... NN,

gcd(r(”),r(”)_) = ny-... NN,

W o~ 2TV we
gcd(r ,T ) = —w-p™ +r -

LS

The value of the §-invariant of C' at its singular point drops during the whole
blowing-up process by

1 N
{0 S - 1)

Proof. Setting mg := 0 the first three formulas also hold for v = 0, i.e.
for the situation before the first blowing-up. We prove them by induction on
v observing that by Proposition 3.3 we have

mZ(VH) = mgi)l — ng’) e nii)lmgy) and

T(V+1) _ n(u)mgu) + ngu),r(u) )

The expressions for the greatest common divisors can be read off from
Proposition 3.3 directly. Furthermore, the value of the d-invariant of C at its
singular point drops during the v-th application of Proposition 3.3 by

1 n(u—l)

L (O Y Y Y ),
2 0

1 1 1

The normalization process

Let the model of X i obtained at the end of the blowing-up process be X'.
Now we extend the base from R to R’ := R[x']/(7'™ — =), where m is
the least common multiple of all the multiplicities of the components of
X.. Then a semi-stable model X is obtained by normalizing X’ @ R’. In
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general it is not regular. We describe its configuration using Lemma 2.1 and
the numerical data obtained in Lemma 3.4.

First let E C X be a projective line which meets the other components
of X, in at most rwo points. Let Ebea component of X  lying above E.
Then the map E — E is ramified in at most two points. Hence by the
Riemann-Hurwitz formula E is a projective line (char £ = 0). In the chain
leading from D, 4 to D, the greatest common divisor of the multiplicities
of two consecutive projective lines is always n) = Nyt - ... NN by
Proposition 3.3. Therefore by Lemma 2.1 we see that above this chain there
are exactly n,41 - ... - ny chains of projective lines in X k-

Now consider the component D, C X;. It meets three of the other
components. By Lemma 2.1 there are exactly Ny41 - ...y components of
X r lying above D, They are all isomorphic. Let D be one of them. Then
the map D, —» D, is of degree

)
Ny+1-..."NN

and ramified above three points with ramification indices

r@) r) r®)
, and ————————.
Nyl .- NN Ny ... NN ged(r®) r®))

The degree of the ramification divisor R C D is therefore

) ()
degR = ————-1 + —————n, +
Ny+1--.."NN Ny+1:-..." NN
T(V)_T(V_l)
—_(my_nymy_l).
Ny+1--.." NN

We use the Riemann-Hurwitz formula to compute the genus of D,:

~ @)
2pa(Dy) —2 = L (—2) + deg R,
Ny4+1--..-"NN

hence the arithmetic genus p,(D,,) of D, is

) 1)

1 1
L L S R e P
2 Nyl ... NN 2 Ny ... NN
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Plugging in the values for 7(*) and (=) from Lemma 3.4 this is equal to

1 v—1
5(1 —m, +n,m, + n?, Z (Mjp1 - o. . ny_l)z(nj —mj +n,my_1 —
j=1

R
|
I\

— Ny — NNy 1My—1 — nl,nz_l (TS nl,_g)z(nj — 1)mj)
1

<.
Il

v—1

= %(ny - 1)<my —1+n, Z(”jﬂ comy)* (0 - 1)mj) '

=1

Further we see that the n,,41 - ... - ny components of X  lying above D,
are the ends of the n, 1 - . . .- n chains of projective lines coming from the
components lying above D, 1. Vice versa, from the components above D,
originate n,, - ... - ny chains of projective lines, each ending in a different
component of X x lying above D,,_;. The component Cof X % lying above
C is isomorphic to the normalization of C' and intersects D ~ 1n one point.
This shows that X & 1s treelike.

If X is proper over R, we could equivalently deduce this last statement
by the following argument. Since the arithmetic genus is constant in flat
families, we see that

pa(XK) = pa(C) .

All our blowing-ups and the normalization induce isomorphisms on the
generic fiber. So we have by the genus formula [BL, Theorem 4.6]

pa(XK) = > pa(D) + g(T),

DCX,,

where the sum runs over all irreducible components D of X}, and g9(T)
denotes the genus of the graph T associated to X, - One of these components
D is the normalization C of C. Now formula (2.2) on page 5 reads for C

pa(C) = pa(C)+6p(C),

where P is the singular point of C = Xj. So all together we obtain the
equality

N
3p(C) = D paD)+g(T) = Y nusr--..nnpa(D)+9(T).
v=1

DCXy, D#C
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Using formula (3.1) on page 20 the sum of the arithmetic genera on the right
side equals

1
1 N
:2(l—n—l—z:l(nj_,_l-...-nN)z(nj—l)mj>.
j:

Thus by Lemma 3.4 we see that the genus g(7) = 0, hence 7 is a tree.
We summarize our considerations in the following

Theorem 3.5 Let X be a regular curve over Spec R. Let the special fiber
C := X}, be smooth outside a single point, where it has a cusp as singularity.
Hence C' is irreducible. Let the Puiseux pairs of C at the singularity be
(mg,m;) for1 <i < N.

Then the special fiber of the minimal (not necessarily regular) semi-
stable model of X over a suitable base extension is tree-like. Its associated
graph has the following configuration.

Lewvel
v=N
v=N-1
v=N-2
v=2

LE N} L] L] L] L] L] LN} I/ = 1
On level v there are ny,11 - ... ny curves each of genus
1 r—1
5 (ny - 1)<ml, -1 + Z (nj+1 ot TLV_l)Q(TLj — 1)mj> .
j=1

Each of these curves intersects n,, curves of the next lower level v — 1.
The curve C'is the normalization of C. The d-invariant of C at its singular
point is

N
op(C) = % (1 —n+ Z (g1 ... -ny)*(n, — l)ml,) )
v=1
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Proof. The minimal semi-stable model is obtained from the model X we
constructed above by contracting all projective lines in Xj. Each such pro-
jective line intersects the other components of X k at most in two points.
Therefore the model obtained by the contraction is still semi-stable but not

necessarily regular. a
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