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ABSTRACT

Following Papanikolas in [Pap08], when ) = Fy(t) we define a Tannakian category of pure
dual ¢-motives. We assign such a pure dual ¢-motive to a pure rigid analytically trivial dual
Anderson A-motive M. Then P generates a strictly full Tannakian subcategory over () and
we call the linear algebraic group obtained by Tannakian duality the Galois group of P.

Secondly, as done by Pink in [Pin97al, again when @ = F,(t), we introduce the Tannakian
category of pure ()-Hodge-Pink structures and consider the strictly full Tannakian subcate-
gory generated by a pure Q-Hodge-Pink structure H. We then call the linear algebraic group
defined by Tannakian duality the Hodge-Pink group of H.

Further, we may also assign a pure ()-Hodge-Pink structure to a pure rigid analytically
trivial dual Anderson A-motive through pure uniformizable Anderson A-modules. Using this
functor and the formal inversion of the dual Carlitz t-motive, we associate a pure QQ-Hodge-
Pink structure H with a pure dual t-motive P over Cy. This induces a map from the Hodge-
Pink group of H to the Galois group of P. From the Hodge conjecture for function fields,
one expects that the Galois group and Hodge-Pink group are isomorphic, which we prove
with the help of Tannakian theory [DMOS82), Prop. 2.21]; the classification of o-bundles and
corresponding o-modules that were respectively introduced in [HP04] and [Harl0]; and the
rigid analytic GAGA principle.

Combining the isomorphism with Papanikolas’s transcendence result [Pap08, Thm. 5.2.2],
we obtain Grothendieck’s period conjecture for function fields. As an application, we consider
a pure rigid analytically trivial dual Anderson A-motive M of rank r over Q@ C C, with
sufficiently many complex multiplication through E and determine its associated Hodge-
Pink group if E/Q is either separable or purely inseparable. The dimension of the computed
Hodge-Pink group is then r and equals the transcendence degree of the periods and quasi-
periods of the pure uniformizable Anderson A-module E corresponding to M. Finally, with
[Pin97a, Thm. 10.3] we determine the transcendence degree of the periods and quasi-periods
of a pure uniformizable Drinfeld F,[t]-module E of rank 2 over Q C Q. We provide the
precise analog for the conjectured transcendence degree of the periods and quasi-periods of
an elliptic curve over Q C C.
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0. INTRODUCTION

Function field arithmetic enjoys several analogies with classical algebraic number theory. We
shall first explain the Hodge conjecture in the classical situation to motivate the function field
analog which we prove in this thesis. Together with Papanikolas’s main result in [Pap0§],
we then have the precise analog of Grothendieck’s period conjecture on the transcendence
degree of periods and quasi-periods of abelian varieties. We describe both conjectures framed
in Grothendieck’s theory of motives and their analog for function fields. Then we give an
outline of the following chapters illustrating both the proof of the Hodge conjecture and
transcendence results.

0.1 Motivation: Conjectures and Analogies in Algebraic Number Theory

Number fields are finite extensions of the rational numbers Q. Fermat’s conjecture, also
known as Fermat’s Last Theorem, is one of the most well-known problems in the theory of
number fields.

Theorem 0.1.1 ([Wil95, Thm. 0.5]). The Fermat equation a™ + b" = 1 has no non-trivial
solutions for n > 3; that is, there is no solution (a,b) € Q* with ab # 0.

Around 1637, Fermat remarked in the margin of a book that he had found a marvelous
proof and many number theorists tried in vain to show it. Finally in 1994, A. Wiles, along
with R. Taylor, G. Frey, J.-P. Serre and K. Ribet, was able to give a proof through the use
of elliptic modular functions of elliptic curves and won the Wolfskehl prize. The long story
of the proof of Fermat’s Last Theorem was taken as material for a catching novel [Sin98],
which shows the potent driving force of conjectures as well as the powerful interplay of
different modern theories in mathematics. Wiles used recently achieved results in the theory
of arithmetic cohomology that is again based on the theory of algebraic curves over finite
fields.

We consider a function field @) of a smooth projective curve C over a field k/F,, which
is therefore a finite extension of the rational function field F,(¢). The arithmetic of such
function fields shows fascinating parallels with classical algebraic number theory, despite
fundamental differences such as finite characteristic. Basic number theory applies to both
theories, whence number fields and function fields are often studied together as global fields.
Global fields are the only fields with the notion of absolute values that satisfy a product
formula [AW45]. Completions of global fields with respect to such absolute values are called
local fields. Examples are the completions Q, and Qp of Q and @ with respect to | - |, and
| - |p where p is a prime number and P € C a closed point, respectively. Further, let A C Q
denote the ring of regular functions outside a fixed closed point oo € C', which is by definition
a finite extension of the rational polynomial ring Fy[¢]. The ring of integers, Z, and A are the
bottom rings of the following correspondence, which compares the number field and function
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field theories:

Ly Qp Cp ATP Qp Cp
Z Q R C A Q Qo Ceo,

where Cp denotes the completion of a fixed algebraic closure Qp of @p. The basic example
with the usual choice of 0o is

C =B, A=F[, Q=Quot(4)=Fy(t) and Qu =F,((L/1)).

What now is understood as function field arithmetic started in 1935, when L. Carlitz attached
an entire analytic exponential function exp. : Co, — C4 to the rational polynomial ring
A = F,[t] that satisfies

expc(az) = Cy(exp(z)) for a € A and additive polynomials C, € k[r] [Car35].

Then exp. provides an additive analog of the classical exponential functionexp : C — C, z —
e?, with the multiplicative functional equation exp(jz) = (e(2))’, j € Z. The Carlitz module
C: A — k[r] over k is given by C(a) := C, and one defines its period © € Co, by requiring
expe(TA) = 0 (uniquely up to signs in F;*). The latter is an analog of the period 27i € C
of the exponential function satisfying exp(27miZ) = 1 (also unique up to multiplication by
+1). Being interested in further analogies, Carlitz’s student L. I. Wade showed that 7 and
¢ := expc(1) are transcendental over @) [Wad41].

The interest in Carlitz’s approach increased in 1974, with V. G. Drinfeld’s invention,
Drinfeld A-modules. Drinfeld generalized the construction of the Carlitz module of rank 1 to
higher ranks. Even more, the exponential function of a Drinfeld A-module is assigned to an
arbitrary function field with an arbitrary choice of co. With the help of rigid analytic spaces
he proved that any Drinfeld A-module ¢ is uniformizable, that is, Co /A, = Co where the
period lattice Ay, is the kernel of exp,,. Drinfeld originally called Drinfeld A-modules elliptic
modules because the properties of Drinfeld A-modules resemble those of elliptic curves. These
analogies are especially strong for a Drinfeld A-module ¢ of rank 2. Similarly as for elliptic
curves, basis vectors A1 and A of the period lattice A, give rise to quasi-periods 11 and 72,
respectively. These satisfy an analog of the Legendre relation for elliptic curves

for some ¢ € k' [Tha04, Thm. 6.4.6].

It

A2 — Aomp =

Moreover, mirroring another classical result, J. Yu proved that all periods [Yu86, Thm. 5.1]
and quasi-periods [Yu90, Thm. 3.1] of a Drinfeld A-module over @ are transcendental over
Q, where @ denotes an algebraic closure of @ inside Qno.

Finally in 1986, G. W. Anderson extended the theory of one-dimensional Drinfeld A-
modules to higher-dimensional ¢t-modules when A = Fy[t]. Anderson also discussed purity,
isogenies and uniformization of Anderson A-modules, thereby building up a theory similar to
the theory of abelian varieties over number fields. We modify their definition slightly so that
() may be an arbitrary function field with ring of integers A.

Definition 0.1.2. Let (k,v: A — k) be an A—ﬁeldﬂ and d, r positive integers. An (abelian)
Anderson A-module of rank r, dimension d and characteristic v over k is a pair E = (E, ¢),

! See Definition m
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where F = Gi i 1s the d-dimensional additive group scheme over £ and
p: A— Endyp, (E) = Matgxq(k[T]), a— @4 = @(a)
is a ring homomorphism such that
(To(wa) —v(a))? =0 on the tangent space ToF = Matgy (k) at the identity

and the group of Fy-linear homomorphisms M*(E) := Homgp,(Gax, E) is a locally free
Aj-module of rank r under:

A3a: mr— PYgOom

k>b: m—mob.

Yu established a whole transcendence theory for Drinfeld A-modules and ¢-modules, and
the topic gained interest of several fellow researchersﬂ Papanikolas recently achieved in 2008
a new result on the transcendence degree of periods and quasi-periods. We shall explain the
classical conjecture by Grothendieck on the periods and quasi-periods of an abelian variety
that motivated Papanikolas’s work.

The first Betti homology group H;(X(C),Q) of an abelian variety X of dimension d over
a number field K C C carries a Hodge structure over Q. In [DMOS82|, P. Deligne shows
that the category of Hodge structures over Q is a Tannakian category over QQ, that is, an
abelian category with tensor products and duals together with a Q-linear functor w. By
Tannakian duality one can define an algebraic group G such that the category ,@/Q(G) of
finite-dimensional representations of GG over Q is equivalent to the Tannakian category over
Q. The Hodge group, also Mumford-Tate group, Gx of the abelian variety X is defined to be
the algebraic groups associated with the Tannakian subcategory generated by the rational
Hodge structure Hi(X,Q) and the Tate twist Q(1). Moreover, the natural isomorphism
HLo(X)®@x C S HE(X) ®g C is given by period integrals. Its defining matrix P is called
the period matriz of X, that is

P = (/ 5j> = ()\mnmmnhgmgd, 1<n<d € Matggx24(C),
Ai 1<i,j<2d

where A, are the periods and 7,,, the quasi-periods of X. Deligne then shows the following
result on their transcendence degree through its Hodge group:

Corollary 0.1.3 ([DMOS82, Prop. 1.6.4]). Let X be an abelian variety of dimension d over
Q, P its period matriz and G x the Hodge group of X. Then

tr. degg Q (P;j|1 < i,j < 2d) < dim G.

Grothendieck’s period conjecture then says that the above inequality is an equality and
Papanikolas wants to obtain an analog in the function field setting.

Corresponding to the classical number field situation in 1997, R. Pink developed a Tan-
nakian category of Hodge-Pink structures over function fields [Pin97a] to show the analog
of the Mumford-Tate conjecture on the Hodge group of an abelian variety [Pin97¢, [Pin97h].
The Betti cohomology realization of a pure uniformizable Anderson A-module E is given in
terms of its period lattice Ag

Hgp(E,A):=Ap, Hp(E,B):=Ag®4B and HL(E,B):=Homu(Ag, B)

2 For various aspects of transcendence in positive characteristic, see [Tha04) §10].
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for any A-algebra B. Similarly as in the classical case, Hg(E, Q) determines a pure Q-Hodge-
Pink structure H. We define its Hodge-Pink group to be the algebraic group corresponding
by Tannakian duality to the strictly full Tannakian subcategory over () generated by H. We
can then translate Grothendieck’s period conjecture to the function field case as follows.

Conjecture 0.1.4 (Grothendieck’s period conjecture for function fields). Let E be a pure
uniformizable Anderson A-module of dimension d over () C Q«, P its period matrix and Gg
its associated Hodge-Pink group. Then

tr.degs Q (Pij|1 <i,j < d) = dim Gg.
Q J E

We will show this conjecture through another conjecture on the Hodge group of an abelian
variety - the Hodge conjecture, which has its origins in Hodge’s book [Hod41]. Both conjec-
tures belong to the theory of motives, which was invented by Grothendieck. A pure motive
is assigned to a smooth projective variety in order to obtain a universal cohomology theory.
Deligne goes on in his article [DMOS82] to construct a Tannakian category M of pure mo-
tives over Q in several steps. Moreover, Deligne describes a functor h'! from the category of
abelian varieties up to isogeny to a subcategory M™! of M that is an anti-equivalence of
categories [DMOS82, Prop. 6.21]. The motive h!(X) assigned to an abelian variety X over
K C C generates a strictly full Tannakian subcategory over Q. The corresponding algebraic
group ['y defined by Tannakian duality is called the motivic Galois group of X.

Conjecture 0.1.5 (Hodge conjecture). The Hodge group G x and motivic Galois group I'x
assigned to an abelian variety X over K C C are isomorphic.

Correspondingly over the rational function field, Anderson introduced t-motives and the
notion of isogenies, purity and rigid analytically triviality of ¢-motives in [And86]. Further-
more, Anderson defined a functor from the category of pure uniformizable t-modules up to
isogeny to the category of pure rigid analytically trivial {-motives up to isogeny that is in
fact an anti-equivalence of categories. In joint work of Anderson, W. D. Brownawell and Pa-
panikolas in 2004, the definition of {-motives was changed slightly due to technical advantages
[ABP04]. The resulting objects are called pure dual t-motives, whose definition we generalize
to arbitrary function fields as follows:

Definition 0.1.6. Let (k,v : A — k) be an A-field, r,d € N and ¢* the endomorphism of
A = A ®p, k, which maps an ¢ ® 8 to a ® 5‘1_1 fora € Aand 6 € k. A dual Anderson
A-motive of rank r, dimension d and characteristic vy over k is a pair M = (M, oyy) where M
is a locally free Ap-module of rank r and oy : ¢*M := M ®4, o« A — M is an injective Ay-
homomorphism such that M is finitely generated over k[o] where o : M — M is the ¢*-linear
map induced by O’M dimy, coker oy = d and (a ® 1 —1® y(a))? = 0 on coker oy.

As done by Anderson, we define isogenies, purity and rigid analytic triviality of dual
Anderson A-motives. The latter is equivalent to the existence of a matrix ¥ called rigid
analytic trivialization. Moreover, we prove that the category of pure rigid analytically trivial
dual Anderson A-motives of positive rank and dimension over k up to isogeny is equivalent
to the category of pure uniformizable Anderson A-modules over k up to isogeny.

Papanikolas used the fact that, over the rational function field, the matrix W(#) corre-
sponding to such a rigid analytically trivial dual Anderson A-motive with 6 := ~(¢) is related
to the period matrix of the corresponding Anderson A-module. In order to have a Q-linear

3 See Lemma m
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theory, he introduced pre-t-motives. Rigid analytical triviality of pre-t-motives is similarly
defined as for dual Anderson A-motives and equivalent to the existence of a rigid analytic
trivialization W. Rigid analytically trivial pre-t-motives are called t-motives whose category
Papanikolas proved to be a Tannakian category over () [Pap08, Thm. 3.3.15]. We extend the
definition of pre-t-motives to arbitrary function fields as follows:

Definition 0.1.7. Let » € N be a non-negative integer and gé the endomorphism of Q) =
Quot(Ag) induced by ¢* : Ay — Ag. A (dual) Papanikolas Q-motive of rank r and char-
acteristic v over k is a pair P = (P,op) where P is a Q-vector space of dimension r and
op:soP — P a Qp-isomorphism.

Roughly speaking, when @@ = [F,(¢) we assign by “tensoring with @)” a rigid analytically
trivial Papanikolas Q-motive called a pure dual t-motive P to a pure rigid analytically trivial
dual Anderson A-motive M. The Galois group I'p is defined to be the algebraic group given
by Tannakian duality to the strictly full Tannakian subcategory generated by P.

Theorem 0.1.8 ([Pap08, Thm. 5.2.2]). Let P be a pure dual t-motive of rank r over Q C Qoo,
U a rigid analytic trivialization and I'p its associated Galois group. Then

tr.degsQ (P (0);5|1 <i,j <r)=dimIp.
Q J P

Following Taelman in [Tae09], we show that a pure dual t-motive P over C,, consists of
a pure rigid analytically trivial dual Anderson A-motive and a tensor power of the function
field analog of the Tate twist. This allows us to assign a Hodge-Pink structure together with
its Hodge-Pink group to P. We may then prove the analog of the Hodge conjecture (Theorem
4.2.19)).

Theorem 0.1.9 (Hodge conjecture for function fields). Let P be a pure dual t-motive over
Cs. Then its associated Galois group and Hodge-Pink group are isomorphic over Q.

By Tannakian duality, the corresponding Tannakian categories must be equivalent. Re-
markable about this result is that it relates Hodge-Pink theory and Papanikolas’s theory, and
therefore objects which are constructed in an entirely different way.

In combination with Papanikolas’s transcendence result, we obtain Grothendieck’s period
conjecture for function fields as desired. Depending on whether an elliptic curve has suf-
ficiently many complex multiplication, the classical conjecture can be stated as follows for
elliptic curves.

Conjecture 0.1.10 (Cf. [DMOS82, Rem. 1.8]). Let E be an elliptic curve over Q, P =
(fy. 0;) its period matrix and Gk the Hodge group of E. Then

— . 2 if E is of CM-type,
tr. degQQ(/)\i 0;) = dim Gp = { 4 otherwise.

Similarly as done in complex multiplication theory of abelian varieties, we then introduce
Anderson A-modules of CM-type. As an application, we determine the Hodge-Pink group
of a pure uniformizable Anderson A-module of rank r over k C C,, of CM-type under some
conditions. Its dimension is r and together with Pinks main theorem in [Pin97a], we may
determine the transcendence of the periods and quasi-periods of a Drinfeld F,[t]-module of
rank 2 over Q C Q. We obtain the precise analog of the previous conjecture for elliptic

curves (Theorem [5.2.16)).
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Summing up, the interest of most researchers in the arithmetic of function fields is twofold:
On the one side, the results are beautiful by their own. For this, the references [And04,
DMOS82, [Gos96] respectively introduce the theory of motives, the Tannakian categories
discussed here and function field arithmetic. On the other hand, the analogies between
function field arithmetic and classical algebraic number theory are intriguing and results in
one theory may reveal and inspire connections in the other one. For this purpose, D. S.
Thakur’s book [Tha04] and Goss’s article [Gos94] may serve as an overview. The latter also
discusses L. Denis’s proof of Fermat’s Last Theorem for function fields - in the sense of A.
Weil [Wei79, p. 408]:

Nothing is more fruitful - all mathematicians know it - than obscure analogies,
those disturbing reflections of one theory on another; those furtive caresses, those
inexplicable discords; nothing also gives more pleasure to the researcher.

0.2 Outline

In Chapter 1 we first fix notations and recall basics that are needed in definitions that are
spread over the thesis. In particular, affine group schemes are introduced through the no-
tion of representable functors. These are also needed in the second section, where neutral
Tannakian categories are defined and the principle of Tannakian duality is explained. Of
importance is Proposition that gives equivalent conditions to show that affine group
schemes obtained by Tannakian duality are isomorphic and hence the corresponding Tan-
nakian categories are equivalent. The chapter ends with a short introduction to Tate’s theory
of rigid analytic spaces and the rigid analytic GAGA principle.

The goal of the second chapter is to associate a pure dual t-motive with a pure rigid an-
alytically trivial dual Anderson A-motive that generates a Tannakian category over () when
Q = F,(t). We start with the general definition of dual Anderson A-motives and isogenies
between dual Anderson A-motives. We show that being isogenious is an equivalence relation
and define Papanikolas ()-motives. Next we introduce algebraic o-sheaves, purity and tensor
products of dual Anderson A-motives and Papanikolas Q-motives. Afterwards we discuss
rigid analytic o-sheaves and rigid analytically triviality of dual Anderson A-motives and Pa-
panikolas @)-motives. We denote the category of pure rigid analytically trivial dual Anderson
A-motives up to isogeny and the category of pure rigid analytically trivial Papanikolas Q-
motives by PRZP./" and PR respectively. We give a well-defined fully faithful functor
P PRI — PR, and show that P is a neutral Tannakian category over Q. As
done by Papanikolas when @ = F,(t), we let the category &.7 of pure dual t-motives be
the Tannakian category generated by the essential image of P : PRt — PA. Follow-
ing Taelman, we then define a Tannakian category 227’ of a pure dual t-motives that is
equivalent to 2.7 and a fully faithful functor P’ : P# P/t — 2.7’ The linear algebraic
group associated with the Tannakian subcategory generated by a pure dual t-motive P by
Tannakian duality is called the Galois group of P. We finally mention systems of o-linear
equations invented by Papanikolas, which lead to his main transcendence result on the periods
and quasi-periods of a pure dual t-motive.

In Chapter 3, we first recall the definitions of filtrations and pure resp. mixed Q-Hodge-
Pink structures. We then define the category %«?gQ of pure )-Hodge-Pink structures, which
is a Tannakian category over (). We may consider the Tannakian subcategory generated by
a pure Q-Hodge-Pink structure H and call the associated linear algebraic group given by
Tannakian duality Hodge-Pink group of H. Some later needed properties of Hodge-Pink
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groups are mentioned and Hodge-Pink additivity of a Hodge-Pink structure is defined. The
latter allows us to define Hodge-Pink cocharacters, which will be useful in the main proof of
Chapter

Most work is done in the fourth chapter, where we show the Hodge conjecture for function
fields. We first construct a map p from the Galois group of a pure dual t-motive over C, to
the Hodge-Pink group of a pure Q-Hodge-Pink structure. In order to do this, we introduce the
category PU .#" of pure uniformizable Anderson A-modules up to isogeny, which we show
to be equivalent to the category P XY oS J{ of pure rigid analytically trivial dual Anderson
A-motives of positive rank and dimension up to isogeny. Then a pure uniformizable Anderson
A-module over C,, gives rise to a pure ()-Hodge-Pink structure that we associate with the
corresponding pure rigid analytically trivial Anderson A-motive over Co,. We give a functor
T: P27 — /y[/Q that induces a group scheme homomorphism p from the Hodge-Pink
group of 7 (P) to the Galois group of a pure dual t-motive P over Cq.

In order to prove the Hodge conjecture for function fields, we need to show that u is an
isomorphism. By the equivalent conditions stated in [DMOS82, Prop. 2.21], we want in
particular to find a corresponding pure dual sub-t-motive R’ of a pure dual t-motive R in
the Tannakian category generated by P to any pure sub-Q-Hodge-Pink structure H' of the
pure Q-Hodge-Pink structure 7 (R) such that 7(R') = H'. In order to do this, we define
F-modules following [HarI0] which live on rigid analytic disks centered around co. By using
the additional information that purity gives at co we may associate an F-module with R.
Following unpublished ideas of Pink for non-dual Anderson A-motives over Cy, we find a
sub-F-module to the pure sub-Q-Hodge-Pink structure H' through the classification of F-
modules that was studied first in [HP04]. Roughly speaking, by applying the rigid analytic
GAGA principle to the underlying rigid sheaves, we obtain the desired algebraic pure dual
sub-t-motive R’ over Cy, that satisfies 7(R') = H'.

In the last chapter we combine Papanikolas’s main theorem with the just proven iso-
morphism, yielding Grothendieck’s period conjecture for function fields. We define complex
multiplication (CM) of dual Anderson A-motives and determine the Hodge-Pink group as-
signed to a pure rigid analytically trivial dual Anderson A-motive over a complete field
Qs C k C Cy that has sufficiently many complex multiplication through a @-algebra F
if F/Q is either separable or purely inseparable. This result and Pink’s main theorem of
[Pin97a], allow us to calculate the dimension of the Hodge-Pink group of a pure uniformiz-
able Drinfeld F,[t]-module over @ C Q. We obtain the precise analog of Grothendieck’s
period conjecture for an elliptic curve over Q.
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1. PRELIMINARIES

This chapter has three components: required basic definitions needed throughout the thesis,
a short introduction to Tannakian theory and an overview over rigid analytic geometry. Most
importantly, we shall explain in the second section the concept of “Tannakian duality”, by
which Galois groups and Hodge-Pinks groups are defined. The material of the last section
is for instance needed to define rigid analytic trivializations of dual Anderson A-motives and
Papanikolas Q-motives in terms of Tate’s rigid analytic spaces, and the explanation of the
rigid analytic GAGA principle. We use the latter in Section where we prove that the
Hodge-Pink group and Galois group are isomorphic.

As this thesis addresses people with algebraic geometry background, we assume that the
reader is familiar with the geometry of schemes and basics of category theory. We refer the
others to [Har77] and [Ere03] that give a detailed introduction to algebraic geometry and
abelian categories respectively.

1.1 Basic definitions

For an index of the most important notation occurring in this thesis, we refer to the List
of Symbols. In this section, we first fix notation concerning our base curve C and review
afterwards basics of the n-fold twist, f*-linear maps and [Fy-linear polynomials, which lead
to the definition of the ring of twisted Laurent polynomials. In order to define affine R-group
schemes and the Weil restriction, we introduce representable functors. Through the latter
we also explain the principle of “Tannakian duality” in the next section. We take a closer
look at additive k-group schemes at the end of this section, which we need to study Anderson
A-modules.

1.1.1 Notations

Throughout this thesis, we let C' be a smooth projective geometrically irreducible curve over
F,, where F is the finite field of characteristic p with ¢ = p" elements. Denote the function
field of C by @Q :=F,(C) and let co € C(F,) be a fixed F -rational point. Further, we define
A = O¢(C'\ ) to be the ring of functions regular outside oo so that @ = Quot(A) holds
(cf. [HarO8 Lem. 1.1.2]).

The basic example to keep in mind is

C=Ppr, Q=TFqt), co=(1:0) and A= 0c(C\{oo})=F,lt].
If Q is not the rational function field, we fix from now on a ring homomorphism
i* :Fy[t] — A, t~— a for anon-constant a € A (1.1)

that induces a finite dominant morphism i : C — P§ so that we may view A as a free
F,[t]-module of rank 7 := degi = —[k(00) : Fy| - ordeo(a) (cf. [Har08, Exmp. 2.1.8]). Note
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that i* induces a homomorphism i* : Fy(t) — @ that makes @ into a free F,(¢)-module of
rank 7. We will use this for instance in Section [2.5] allowing us to restrict ourselves to the
case A =TF,[t] and Q = F,(?).

Moreover, we let k£ be a field that contains F, and assume throughout the thesis that
k is perfect, that is, the ¢™® Frobenius map z — 29 is an automorphism of k [Gos96, Def.
1.6.4]. Let k be a fixed algebraic closure of k. We put A := A ®r, k, Qr := Quot(Ag) and
Cy = C XgpecF, Speck, so that we have in the setting of the fundamental example above

A =k[t], SpecAp=A; and Cj=P;.

In the definition of Anderson A-modules and dual Anderson A-motives, k is required to be
an A-field, defined as follows:

Definition 1.1.1. (i) An A-field (k,7) is a perfect field k equipped with a ring homomor-
phism v : A — k.

(ii) The A-characteristic of (k,7y) is the prime ideal A-char(k,~) := kery. We say k has
generic characteristic if A-char(k,~) = (0) and finite characteristic if A-char(k,~) is a
maximal ideal.

In order to define purity of dual Anderson A-motives and Hodge-Pink structures over
local function fields, we also need to introduce completions of the rings just defined. Suppose
P € C\ {generic point} is a closed point of C. Since C is normal, the local ring O¢ p is
a discrete valuation ring with Quot(O¢ p) = Q = Fy(C). Denote the valuation associated
to P as vp, that is, vp(a) := ordp(a) for all a € A. Furthermore, vp defines a normalized
absolute value |a|p := ¢~ (4€P)¥P(@) where deg P is the degree of the divisor P over F,. Write
Ap = @ for the completion of O¢ p with respect to |-|p. By [Ser79, Ch. 2 §4] we see that
Ap = Fplzp] if zp is a uniformizing parameter of Ap. Let Qp = Fp((zp)) be the function
field of Ap and fix an algebraic closure Qp together with the canonical extension of vp (cf.
[Gos96, §2]), denoted also by vp. Define the completion of @ p with respect to |- |p to be Cp
and equip it with the extension of vp. Note that Cp is an algebraically closed field [Gos96],
Prop. 2.1]. Further, we also write | - |p for the associated absolute values to the extensions
of vp to Qp and Cp. Finally, set

_ |
App = Ap®pk = (Ocp®r,) = (Fpog, k)[z] and
Qrr = Quot(Apy) = (Fp ®F, k)(2p))

where & is the complete tensor product. We assume that Fo, = F, so that A, ; = k[2] and
Qoo i = k((2)) for a uniformizing parameter z of Au.

Moreover, we fix an algebraic closure Q@ C C4, of Q. We impose further restrictions on k
as we progress, finally focusing on the case that k C C is a perfect and complete field that
contains Q. Note that this means that k& has generic characteristic through the inclusion
VA= Q = Qo — k.

1.1.2 The n-fold twisting operation

We call a formal power series f = Zie(@ a;t' a Hahn series f in t with coefficients in k if
supp(f) :={i € Q | a; # 0} is a well-ordered subset of Q. This implies that the Hahn series
in ¢ with coefficients in k£ form a field under the ordinary addition and multiplication, which
we denote by k‘[[tQ]]. For later purposes, we introduce the n-fold twisting operation on Hahn
series and matrices consisting of such.
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Definition 1.1.2. Let n € Z be an integer.

(i) We define an automorphism gz[[t(@ﬂ : k[t9] — k[t9] by setting

g,:[[t(@]] Zaiti ::Za?ti.

i€Q 1€Q

Its inverse is the automorphism F];k[[t@}] : k[t9] — k[t9] given by

M Z ot | = Z adtt.

i€eQ i€Q
(ii) The n-fold twist of a Hahn series f = Y7, o ait’ € k[tQ] is

f(") = Z agnti.

i€Q
(ii) For a matrix X with Hahn series entrywise, we define its n-fold twist X™ by the rule

(X5 = (X)),

Note that g;;[[t@]] defines automorphisms of several subrings of k[tQ]; for example, k, k]

and k(t). For any such subring R of k[t?], we denote the induced automorphism by <%, or
by abuse of notation ¢*, and put R = {f € R | s*(f) = f}.

Moreover, consider an R-algebra B and a ring extension R C R’ C k[t?] such that g,’;[[t@ﬂ
induces an automorphism of R’ and R and R®" = R holds. We then extend the n-fold twisting
operation to the R’-algebra B®pr R’ by requiring it to act as the identity on B. Furthermore,
we define the n-fold twisting operation on matrices with entries in B ® g R’ entrywise as
above. Observe that this applies in particular to the k[t]-algebra Ay = A ®p, 4 k[t] and the
k(t)-algebra Qr = Q ®F, 1) k(1)

1.1.3 f*-linear maps

The notion of an f*-linear map is mostly needed in Chapter [2| when we define dual Anderson
A-motives and Papanikolas Q-motives over k. For example, we want to see that we may
replace the Ajg-homomorphism underlying a dual Anderson A-motive with a ¢-linear map.

In oder to do this, we let R and R’ be commutative rings, f* : R — R’ a ring homomor-
phism, M an R-module and N an R’-module. A map ¢ : M — N is f*-linear if

¢(rm) = f*(r)p(m) and ¢(m+m’) = $(m) + $(m’)
for all r € R and m,m’ € M. Put
F*M =M ®p - R,

and make f*M into an R’-module by setting r'(m ® s') :== m® s'r’ for all ', s’ € R', m € M.
The next lemma then shows that one may equivalently define an f*-linear map ¢ : M — N
instead of an R’-homomorphism % : f*M — N.
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Lemma 1.1.3. (i) The map f3;: M — f*M, m — m® 1, is an f*-linear map.

(i1) If ¢ : M — N is an f*-linear map, then ¢ induces an R'-homomorphism
) ) n n
P fFM =N, glin (Z m; ® r{) = Zr;¢(mz) for all i € R, m; € M,
i=1 i=1

which satisfies ¢ = H™ o Ui
(iii) An R'-homomorphism ¢ : f*M — N defines an f*-linear map
WM SN mes g(mel),
so that (I )i — o),
Proof. Part (i) is clear since we have for all r € R and m,m’ € M
falrm) = (M) ® 1 =m® f*(r) = f*(r) fir(m)

and
fam4+m)=m+m)@l=m®1+m'®1=f{(m)+ fi(m).

As ¢li™ is f*-linear by definition and (¢ o f3;)(m) = ¢'""(m ® 1) = ¢(m) for all m € M, we
only need to check that ¢ is well-defined. This is the fact because

¢ (rm @ r') = 1'¢(rm) = o' f*(r)p(m) = f*(r)r'$(m) = ¢ (m & f*(r)r')

forallme M, r € Rand v € R'.
To see (iii), note that for all » € R and m,m’ € M,

I (rm) = p(rm @ 1) = Y(m @ f5(r) = FF(r)Pme 1) = f*(r)! " (m)
and
P m 4 m') = Y((m+m) © 1) = Ym e 1) + ' © 1) =/ (m) + ¢/ ')
hold and thus ¥/ " is f*linear as desired. Finally, it does satisfy
(1/)f* _lin)lin(z m; ® 7“ ZT 1,Z)f hn Z Tl 1/1 m; ® 1) Z m; ® r
i=1
for all elements > ;m; ® i € f*M. O

To ease notation, we occasionally denote the image fy;(m) of an m € M under f;; by f*m
Let us now consider an R’-homomorphism % : f*M — N and the induced f*-linear map
/" M — N. Observe that (17 )" : M — N is an (f*)"-linear map. We write

()" =t o ffpo---o(f)" p: (f)"M =N

for the R’-homomorphism ((z/" m)m)lin: ()" M — N given by the above lemma.
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1.1.4 The ring of twisted Laurent polynomials
Let us recall the definition of absolutely additive and [F4-linear polynomials.

Definition 1.1.4. Let {z;,y;}¢_; be a family of independent commuting variables and f =
f(z1,...,2e) € k[z1,..., 2] a polynomial.

(i) We say that f is absolutely additive over k if
f(wl—i_ylv"'vxe—i_ye) :f('xl,-'-,xe)+f(y17---7ye)-
(ii) Let f be an absolutely additive polynomial. We say that f is F,-linear if it satisfies

flexy,...;cxe) =cf(x1,...,xe)
for all c € IFy.

We will use frequently the following equivalent conditions for a polynomial in k[z1, ..., ]
to be absolutely additive or F-linear.

Lemma 1.1.5. Let {x;,y;}5_; be a family of independent commuting variables and f =
f(z1,...,2e) € k[x1,..., 2] a polynomial.

(i) f is absolutely additive if and only if f is a p-polynomial, that is, f is of the form

pi
o e ) 00 I
_ 2 :2 : p'__ 2 : .
f - ai,jmj — (ai,l) cee 7ai,e) : )
=0 7=0 =0 Pl
Te

with o; j € k, and a; ; = 0 for i > 0.

(it) f is Fq-linear if and only if f is a g-polynomial, that is, f is of the form

q
oo e ) o0 L1
_ E :E : q _ 2 : .
f - al,jxj - (a’i,ly ) 7ai,€) : 3
1=0 7=0 1=0 i
J 24

with o; j € k and o j = 0 for i > 0.

Proof. For (i), c.f. [Hum75, §20.3 Lem. A]. _
To see (ii), suppose f = f(x1,...,%c) = 00 ijo amx?z, with «; j € k and «;; = 0 for
i > 0 is a p-polynomial and let ¢ € I, arbitrarily. Define r such that ¢ = p" and consider

oo e co e )

@ i @

flexy, ..., cxe) = E E a; j(cx;)P = g E o jcf x? .
i=0 j=0 i=0 j=0

This is equal to
o e ) o e )
_ P _ P
cf(x1,...,me) =c E E o Ty = E E oy T
i=0 j=0 i=0 j=0

if and only if «; ; = 0 whenever r does not divide j, giving us the desired result. O
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Example 1.1.6. (i) The polynomials 7‘;; tk—k, x— l’pi, i € N, are absolutely additive
over k. Viewing 7, as a non-commuting variable, we may write each absolutely additive

polynomial f(z) =372, a;zP" in k[z] as a polynomial in 7,, that is, f = Do T

(ii) For all i € N, consider the polynomial

1 xd

T kS — kS, : =z -z = : ,
i
Te xd

which is easily seen to be an Fy-linear polynomials over k°. Viewing 7 as a non-
commuting variable, we may write each [Fy-linear polynomial

flz) = Z Zai7jx?i (with a; 5 € k and oy ; = 0 for i > 0)

i=0 j=0
in k[z] = k[z1,...,2.] as a polynomial in 7, that is f =Y 5% (i1, .., Q)T
Since k is perfect we may define the inverse o : k¢ — k€ of 7 and o' := (771)% : k¢ —

ke, x — 29§ e N. Viewing 7 as an invertible non-commuting variable, we also obtain

“polynomials” in ¢ = 77!. Considering the ring spanned by linear combinations of the

monomials 7¢, i € Z, leads to the following definition:

Definition 1.1.7. The ring of twisted Laurent polynomials k[, 7] is obtained by adjoining
an invertible non-commuting variable 7 to k£ subject to the relations

Tao = o7 for all o € k.

By definition each element ¢ € k[r,77!] can be written as a unique sum ¢ = Y, ., ;7
for some «; € k,a; = 0 for |7] > 0. We add such elements termwise and multiply them by
the rule

i il _ g’ _i+j
(Sor) (S ) -
i€z JEZ i€Z €L

We further define the following rings related to k[r,71]:

k[r] := The subring generated by k and 7,

k[t;7] := the ring obtained by adjoining a central variable ¢ to k[7],
klo] := the subring generated by k and o = 771,

k[t;o] := the ring obtained by adjoining a central variable ¢ to k[o].

Note that the following relation holds in k[o]:

oo = a%a for all o € k.

Properties of k[7] as the existence of right and left division algorithms are discussed in [Gos90,
§1.6] and carry over to k[o].

An element in the matrix space Matgy.(k[T,77!]) has a unique presentation of the form
>icz a T for some oy € Matgye(k), agy = 0 for |i| > 0.
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Addition in Matgy.(k[r,77!]) is then termwise, and multiplication is given by the rule

(Z %)TZ) S 8T | =D aps .

i€Z JEL €7 jEL
Definition 1.1.8. (i) We define the asterisk operation to be the unique involutive antiau-

tomorphism k[r,77!] — k[r,77!], given by ¢ + ¢* such that 7* = 77! and 2* = z for
allz e K.

Thus we can “asterisk” an elements in k[, 77!] as follows:

(Z om’i> = Z Ty = Z Ozg_iT_i = Z az(*i)ai.
i€z €L i€Z i€Z
(ii) We define the dagger operation(¢ — ¢1) : Matgye(k[T,771]) — Matexq(k[r, 771]) en-
trywise by setting
(@i = (95)".

Thus we can “dagger” an element Y., a7 € Matexa(k[r, 77']) as follows:

T
i) _ —i tr (=) \"_—i _ (=)\"
(Z%W) =27 O‘(n—Z(a(i) ) 4 —Z<%> ) 7
i€Z i€Z i€Z i€Z

Remark 1.1.9. (i) The dagger operation maps a matrix in Matgy.(k) to its usual transpose

in Matexq(k).
(ii) We have for all f € Matexa(k[r,77]), g € Matgxe(k[r,77']) and ¢ € k[r,771]:
(fg)]L = QTer, (Cf)T = fTC* and (fc)T — C*fT.

1.1.5 Representable functors and affine R-group schemes

Throughout this section, we let R and R’ denote arbitrary rings. Affine group schemes
over k/F, are the major objects occurring in the definition of Anderson A-modules and
(dual) Anderson A-motives, both defined over k. Recall that an R-scheme X is a scheme X
equipped with a morphism 7 : X — Spec R; X is alternatively called a scheme over R.

At the end of this section we define additive algebraic group schemes over k whose corre-
sponding k-algebras are isomorphic to k[z1, ..., z,] and investigate their composition rings of
F,-linear homomorphisms (Definition that will be isomorphic to matrix spaces with
entries in k[7].

Let us now define the functor of points hx of an object X in a category 4. We later see
that hy fully determines X by Yoneda’s Lemma (Lemma [1.1.12).

Definition 1.1.10. Let % be a category and X an object in %.

(i) The functor of points of X is the covariant functor

hy : €° — T
from the opposite category of € to the category of sets given by
Ob(%) 5Y — Hom(Y, X) and
Hom(Y, Z) > f— Hom(hx(Z),hx(Y)) with Y, Z € Ob(%),

the latter by taking g € hx(Z) = Hom(Z, X) to go f € hx(Y) = Hom(Y, X).
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(ii) We call the set hx(Y) = Hom(Y, X)) the set of Y -valued points.

We then consider the covariant functor
h:€— Fn(€°,F0), X — hx,

from the category of schemes to the category of covariant functors from €° to Sz, The
morphisms in the category of functors are functorial morphisms, defined as follows:

Definition 1.1.11. (i) Let F' and G be functors from a category ¢ to a category Z.
We define a functorial morphism or natural transformation n from F to G by asso-
ciating a morphism 7y : F(X) — G(X) in Z with each object X in ¥, such that
for all morphisms f: X — Y in % the following diagram is commutative

F(X) 25 G(X)

(ii) A functorial morphism 7 is called a functorial isomorphism if nx is an isomorphism in

2 for all X € Ob(%).

(iii) Two functors F' and G are said to be isomorphic if there exists a functorial isomorphism
7 between them.

Suppose X and X' are objects in a category 4 and F': €° — T4 is a covariant functor.
Then there is a canonical mapping

¢ : F(X) = Hom(hx, F), nw— v (F))n).

Lemma 1.1.12 (Yoneda’s Lemma, cf. [BLRI0, §4.1 Prop. 1]). (i) ¢ is bijective; that is,
the natural transformations from hx to F are in a natural correspondence with the
elements of F(X).

(ii) The functor h : € — ,%;(%) is an equivalence of € with a full subcategory of the
category of functors.

Now we can finally define what one means by saying X represents a functor F'.

Definition 1.1.13 ([Die82, CI §2]). (i) Let € be a category. A covariant functor F' :
¢° — S is called representable if there exists an X € Ob(%) and an element n €
F(X) such that ¢(n) is an isomorphism of functors. The pair (X,n), or by abuse of
notation X, represents F.

(ii) Let F' be a representable functor. We call the object of F(X) corresponding to idx €
hx(X) the universal family.

It follows in particular from Yoneda’s Lemma that if (X', n’) is another pair representing
F, there is a unique isomorphism w : X = X’ such that n = F(w)(7'), that is, (X,7n) is
unique up to unique isomorphisms.

Let S = Spec R and define the induced covariant functor h% (A) := hx(Spec A) for an R-
algebra A from the category R—sges of R-algebras to the category of sets. As mentioned
earlier, we make the following definition:
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Definition 1.1.14 ([Wat79, §1.4]). (i) A Hopf algebra A over R is an R-algebra A to-
gether with R-algebra maps

wWA—- AR A ef:A—-R i":A— A

called comultiplication, counit and coinverse, respectively such that the following dia-
grams commute:

id * e* i i*,id
AorAor A" 4004  RopALAgpA AV Asp4

S S

A®pr A A Rop A<= A A A.

(ii) We call an R-scheme G an affine group scheme over R if one of the following equivalent
conditions (Lemma [1.1.12)) is satisfied:

(a) Its functor of points hy :R—egetows — Feu factors through the forgetful functor
%‘W — %% from the category of groups to the category of sets.

(b) There is a Hopf Algebra A over R such that G = Spec A so that the R-morphisms
p: Gx G — G (group multiplication), e : Spec R — G (unit) and i : G — G
(inverse) induced by p*, e* and i*, respectively, then satisfy the usual group laws
associativity, left unit and left inverse.

Furthermore we call an affine group scheme GG = Spec A over R algebraic, or an algebraic
group, if the corresponding R-algebra A is finitely generated.

(iii) An R-morphism ¢ : G — G’ (that is, 7 = 7’ 0 ) is called a homomorphism of R-group
schemes if

poi=iop:G—G, =9poe:R— G and p// o (p,p) =pou:GxgG— G
We set
Hompg(G,G") := {¢ : G — G’ homomorphism of R-group schemes}
and Endg(G) := Homg(G, G).
We now give the examples of closed algebraic groups that occur later in this thesis.

Example 1.1.15. (i) We call G, g := Spec R][t] the additive group over R. Its maps are
given by their induced maps on the R-algebras as follows:

(1) =0, i*(t)=—t and p*(t)=t®1+1®¢tc R[t]@r R[t] = R[t1, t2].
=:t1+t2

If R = K is a field, we define the affine line over K to be A}( = Gg k. This way we
may regard the affine n-space A’ over K as

% =Gy g = Ga ik Xspeck -+ Xspec K Ga,;x = Spec K[t1, ..., tn].
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(ii) The general linear group over R is GLj, g, the group of all invertible n x n matrices
with entries in R with the ordinary matrix multiplication as group operation. Thus
GL,, g is represented by Spec Rla;;, det(a;;) '] and its maps are given by

e*(aij) = 0ij, p*(aij) = D j—y aik ® a; and
*(aij) = (=1)"* det(ai;) ™" det(arm)itjmeti

The matrices with determinant 1 and entries in R form the special linear group SLj, gr.

The group of upper triangular (n x n)-matrices with entries in R and all diagonal entries
1 is the unipotent group U, r over R. Its name comes from the fact that all elements
M in U,, g are unipotent since 1 — M is nilpotent; that is, (1 — M)" = 0.

Furthermore, the multiplicative group over R is Gy, g := GL1 gp = R* with p*(z,y) =
zy, i*(z) = 271 and e* = 1. If R = K is a field, then G,, i is the affine open subset
K* of the affine line A}{.

Following [Wat79, §4.2], we call SL, x and any closed reduced subgroup of SL, x an
algebraic matriz group over K if K is an infinite field. Moreover, the term linear algebraic
group over K found in the literature corresponds to the definition of a smooth affine K-group
scheme, that is, an affine K-group scheme G such that G = G xg Spec K is an algebraic
matrix group over K, where K denotes an algebraic closure of K (cf. [Wat79, §4.5, §11.6]).

In fact, all affine K-group schemes in this thesis are algebraic and by [Wat79, Thm. 3.4]
isomorphic to closed subgroups of GL, x for some n € N and therefore algebraic matrix
groups over K if K is infinite. Obviously, any algebraic matrix group is a linear algebraic
group and of special interest will be the reductive linear algebraic groups.

Definition 1.1.16 (Cf. [Wat79, §4]). (i) An algebraic matrix group over K is called re-
ductive if its unipotent radical is trivial.

(ii) A linear algebraic group G over K is said to be reductive if the algebraic matrix group
% is reductive.

Before taking a closer look at algebraic groups isomorphic to Gi x» we want do discuss the
existence of the Weil restriction which we need in Section B.11

Definition 1.1.17. Let #* : R — R’ be a ring homomorphism. For any R’-scheme X',
consider the covariant functor

Rp/r(X') : Rosdimes® — T, Y > Homp (Y x g Spec R/, X')

from the category of R-schemes to the category of sets. If Rp//p(X ') is representable, we
denote the corresponding R-scheme by Ry p X "and call it the Weil restriction of X'.

If the Weil restriction Ry g X’ of an R'-scheme X' exists, it is hence characterized by its
universal property in form of a functorial isomorphism

Hompg (Y, Rp/ g X') = Homp/ (Y X g Spec R, X')

of functors for all R-schemes Y.
The following criterion for the existence of the Weil restriction is due to Grothendieck,
here given in a simple version:
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Theorem 1.1.18 (Cf. [BLR90, Thm. 7.6/4]). Let R’ be a free R-module of rank d and X' an
affine R'-scheme. Then there is an R-scheme X which represents %R//R(X’). In particular,

Rp/rGar = G g
Lemma 1.1.19. Let R be a ring and R’ a finite R-algebra. Then
dim %R’/RGTI’L,R’ = [R/ : R]

Proof. By definition, we find that G, p = (R')* — G, g’ is an open immersion. It follows
from [BLRO0, §7.6 Prop. 2| that the Weil restriction respects open immersions; that is,
Thm. [TI8 [R':R]

~

Rpr /RGm,r — Rp)rRGa R/ = G a,R 18 an open immersion and moreover
dim %R’/RGM,R’ = [R/ : R] O

Additive algebraic group schemes

We want to take a closer look at algebraic group schemes isomorphic to Gik that we call
additive algebraic group schemes over k and their composition rings of F4-linear homomor-
phisms. An Anderson A-module will then, roughly speaking, be a pair E = (F, ) where
E is such an additive algebraic group scheme and ¢ is a map into its endomorphism ring of
F,-linear polynomials. Furthermore, endowing the ring of F,-linear homomorphisms over k
from G, to E with the structure of a certain type of a module gives us the associated dual
Anderson A-motive to (E, ). So let us first define the notion of R-linear homomorphisms
and R-module schemes over k.

Definition 1.1.20 ([Har08, Def. 1.1.4]). (i) Let R be a ring with 1. We call a pair (G, ¢)
consisting of a commutative group scheme G over k and a ring homomorphism ¢ : R —
Endy(G) sending r € R to ¢, := ¢(r) an R-module scheme over k.

(ii) Let (G, ) and (G, ¢") be two R-modules. We denote the group of R-linear homomor-
phisms by

Homy, z(G,G') = Homyr((G,¢), (G, ¢"))
: {f € Homy(G,G"): fop,=¢.ofVreR}

and put Endy,2(G) == Endy (G, ) = Homy, (G, 0). (G ).

Then G, is an F,-module scheme over k since I, C k. In Example we have seen
that we may write an [F,-linear k-homomorphism f € Homgr, (G ;, Gax) as an element of

Matixe(k[7]). Note that we have then Homkypq(G;k,Gfll’k) > Matgxe(k[r]) and daggering
provides an identification

Homy g, (GG 4, G2 4) = Matyee(k[r]) > Matoxa(k[o])

m'—>mT,

preserving addition since (mJ{ + mg)T = mj + mg, but reversing multiplication since (m‘i .

mg)Jr =mg - mj.

Recall now that if k’/k is a field extension, we get by evaluating

Gax(k') = Homy(Spec k', G, ;) = Homy,(k[z], k') = K.
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Hence G (k) is isomorphic to k with the addition as group action and we similarly get
Gg x(k) = Matgy1(k). Moreover, the k-valued points or k-rational points of G, are

Gax(k) = Homy(Speck,Gor) = {x € Gap : k(z) =k}

(cf. [EHOO, §VI.1.2]).
An f = Z;’iioo Oz(i)Ti S Matexd(k[T,Tfl]) with Q) € Matexd(k) and Q) = 0 for ‘Z’ >0
induces a morphism

T — Z ) Matgy (k) — Matex (k),

i=—00

which is also denoted by f. We obtain the following result that will help us later to show
that the category of Anderson A-modules and the category of dual Anderson A-motives of
positive rank and dimension are equivalent.

Lemma 1.1.21 ([ABP| §1.2.8]). Regard Matgx1(k) and Mat.x1(k) as Gik(k) and G, (k),
respectively, and let § : Maty.q(k[o]) — Matgx1 (k) be given by

éa(i)gi N 2 (agg)tr

with oy € Matq xq(k), agy =0 for i > 0. Then the following diagram commutes and has
exact rows

o—1)
0 —— Matywa(k[o]) T4 Maty wa(k[o]) ——> Matgsr (k) —— 0

.f’rl .le fl
(c—1)-

0 — Matyxe(k[0]) ——= Mat; xe(k[0]) ——> Matexi (k) —= 0

for every f € Matexq(k[T]), where daggering identifies Mati«q(k[o]) and Mat)«.(k[o]) with
Homg r, (G&k,Gik) and HomyF, (Ga,kaZ’k); respectively.

Proof. We first show exactness. Since (0—1) is clearly injective, let us prove ker 6 = im(c—1).
Suppose

m = Za(i)ai € ker 6 C Mat;«q(k[o])
i=0

with a(;) € Matixq(k). Then 6(m) = Z;L:O(ag%)tr = 0; hence, a(g) = — > 7_ la ) and by
considering the following element in the image of (o — 1)

n—1 n n—1 n
EERT] DD SR I § 9B SRNUEE B ol pRt e

=0 j=i+1 =0 j=i+1 =0 j=i+1
1)) .
_ 2 : 2 : —(i+1) z+1 § : § : Oé O'Z
1=0 j=i+1 i=0 j=i+1
n n n—1 n
}:2: (3—%) i Z Z (3—%) i
= . g — . g
() ()
=1 j=i =0 j=i+1

n—1 n
_ n i (4 _
= amo" +)_apo —Zaé) =
i=1 j=1
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we find that ker § C im(o — 1). To see equality, let

m= Z a(i)ai € Maty«q(k[o])
i=0

with Q) € Matlxd(k), Q) = 0 for ¢ > 0. Then

0((c—1)(m)) = o (0 (Z a(i)a’)) - < a(i)cri>
i=0 i=0

= ¢ (i Ozgi_ll))UZ) -4 (i a(i)ai>
OZ,:l tr ) = tr

- (Ze) - ()
i=1 =0

= 0,

and thus ker § = im(o — 1) as desired.

We see 6 is surjective because for all @ € Matgy (k) : §(a'0?) = a.

The left square of the diagram obviously commutes so we need to check it for the square
at the right. Write

m =Y ago’ € Matixa(klo]), f =) f;7! € Matexq(k[r])
i=0 §=0
with Q) € MathdUﬁ'), Q) = 0 for ¢ > 0 and f(j) S Matexd(k), f(J) =0 for j > 0. Then
=320 (") o7 and

=0 j=0 i=0 j

I
L
[~]¢
=
>
N
=3

\M-/
s
I
[[]3
=
E/,
N
K
N
=
By
N——— o
=

= [(6(m)). O

We want to get a similar isomorphism to the Zariski tangent space of G, . In order to do
this, denote the image of e € Homy(Speck, G, ;) under the isomorphism

G (k) = Homy(Speck, G, p) = {x € Gy : k(z) = k.}

by 0 € Gg . Then the local ring G, 1,0 = k[7](y) of Go at 0 has the maximal ideal mg = (z).
The Zariski cotangent space to Gy, is mo/m% = kx and the Zariski tangent space to G, at
the identity is

T()G&k = Homk(mo/mg, k) = ]C.TJ,

so that ToG, 1 is a vector space of dimension 1 over k. An f € Homy(Gg, Gq k), then
induces a map f* on the local rings and hence on the Zariski cotangent space to G, at the
identity. The dual of that map is

Tof = ()Y : ki — k.
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We can carry [HarO8, Prop. 1.1.6] over to Gg’k, so that TOGZ,k = (k#)®? = Matgy (k) and
an f € Homk(GZ’ o sz) then induces a map f* on the cotangent spaces at the identity and
moreover Tof = (f*)V : (ki)®? — (k#)®¢ so that

Tof = 7)) with ) € Matexd(k).
The following lemma will also be needed to prove the equivalence of the two categories.

Lemma 1.1.22 (JABP] §1.2.8]). Regard Matgx1(k) and Matcx1(k) as Zariski tangent spaces
to Gik and Gg, ;. respectively, at the identity and let do : Mat;«q(k[o]) — Matgyxi (k) be given

by
n .
% <Z a(z‘)ff”) = o).
i=0
Then we have the following commutative diagram with exact rows:

o 1
0 — Mat;yq(k[o]) —Z= Mat; xq(k[o]) —— Matgy1(k) —=0

.ﬁl .ffl Tofl

o- 1
0 — Maty o (k[o]) —Z= Mat; x(k[o]) —— Mateyx (k) —=0

for every f € Mateyxq(k[T]), where daggering identifies Matyyq(k[o]) and Matyx.(k[o]) with
Homy, (Ga,kaZ,k) and Homy f, (Ga,k,ng), respectively.
Proof. Since o is clearly injective, let us show that ker o = im ¢ holds. Suppose
m = Za(i)di € ker &g
=0

with ;) € Matyxa(k), o) =0 for i > 0. Then dp(m) = aEB) = 0, hence o) = 0 and

m= Za(i)ai =0 <Z a(i_H)ai) € imo.
i=1 i=0
Thus ker §g C imo. Let
m = Z a(i)oi € ker §y
=0
with ) € Matlxd(k), Q) = 0 for ¢ > 0. Then

0o (o(m)) = do (O‘ (Z O[(Z')O'i>> =do (Z agi)l)ai"'l)
=0 1=0
— 0,

and thus im o = ker §y as desired.

Notice &g is surjective because for all a € Matgy (k) : 6o(a0?) = a.

The left square of the diagram commutes clearly, so it remains to check commutativity of
the square at the right side. Write

m = Za(i)ai € ker 50, f = Zf(j)Tj S Matexd(k[T])

i=0 §=0



1.2. Tannakian theory 23

with Q) € Matlxd(k:), oy = 0 for ¢ > 0 and f(j) S Matexd(k:), f(]) =0 for 5 > 0. Then
F1=5320(f7")"07 € Matay,(ko]) and

oo

(fT = & (Z au > (f((j;j))traj Z Z a(z H-J )traiJrj

j=0 =0 j=0
= f(o)Oé(o) = Tof(do(m)). m

We want to carry the previous results over to arbitrary additive algebraic group schemes.
We therefore make the following definition:

Definition 1.1.23 (Cf. [Gos96, 5.9.4]). Let E = (GZ . be an additive algebraic group scheme
over k. A coordinate system for E with F & Gd k 18 an isomorphism of algebraic groups

1
p=| | E—~Giy
Pd

Then p induces an isomorphism

Top T()E 5 T()Ga k= Matexl(k)

By fixing such coordinate systems p; and po for £ = Gg’ , and B = Gik respectively, we
get the following identification:

Homy. g, (F, E') = Mateq(k[7]) > Matgse(k[o]), (1.2)

so we may in particular also apply Lemma [1.1.22] and Lemma [1.1.21] to additive algebraic
group schemes.

1.2 Tannakian theory

As mentioned in the introduction, the goal of this thesis is to study relations between the
Tannakian category over ) generated by a pure dual t-motive and the Tannakian category
over @) generated by a pure Q-Hodge-Pink structure defined by Papanikolas in [Pap08] and
Pink in [Pin97a]. This kind of category was studied by Deligne in [DMOS82] and [Del90]
and we recall Deligne’s definition of a neutral Tannakian category over a field K with a
fiber functor w and the properties of Tannakian categories that are of importance to us. In
particular, the priciple “Tannakian duality” is explained in form of Theorem [1.2.10] This
implies the existence of an affine group scheme G corresponding to such a neutral Tannakian
category over K so that this category is equivalent to the category of finite-dimensional
representations of G over K. In Chapter ] we make use of Proposition to show that
the affine group schemes associated with the category generated by a pure dual ¢t-motive
and the category generated by a pure ()-Hodge-Pink structure are isomorphic and the two
categories are equivalent.
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1.2.1 Rigid abelian tensor categories

A Tannakian category is in particular a rigid abelian tensor category. Let us first recall the
definition of additive and abelian categories.

Definition 1.2.1. (i) An additive category is a category € such that

(a) Hom(X,Y) is endowed with an abelian group structure for all objects X,Y €
Ob(%), such that composition of morphisms is bilinear,

(b) ¥ has a final object A which is also an initial object, so that Hom(A, A) = 0,

(c) the product of objects X, Y in € is again an object in ¢’; then it also has a sum
which is isomorphic to the product of the two.

(ii) An additive category ¥ is said to be abelian if

(a) For all morphisms f : X — Y, the morphisms f and 0 have a kernel and a cokernel,
so that there is an exact sequence

' f
I . x v__ P
0

N K.

One defines ker f := j and coker f := p and, by abuse of notation, we denote N
as ker f and K as coker f. N is a called a subobject of X and K a quotient object
of Y.

(b) Every monomorphism is of the form ker f and every epimorphism of the form
coker f.

The basic examples of an abelian category are the category of abelian groups and the
category //a/R of finitely generated R-modules where R is a commutative ring with 1 as
usual. We follow Deligne and require the functor ® underlying a tensor category to satisfy
the compatibility condition with ACU:

Definition 1.2.2. Let % be a category and ® : ¥ x ¥ — ¢ a functor that maps (X,Y) to
X ®Y. We say that (¢,®), or by abuse of notation ¢, is a tensor category if

(a) (%,®) has an identity object; that is, a pair (1,e) consisting of an object 1 € Ob(%)
and an isomorphism e : 1 5 1 ® 1 such that the functor X — 1 ® X : € — € is an

equivalence of categories,

(b) there is an associativity constraint ¢ for (¢,®); that is, a functorial isomorphism
oxyz XY ®2)S5XeY)eZ

such that for all X, Y, Z T € Ob(%) the following diagram commutes:

XoY@(ZoT) ——=(XoY)(Z20T)—=(X0Y)®Z)&T

1®<pi ls@@l

X (Ye2)eT) 7 X®(Y®2)®T,
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(c) there is a commutativity constraint v for (¢, ®); that is, a functorial isomorphism
Pxy : XY SY X
such that
Yy xoxy =idxgy : X ®Y - X ®Y forall X,Y € Ob(%),
and
(d) the associativity constraint ¢ and commutativity constraint ¢ are compatible, which

means that for all X,Y,Z € Ob(%) the following diagram commutes:

XY ®Z) = (XaY)0Z =20 (XaY)

1®wl J{s@
® P®1
XRZRY)—(X®2)Y — (Z X)®Y.

It is easily shown that an identity element of a tensor category is unique up to unique
isomorphisms [DMOS82, Prop. II.1.3]. Moreover, a tensor subcategory (¢',®) is a full
subcategory ¢” of a tensor category (¢,®) that contains an identity object of ¢, which is
closed under the formation of tensor product; that is, X7 ® Xy € Ob(%”) for all X, X5 €
Ob(%¢).

Definition 1.2.3. A tensor category (¢, ®) is called additive (resp. abelian) if
(a) % is an additive (resp. abelian) category and
(b) ® is a bi-additive functor.

One criterion for a tensor category to be rigid is that there exists for all objects X and
Y in € a special object Hom(X,Y') called inner hom that leads to the definition of duals of
objects as follows:

Definition 1.2.4. Let (¥,®) be a tensor category and consider the contravariant functor
F:¢°— %, T— Hom(T ® X,Y) for X, Y € Ob(%¥).

(i) If F is representable by an object of %, then we denote it by Hom(X,Y) and the
universal family corresponding to idsom(x,y) by

evxy € F(Hom(X,Y)) = Hom(Hom(X,Y) ® X,Y).

(ii) If Hom(X,Y) represents F, one defines the dual XV of X to be Hom(X,1).

To see why one writes evx y for the universal family, let us take a look at inner hom’s in the

category M. The inner hom of two R-modules M and N is the R-module Hom r(M,N)
and the universal family is then the evaluation homomorphism evy; y(f ®m) = f(m). More-
over, the dual of an R-module M is M"Y = Hompg (M, R).

Let X and Y be objects in an arbitrary tensor category (¢, ®). Hom(X,Y') represents F
means there is a functorial isomorphism hgom(x,v) 5 F, providing the adjunction formula

Hom(Z, Hom(X,Y)) = hygomx,v)(Z) = F(Z) = Hom(Z ® X,Y) (1.3)
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for all Z € Ob(%’). More precisely, under this isomorphism an f € Hom(Z, Hom(X,Y)) gets
mapped to evxy o (f ®id) € Hom(Z ® X,Y). If we take Y =1, thenevx g : X' ® X — 1
induces an isomorphism

Hom(Z, X") = Hom(Z, Hom(X,1)) 2 Hom(Z ® X, 1)
for all Z € Ob(%). Similarly, we have
Hom(X, (X¥)") = Hom(X,Hom(X",1)) = Hom(X ® X", 1),

and we define iy : X — (XV)V to be the map corresponding to evxgov¢ : X @ XV —
XVeX —1.
Consider now finite families (X;);er and (Y;);er of objects in ¢ and the morphism

Y

(®ier Hom(Xi, Y7)) @ (®ier X) — Dier(Hom(Xi, Vi) © Xi) = @i Vi,
By the adjunction formula, there is a corresponding morphism
tgier Xo@ierYi * ®ier Hom(Xy,Y;) — Hom(®ier Xi, QierYi).
Definition 1.2.5. Let (¢, ®) be a tensor category. We say (¢, ®) is rigid if
(a) Hom(X,Y) exists for all objects X,Y in ¢,
(b) toic;Xi @icrY: * ©ier Hom(X;,Y;) — Hom(®ie1 Xi, ®ierY;) is an isomorphism, and
(c) each object X in ¥ is reflerive; that is, ix : X — (XV)V is an isomorphism.

To ease notation, we denote the n-fold tensor power of an object X in a tensor category
by X®" or X™.

Definition 1.2.6. An object X in a tensor category (%, ®) is invertible if the functor (Y
Y ® X): % — ¥ is an equivalence of categories.

Observe that X € Ob(%) is invertible if and only if there is an object X' € Ob(%’) such
that X! ® X = 1. From the adjunction formula follows that if X is invertible, then X is
reflexive and X! = XV. Motivated by this, we write X ™ := (XV)" for the n-fold tensor
power of its dual XV.

1.2.2 Tensor functors and morphisms between them

Having defined tensor categories, we want to look at functors between such categories, called
tensor functors.

Definition 1.2.7. Let (%, ®1) and (2, ®2) be tensor categories. A tensor functor (¢,®1) —
(2,®2) is a pair (F|,c), such that F' : € — Z is a functor and

CXY : F(X) X9 F(Y) = F(X &1 Y)
is a functorial isomorphism satisfying the compatibility condition with ACU.

We now extend the definition of functorial morphisms between functors to morphisms of
tensor functors.
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Definition 1.2.8. Let (F,c¢), (G,d) : € — 2 be tensor functors.

(i) A morphism (F,c) — (G,d) of tensor functors is a functorial morphism n : F' — G
such that there is a commutative diagram

Rier F(Xi) —— F(®ie1X;)

®nxil i%@xi

®ie1G(Xi) —— G(®ic1 X;)

for all finite families (X;);er with X; € Ob(%). We denote the set of all morphisms
(F,c) — (G,d) of tensor functors by Hom®(F, G).

(ii) An automorphism (F,c) — (F,c) of tensor functors is a morphism of tensor functors
whose underlying functorial morphism is a functorial isomorphism. We write Aut®(F')
for the set of all automorphism of tensor functors of (F,c).

Morphisms between tensor functors give rise to a functor of K-algebras that is crucial to
the definition of the affine group scheme associated with a Tannakian category and its fiber
functor.

Definition 1.2.9. Let R be a K-algebra and e the category of finite-dimensional K-
vector spaces. We define a canonical tensor functor ¥pg : %K — ./ZJ/R by sending a
K-vector space V to V @k R. If (F,c),(G,d) are tensor functors from a tensor category &
to Zex, then the functor Hom® (F,G) of K-algebras is given by

Hom®(F,G)(R) = Hom®(ygr o F,9pp 0 G) for all K-algebras R.
Similarly, we define a functor Aut®(F) of K-algebras by the rule

Aut®(F)(R) = Aut®(¢Ygp o F) for all K-algebras R.

Deligne shows that the category % i (G) of finite-dimensional representations of an affine
group scheme G over K is a rigid abelian tensor category with End(1) = K and one has clearly
a forgetful functor w® : % k(G) — Zek that is exact, faithful and K-linear [DMOSS2,
Exmp. II.1.24]. The following theorem, which applies to neutral Tannakian categories, says
that there is an affine group scheme G to any rigid abelian tensor category 4 with such a
functor so that € and % k(G) are equivalent.

Theorem 1.2.10 ([DMOS82, Thm. I1.2.11]). Let € be a rigid abelian tensor category such
that K = End(1) is a field and w : € — Zeerc an exact faithful K-linear tensor functor.
Then

(i) the functor Aut®(w) of K-algebras is representable by an affine group scheme G over
K;

(ii) w defines an equivalence of tensor categories € — %K(G)
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1.2.3 Neutral Tannakian categories

The general definition of a Tannakian category over K is given in [DMOS82], Def. 11.3.7], but
we renounce it here since all Tannakian categories in this thesis are neutral.

Definition 1.2.11. A (neutral) Tannakian category T over K is a rigid abelian tensor cat-
egory 7 with End(1) = K and a K-linear exact faithful tensor functor w : 7 — Z g which
one calls the fiber functor of T.

Thus by Tannakian duality (Theorem any neutral Tannakian category with fiber
functor w is equivalent to the category of finite-dimensional representations of an affine group
scheme G that represents Aut®(w). In particular, % kG is a neutral Tannakian category
with fiber functor w® and we are interested in how far properties of G correspond to repre-
sentations in %K(G)

Lemma 1.2.12 ([DMOS82, Cor. 11.2.4]). An affine group scheme G over K is algebraic if
and only if it has a faithful finite-dimensional representation over K.

There is another equivalent condition for an affine K-group scheme to be algebraic. We
say that an object X in a tensor category % is a tensor generator of € if every object in € is
isomorphic to a subquotient of a finite direct sum of an object of the form X®™ @ (XV)®n,

Lemma 1.2.13 ([DMOSS82, Lem. 11.2.20]). An affine K-group scheme G is algebraic if and
only if there ewists a object X in 9?¢K(G) that is a tensor generator for @f¢K(G)

Moreover, a homomorphism f : G — G’ of affine K-group schemes induces a functor
wl: DGopi (G — C/)?(/K(G) such that w® o wf = WY by sending a representation p : G/ —
GL(V) to po f: G — G' — GL(V). Then one has the following result of Deligne:

Lemma 1.2.14 ([DMOSS82, Cor. 2.9]). Let G and G’ be affine K-group schemes and let
F: Q&K(G’) — @fﬁK(G) be a tensor functor such that w& o F = wS'. Then there is a
unique homomorphism f : G — G’ of affine K-group schemes such that F = w.

We later construct a homomorphism between the Galois group and Hodge-Pink group that
is an isomorphism if it is a closed immersion and faithfully flat. The following proposition
gives us equivalent conditions for this that we will make use of.

Proposition 1.2.15 ([DMOS82, Prop. I1.2.21]). Let f : G — G’ be a homomorphism of
affine K -group schemes and w? %K(G’) — %K(G) be defined as above.
(i) f is faithfully flat if and only if

(a) w! is fully faithful and

(b) each subobject of w! (X') is isomorphic to the image of a subobject of an object X'
in Do (G).

(ii) f is a closed immersion if and only if there exists an object X' in %K(G') for every
object X of 6/?f/K(G') such that X is isomorphic to a subquotient of wf (X').

Corollary 1.2.16. A homomorphism f: G — G’ of K-group schemes is an isomorphism if
and only if the induced functor w' : %K(G’) — %K(G) is fully faithful and essentially
surjective and thus an equivalence of categories.
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1.3 Rigid analytic geometry

We give a short introduction to rigid analytic geometry adjusted to our purpose to establish
notation and explain the rigid analytic analog of Serre’s GAGA principle. In order to get
back from a sub-@-Hodge-Pink structure to a sub-dual Anderson A-motive, we need to define
F-modules which live on Tate’s rigid analytic spaces. Roughly speaking we find through those
F-modules an analytic inclusion between rigid sheaves and from the rigid analytic GAGA
principle we obtain an algebraic inclusion of algebraic sheaves. So let us explain the basic
ideas of classical rigid geometry; a full account of the material can for example be found in
the standard references [BGR84] and [EvdP04].

One important aspect of rigid analytic geometry is the study of globally convergent power
series expansions called analytic functions over complete fields with a non-Archimedian ab-
solute value | - |. Whereas one may study holomorphic functions in complex analysis that
are analytic, the study of “analytic functions” faces problems in non-Archimedian analysis.
For example the topology of a non-Archimedian valued field is totally disconnected and if a
function has locally convergent power series expansions in a neighborhood of each point of
its domain, it need not have a globally convergent power series expansion. What today one
calls classical rigid geometry is the theory of rigid (analytic) K-spaces that was developed by
Tate in [Tat71].

We suppose that K is a complete field with a non-Archimedian absolute value | - | and let
K be an algebraic closure on which one has the unique extension of | - | that is complete on
each finite field extension K’'/K with K C K’ C K. One shows that a formal power series

f = Z Oéiti = Z ail...intill 't,fl" c K[[tl,...,tn]]

i€Nn iENn
converges on the unit disk in K
D ={(z1,...,2p) €K : || < 1lfori=1,...,n}

if and only if lim;|_,o |o;| = 0. This leads to the definition of the K-algebra consisting of the
convergent power series on Dz

T:=K(t1,...,tn) ::{Z it € K[ty,...,tp] : lim |oy| = 0},

iENn il o0

called the Tate algebra of restricted power series. Note that elements of T may be inter-
preted as functions D — K. A K-algebra A is called an affinoid K-algebra if there
is an epimorphism ¢ : T — A and one may regard an element in A as a function on
Max A := {maximal ideals in A}. We may define closed subsets V(a) for ideals a € A
and thus the Zariski topology in the usual way on Max A. Similar to the definition of affine
K-schemes we then define an affinoid rigid space Sp A to be the set Sp A := Max A together
with its ring of functions A. One may associate a presheaf of affinoid functions Ogspa to
an affinoid K-space that does not satisfy sheaf properties since the topology of K is totally
disconnected. Instead one works with a Grothendieck topology on Sp A.

Corresponding to the notion of K-schemes in algebraic geometry, a rigid (analytic) K -space
is roughly speaking a pair (X, Ox) such that X is a topological space with a Grothendieck
topology that admits an admissible covering by affinoid K-spaces and Oy is a sheaf of K-
algebras on it (cf. [EvdP04) Def. 4.3.1]). Let us now define the other rigid analytic K-spaces
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that we need throughout the thesis. We let § € K with |#] > 1, n > 0, and define the affinoid
K-algebras

t o , A
K<97L> = {; a;t" € Kt] Zlilgo |a;0™| = 0},
t
E:=K{t} = [) K(a0)
i . log |av|
= e K] - 1 = —oo},
(St 10 25000

whose elements converge globally on the disk centered at ¢t = 0 with radius |0|"
t _
D0 = SpK(a—n) ={xe K :|x|<|0]"},

and on all of K

D(oo)g = Sp K {1} = {x € K},

respectively. Further, set z := % and ¢ = %. For n’ > n > 0, we consider the affinoid
K-algebras
z ° . .
K<<TL> = {Zzg a;z' € K[z] Zlirgo la; ™| =0},
z s . . ,
K(Gn=r) = A0 it limfai¢™] =0, lim Jai¢™| =0},
1=—00
z 9y z
K<C7’Z } T /ﬂ K<4737>
n —oo
e . .
= {Z ;2" zl}inoo |;¢™"| = 0 for all n' > n},
i=—00
K{z,z7'} = ﬂ K(%,z_l}
n—0 C

= {D> wz ¢ Jim Joq¢™| = 0 for all n > 0},

1=—00
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whose elements converge globally on

n\ 00 Z §7d n
DR = SR e e Kl < ([}
= the disk centered at co with radius |(|",
n »n'\oo ? Cnl §7a n’ n
(¢ M = SpK<C7,7>:{iU€K3|C| < fa] < I¢]"}

. . . / .
= the annulus centered at co with inner radius |¢|" and outer radius |(|",

=~ ( -1\ 0O z — T n
D = KGN = e e K 0<le] I
= the punctured disk centered at oo with radius |¢|",
@% = SpK{z:'}={zcK:0<|z|] <1}

= the punctured unit disk centered at oo,

respectively. We define a norm || f||gn := max;ez |;0™| for a convergent Laurent series f on
(0", 0") so that || f||gn < oo holds by definition.

The functions in E converging on all of K are called entire functions [Gos96, Def. 2.12].
Note that our definitions of E and @% are equivalent to the ones given in [Pap08|, §2.2.4] and
[HP04, §1], respectively.

Furthermore, one may also translate the definitions of separated and proper morphisms,
open and closed immersions, and coherent Ox-modules from algebraic geometry.

But not only definitions are similar, there are in fact close relations between K-schemes and
rigid K-spaces. It will be of importance to us that there is a functor from the category of K-
schemes of locally finite type to the category of rigid K-spaces, assigning a rigid analytification
X"8 to each K-scheme X of locally finite type [Bos) §1.13 Prop. 4]. To give an example, let
|#] > 1. One can show that the rigid analytification A}glg of the affine line AL is constructed
by the inclusions of disks around the origin with increasing radius [6|™, n > 0,

t t
6 62
This functor is known as the “GAGA functor” because it is analogous to a functor introduced
in Serre’s paper “Géométrie algébrique et géométrie analytique” [Serb6, Déf. 2]. Moreover,
a coherent Ox-module G on a K-scheme X of locally finite type also admits a rigid analyti-
fication that is a coherent O yrg-module G™& on the rigid analytification X' of X.

Sp K(t) — Sp K () — Sp K{(

Theorem 1.3.1 (“The rigid analytic GAGA principle” [Bos, §1.16 Thm. 12 and 13]). Let
X be a proper K-scheme.

(i) Suppose F and G are coherent Ox-modules. Then there is a canonical isomorphism

Homo, (F,G) = Homo _,, (F"%,G"8).
(i) Let F' be a coherent O xrig-module. Then there is a coherent Ox-module F such that
Frie = F' and F is unique up to unique isomorphism.

This allows us in particular to find an algebraic coherent Ox-submodule of an O x-module
by constructing a rigid analytic coherent Oyuig-submodule of its rigid analytification (cf.

proof of Proposition 4.2.13)).
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2. THE TANNAKIAN CATEGORY £.7 OF PURE DUAL T-MOTIVES

In this chapter we shall study the function field analog of Grothendieck’s Tannakian category
of pure motives as constructed by Deligne in [DMOSS82, §6].

Generalizing slightly the definition of dual t-motives given in [ABP04], we first define what
we call dual Anderson A-motives over k. Then isogenies between dual Anderson A-motives are
introduced and we prove in particular that the relation of isogeny is an equivalence relation.
In the next section we carry Papanikolas’s definition of pre-t-motives out to generalized
Papanikolas Q-motives over k and give a fully faithful functor P from the category 2.7 of
dual Anderson A-motives up to isogeny to the category & of Papanikolas ()-motives. We
see next that dual Anderson A-motives and Papanikolas QQ-motives give rise to algebraic o-
sheaves on Spec k. We define purity and tensor products of algebraic o-sheaves, dual Anderson
A-motives and Papanikolas Q-motives. Making further requirements on k, we introduce rigid
analytic o-sheaves on Spk. We call algebraic o-sheaves rigid analytically trivial if their
“analytification” given in the form of such a rigid analytic o-sheaf is trivial. Similarly, we
define rigid analytic triviality of dual Anderson A-motives and Papanikolas Q-motives. We
then see that the functor P induces a fully faithful functor from the category ZZ 27! of
pure rigid analytically trivial dual Anderson A-motives up to isogeny to the category PZ of
pure rigid analytically trivial Papanikolas @-motives that we also denote by P by abuse of
notation. We prove that ZZ is a Tannakian category over Q.

Following Papanikolas in [Pap08], we restrict ourselves to the case Q = F,(t) and define
the category #.7 of pure dual t-motives over k to be the Tannakian subcategory of ZZ%
generated by the essential image of the functor P : PRD/’ — PR. Next we construct a
Tannakian category 2.7 of pure dual t-motives over k from the category ZZ2.</" through
the formal inversion of the Carlitz t-motive as done by Taelman in [Tae09]. We prove that
2T and 2T are equivalent, allowing us to use both definitions equivalently. In the last
section of this chapter, we consider the Tannakian subcategory generated by a pure dual
t-motive P over k and call the algebraic group associated with it by Tannakian duality the
Galois group of P, in analogy with the classical motivic Galois group of a pure motive.
Finally, we briefly introduce systems of o-linear equations through which Papanikolas is able
to show his transcendence result on the periods and quasi-periods of a pure dual t-motive
over Q.

2.1 Dual Anderson A-motives

Anderson, Brownawell and Papanikolas developed dual t-motives over the algebraic closure
on the rational curve in [ABP04] and we shall carry their definition over to the general case
and call the objects thus obtained dual Anderson A-motives over k, where A stands for the
ring of integers of an arbitrary function field and k/FF, is a perfect field. Definitions and
assertions concerning dual Anderson A-motives in this chapter are mostly motivated by non-
dual Anderson A-motives as studied in [BHO7D, [Har08]. These are in the same way the
generalization of the t-motives introduced by Anderson in [And86] in the case A = F,[t]. To
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motivate definitions and compare results, we also define non-dual Anderson A-motives. In
order to do this, we need to make first some additional definitions.

Let Frobg speck denote the absolute Frobenius endomorphism on Speck. We set in the
non-dual case:

F = idg X Froby speck : Ck — Ck, is the identity on the topological space
|Cy| and acts on O¢, as ido, and Frobg j,
F*:=F% = (Flspeca,)* =ida®@Froby: Ay — Ay, f=a @b F*(f) =a® b

In the dual setting we write similarly:

-1

S = idg X Frobqyspeck : Cp — (Y, is the identity on the topological space
|Ck| and acts on Oc¢, as idp, and Frob;,lc, )
Fi=¢h = (slspeca)” =ida@Frob Ay — Ay, f=a @b (f) =a®bT .

We have now collected the necessary ingredients to define non-dual and dual Anderson A-
motives.

Definition 2.1.1. Let (k,7: A — k) be an A-field and r,d € N.

(i) An Anderson A-motive of rank r, characteristic v and dimension d over k is a pair
M = (M, 7\), where M is a locally free Agx-module of rank r and 7y : F*M — M is an
injective Ag-homomorphism such that

(a) M is finitely generated over k[r] where 7 = myyo Fy; : M — M is the F*-linear map
induced by 7,

(b) dimg coker i = d and
(c) (a®1—1®v(a))? =0 on coker 1.

We call € := ker v the characteristic point of M.

(ii) A morphism f : (M,7v) — (M, ) of Anderson A-motives over k is an Ag-homo-
morphism f : M — M’ such that

w0 F*f = fony.

We denote the category of Anderson A-motives of positive rank and dimension over k by
and the set of morphisms between Anderson A-motives over k£ by Homy (M, N).

Remark 2.1.2. The field k& does not need to be perfect in the definition of Anderson A-motives
and Anderson A-modules. But &£ must be perfect in the definition of dual Anderson A-motives
which will be in particular free Agx-modules over k[o], so we stick to assuming k is a perfect
field in all definitions.

As done before, we call Anderson A-motives non-dual Anderson A motives whenever we
want to emphasize that we are in the non-dual setting. The definition of a dual Anderson
A-motive reads similarly to the one of a non-dual Anderson A-motive:

Definition 2.1.3. Let (k,7: A — k) be an A-field and r,d € N.

(i) A dual Anderson A-motive of rank r, dimension d and characteristic vy over k is a pair
M = (M, om), where M is a locally free Ag-module of rank r and oy : ¢*M — M is an
injective Agp-homomorphism such that
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(a) M is finitely generated over k[o] where o = oy o gy : M — M is the ¢*-linear map
induced by oy,

(b) dimg coker oy = d and
(c) (a®1—1®~(a))? =0 on coker oy.

We call € := ker v the characteristic point of M.

(ii)) A morphism f : (M,om) — (N,on) of dual Anderson A-motives over k is an Ay-
homomorphism f : M — N such that

onoc f = foom.

We denote the category of dual Anderson A-motives of positive rank and dimension over k
by 2.4/, and the set of morphisms between Anderson A-motives over k by Homy (M, N).

The following basic example corresponds to the Carlitz module, which was invented by
Carlitz.

Example 2.1.4. Let A = F[t] and set 6 := (t). Then the dual Carlitz t-motive C = (C, o)
over k consists of C = Ay = k[t] and the k[t]-homomorphism o¢ : ¢*C — C given by

¢fcr— (t—0)s"c forall c € C.

Note that the locally free A;-module M underlying a dual Anderson A-motive of dimension
d over k is a module over Ag[o] that is the non-commutative polynomial ring defined by the
rule

o(a®p)=(a® B )0

for all e ® B € Ag. Note that Aglo] = k[t;o] if A = F,[t]. Furthermore, we have M =
Matq x4(k[o]) by the following Lemma.

Lemma 2.1.5 (Cf. [Har0O8, Lemma 2.1.5]). Let (k,7) be an A-field, M a finitely generated
Ag-module and oy 2 "M — M an Ag-homomorphism such that M is finitely generated over
klo], where 0 := om oy + M — M is the ¢*-linear map induced by on. Further, write
d := dimy, coker oy = dimy, coker 0. Then the following are equivalent:

(i) M is a locally free Ay-module,
(ii) M is a torsion free Ax-module,
(iii) M is a torsion free k[o|-module,
(iv) M is a free klo]-module of rank d.
Proof. The arguments used in the proof of [Har08, Lemma 2.1.5] carry over to our case. [J

We end this section with the example of a special type of (dual) Anderson A-motives,
called (dual) Drinfeld FF,[t]-motives that will serve us as an example throughout the thesis.
In order to do this, we make some further definitions.

Consider a (dual) Anderson A-module M of rank r, characteristic v and dimension d over
k. By using the ring homomorphism i* : Fy[t] < A that makes A into a free F,[t]-module
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of rank 7 = degi, we then have M = Mat; ., (k[t]), where M is the locally free Ax-module
underlying M and ' = r - 7. We say that the vector

my
m = € Matrlxl(M)
m,.
is a k[t]-basis for M if my,...,m,» € M form a kl[t]-basis for M, providing an isomorphism

Maty s, (k[t]) =5 M.

Suppose M = (M, o) is a dual Anderson A-motive. Then there is a unique matrix ¢, €
Mat, s, (k[t]) such that

om (s (m1))
: = d,m.

oM (glt/l (mr’ ))
We say that &, represents oy with respect to the basis m. By applying the elementary
divisor theorem we find matrices U, V € GL,/(k[t]) such that

dy 0 .
UPpV = and coker oy = coker @y, = @ k[t]/(d;)
0 dy i=1
with elementary divisors d; € k[t] and d;|d; 1 for 1 < i < /. Moreover, we set 6 := v(i*(t))
so that (¢ — 0)9 coker @y, = 0 in Maty . (k[t]) and hence (t — 0)? € d;k[t] for i = 1,...,7".
Therefore d;|(t — 0)? and there exist o; € k* and e; € N so that

/ /

di = a;(t —0)%, cokeroy = @ E[t]/ai(t —0)% and d = dimy cokeroy = Zei.

=1 =1

Furthermore, we have det U®,V = a(t — 0)? with a = H:/:l a; € k™ and because
det(UV)~! € (k[t])* = k>

det By = am(t — 0)  with oy 1= (det UV) Lo € k. (2.1)
Example 2.1.6 ((Dual) Drinfeld F,[t]-motives). Let A := F,[t] and (k,v) be an A-field so
that Ay = k[t] and Ag[o] = k[t; o]. Write 0 := ~(t).

(i) We set M := Matx,(k[t]) = k[t] - 1D k[t] -0 ® ... D k[t] - 0""L. Then M is a k[t]-
module of rank r, m = (1,0,...,0" )" a k[t]-basis for M and ¢*M = M @y ¢+
E[t] = Matyx,(k[t]). With respect to the basis m, we let oy : ¢*M — M be the
Aj-homomorphism represented by

0 1 .. 0
b = : :
0 0 ce 1

(t— 9)/a£_T) —ag_l)/ag,_’") . _agz(lr—l))/ag—r)

with a, € k%, oy € kfori =1,...,r — 1. Thus det &y, = (—1)T_1/a7(o_r)(t —0) and
M := (M, onp) defines a dual Anderson A-motive of rank r and dimension 1 over k.
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(ii) Similarly, we define an Anderson A-motive (M, ) of rank r and dimension 1 over k
with M := Maty, (k[t]) 2 k[t] - 1 ©k[t] - 7@ ... ®k[t] - 771, F*M = Mat«,(k[t]) and
a k[t]-basis m = (1, 7,...,77~1)" for M. With respect to m, we let 7y : F*M — M be
the Ax-homomorphism represented by

0 1 - 0
O, = : : g :
(t - 9)/ar _al/ar e _O‘rfl/aT

with o € k%, a; € kfori=1,....r — 1 and det @, = (—1)" "1 /. (t — 0).

We will see in Section that such (dual) Anderson A-motives of rank r and dimnsion 1
arise from Drinfeld F,[t]-modules over k that were once introduced by Drinfeld. Having this
in mind, we call them (dual) Drinfeld F,[t]-motives of rank r over k. We note that the dual
Carlitz t-motive over k is a dual Drinfeld F[t]-motive of rank 1 over k.

2.2 Isogenies

In this section, we study isogenies between (dual) Anderson A-motives. We will see that the
relation of isogeny is an equivalence relation (Corollary , so that we may define the
category 247! of dual Anderson A-motives up to isogeny. Morphisms in this category are
the quasi-morphisms between dual Anderson A-motives.

Definitions and propositions made in this section are carried over from the ones for non-
dual Anderson A-motives as given in [Har08]. Hence, we only need to prove the assertions
for dual Anderson A-motives. The proofs in the non-dual case proceed similarly.

Definition 2.2.1. (i) We call a morphism f of (dual) Anderson A-motives M and M’ over
k an isogeny if the underlying Ax-homomorphism is injective and coker f is a vector
space of finite dimension over k. An isogeny f is then said to be separable if ocoker 5 1S
bijective and inseparable otherwise.

(ii) We say that two (dual) Anderson A-motives M and N are isogenious if there is an
isogeny f € Homy (M, N).

0 M ¢*N coker¢* f = ¢* coker f ——0
ia’M l(J’N igcoker f
0 M d N coker f 0

We want to show that if two (dual) Anderson A-motives M and N are isogenous then their
ranks and dimensions must be equal.

Lemma 2.2.2 ([Har08 Lem. 2.3.7]). If f : M — N is a homomorphism of locally free
Ag-modules of finite rank, then the following assertions are equivalent:

(i) f is injective and coker f is a finite dimensional k-vector space,
(i1) f is injective and ranky, M = ranky, N,

(111) coker f is a finite dimensional k-vector space and rank4, M = ranky, N,
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() f®idg, : N®a, Qr — M ®a, Q is an isomorphism of Qi-vector spaces with Q) =
Quot(Ag).

Thus the ranks of isogenous (dual) Anderson A-motives are equal. By the next proposition,
we find that the same holds for their dimensions.

Proposition 2.2.3 (Cf. [Har08, Prop. 2.3.8]). Let f: M — N be an isogeny between (dual)
Anderson A-motives. Then dimM = dim N.

Proof. The following diagram is commutative with exact rows and columns:

0
0 0 ker o coker f
* f * x
0 "M "N ¢* coker f ——0
oON oM Ocoker f
0 M ! N coker f ——— ()
coker oy — coker oy — coker coker f —> 0

0 0 0

Observe that dimy, ¢* coker f = dimy, coker f @, -1 kK = dimy, coker f so that by exactness
) q
of the the most right column:

0 = dimyker ocoker f — dimy, ¢* coker f + dimy, coker f — dimy, coker oeoker £

= dimy ker o¢orer f — dimy, coker ocoker f-
Moreover, there is an exact sequence by the Snake Lemma
0 — ker o¢oker f — coker oy — coker on — coker ogoker f — 0
so that, as desired,

0 = dimyg ker ocoker f — dimy, coker o + dimy, coker oy — dimy, coker ocoker £
= dimy, coker o — dimy, coker oy
=dim N — dim M. ]

We now want to show that the relation of isogeny is an equivalence relation to be able to
define the category 2.47! of dual Andeson A-motives up to isogeny. It is clearly reflexive and
transitive and it will follow from Corollary that the relation of isogeny is also symmetric
as desired. In order to prove this, we need to do some preparatory work.

Proposition 2.2.4 (Cf. [Har08, Prop. 2.4.7]). Let M and N be (dual) Anderson A-motives
over k and f: M — N a homomorphism of dual Anderson A-motives. Then f is an isogeny
if and only if f : M — N is injective and coker f is annihilated by a non-zero a € A.
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Proof. Suppose M = (M, o) is a dual Anderson A-motive of rank ry and dimension dy
and N of rank ry and dimension dy. We let @y, € Mat,, ., (k[t]) and @y € Mat,y v (k[t])
represent oy and oy with respect to k[t]-bases m € Matr x1(M) and n € Mat,; .;(N)
respectively, so that det @, = am(t — 0)™ and det ®,, = an(t —6)x,

“=7” Assume that f € Homy (M, N) is an isogeny and hence ry = ry and dy = dy hold. We

write r := 7y, 7 =177 and d := dy. Then f is given by a matrix F' € Mat,,(k[t]) with
respect to the bases m and n so that f ooy = ono¢*f corresponds to &y, - F' = F( 1. d,.
We have apm(t — 0)¢ - det F = det F(=Y . oy, (t — ) and by defining A € k by A= on

and a := A - det F', we obtain

a=X\-det F =1 - ™ ot F = \u - det F&U = ¢*(a)

Qn

so that 0 # a € (k[t])* = Fyt]. By the elementary divisor theorem for F we find that
0 =a-coker F = (a ® 1) coker f as desired.

“<” By Lemma [2.2.2] it remains to show that coker f is a finite dimensional vector space
over k. We have an isomorphism Matr;\/[xl(k’[t]) 2 M and thus by assumption a surjective
map Mat,, . (k[t]/(a)) — coker f. Clearly Mat,, 1 (k[t]/(a)) is a finite dimensional vector
space over k, so that the assertion follows. O

Corollary 2.2.5 (Cf. [Har08, Cor. 2.4.8]). Let f : M — N be an isogeny between (dual) An-
derson A-motives M and N over k. Then there is a non-zero a € A and an f € Homy (N, M)
such that

fof:a-idm and fof:a-idM.
We call f a dual isogeny of f.

Proof. Write M = (M, o) and N = (N, o). By Proposition [2.2.4] there is a non-zero a € A
such that multiplication by a is the zero map on coker f. Hence, there is an f € Hom A, (N, M)
such that the following diagram commutes:

0 M ! N coker f —— ()
a-idMl / lwidN \LO
0 M ! N coker f —— ()

Moreover, we have by injectivity of f that f € Homy (N, M) because

fo(foon) = (a-idn)oon =ono (a-iden) S oo (s*(a) - iden) = on 0" fos*f
= f © (UM o g*f)a
where we have used that oy is an Ag-homomorphism and that f € Homy (M, N). ]

Thus the relation of isogeny is also symmetric as desired.

Corollary 2.2.6 (Cf. [Har08, Cor. 2.4.9]). The relation of isogeny is an equivalence relation
for (dual) Anderson A-motives.

This allows us to define the category of dual Anderson A-motives up to isogeny.
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Definition 2.2.7 (Cf. [Har08| Def. 2.4.11]). Let M and N be two (dual) Anderson A-motives
over k. We set

QHom (M,N) :=Homg(M,N)®4 Q the Q-vector space of quasi-morphisms and
QEnd; (M) = End;(M) ®4 Q the Q-algebra of quasi-endomorphisms.

(i) We define the category 941 of dual Anderson A-motives over k up to isogeny as
follows:

— Objects of Z.a7': dual Anderson A-motives over k;
— Morphisms of 2.47!: The quasi-morphisms in QHom, (M, N).

(i) We define the category .@szfj_ of dual Anderson A-motives of positive rank and dimension
over k up to isogeny as follows:

— Objects of 2.4 i: dual Anderson A-motives of positive rank and dimension over
k;
— Morphisms of 2.4/ J{: The quasi-morphisms in QHom,, (M, N).

Definition 2.2.8. Let M = (M, op), M' = (M/, op) and M” = (M”, oy#) be dual Anderson
A-motives over k.

(i) A short exact sequence of dual Anderson A-motives over k in 2./,
O—>M’—>M—>Mﬂ—>0

is a sequence of dual Anderson A-motives such that the underlying sequence of locally
free Ap-modules is exact.

(i) A short exact sequence of dual Anderson A-motives over k in Do/’
0—M-LM-L M —0

consists of quasi-morphisms f : M’ < M and g : M —» M” such that for some a,b € A
with
af € Homi(M',M) and bg € Homy(M,M"),

M”/imbg is a torsion module and M’ is isogenous to the dual Anderson A-motive
ker b

Lemma 2.2.9. The category 2.</7 of dual Anderson A-motives over k up to isogeny is
abelian.

Proof. Consider a quasi-morphism f : M — N of dual Anderson A-motives M = (M, o)
and N = (N,oyn) over k. Let (im f)*®" C N be the saturation of im f so that N/(im f)%*
is a locally free Ag-module. Then ker(N — N/(im f)***)! and M are isogenous through the
natural inclusion M — ker(N — N/(im f)%3"). Hence, the cokernel of f is given by the dual
Anderson A-motive coker f consisting of the locally free Ag-module N/(im f)%* and the Ay-
homomorphism ¢*N/(im f)%* — N/(im f)%** induced by on. Moreover, pick an a € A such
that af € Homy (M, N). Then the kernel of f in 2.2/ is given by the dual Anderson A-motive
ker f := ker af! over k. We conclude that kernels and cokernels exist in 2.7/, Furthermore,
the cokernel and kernel of an isomorphism vanish, whence the assertion. O

! For an h € Homy(M,,M,), we define the dual Anderson A-motive ker h over k to be the locally free
Ap-module ker h and the Ap-homomorphism ¢* ker h — ker h induced by ow,, where M; = (M, onm; ).
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In the next subsection, we give a functor P from the category of dual Anderson A-motives
up to isogeny to the category of Papanikolas ()-motives. In order to show that this functor
is fully faithful, we state two propositions on the quasi-endomorphisms and quasi-morphisms
of dual Anderson A-motives.

Proposition 2.2.10 (Cf. [Har08, Prop. 2.4.12]). Let M and N be two (dual) Anderson A-
motives over k, f € Homy(M,N) and f € Homy(N, M) be isogenies such that fo f = a-idy
and fo f=a-idu for a non-zero a € A. Then

~ 1 «
¢+ QEnd, (M) = QEndy(N), g+ (fogof)
is an isomorphism of Q-algebras.

Proof. We see that ¢ is Q-linear since

gb(a-g):%-(fo(a-g)of) :a-%- (fogof) =a«a-¢(g) forall a € Q.
It is further a Q-algebra homomorphism because
: (fO(gog')Of) = % <fogo <61l(f0f)> 09’0f>
(fogof)or (fogof) =0l odl)

dlgog) =

Q= Q|

for all g, ¢’ € QEnd,(M). Moreover, ¢ is an isomorphism since it has an inverse, which is
given by ¢~1(g) = % - fg- f for all g € QEnd,(M). O

We will see that functor P is fully faithful with the help of the following:

Proposition 2.2.11 (Cf. [HarO8, Prop. 2.4.13]). Let M = (M,on) and N = (N,oN) be
two dual Anderson A-motives over k. Consider the Qp-vector spaces P := M ®4, Qr and
R :=N®a, Qi together with the induced Qy-isomorphisms

op i =oM® Tidg, g&SP — P, and op:=0oN® TOidg, ' §Z)R — R.
We define

¢: QHom,(M,N) — {f:P—R: foop=oros*f},
fer — af.

Then ¢ is an isomorphism of Q-algebras if M = N, and of Q-vector spaces otherwise.

Proof. Clearly, ¢ is Q-linear and injective since ¢(f ® z) = 0 implies f(m) =0 for all m € M
because N C N® 4, Q. Suppose f : P — Ris a Qi-homomorphism such that foop = oro¢* f.
We want to find an element f’ ® b € QHomy (M, N) with ¢(f’ @ b € QHom,(M,N)) = f to
show surjectivity of ¢.

In order to do this, we denote the ranks of M and N by r\ and rn respectively, and their
dimensions by dy and dy respectively. Let @y € Mat,; v (k[t]) and @y € Mat,y v (k[t])
represent oy and oy with respect to kft]-bases m € Mat,; »1(M) and n € Mat,; ;(N) for
M and N respectively, so that det @, = o (t — ) and det @, = ay(t — 6)9N,
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Define the adjoint matrices

Op, o= det(Pm) - P! = am(t —O)™ - S € Matyy 0 (K[t]),

m

Oy = det(Pp) - 0, = an(t — )N - @1 € Matyy 0 (E[t]).

n

Recall that the finite ring homomorphism * : Fy[t] — A induces a homomorphism i* :
Fq(t) — Q that makes @ into a free Fy(¢)-module of rank 7 = degi. By definition, the
entries of m and n form k[t]-bases of M and N respectively, which we can extend to k(t)-
bases of P and R respectively. We denote the corresponding vectors by p € Matmxl(P) and
qe€ Matr{vxl(R) so that there are isomorphisms

Matyy,q (k(t) > P and  Maty,, (k(t) = R.

To find the desired quasi-morphism f' ® b € QHom, (M, N), we use the fact that f is given
by a unique matrix F' € Mat,; .,/ (k(t)) with respect to the bases p and q that satisfies

O - F = FD . ®,. Consider the ideals in k[t]:
I = {feklt]: fF €Mat, . (k[t])} and
IS = {*(f)eklt]: fel}.
We will define an element a € Fy[t] C A, so that the homomorphism f" € Homy (M, N) given

by aF € Mat,, ., (k[t]) satisfies ¢(f' ®b) = f with b:= 1eq.
In oder to find such an a, we claim that

(i) If f € I, then an(t — O)Nf e IS,
(ii) If f € I°", then o (t — O)™f € T

To see (i), suppose f € I and define g := (¢*)"Han(t — )™ f) so that an(t — O)Nf e I
if and only if ¢ € I. This means, we need to show that gF € Mat,; s (k[t]). This holds
because

an(t—0)Nf . FCY — oyt — ) f . FCY . o 0!
= & fF - € Matr{ler{\l (k[t]).

$*(g)FY

For (ii), suppose f € I¢ so that we have
am(t =)™ F = am(t — )™ - & By - fF = B, - (/)P - By € Matyy oy (K[1]),

and the claim follows by definition of I. . . .
Since k[t] is a principal ideal domain, there is an f € I such that (f) = I and (¢*(f)) = I,
Moreover, there are by the previous claims g, § € k[t] such that

anlt =0 F = - () €15 and am(t— O (H =g Fel.
Since g§- f = anomm - (t — 0)NFTMF deg, f = deg, <*(f), and by factoriality of k[t] we obtain
g=a(t—0)N for an o € kX,
~ ~ — 1
Note that then f = a¢*(f) and define & € k by requiring that &1 ' = a. Then
~ 1 - -
H(af) = aas ' (f) = af € F,[t],

so that a := &f € A has the desired properties. O
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Corollary 2.2.12 (Cf. [Har08, Cor. 2.4.10]). Let f : M — N be an isogeny between (dual)
Anderson A-motives M and N of characteristic v over k. If the characteristic point € =
kery = (0); that is, if k is of generic characteristic, then f is separable.

Proof. The following diagram commutes and has exact rows and columns:

s*f

0 M ¢*N ¢* coker f —0
lO'N oM Ocoker f
0 M ! N coker f —— ()

coker oy — coker o — coker coker f — 0

0 0

We want to show that coker ocoker f = (0), which means that ocoker f is surjective.

By Proposition there is a non-zero a € A such that (a ® 1) coker f = 0 and since
coker f —» coker ocoker f also (a ® 1) coker ocoker f = 0. We choose an n € N such that
q" > dimN and hence (a9 ® 1 —1®7(a)?") = (a®1 - 1®v(a))? cokeron = 0. We have
(a?" ® 1) coker Oeoker f = 0 and by assumption y(a) # 0 so that

0= (aqn ®R1-1® ’y(a)qn) - coker Ocoker f = —(1® V(a)qn) coker Oeoker f5

and therefore coker ocorer f = (0) holds. As a map between k-vector spaces of the same
dimension, ocoker f must be bijective, so that f is a separable isogeny. O

2.3 Papanikolas Q)-motives

In order to have a -linear theory, Papanikolas introduced the category of pre-t-motives
together with a functor from the category of dual t-motives to the category of pre-t-motives
and proved that the category of rigid analytically trivial pre-t-motives is a Tannakian category
over @) [Pap08, Thm. 3.3.15]. This justifies regarding them as the analog of the (semi-simple)
Tannakian category of motives over QH We consider

¢ = the endomorphism of Q = Quot(Ay) induced by ¢* : Ay — Ay,
and state the generalized definition of pre-t-motives for arbitrary function fields as follows:
Definition 2.3.1. Let r € N be a non-negative integer.

(i) A (dual) Papanikolas Q-motive of rank r over k is a pair P = (P,op) where P is a
Q-vector space of dimension r and op : géP — P a Qp-isomorphism.

(ii) A morphism f : (P1,0p,) — (P,o0p,) of Papanikolas @Q-motives over k is a Q-
homomorphism f : P; — P, such that the following diagram commutes

Py (2.2)

| lf

(e
§5P2 i> Ps.

2 See [DMOSS82, Prop. 6.5].



44 2. The Tannakian category &7 of pure dual t-motives

We denote the category of Papanikolas Q-motives by &2 and the set of morphisms between
Papanikolas @-motives P; and Py by Hom g (P, Py).

Definition 2.3.2. A short exact sequence of Papanikolas Q-motives over k
0— (P ,op) — (P,op) — (P",opr) — 0

is a sequence of Papanikolas (Q-motives such that the underlying sequence of ()i-vector spaces
is exact.

By Lemma we may replace the Qg-isomorphism op : 5P — P underlying a Pa-
panikolas @-motive (P,op) with a bijective gé—linear map o : P — P. Then the Q-vector
space P is a module over Qx[o, 0 1] that is the non-commutative polynomial ring defined by
the rule

op= (o =p o
for all p € Q. Thus kernels and cokernels of morphisms of Papanikolas )-motives are the
ordinary group-theoretic kernels and cokernels in the category of Q[o, o~ !]-modules and
exist for all morphisms in 2. Clearly any morphism with vanishing kernel and cokernel is an
isomorphism, so that & is an abelian category. The set of morphisms between Papanikolas
Q-motives is naturally a Q)-vector space. By the next proposition, we find in particular that
it is finite dimensional over Q.

Proposition 2.3.3 (Cf. [And86, Thm. 2|). Let P, = (Pi,0p,) and Py = (Py,0p,) be
Papanikolas Q-motives of respective ranks v and r'. Then the evident map

Homg (P, Py) ®r, k — Homg, (P1, P)
1S injective.
Proof. For the sake of contradiction, we assume that the lemma is false. Hence, we may

choose a smallest positive integer n such that there are F,-linearly independent morphisms
fi i Py — Py, 1 <1¢ < n, of Papanikolas Q)-motives and 3y, ..., 0, € k with

Zﬂzfz =0 in HOHle (Pl, PQ). (23)

i=1
Without loss of generality we may assume 3; = 1. By the condition op, o O fi= fioop,, we
have

Zﬁi(l)fi(apl (sop)) =0 for all ¢Hp € 55 P
i=1
Since op, (c&;Pl) >~ Py, we find

S8V =0 in Homg, (Pr, P2). (2.4)
=1

Subtracting (2.4) from ([2.3) yields

n

S6 -8 =0 in Homg, (P1, P).

=2

By the minimality of n, 5; — ﬁi(_l) = 0 must hold, and thus 3; € F, for all 7 . Since fi,..., fr
are Fg-linearly independent, we deduce 3; = 0 for all 7. This contradicts the assumption
61 = 1. O
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In order to make &2 into a rigid abelian @Q-linear tensor category, we now introduce tensor
products of Papanikolas (Q-motives. One sees directly that the category of Papanikolas Q-
motives is closed under the formation of tensor products.

Definition 2.3.4 (Cf. [Pap08|, §3.2.4]). (i) Let P; = (P1,0p,) and Py = (P»,0p,) be Pa-
panikolas @)-motives over k. The tensor product of P, and P, is the Papanikolas
()-motive that consists of the finite dimensional @Qj-vector space P ®q, FP» and the
Q-isomorphism

OPi®q, P2 "= 0P QOop,.

(ii) Let Lo, = (1,014, ) be the Papanikolas Q-motive over k consisting of the Q-vector
space 1g, = @) together with the natural isomorphism Olg, ¢ gé]le = 1g,.

Obviously, 1, is an identity object for tensor products in . Motivated by the commu-
tative diagram ([2.2), we define inner hom and duals of Papanikolas Q-motives.

(i) We define the inner hom Hom(P;, P,) to be the finite dimensional (Q)-vector space
Homyg, (P1, P;) together with the Qg-isomorphism

OHom(P,,Py) * §5 HOIan (P17 P2) - HOHle (Pla P2)7
of v onosyfoop,.

(ii) We define the dual PY of P; to be the Papanikolas @-motive Py := Hom(Py, 1, )
over k.

By the next proposition we find that Hom(P, P,) plays indeed the role of an inner hom in
& that is compatible with tensor products.

Proposition 2.3.5. (i) Let P, = (P1,0p,), Py = (P2,0p,) and Py = (Ps,0p,) be Pa-
panikolas Q-motives over k. The inner hom satisfies the adjunction formula

Homu(P) ® Py, Py) = Hom p (P, Hom(Py, P3)).

(ii) Consider finite families (P;)icr and (P})iecr of Papanikolas Q-motives over k. Then
there is a isomorphism

t®i€]£¢y®i€[£{; * ®ier Hom(Bi,Bé) = HOm(@Helﬂi, ®i€[£;)-
(i1i) Every Papanikolas Q-motive P over k is reflezive.
Proof. The natural map
Homg, (P, ® P>, P;) —  Homyg, (P1,Homg, (P, P3)),
fo= 7

with f(p) = (¢ — f(p ® q)) is an isomorphism of Qy-vector spaces. Moreover, f €
Hom g (P, ® Py, P3) if and only if

op, 0 sHf ($Hp ® sHa) = f (op(sHp) @ oy (sHa)) (2.5)

for all ¢5yp € ¢, P1 and g € ¢, P». Similarly f € Hom » (P, Hom(Ps, P3)) is equivalent to

ap, 0o f(sop) 0 ap, (¢) = [ (or(s6p) (d) (2.6)
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for all ¢5yp € <5 P and q € P,. We may write 1’ alternatively as

op, 0 f(Hp)(s*a) = f (op,(5p)) (op,(sHA)),

for all gap € g(’f?Pl and §qu € §5P2. By definition of f we find that the equations and
(2.6) are equivalent, thus proving the adjunction formula. As we have seen in Section
the adjunction formula provides the existence of the morphisms lie1 P, ®ic1 P! and ip : P —
(PY)V. By definition, these morphisms of dual Papanikolas Q-motives are isomorphisms since
the underlying morphisms of (Qi-vector spaces are known to be bijective. O

Thus we may adapt [Pap08, Thm. 3.2.13] to the general case and state

Theorem 2.3.6. The category &2 of Papanikolas Q-motives is a rigid abelian Q-linear tensor
category.

Recall that the finite ring homomorphism * : Fy[t] <— A induces a homomorphism * :
F,(t) — @ that makes @ into a free F,(¢)-module of rank 7 = degi. If (P, op) is a Papanikolas
Q@-motive we have then P = Maty . (k(t)) where ' =1 - 7.

As for a dual Anderson A-motive, we call

p1
P= GMatrlxl(P)
Dyt
a (k(t)-)basis for P if p1,...,p» € P form a k(t)-basis for P. This provides an isomorphism

Mat 1, (k(t)) 2 P.

Then there is a unique matrix ®, € GL,/(k(t)) such that

(op (s5.p(P1) - op (s p(Pr)))" = @p - P,

where gé’P P — %P is the gé—linear map given by p — p ® 1. We say that &, represents
op with respect to the basis p.

Lemma 2.3.7. (i) Let p = (p1,...,pri)" and q = (q1, ..., qryi)™ be k(t)-bases for Pa-
panikolas Q-motives (P1,op,) and (Py,op,) of rank r1 and re, respectively. Then the
Kronecker product

Ppoq = Pp @ Pq

represents op,op, with respect to the k(t)-basis
PRQ:=(p1®q,p1®G, . Pri @ Gryi) for PL Pa.

(ii) Consider a Papanikolas Q-motive P = (P,op) and its dual P¥ = (PV,opv). Let
p=(p1,...,p)" be a basis for P and p¥ = (py,...,pY)" be the dual basis for the dual

vector space PY of P. Then ®pv = (@;1)“ represents opv with respect to pV.

Proof. Part (i) is clear from the definition of the Kronecker product. To see (i), recall that
by definition

opv : géPv — PV, Sop O1g, © sopo 051.
The natural isomorphism Oig, is represented by the 7 x 7-identity matrix with respect to
a k(t)-basis of Q. Hence, if ®, represents op with respect to the basis p, then (@;1)“
represents opv with respect to p". ]



2.4. Algebraic o-sheaves, purity and tensor products 47

Finally, we want to associate a Papanikolas )-motive with a dual Anderson A-motive
(M, o) of rank r over k. Note that @ is in particular a flat Ag-module, so that P :=
M® 4, Q is a Qg-vector space of dimension r and op = oM ®idg, : gZ?P — P is an injective
Qr-homomorphism between Qi-vector spaces of the same dimension and thus also surjective.
By Proposition [2.2.11| we may state the following;:

Definition 2.3.8. (i) Let P : 2%/ — 2 be the fully faithful functor from the category of
dual Anderson A-motives up to isogeny to the category of Papanikolas Q-motives that
sends an Anderson A-motive M of rank r over k to its associated Papanikolas QQ-motive

PM) := (M ®4, Qr,om ®idg, ) of rank r over k.

(i) When A = F,[t], we define the dual Lefschetz t-motive L = (L,or,) over k to be the
Papanikolas Q)-motive associated with the dual Carlitz t-motive C over k.

Note that L @ LY = 1, . Hence, the dual Lefschetz t-motive is invertible and the functor
(P—P®L): ¥ — & is an equivalence of categories.

Corollary 2.3.9. Let P, and P, be Papanikolas QQ-motives over k and n € N. Then the
natural map

Hom'@(£17£2) - Hom@ (El ® Ln7£2 ® LTL)7
[o— f®idpe,

18 an isomorphism.

2.4 Algebraic o-sheaves, purity and tensor products

Grothendieck’s motives are either pure or mixed objects. In this section, we first define
algebraic o-sheaves and through these pure dual Anderson A-motives in analogy with pure
motives. This is also necessary in order to assign later a pure (Q-Hodge-Pink structure to a
pure dual Anderson A-motive. Due to space consideration, we do not pursue the aspect of
mixed dual Anderson A-motives in this thesis.

The purity condition adds additional information at cog := 00 Xgpecr, Speck. A dual
Anderson A-motive over k will give rise to a locally free algebraic o-sheaf over A on Speck
and the purity condition provides an extension to a locally free sheaf on all of Cj. Similarly,
a Papanikolas QQ-motive over k defines a smooth algebraic o-sheaf over ) on Speck. In the
next section, we then define rigid analytic triviality of dual Anderson A-motives in terms of
the corresponding algebraic o-sheaves.

Suited to these purposes, we let the “coefficient ring” C in the definition of o-sheaves over
C on Speck be either A or (). Moreover, we denote the pullback of a coherent sheaf F on
SpecC xp, Speck along id x Frob;épeck by <. F.

Definition 2.4.1 (Cf. [BHO7al, Def. 1.1]). Let C be either A or @ and S := SpecC its
spectrum.

(i) An (algebraic) o-sheaf over C on Speck is a pair F := (F, o) consisting of a coherent
sheaf 7 on § xgpecr, Speck and an ngspechspeCk-module homomorphism or : GF —
F. We call F locally free of rank r if F is locally free of rank r on S xgpecr, Spec k and
smooth if or is an Osxg,.. Fqspec-module isomorphism.

(ii) A homomorphism of (algebraic) o-sheaves (F,or) and (G,o0g) is an O8xgpecs, Speck
module homomorphism f : F — G such that og o5 f = foor.
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(iii) We define the tensor product F ® G of two o-sheaves F = (F,ox) and G = (G, 0g) over
C on Speck to be the coherent sheaf F ®o, G on & Xgpecr, Speck together with the
OSXSpechspeCk-module homomorphism orgg := o ® og.

We denote the category of algebraic o-sheaves over C on Spec k by Coh,(Speck,C).

Remark 2.4.2. Within this and the next section, we follow widely the notation of [BHOT7a.
Bockle and Hartl define algebraic o-sheaves on X where X is a k-scheme locally of finite
type to study rigid analytic triviality of families of non-dual Anderson A-motives. We could
carry this over to our dual setting, but do not want to pursue this here and therefore restrict
ourselves to the case X = Speck.

As desired, we see that a dual Anderson A-motive M = (M, o) of rank r over k defines a
locally free o-sheaf of rank r over A on Spec k that we denote by Fy; = (Fwm, 07, ). Similarly,
we write Fp = (Fp,or,) for the smooth locally free o-sheaf of rank r over ) on Speck
corresponding to a Papanikolas @Q-motive (P,op) of rank r over k.

Purity and tensor products

In order to define purity of dual Anderson A-motives, we fix some further notation. Let D
be a divisor on C'. We denote the invertible sheaf on all of C} whose sections ¢ have divisor
(¢) =2 =D by Oc, (D). For a coherent sheaf M on Cj, we set M(D) := M ®0., Oc, (D).
Moreover, we let z be a uniformizing parameter of A j.

Definition 2.4.3 (Cf. [BHQ9, Def. 1.1]). Let I, n be integers with n > 0.

(i) Alocally free o-sheaf F = (F, o) of rank r over A on Spec k is called pure of weight % if
F admits an extension to a locally free sheaf M of rank r on C}, such that M|gpec 4, = F
and the Ogpec 4,-module homomorphism

o = ar o hor 0.0 (1) oy ¢ () F = F

induces an isomorphism

(67)" Moo, = M(L - 00k ) oo, (2.7)
of the stalks of M at oop. We call wt(F) := % the weight of F.

(ii) We call a dual Anderson A-motive M = (M, o) over k pure of weight % if there is a
free A p-module Wy € M ® 4, Qo of rank r such that

2 (oM ®idQu. )" ()" War) = Wit (2.8)
The weight of M is denoted by wt(M) := %

(iii) A Papanikolas Q-motive P = (P,op) of rank r over k is called pure of weight % if there
is a free Ay p-module Wp C P ®q, Qoo of rank r such that

2op®idg,,,)"((<.,)"Wp) = Wp. (2.9)
The weight of P is denoted by wt(P) := %

Corollary 2.4.4. A dual Anderson A-motive M over k is pure of weight % if and only if its
associated Papanikolas Q-motive P(M) over k is pure of weight %
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As the next proposition shows, every dual Drinfeld A-motive of rank r over k is an example
for a pure dual Anderson A-motive.

Proposition 2.4.5 (Cf. [And86, Prop. 4.1.1]). If M = (M, ow) is a dual Drinfeld A-module
of rank r over k, then M is pure of weight %

Proof. Using the inclusion i* : Fy[t] — A, we choose a non-constant a € A such that Qo =
A ®F,[q) k((1)). Thus we may assume A = F,[t] and z = 1. Let m € M be a k[o]-basis of M
and (1,0,...,0" 1" the usual k[t]-basis for M. Then there are unique a; € k, i =0,...,r—1,

such that
r—1
tm = <Z ai02> m.
=0

For all j > 0, we define the k[z]-module W} of rank r by putting
W, = (m,om,... 7Uj(rfl)m>k[[z}] C M ®ypyg k(2))-

We then find
tW; = tW; + Wj = Wjq =o' W; + W; = 0" W

and conclude that M is indeed pure of weight % O

Lemma 2.4.6. A dual Anderson A-motive M over k is pure of weight % if and only if its
associated locally free o-sheaf (Fm,ox,) over A on Speck is pure of weight %

Proof. For a proof that the conditions and are equivalent in the non-dual setting,
see [LRS93, Thm. 3.17]. This proof could be adapted to dual Anderson A-motives. Due to
page limit, we only sketch a proof.

Suppose first that Fy; admits an extension to a locally free sheaf M on C}, that satisfies the
purity condition . Let Wy be the completion of M, at coj. Then Wy C M ®4, Qoo
is a free A r-module of rank r and in order to even out the pole of degree [ at ooj we
multiply by z! so that 2/(on ® idg__ )" <(§5m)"(M ® A, Qoo,k)> — M ®4, Qoo satisfies as
desired

on @idg, )" ((s6.)" W) = War.

Conversely, suppose that there is a free Ay p-module Wy € M ® 4, Qo of rank 7 such that

(2.8) holds. Then we get the desired locally free sheaf M on C}, by the construction described
in [Gos906, §6]; see [Gos96, Rem. 6.2.14]. The purity condition at oor must hold because of
the data given by Wy. O

In order to show that the weight of a pure dual Anderson A-motive of rank r and dimension
d in fact equals %, we need the following:

Lemma 2.4.7. Let G be a coherent sheaf on Ci. Then deg¢*G = deg@.
Proof. By [BH09, Lem. 1.3] we know that deg¢*G = deg F*(¢*G) = degg. O

Corollary 2.4.8 (Cf. [BH09, Prop. 1.2]). Let M = (M, onm) be a pure dual Anderson A-
motive of rank r and dimension d over k. Then wt(M) = g. In particular, each dual Carlitz
A-motive is pure of weight 1.
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Proof. Suppose wt(M) = % and let M be the locally free coherent sheaf on C} that satisfies
the purity condition (2.7)). Then

l-7 = deg M(l-00) — deg M Lem. 247 deg M(l-00) —deg(¢*)" M = dimy, coker o}y = d-n. O

Finally, we want to show that two isogenous dual Anderson A-motives are either both pure
or none of them. This allows us to define the category of pure dual Anderson A-motives up
to isogeny.

Proposition 2.4.9 (Cf. [HarO8, Prop. 2.4.6]). Let f : M — N be an isogeny between two
dual Anderson A-motives M = (M, o) and N = (N,on) over k. Then M and N are dual
Anderson A-motives of the same rank and dimension over k and M is pure of weight % if
and only if N is pure of the same weight.

Proof. Suppose M has rank r and is pure of weight % Then there is an A, p-module

Wnm € M ®4, Qoo of rank r satisfying the purity condition (2.8]).
By Lemma and Proposition [2.2.3] it remains to show that M is pure if and only if N
is pure. Notice that Q1 is a flat Ax-module and

fRidg, , : M®4, Qoo — N®4, Qoo ks,  (om®idg. )" 1 (50 )" (M®4, Qoo ) — M® 4, Qoo k
and  (on ®idg, )" 1 (5o )" (N®a, Qook) = N ®4a, Qoo

are injective () x-homomorphisms between free () x-modules of the same rank so that they
must be isomorphisms.

We put Wy = (f ®idq,. ,)(Wm) € N ®a, Qoo that is an Ay x-module of rank 7.

Then the following diagram commutes

f®iono,k

~

WM ® 4, Qoo N®a, Qoo =— W

T (0M®ide’k)”T T(m@ide,k)“ T
* n * n (géoo)”(f(@iono’ ) * n * n
(o) WAt (5. )" (M @4, Qoot) 165" (N @4, Qoose) ——(sh. )" Wh.

Thus 2! (ox ® idg.. )" (5. )"Wn) = Wi by purity of M and we conclude that N is pure of
the same weight. For the converse take Wyt := (f ®idg,__, )~ (Wx) so that the same diagram
shows that M is pure of weight % if the same holds for N. ]

Definition 2.4.10. We define the following strictly full subcategories by restriction:

(i) the category 221 ¢ D271 of pure dual Anderson A-motives up to isogeny by re-
striction,

(ii) the category 9.@,52%{ C @,Q%J{ of pure dual Anderson A-motives of positive rank and
dimension up to isogeny by restriction,

(iii) the category P C P of pure Papanikolas Q-motives by restriction.

Recall that the tensor product of Papanikolas @Q-motives (Pj,op,) and (P, op,) is the
Papanikolas QQ-motive
(P1 ®q, P2,0p, ®opy).

For dual Anderson A-motives (Mp, on,) and (Mg, o, ), it is not clear that the pair (M ®4,
N, ome AkN) defines a dual Anderson A-motive. We show this for pure dual Anderson A-
motives with the help of the additional information given by purity.
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Proposition 2.4.11 (Cf. [And86, Prop. 1.11.1]). Consider pure dual Anderson A-motives
M and N of rank r and s, respectively. Then M ® N := (M ®4, N, 0M®AkN) s a pure dual
Anderson A-motive of rank rs and weight wt(M) + wt(N).

Proof. Suppose M and N are pure of weight 71711 and r%, respectively. Then there are A -
modules
WM cM ®A;C Qoo,k and WM CN ®A/1C Qoo,k

of rank r and s, respectively, such that
A(om @idg, )™ ((sho) ™ War) = Wi and  22(on ®idg., )™ ((s5,)" W) = Wi

The Aj-homomorphism oy, g A Mz = OM®ON induces a ¢*-linear map that we denote by o as
usual. By definition, M; ® 4, M» is a locally free Az-module and the cokernel of the injective
Ap-homomorphism o, ,, M, is killed by a power of the ideal J := (a®1—1®~(a)la € A).
Hence, it remains only to check that M ®4, N is finitely generated over k[o] and is pure of
weight wt(M) + wt(N). The A p-module

Whien = Wn @4, WN C (M @4, N) ®4;, Qoo

has rank r1r2 and satisfies
el (6 @idg )" Waen = Wuex.
We define an increasing filtration Wy C Wy C Ws C ... by setting
W; = (M @4, N) Nz~ UFNo)lhnatlm)yn o0 for j >0,

where Ny € N>V is sufficiently large so that

M ®a, N+ 2V Wyen = M @4, N) @4, Qook- (2.10)
Then there are evident maps

Wi /W; = Z*(j+No+1)(l1n2+l2n1)WM®N/Z*(J'+N0)(117L2+127L1)WM®N

(0 ®idg,, ) tNotmmyyy oy /(0 @idg., )TNy e

12

We conclude that
pm et en) Yy W = W = W 4 oMM (2.11)

holds for all j > 0. Because Wugn = k[2]®"'"2, the W, are finite dimensional over k.
Moreover, M ®4, N = U;j>oWj, so that M ®4, N is finitely generated over k[o] by (2.11]) and
the assertion follows. O

Remark 2.4.12 (Cf. [Tae09, Thm. 5.3.1]). In case k is algebraically closed, Laumon proves
that every locally free coherent Qo p-module W of finite rank together with an isomorphism
ow q(’f?ooW = W admits a classification; that is, a decomposition into so-called “building
blocks” of different weights [Lau96l Thm. 2.4.5/App. B]. The weights of an arbitrary dual
Anderson A-motive (M, oy) over k are defined to be these weights occurring in the classifi-
cation of M ®4, Qo k- As all of them must be positive, it is possible to show the preceding

proposition for arbitrary dual Anderson A-motives in a similar way (for a proof of this when
A =TF,[t], see also [ABP, Thm. 1.5.10]).



52 2. The Tannakian category &7 of pure dual t-motives

Definition 2.4.13. (i) The tensor product M; ® My of two pure dual Anderson A-motives
M, and M, is defined to be the dual Anderson A-motive (M; ® 4, Ma, oM, ® oMm,).

(i) We let 1,4, = (La,0n,, ) be the dual Anderson A-motive over k consisting of the
Aj-module 14, := Ay together with the natural injection o1, <"1y, S 1y,

Clearly 14, plays the role of a unit object in PP/, In order to see that 2 Z2.a/1 and
PP are abelian Q-linear tensor categories, we show that kernels and cokernels exist in

PP’ and P P.
Proposition 2.4.14. (i) Consider a short exact sequence of Papanikolas Q-motives
0—P —P—P —0
If P = (P,op) is pure, then P’ = (P',op:) and P" = (P",opn) are also pure.
(ii) Consider a short ezact sequence of dual Anderson A-motives in Do/’
0—M —M-—M —0.
If M = (M, on) is pure, then M' = (M/, opyp) and M" = (M”, o) are also pure.
Proof. To see (i), suppose that Wp is the Qo p-module given by the purity of P. We set
Wpri=WpnN P'®0, Qoo C P®g, Qoor and Wpn = Wp/Wpr
so that we obtain a short exact sequence
0— Wp — Wp — Wpr — 0.

The isomorphism 2! (cp ® idq.. )" ((s5,,)"Wp) = Wp induces isomorphisms

Hop ©idg., ) (9. We) = Wpr and 2 (opr @idg.. )" (5. W) = W,

whence the assertion holds.
The short exact sequence of dual Anderson A-motives in 2.7 in (i) induces a short exact
sequence of Papanikolas ()-motives

0 — P(M) — P(M) — PQL") — 0,

Since a dual Anderson A-motive is pure if and only if its associated Papanikolas Q)-motive is
pure, we may deduce (ii) from (i). O

Corollary 2.4.15. The category P Do/ and PP are abelian Q-linear tensor categories.

The category 247! is still not exactly what we are looking for. In the next section, we
study rigid analytic triviality of dual Anderson A-motives. We see next that we may define
the strictly full subcategory of pure rigid analytically trivial dual Anderson A-motives up to
isogeny by restriction.
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2.5 Rigid analytic o-sheaves and rigid analytic triviality

We want to introduce rigid analytic triviality of dual Anderson A-motives and Papanikolas
@Q-motives. This allows us to define the fiber functor underlying the Tannakian category of
pure dual t-motives in the next section.

We first define the “rigid analytification” of algebraic o-sheaves corresponding to dual
Anderson A-motives, which we call rigid analytic o-sheaves. An algebraic o-sheaf is said to
be rigid analytically trivial if its associated rigid analytic o-sheaf is trivial. We then call a
dual Anderson A-motive rigid analytically trivial if its corresponding algebraic o-sheaf is rigid
analytically trivial. Similarly, we define rigid analytic triviality of Papanikolas @-motives.
We see that a dual Anderson A-motive is rigid analytically trivial if and only if its associated
Papanikolas @-motive is rigid analytically trivial. Henceforth, there is a well-defined functor
PRDA" — PR from the category of pure rigid-analytic trivial dual Anderson A-motives
up to isogeny to the category of pure rigid analytically trivial Papanikolas Q-motives that
we also denote by P by abuse of notation.

As needed for the definition of rigid analytic o-sheaves on Sp k and hence the study of
rigid analytic triviality we assume for the rest of this chapter that k is perfect and a complete
subfield of C that contains Q. In fact, k and Co, are complete extensions of Qo since |- |oo
extends canonically to k and C, respectively (cf. [Gos96, §2]). We denote these extensions
also by | - |. Note that such a field k is automatically an A-field (k,~) via the inclusion
v:A— Q — Qo — k so that k has generic characteristic.

Furthermore, we define the following k-algebras and rigid k-spaces:

1. In order to “rigidify” algebraic o-sheaves over A on Speck:
A(co) = (Spec Ap)"& = Sp(Ax{t})
whose coordinate ring is the ring of entire functions on 2((c0)

A(oo) = Ap{t} = A®p,q k{t}.

2. To study triviality of rigid analytic o-sheaves over A(co) and rigid analytic triviality of
dual Anderson A-motives over k:

(1) = Sp(A®p,[ k(t) =SpA xspr D
whose coordinate rings is

A(l) = Ak<t> = A ®Fq[t] T withT:= k‘<t>

3. To define rigid analytic triviality of Papanikolas Q-motives over k:
Q1) = Quot(A(1)).

We will refer to A(co) and A(1) in the following as the coefficient rings for rigid analytic
o-sheaves. If € is one of them and & its spectrum we denote the pullback of Frob;ép ; along
& —Spkbyge: 6 — 6.

Definition 2.5.1 (Cf. [BHO7a, Def. 1.2]). Let € be one of the coefficient rings listed above
and & :=Sp¢.
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(i) A rigid (analytic) o-sheaf over € on Spk is a pair F := (F, 0 %), where F is a coherent
sheaf of Og-modules on & and an Og-module homomorphism oz : ¢¢F — F.

We say that ]E is locally free of rank r if F is locally free of rank r on & and smooth if

0z is an isomorphism.

(ii) A homomorphism of rigid (analytic) o-sheaves (F, oz) and @ 05) is an Og-module
homomorphism f : F — G such that ogo Sef = foogz

(iii) We define the tensor product F® G of two o-sheaves F = (F, oz) and G =(G, o) over
¢ on Spk to be the coherent sheaf of Og-modules F ®0s, ¢ GonG together with the

Og-module homomorphism OFeG ‘=07 ®O0g.

We denote the category of rigid analytic o-sheaves over € on Sp k by a)Tlo(Sp k, ).

If F = (F,o0x) is an algebraic o-sheaf over A on Spec k, we may naturally associate a rigid
analytic o-sheaf F™¢ := (F"8 g ..) over A(oo) on Spk with F where F'8 is the pullback
along the morphism

Sp(A(00)) = (Spec Ay)"'8 — Spec Ay,

and o zrig is the homomorphism
O Frig : gZ(OO)frlg - frlg

induced by oz. If F is locally free of rank r, the same is true for F8.

So if M = (M, on) is a dual Anderson A-motive over k, we obtain its “analytification”
in the form of a rigid o-sheaf (7}, U]_-R}[g) over A(oco) on Sp k. Taking global sections yields
the A(oo)-module M(oo) := M ®4, A(c0) = M ®4, k{t} and the induced A(oco)-module
homomorphism

OM(s0) = oM ®1d 1 61y M(00) — M(00).
We give now the example of the “most trivial” rigid o-sheaves over €.

Example 2.5.2 (Cf. [BHO07al Ex. 1.3]). Let € be one of the coefficient rings. Then the
simplest rigid o-sheaf in Coh,(Spk, €) is the rigid o-sheaf 1, := (1¢,01,) over € on Spk
where 1¢ is the structure sheaf Ogp, ¢ and o1, is the natural isomorphism

s¢Ospe — Ogpe.
This means the induced €-module homomorphism on global sections is
Gl — €.
In order to define triviality of rigid o-sheaves over A(co), we assign o-sheaves over A(1)
to them by applying “change of coefficients”.

Definition 2.5.3 (Change of coefficients). Let F = (F, oz) be a rigid o-sheaf over A(co)
on Spec k. We may restrict coefficients from A(co) to A(1) so that we obtain a rigid o-sheaf
F @ (o) A(1) = (F @ 4(o0) A(l),O']_":@A(oo)A(l)) over A(1) on Spk with F ® 400y A(1) = Fla)
a~nd the well-defined Og(;)-module homomorphism TES 4oy AL) A (F ®a() A1) —
F ®A(s0) A(1) induced by o %.
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Note that for a dual Anderson A-motive (M, o) the associated rigid o-sheaf fii/[g ®A(o0)
A(1) over A(1) on Sp(k) arises from a pair (M(1), oyy(1)), which consists of the A(1)-module

M(1) = (M @4, A(00)) ®1000) A(L) = M 24, A(1)
and the A(1)-homomorphism
OM(1) gz(l)M(l) — M(1), gz(l)(m@@ f)—om(c*(m))® f formeM, fe A(l).

Definition 2.5.4 (Cf. [BHOT7a), Def. 1.6]). Denote the global sections of a rigid o-sheaf F =
(F,oz) over €on Spk by Mz :=I'(Sp &, F) and the corresponding ¢-module homomorphism

by OMy - We define the o-invariants f"(k) of F to be

MZ:={m e Mz | UMi(CEm) = mj.

In fact, ME is a module over 1%(k) = {m € €: ¢gm = m}. Observe that 13(k) = €7 = A if
¢ is A(1).

Let F = (F, 0z) be a locally free rigid o-sheaf over A(1) on Sp k. Define the natural map
¢ F° @ Loy — z,
which is given by m ® f — fm on global sections (cf. [BHO7al, Lem. 4.2]).

Definition 2.5.5 (Cf. [BH07a, Def. 4.1]). (i) We call a locally free rigid o-sheaf F over
A(1) on Spk trivial if N N
F7@alyqy = F.

(ii) We call a locally free rigid o-sheaf F over A(co) on Sp k trivial if the o-sheaf F®Rc(00)C(1)
over A(1) arising by change of coefficients is trivial.

(iii) We call a locally free algebraic o-sheaf (F,or) rigid analytically trivial if its “rigid
analytification” (F'8, o zig) is trivial.

(iv) Consider the natural A(1)-homomorphism
OM(1)°@4A(1) * @?(1) (M(1)7 ®4 A(1)) = M(1)7 @4 A(1).

We call a dual Anderson A-motive M = (M, onp) of rank 7 over k rigid analytically
trivial if its associated rigid o-sheaf (Fy%, 0 pxig) over Spk is trivial, so if
M

b < M(1)” ®a A(1) ) . ( M(1) = M ®y, A(1) >
IM(1)7 @A A(1) oM(1)
with ¢(m ® f) := fm is an isomorphism.
Motivated by this, we make the analogous definitions for Papanikolas (-motives.

Definition 2.5.6. Consider a Papanikolas Q-motive (P,op) over k and the map gé(l) :
Q(1) — Q(1) induced by SA(1) * A(l) — A(1).
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(i) We define the Q(1)-module P(1) := P®q, Q(1) together with the Q(1)-homomorphism
UP(l) : §5(1)P(1) :> P(l)
induced by op.

(ii) The o-invariants P(1)? of P are defined to be the Q-module
P(1)7:={p € P(1) | opa)(shap) = p}-

(iii)) We call a dual Papanikolas Q-motive (P,op) over k rigid analytically trivial if the
natural map

¢: P(1)° ®q Q(1) — P(1), p®gwr gp,

is an isomorphism.
Definition 2.5.7. We define the following strictly full subcategories by restriction:

(i) the category PRI C D1 of pure rigid analytically trivial dual Anderson A-
motives up to isogeny,

(ii) the category @%9&4 C _@Qﬁ of pure rigid analytically trivial dual Anderson A-
motives of positive rank and dimension up to isogeny,

(iii) the category # C & of rigid analytically trivial Papanikolas Q-motives,
(iv) the category PR# C X of pure rigid analytically trivial Papanikolas Q-motives.

We want to show that we may restrict the functor P : 24! — 2 to a functor from the
category PAD4! to the category Z. In order to do this, we need to show that this is
well-defined. This will follow from the last assertion of the next Proposition.

Using the the inclusions i* : Fy[t] — A and i* : Fy(t) — @, we see that

M(1) = Matyx,(T) and P(1) = Matyu, (L) with L := Quot(T),

for a dual Anderson A-motive (M, o) of rank 7 over k and Papanikolas Q-motive (P, op) of
rank r over k. We may then state the following:

Proposition 2.5.8 (Cf. [Pap08, Prop. 3.3.9 and Prop. 3.4.7]). (i) Let P = (P,op) be a
Papanikolas Q-motive of rank r over k and ®p represent op with respect to a k(t)-basts
p of P.

(a) P is rigid analytically trivial if and only if there is a matriz ¥y, € GL,/(L) such
that
v = o,

We call ¥, a rigid analytic trivialization of ®p.

(b) If Uy is a rigid analytic trivialization of ®p, then the entries of \Ilrjlp form an
F,(t)-basis for P(1)7.

(c) Suppose P is rigid analytically trivial, ®p € Mat,,(k[t]) and det(Pp) = a(t—6)°
for some e > 0 and o € k*. Then there is a rigid analytic trivialization Vg, of ®p
such that ¥y € GL,(T).



2.5. Rigid analytic o-sheaves and rigid analytic triviality 57

(i) Let M = (M, oMm) be a dual Anderson A-motive of rank r over k and P its associated
Papanikolas Q-motive. Suppose @y, represents oy with respect to a k[t]-basis m €
Mat, 1 (M) for M.

(a) M is rigid analytically trivial if and only if there is a matriz Uy, € GL(T) such
that
v = 0,0
We call Uy, a rigid analytic trivialization of ®y,.

(b) If Uy € GL,/(T) is a rigid analytic trivialization of ®m, then the entries of ¥ lm
form an F[t]-basis for M(1).

(c) M is rigid analytically trivial if and only if P is rigid analytically trivial.

Corollary 2.5.9 (Cf. [Pap08, Theorem 3.4.9)). The functor PRDA! — PR that maps
a pure rigid analytically trivial dual Anderson A-motive M to its associated Papanikolas Q-
motive P(M) is well-defined and fully faithful. By abuse of notation we denote the restriction
also by P. Similarly, we write P : @%.@&f_{ — PX.

In order to show that an Anderson A-module is uniformizable in Section[4.1.2]if and only if
its associated dual Anderson A-motive is rigid analytically trivial, we need to state a further
equivalent condition for a dual Anderson A-motive (M, oyp) to be rigid analytically trivial.
We define the a-adic completion of M to be

M, = limM/a"M = M ®4, lim(A4/a" @, k)

(cf. [ABP), §1.8.6]). By viewing M as a free k[t]-module of rank 7’ via the ring homomorphism
i* 1 Fyt] — A, t — a, we find

My =M ®a4, (A®p, k[t]) = Mati«, (k[t]).

Let o : M — M denote the ¢*-linear map induced by oy. Note that o induces a ¢ (a)—linear
map M, — M,, which we also denote by ¢ by abuse of notation. We define the o-invariants
M7 of M, to be

M? :={m € M, | o(m) = m}.

Moreover, we call the elements in M(1) C M, convergent and m € M, an M-cycle if m is
convergent and o-invariant, that is, if

m e M(1) N M7.
Since M(1) N Mg = M(1)? we have the following consequence:

Corollary 2.5.10 (Cf. [ABP] §1.8.7]). A dual Anderson A-module (M, on) of rank r over
k is rigid analytically trivial if and only if the natural map

(A-module of M-cycles) ® 4 A(1) — M(1)

18 bijective.
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2.6 Papanikolas’s definition of pure dual t-motives

Following Papanikolas in [Pap08], we show that;@% is a neutral Tannakian category over
@ with fiber functor (P — P(1)7?) : % — %Q in the sense of Definition [1.2.11] Having
done this, we define the Tannakian category 2.7 of pure dual t-motives as a subcategory of

PR.

Lemma 2.6.1. Consider a Papanikolas Q-motive P = (P,op) of rank r over k and let
Ulyeeosfbm € P(D)7. If pa, ...,y are linearly independent over Q, then they are linearly
independent over Q(1) in P(1). In particular,

dimg P(1)7 <.
Equality holds if and only if P is rigid analytically trivial.

Proof. For the sake of contradiction, we assume that m > 2 is minimal such that p1, ..., un
are linearly independent over @, but ui,..., t, are not linearly independent over Q(1) in
P(1). That is, there are a; € Q(1) such that

m
Z a;ip; = 0.
i=1

Without loss of generality, we suppose a; = 1. Since imop = P, we also have

i Ozg_l)ui =0
i=1

and thus /" (o — agfl)),ui =Yoo — agfl))pi = 0. Taking M = N = (A, s*Ap — Ap)
in Proposition we find o; € Q. This contradicts the assumption. Thus the natural
map ¢ : P(1)7 ®q Q(1) — P(1) is injective, which proves dimg P(1)7 < dimgy) P(1) =
dimg, P = r. Clearly equality holds if and only if ¢ is also surjective, which means that P is
rigid analytically trivial. O

Proposition 2.6.2 (Cf. [Pap08, Prop. 3.3.11]). Let P = (P,op) be a rigid analytically
trivial Papanikolas QQ-motive and

0—-P —-P—-P —0
be a short exact sequence of Papanikolas Q-motives. Then the following hold:

(i) The Papanikolas Q-motives P' = (P',op/) and P" = (P",opr) are also rigid analyti-
cally trivial.

(i) The sequence 0 — P(1)? — P'(1)? — P"(1)° — 0 is a short exact sequence of Q-vector
spaces.

Proof. By definition, we see that the sequence 0 — P’(1) — P(1)° — P"(1)? is exact.
Consider the natural map ¢ : P(1)7 ®q Q(1) — P"(1)° ®¢g Q(1) that gives rise to the
following commutative diagram with exact rows:

0—P'(1)" ®g Q(1) —= P(1)? ®g Q(1) ——=im¢ —0

| ] l

0 P'(1) P(1) P'(1) —=0.
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Since all three maps are injective by Lemma we find that all of them must be isomor-
phisms. Hence, P’ is rigid analytically trivial and

dimg P"(1)7 = dimg) P"(1)7 ®q Q(1) > dimg(y) im ¢ = dimg(y) P’(1) = dimg, P".

Again by Lemma we may conclude that P” is rigid analytically trivial. Finally we find
that (ii) holds since

dimQ P(l)a = dika P = dika P + dika P’ = dimQ Pl(l)g + dimQ P"(l)a. O

In particular, we see that kernels and cokernels exist in %, which implies that % is an
abelian category. By (ii), (P — P(1)?) : % — %ﬁQ is a Q-linear tensor functor. The
next proposition shows that it is indeed a fiber functor and % and % are rigid tensor
subcategories of &2,

Proposition 2.6.3. Let P, = (Py,op,) and Py = (Py,0p,) be rigid analytically trivial
Papanikolas Q-motives of respectively rank r1 and ro over k. Consider the isomorphisms

¢1: Pi(1)7 ®q Q(1) = Pi(1) and ¢z : Pi(1)” ®q Q(1) = Pi(1).
(i) The natural map Hom g (P, Py) — Homg(P1(1)7, P2(1)7), f— ¢a0 fo ¢1_1]p1(1)g, is
injective;
(i) Py ® P, is rigid analytically trivial, and the natural map Pi(1)° ®¢g P>(1)7 — (P1® P»)?
is an isomorphism of QQ-vector spaces;

(i) PY is rigid analytically trivial and the natural map (Py(1)°)Y — PY(1)? is an isomor-
phism of Q-vector spaces.

Proof. Part (i) is clear from the definition. To see (ii), we let p and q be k(¢)-bases for P; and
P,, respectively. By Lemma the Kronecker product ®p0q = ®p ® Pq represents op,gp,
with respect to the k(t)-basis p ® q for P; ® P». Because P; and Py are rigid analytically
trivial, there are matrices U, and W4 that are rigid analytic trivializations of ®, and ®4.
Moreover, there is a commutative diagram

oPePy®idga)

ga(l) ((Pl QQy, PZ) QQy, Q(l)) (Pl @, P2) @Q, Q(l)

| |
o (71 ®q, QL) ®qq) (P2 @, Q(1))) — (P ®g, Q(1)) ®qn) (P2 ®q, Q(1)).
(O'P1 ®1dQ(1))®(0P2®1dQ(1))

Hence, the Kronecker product ¥pgq := Vp ® Wq provides a rigid analytic trivialization of
®peq, Which proves the first part of (ii). To show the first part of (iii), we let p be a k(t)-basis
for P. Again by Lemma it follows that ®,v := (& D)t yepresents op with respect to
the dual basis. Then there is a matrix W, which is a rigid analytic trivialization of ®p.
Similarly to above, we find that Wpv := (V5 1) is a rigid analytic trivialization of ®pv. The
second parts of (ii) and (iii) follow from Proposition [2.5.8 (i). O

Thus [Pap08, Thm. 3.3.15] also holds when @ is an arbitrary function field:

Theorem 2.6.4. (i) The category Z of rigid analytically trivial Papanikolas Q-motives is
a neutral Tannakian category over Q with fiber functor (P +— P(1)7) : % — %Q.
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(i) The category PR of pure rigid analytically trivial Papanikolas Q-motives is a neutral
Tannakian category over Q with fiber functor (P +— P(1)?): % — %Q.

Since we later want to relate pure -Hodge-Pink structures and pure dual t-motives as-
sociated with pure rigid analytically trivial dual Anderson A-motives, we need to modify
Papanikolas’s definition of the category 7 correspondingly.

Definition 2.6.5 (Cf. [Pap08|, §3.4.10]). (i) The category 2.7 of pure dual t-motives is
defined to be the strictly full Tannakian subcategory of % generated by the essential
image of the functor PZ 9! — PZ. Tts fiber functor is

w:PT — Vwg, Pr— P(1)°,

and we call a pure Papanikolas @Q-motive P = (P,op) € Ob(Z.7) of rank r and weight
% over k a pure dual Q-motive of rank r and weight % over k. If Q) = Fy(t), then we

refer to objects in £2.7 as pure dual t-motives.

(ii) Tz = Aut®(w) is defined to be the affine Q-group scheme given by Tannakian duality
such that the category %Q(F ) is equivalent to 2.7 .

(iii) We define an extension wB 2T — ,%aﬁ from the category of pure dual Q-motives
to the category of finitely generated left R-modules of w by setting w()(P) := P(1)? ®qQ
R for an arbitrary commutative Q-algebra R so that Tz (R) = Aut®(w).

We observe that such a pure dual Q-motive P € Ob(Z.7) over k is constructed via direct
sums, subquotients, tensor products, duals and internal Hom’s from Papanikolas QQ-motives
over k associated with pure rigid analytically trivial dual Anderson A-motives over k.

2.7 Taelman’s equivalent definition of pure dual t-motives

In order to define a functor to the category of )-Hodge-Pink structures, we give an alternative
description of 2.7, which was elaborated by Taelman in [Tae07] and [Tac09]. The idea is to
make the Carlitz t-motive invertible and to describe pure dual t-motives similarly as classical
pure motives [DMOS82| I1.§6]. The latter is a pair M (i), that is, an effective motive M
twisted with the i-fold tensor power of the Tate motive. The Tate motive 1(1) is the inverse
of the Lefschetz motive 1(—1) whose function field counterpart is the Carlitz t-motive when
A =T, [t]f}| The dual Carlitz t-motive is invertible if the functor (M +— M®C) : PR P71 —
PP is an equivalence of categories. We first see that it is fully faithful by the next
lemma. For the rest of this chapter, we restrict ourselves to A = F[t].

Lemma 2.7.1 (Cf. Lemma[2.3.9). Let M = (M, o) and N = (N, on) be pure dual Anderson
A-motives over k and n € N. Then the natural map

¢ : Homy(M,N) — Hom;(M® C",M® C"),
[ feid,

18 an isomorphism.

3 The construction described here can be generalized to arbitrary function fields by considering the different
isomorphism classes of Carlitz A-motives, see [Gos906, §7.1].
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Proof. Because C" is the n-fold tensor power of A, by definition, the natural map

¢ :Homy, (M,N) — Homy M®C" M®C")
f — f®id

is an isomorphism of Ag-modules. Consider an arbitrary f ® id € Homi(M ® C",N @ C").
This means that

(f@id)o(t —0)"om = (t — 0)"on o™ (f ®id)

so that we find, as desired,
foom=onoc"f. O

Suppose that M is a pure dual Anderson A-motive of weight % over k and ¢ € N a non-
negative integer. By Proposition [2.4.11} we see that the tensor product M ® C* of M and the
i-fold tensor power of the dual Carlitz t-motive C over k is pure of weight % + 1.

Definition 2.7.2. (i) A pure dual t-motive of rank r and weight % — 1 over k is a pair
P = (M, 1), where M is a pure rigid analytically trivial dual Anderson A-motive M of
rank r and weight % over k and ¢ € Z an integer

(ii) A morphism f : (M;,i1) — (My,i2) between pure dual t-motives is a quasi-morphism
f € QHom,(M; ® CN=% M, ® CN~%) of dual Anderson A-motives, where N € Z is
sufficiently large.

We denote the category of pure dual t-motives by #2.7’ and the set of morphisms between
pure dual t-motives P, and P, in 2.7’ by Hom g o/ (P, Py).

To see that these definitions are well-defined, consider pure dual t-motives (M®C, —n) and
(M, —n — 1) over k for n € N>, Then the natural isomorphism between pure dual Anderson
A-motives (M ® C) ® C"! and M ® C" provides an isomorphism

M®C,—n+1)=(M,—n). (2.12)
We then find that P'(C") = (14,, —n). The identity object is given by (14, ,0) since

For i € Z, we write alternatively M(7) for a pure dual t-motive (M, 7). Motivated by classical
theory, we call the pure dual t-motive 14, (1) the dual Tate t-motive. We will see later that
1,, (1) corresponds indeed to the inverse of the dual Lefschetz t-motive over k (Definition

2.3.8). By Lemma we may make the following

Definition 2.7.3. Let P’ : PR/ — 27" be the fully faithful functor that sends a pure
rigid analytically trivial dual Anderson A-motive M over k to the pure dual t-motive (M, 0).
By abuse of notation we denote the restriction PZ P .of +I — PT of Pto PRDA +I also by
P’

Next we want to make 2.7 into a rigid abelian Q-linear tensor category.

Definition 2.7.4. Let (M;,41), (My,i2) and (Ms,i3) be pure dual ¢-motives over k.

4 Note that our definition differs from [Tac09, Def. 2.3.2] by sign. This coincides with the notation used in
classical theory, see for example [DMOS82, 11.§6].
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(i) The direct sum of (My,i1) and (M,,i2) is the pure dual t-motive
(M, i) & (M, ip) = (M, ® CV ™) & (My ® CV72), N),
where N € Z is sufficiently large.

ii) The tensor product of (M;,41) and (M,,i9) is the pure dual t-motive
1 2

(M; ® My, iy + i2).

(iii) A short exact sequence of pure dual t-motives over k
0 — (My,i1) — (My,d2) — (Mg, i3) — 0
is a short exact sequence of the underlying dual Anderson A-motives in 2.%71
0—MeCV" - MeCV™ — M;eCVs —q,
where N is sufficiently large.

Note that 2.7’ is abelian since 2.7 is abelian by Lemma m Recall that the def-
inition of the inner hom of Papanikolas ()-motives uses the fact that the underlying maps
are Qg-isomorphisms by definition. The next lemma helps out that the Ax-homomorphism
underlying a pure dual t-motive over k does not need to be bijective.

Lemma 2.7.5 (Cf. [Tae09, Prop. 2.3]). Let M; = (M;,oMm,) be a pure dual Anderson
A-motive of rank r; over k fori=1,2. For N sufficiently large, the subgroup

¢* Homy, (My,Ms ® CV) C sg Homg, (M1 ®4, Qk, M2 ®a4, CN ®a4, Q1)

. -1
is stable under ¢* f +— oy N 0 ¢F fooy .

Proof. Suppose that ®y,, € Mat,, «,, (k[t]) represents oy, with respect to a k[t]-basis m; €

Mat,., 1(M;) for M;, i = 1,2. Then the matrix (t—0)™ ®,,, represents TNy O with respect

to the basis my ® c, where c is a k[t]-basis for the Qg-vector space C" underlying the Carlitz
t-motive C.
On matrices, the map

§5f = (UM2®CN ®idg,) © Céf o (oM ® iko)il
is then given by

Matréxr’l(k(t)) - Matréxr’l(k(t))
F s (=0, F- 0.

Recall that we have det @, = a(t —0)? for some a € k* and d € N. Hence, for N sufficiently
large, (t — )N o ! € Mat,s . (k[t]). Therefore Mat,, ., (k[t]) gets mapped to itself, which
proves the assertion. O

This allows us to define an inner hom of pure dual Anderson A-motives in some cases.
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Definition 2.7.6. Let M; = (Mj,on,) and My = (Mag, on,) be pure dual Anderson A-
motives over k. For N sufficiently large, we define the inner hom Hom(M,;, M, @ CV) to be
the Ap-module Homy4, (M1, M2 ®4, CN) together with the Aj-module homomorphism

Trtomu, MypcNy + " Homa, (M1, Mz @4, CV)  — Homy, (My, My @4, CV),
f o TMp@4, CN © *fo al\f/ﬁ.
For N € N, we then have a natural isomorphism
Hom(M;, M, ® CV) ® C = Hom(M;, My ® CVF1), (2.13)
by which we may extend the definition of the inner hom to the category of pure dual t-motives.

Definition 2.7.7. We let P; = (M;,i;) and Py = (Ms,42) be pure dual ¢t-motives over k
and N a sufficiently large integer.

(i) The inner hom is given by the pure dual ¢t-motive

Hom(Py, Py) := (Hom(M,;, M, ® CN*T17%2) N).

(ii) We define the dual Py of P; to be pure dual t-motive

PY :=Hom((M,,41), (1y,,0)) = (Hom(M,;, CN*), N).

We note that the inner hom of pure dual t-motives (M;,i1) and (M, i2) is pure of weight
(wt(Ms) — d2) — (wt(M;) — 41). By the next proposition we find that Hom(M;,M,) plays
indeed the role of an inner hom in &2 that is compatible with tensor products.

Proposition 2.7.8. (i) Let P,, P, and P be pure dual t-motives over k. The inner hom
satisfies the adjunction formula

Hom g 5 (P ® Py, P3) = Hom g 5 (Py, Hom(Py, P3)). (2.14)

(ii) Consider finite families (P;)icr and (P})icr of pure dual t-motives over k. Then there
is an isomorphism

toierPy@ici P!, | Qier Hom(Py, Py) = Hom(®ier Py, @ierP;).

(i1i) Every pure dual t-motive P over k is reflexive.

Proof. Suppose P; = (M;,i1), Py = (M,y,i2) and Py = (Ms,i3). For Ny € Z sufficiently
large, we have that (2.14]) is by definition

Homﬂﬂ’((Ml @My, i1 + i2)7 (Miiv 13)) = Homﬂﬂ/((Mla il)a (Hom(MQ’MS ®QN2+i2_i3)a NQ))
Choosing integers N1 > N, sufficiently large, this is defined to be

QHomy, (M; ® M) @ CVHN2)—in—iz N[ @ C(N14-N2)—is)
=~ QHomy (M, ® CM™™ Hom(My, My @ CMF27) @ G =),
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Using the underlying natural isomorphisms, we may write this as

QHomy, ((M; ® QNl_il) ® (M, ® QNQ_iQ),MS ® QN1+N2—Z'3)
>~ QHomy (M, ® CNM™ Hom(M,y, My @ Cliz=N2)+(NidNo—ia)yy

which is in turn equivalent to

QHomk((Ml ® QNl_il) ® (M2 ® QNZ—i2)7M3 ® QN1+N2—1'3>
~ QHomy (M, © GV Hom(M, @ C2 72, My © V2 7is))

Thus it suffices to show that there is an isomorphism
Homy, (M; ® My, M3) = Homy (M, Hom(M,, My)),

for some pure dual Anderson A-motives M;, M, and M; for which Hom(M,, M3) is defined.
This is done in the same fashion as in the proof of Proposition [2.3.5] (ii) and (iii) then follow
similarly. 0

Corollary 2.7.9. The category 2.7 of pure dual t-motives over k is a rigid abelian Q-linear
category.

Note that we can write an arbitrary pure dual t-motive over k as
M(i) = (M ® 1y,)(i) = M(0) ® L, (1) = M(0) @ 1, (1)",

so that the category 2.7 of pure dual t-motives is indeed generated by pure rigid analytically
trivial Anderson A-motives over k and the dual Tate t-motive over k. Alternatively, if we
identify M with its associated pure dual t-motive M(0), we have

M(i) = M(0) ® L, (~1)™" = M(0) ® C(0) ™",

that is, 2.7’ is generated by pure rigid analytically trivial Anderson A-motives over k and
the inverse of the Carlitz t-motive over k.

Theorem 2.7.10. The functor R : 7' — P T that is given by
(M, i) — R(M, i) := P(M) @ P(C) " =P(M) ® L™".

is an equivalence of categories and preserves ranks and weights.

We observe that the functors P : PZ 9.7 — 2T and RoP' : PRI — P T are

isomorphic.
Proof. Note R is well-defined since for any (M, i) € 2.7’
R(M,i) = P(M) @ P(C) " =PM®C)@P(C) "' =RM®C,i+1).
Consider (My,141), (My,i2) € Ob(2.7"). By definition,
Hom g 7 (M, i1), (M, i9)) = QHomy,(M; ® CN ™, M, ® CV™*2)
for N sufficiently large. This is isomorphic to

Hom»(P(M;) ® P(C)™", P(M,) ® P(C) ™)
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by Proposition and Corollary so that R is fully faithful.

We want to show that it is also essentially surjective and hence an equivalence of categories.
By definition an arbitrary pure dual t-motive over k in &7 is constructed via direct sums,
tensor products, duals and inner hom’s and subquotients from the associated Papanikolas
Q-motive P(M) over k of a pure rigid analytically trivial dual Anderson A-motive M over k.
Since the functor P commutes with forming direct sum and tensor product, we only need to
consider the latter two cases.

At first we want to find a pure dual t-motive (M,i) in 2.7 that satisfies R(M,i) =
Hom(P, Py) for P, P, € Ob(£.7). Without loss of generality we may assume that P; =
P(M;) and Py = P(M,) for pure rigid analytically trivial dual Anderson A-motives. For N
sufficiently large, we have

R(Hom((Mlﬂ 0): (M27 0))) = R(Hom(MlvMQ ® QN)ﬂ N)

= P(Hom(M;,M, ® CV))® P(C)~"
Hom(Py, Py ® L) @ P(C) N = Hom(Py, P,).

I

Thus it remains to consider the case that P” = (P”,0/) € Ob(£.7) is a subquotient of a
P € Ob(£.7). Again we may assume that P = (P,op) = P(M), where M = (M, o) is a
pure rigid analytically trivial dual Anderson A-motive of rank r over k.

Suppose P = P/P’ with P' = (P',0p/) € Ob(£2.7) is a pure dual sub-t-motive of P of
rank 1/ over k, that is, P’ = k(t)®" since Q}, = k(t). We define M’ := M N P’ in M. Then
M’ is a finitely generated k[t]-module because M’ is contained in M. For the same reason, we
find that M’ is also torsion free. Therefore M’ = k[t]®* and M’ @y k(t) = P’ so that s’ =1’
must hold. We define oy := om|yr @ M — M. By Lemma @, Proposition
and Proposition we see that (M’, oq,) is a pure rigid analytically trivial dual Anderson
A-motive over k such that P(M') = P'.

Similarly, we find that M/M’ is finitely generated over k[t] and M/M’ 2 k[t]®"='. More-
over, M/M’ is a torsion free k[t]-module since the submodule M’ C M is saturated. Hence,
M/M @y k(t) = P/P" = P" and M” := M/M’ = k[t]*"~"". Further oy and oy induce
an injective k[t]-homomorphism oy : ¢*M” — M”. By the same reasons as above, we con-
clude that (M”, o) is a pure rigid analytically trivial dual Anderson A-motive over k with
P(M//) — p. 0O

Corollary 2.7.11. 2.7’ is a neutral Tannakian category over @ with fiber functor w' :=
woR: 27" — %Q, that is,

W'(M(3) = w(P(M) ® L) = w(P(M)) ®q w(L™).

Definition 2.7.12. (i) We define I' ;, 5+ := Aut®(w’) to be the affine group scheme given
by Tannakian duality such that the category %Q(Fﬂq/) is equivalent to 2.7,

(ii) We define an extension W'D DT s Mty of W by setting W' (P):=P(1)°®q R
for an arbitrary commutative Q-algebra R. Then I' » 7 (R) = Aut®(w®) holds.

We note that the the affine Q-group schemes I' 7 and I' 5 5+ are isomorphic over () by
Corollary [1.2.16

Remark 2.7.13. In the non-dual case, one can define a pure t-motive of rank r, dimension
d and weight % — i to be a pair (M, i) where M is a pure rigid analytically trivial Anderson
A-motive of rank r, dimension d and weight % and ¢ € Z an integer. The category of such
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pure t-motives with quasi-morphisms as morphisms of pure t-motives is then equivalent to the
category 2.7 of pure dual t-motives by [Tae09, Rem. 5.3.3]. In particular, the corresponding
affine Q)-group schemes given by Tannakian duality are isomorphic.

2.8 Galois groups of pure dual t-motives

In this section we consider the strictly full Tannakian subcategory generated by a pure dual
t-motive and define its Galois group to be the affine group scheme given by Tannakian duality
(Theorem . Then we explain Papanikolas’s systems of difference equations, which lead
to his main transcendence result.

Definition 2.8.1. Let ¢ be either the Tannakian category &.7 or .7 " with fiber functor
w:% — %Q.

(i) We define ((P)) to be the strictly full Tannakian subcategory of € generated by a
pure dual t-motive P € Ob(%) over k. Its fiber functor is the restricted fiber functor
wlpy : (2) — %Q that we denote by wp.

(ii) We write wg”) for the restriction of w®) : ¢ — Ay to (P)) for a Q-algebra R.

If P is a pure dual t-motive, we note that ((P)) consists of all pure dual ¢-motives that are
isomorphic to subquotients of objects of the form @Z’il PF @ P7l for various ki, l;, m e N.

Definition 2.8.2. Let & be either the Tannakian category 2.7 or 2.7’ with fiber functor
w:¥ — %Q. We define the Galois group I'p of a pure dual t-motive P over k in € to be
the affine -group scheme that represents the functor Aut®(wp).

By Tannakian duality, the Tannakian category ((P)) generated by a pure dual t-motive P
is equivalent to {@/Q(F p) and for any @)-algebra R we have I'p(R) = M@)(wg)). We then
find that I'p is a linear algebraic group over @ by Lemma

Suppose now that (M,i) € Ob(2.7") is a pure dual t-motive over k. We observe that

(M, 7)) — (R(M, i))) is an equivalence of categories so that there is an isomorphism Ty ;) —
'z, by Corollary [1.2.16, In particular, vy = I'puy-

Definition 2.8.3. If M is a pure rigid analytically trivial dual Anderson A-motive over k,
we also call I'pypy the Galois group of M and denote it by I'y.

Example 2.8.4 ([Pap08, Thm. 3.5.4]). The Galois group I'¢ of the Carlitz t-motive C over
@ is isomorphic to G, g over Q.

Papanikolas uses systems of difference equations to determine the Galois group of a pure
dual t-motive in £.7 explicitly. Next we shortly sketch their construction and Papanikolas’s
obtained main result on the dimension of the Galois group of a pure dual t-motive over Q).

Systems of o-semilinear equations and difference Galois groups

After having defined the Tannakian category ((P)) over (), Papanikolas develops a Galois
theory for systems of o-semilinear equations ¥(~Y = ®¥, in analogy with classical Galois
theory. Consider a pure dual t-motive P = (P,op) over Q. Let ® € GL,(Q(t)) represent op
with respect to a k(t)-basis m for P and let ¥ € GL,(LL) be a rigid analytic trivialization
of ®. Papanikolas then associates another affine group scheme I'y with the rigid analytic
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trivialization W of P, called the difference Galois group of P. We shall shortly explain its
construction and Papanikolas’s main results on the difference Galois group and Galois group
of P. We consider an r x r-matrix X whose entries are independent variables (X;;) and define
vy : Q(t)[X, 1/ det X] — L to be the Q(t)-algebra homomorphism that maps X;; to ¥;;. We
put

py i=kervy, Xy :=imvy CL, Ay :=Quot(Xy)CL and Zy := Specy.

Zy is then the smallest closed subscheme of GL,(Q(t)) such that ¥ € Zg(L).

Now set W1, Wy € GLr(L ®g(y L) to be the matrices such that (V1);; = ¥ij; @ 1 and
(W)ij = 1@ Wyj, and let ¥ := W 'Wy € GL (L &g,y L). We define py : Q[X,1/det X] —
L 25w L to be the Q-algebra homomorphism that sends X;; to ¥;;. We set

Ay :=impuy and D'y := SpecAy.

By construction, I'y is the smallest closed subscheme of GL, ¢ such that VS Iy (L ®@(t) L).
We call I'y the difference Galois group of P.

Theorem 2.8.5 ([Pap08, §4]). Let P be a pure dual t-motive of rank r over Q. Let ® €

GL,(Q(t)) represent op with respect to a basis m for P and let ¥ € GL,.(IL) be a rigid analytic
trivialization of ®. Consider the difference Galois group I'y of P.

(i) Ty is a closed Q-subgroup scheme of GL, .

(ii) Ty is absolutely irreducible and smooth over Q.

(iv) dim Ty = tr. degg ) Av-

(v) Ty is isomorphic to the Galois group T'p of P over Q.

Together with a linear independence criterion (the “ABP criterion” [ABP04, Thm. 3.1.1]),
Papanikolas is able to show the following main result of [Pap0§].

Theorem 2.8.6 ([Pap08, Thm. 5.2.2]). Let P be a pure dual t-motive over Q and Up its
Galois group. Suppose that ®p € GL,(k(t)) N Mat, . (k[t]) represents om with respect to a
k(t)-basis p for M such that det ®p = a(t — 0)°*, a € Q. Then there is a rigid analytic
trivialization ¥ of ® in GL,(T) N Mat,«,(E) and

tr. dega Q(\I/(H)”H < ’i,j < T) = diml—‘B.

We will later assign a Hodge-Pink group to a pure dual t-motive P over C,,. We then
prove the Hodge conjecture for function fields; that is, this Hodge-Pink group is isomorphic
to the Galois group of P (Theorem . In combination with the previous theorem, we
obtain Grothendieck’s period conjecture or function fields (Theorem .
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3. THE TANNAKIAN CATEGORY #us.q OF PURE Q-HODGE-PINK
STRUCTURES

Pink invented mixed Hodge-Pink structures over function fields as an analog of the classical
rational mixed Hodge structures who form a Tannakian category over Q. We will see in
Section that the Betti homology group Hp(E) = Ag of a pure uniformizable Anderson
A-module E over Q C Cq gives rise to a pure @Q-Hodge-Pink structure, similarly as the Betti
homology group H;(X(C),Q) of an algebraic variety X over a number field contained in C
carries a rational Hodge structure. In this chapter, we shall concentrate on the definition of
mixed Hodge-Pink structures and some of their properties which will be later of interest to
us, following on the whole [Pin97a].

In order to do this, recall that a rational mized Hodge structure consists of a finite di-
mensional Q-vector space H, an increasing filtration of H, called the weight filtration, and
a decreasing filtration of Hc := H ®q C, called the Hodge filtration, such that the induced
filtrations on graded pieces constitutes a pure Hodge structure (cf. [Del71l, Déf. 2.3.1]).

Hence, we first recall some definitions concerning filtrations. Having done this, we intro-
duce pure resp. mixed pre-Hodge-Pink structures over global and local function fields whose
category is not abelian and therefore not Tannakian. Similarly to classical Hodge theory,
we shall impose in the next section a semistability condition to remedy this. Semistable
pre-Hodge-Pink structures are called Hodge-Pink structures whose category Pink shows to
be Tannakian as desired.

Since we will later put a pure dual t-motive over C,, defined as in Section [2.8] in cor-
respondence with a pure (-Hodge-Pink structure, we are interested in the comparison of
the Tannakian subcategory of &2.7 generated by a pure dual t-motive and the Tannakian
subcategory of %Q generated by a pure (Q-Hodge-Pink structure. We call the associated
algebraic group by Tannakian duality the Hodge-Pink group of H. Some properties of those
Hodge-Pink groups and Hodge-Pink additivity of a pure Hodge-Pink structure are discussed,
which we will need later. If a pure Hodge Pink structure is Hodge-Pink additive, we may
define Hodge-Pink cocharacters whose conjugates generate the Hodge-Pink group.

Throughout this chapter we assume A = F[t] as done by Pink, hence Q = Quot(A) is a
global function field in one variable with completion Q = F,((2)) for a local parameter z at
the place co. Recall further that C, is defined to be the completion of an algebraic closure of
Qoo and let ¢ denote the image of z under the natural inclusion ¢ : Qo < C. By [Pin97al,
Prop. 3.1] there is then a natural injective algebra homomorphism

Qoo — Cxz — (] Zakzk — ZL(ak)zk = Z(z — C)l . Zb(ak) . <I;> . Ck_l.
k k

1>0 k

and thus also an inclusion  — C [z — ¢]. Moreover, we let Q denote either @ or Q.
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3.1 Filtrations

Let K be an arbitrary field which we will later define to be either ) or Q. The general
definition of decreasing and increasing filtrations reads as follows.

Definition 3.1.1. Let V be a finite dimensional vector space over K.

(i) (a) A decreasing (Q-)filtration of V is a collection of subspaces F' = (FZV)Z.G@ such
that F'V C FIV for all i > j.

(b) For each decreasing filtration F' we define the Q-graded vector space

GrpV =P Gri V= PEV/ | JFV)
i€Q i€Q i<j

for which dimg (Grp V) < dimg V holds.

(c) A decreasing filtration F' = (F*V);cq is called trivial if Gr%V = V.

(d) A decreasing filtration F' = (F'V);cq is said to be ezhaustive if F'V =V for all
i < 0, and separated if F'V =0 for all i > 0.

(ii) (a) An increasing (Q-)filtration of V is a collection of subspaces F' = (F;V');cq such

that F;V C F;V for all i < j.

(b) For each increasing filtration F' we define the Q-graded vector space

GV =P G|V =PEV/|JFV)
1€Q i€Q Jj<i
for which dimg (Grf V) < dimg V holds.
(c) An increasing filtration F' = (F;V);eq is called trivial if Grf V = V.

(d) An increasing filtration F' = (F;V);cq is said to be ezhaustive if F'V =V for all
i > 0, and separated if F'V = 0 for all i < 0.

Following Pink, we require both types of filtration to be separated and exhaustive, so that
equality in (b) holds. In order to define a Tannakian category of Hodge-Pink structures, we
also need to define induced filtrations of duals and tensors of finite dimensional vector spaces
over K.

Definition 3.1.2. Let F' be a decreasing filtration of a finite dimensional K-vector space V'
and V' C V a subspace.

(i) We define the induced filtration of V' to be F'V' := V'N F'V and the induced filtration
of the factor space V" :=V/V' to be F'V" := (V' + F'V)/V".

(ii) Consider now another finite dimensional K-vector space W with a decreasing filtration
F. The induced filtration of the tensor product V @ W is given by

Fi(Vog W)= > FIVagF'W.
jtk=i
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(iii) The induced filtration of Homg (V, W) is
F'Homp (V, W) := {¢ € Homg (V,W)| Vj : ¢(F'V) C F"H W}
and in particular for the dual space V'
F'VYi={we VY| Vj <i:w|psy=0}.
Similarly, one defines induced filtrations if F' is an increasing filtration.

Remark 3.1.3. Using (i) we get a natural filtration of any subspace V;/V, with Vo C V3 C V
which we denote as )
o+ (VinE'V)
Flovive) = 7 :

Definition 3.1.4. Let V, W be two finite dimensional K-vector spaces.

(i) A K-linear homomorphism ¢ : V. — W is called compatible with two given decreasing
(resp. increasing) filtrations F if ¢(F'V) C F'W (resp. ¢(F;V) C F;W) for all 4.

(ii) A K-linear homomorphism ¢ is strictly compatible with the decreasing (resp. increasing)
filtrations F or strict if ¢(F'V) = ¢(V) N F'W (resp. ¢(F;V) = ¢(V) N E;W) for all 4.

Taking the filtered finite dimensional K-vector spaces as objects and the compatible K-
linear homomorphisms as morphisms, we get a K-linear category. This category is not abelian
as the morphism coim(¢) — im(¢) is an isomorphism if and only if ¢ is strict. But one cannot
require all morphisms to be strict as the composite of two strict morphism need not be strict
again.

Next we define some numerical invariants attached to filtrations that are needed for ex-
ample to define semistability of Hodge-Pink structures.

Definition 3.1.5. Let V be a finite dimensional vector space over K.

(i) Suppose F is a decreasing filtration of V. We define the (total) degree of V with respect

to F' to be ,
degpV =Y i-dimg Gr% V.
1€Q
In case V # 0, we may define the average weight wtpV := gﬁrglf(“//.

(ii) Suppose F' is an increasing filtration of V. We define the (total) degree of V with respect

to F' to be
degt Vv := Zz -dimg Ger.
i€Q
In case V # 0, we may define the average weight wtf' V := gﬁrgli“//.

Proposition 3.1.6 ([Pin97a, Prop. 1.4]). Let V and W be finite dimensional K -vector
spaces.

(i) degpV =degp V' + degp V" if V' is a subspace of V and V" :=V/V'.
(ii) wtp(V g W) =wtpV +wtp W if V£ 0#£W.
(11i) wtp Hompg (VW) =wtp W —wtp V if V£0#W.
(iv) degp VYV = —degp V.
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3.2  Q-pre-Hodge-Pink structures

Instead of the Hodge filtration underlying a classical rational mixed Hodge-structure, we
require finer information in form of a (C [z — (]-)lattice in a finite dimensional Co((z — ())-
vector space; that is, a finitely generated Cy[z — (]-submodule containing a Coo((z — ())-
basis. Furthermore, using the inclusion Q — Cx[z — (] we may define a canonical lattice
pr = H ®g Cx[z — (] for each finite-dimensional Q-vector space H.

Definition 3.2.1. (i) A mized Q-pre-Hodge-Pink structure of rank r over Co, is a triple
H = (H,W,qg) such that

(a) H is a vector space of dimension r over Q,

(b) the weight filtration W = (W, H),cq is an increasing filtration by Q-subspaces of
H and

(b) qm is a lattice in H ®g Cx((2 — ¢)). We denote the rank r of H by rank(H).

A mixed Q-pre-Hodge-Pink (H, W, qp) structure is called a pure Q-pre-Hodge-Pink
structure of weight v € Q if Gr‘,jv HX=H.

(ii) Let Hy = (H1,W,qpy,) and Hy, = (H2, W', qp,) be mixed Q-pre-Hodge-Pink-structures.
A morphism ¢ : Hy — Ho of mized Q-pre-Hodge-Pink structures is a homomorphism of
Q-vector spaces H; — Ho, which is compatible with W and W’ and satisfies ¢(qg,) C
qH,-

Additionally, ¢ is said to be strict if it is strictly compatible with W and W’ and

¢(am,) = am, N (P(H1) ©g Coo((2 = €)))-

As done before, we speak of mized pre-Hodge-Pink structures if the field of definition does
not require emphasis. Observe that a mixed @Q-pre-Hodge-Pink structure H = (H, W, qp)
with W = (W, H),cq defines a mixed (Q~-pre-Hodge-Pink structure

ﬂoo = (HOO7WC>07 quo) = (H ®Q Qom (WVH ®Q Qoo)ue@: qH)

that we call the mixed Qo-Hodge-Pink structure associated with H.

The lattice underlying a mixed Q-Hodge-Pink structure allows us to assign the following
decreasing filtration to a mixed O-Hodge-Pink structure that replaces the Hodge filtration in
the classical theory of mixed Hodge structures.

Definition 3.2.2. Consider a mixed Q-pre-Hodge-Pink structure H = (H, W, qy) and the
natural projection
H — He,, ==pn/(z —pn = H @9, Cu.

We define a decreasing filtration F = (F'Hc_ )iz of He,, by letting F*He_ be the image of
pr N (2 —)iqy for all i € Z. F is called the Hodge-Pink filtration of H.

One finds that any morphism is also compatible with the Hodge-Pink filtrations, but a
strict morphism is not necessarily strictly compatible with the Hodge-Pink filtrations.

Alternatively, one may define the Hodge-Pink weights of a mixed Q-pre-Hodge-Pink struc-
ture (H, W, qp) as the elementary divisors of qp relative to pg. This means, if we choose
integers e > e_ such that

(z=0py Cau C (2 — Q) pm
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and )
an/(z = O = P Tl = I/ (2 = Q4™
i=1
or, alternatively,
n
(== O pa/am = P Cocl /(= O,
i=1
then the Hodge-Pink weights are the integers wi,...,wy,, which we assume ordered w; <
o< wy,.

Definition 3.2.3. Let H = (H,W,qy) be a mixed Q-pre-Hodge-structure.

(i) The total degree provided by the Hodge-Pink filtration of H_, can be expressed in
dependence of the lattice:

. qu . qu
deg . (H) :=de H = dim ——— ) —dim — .
gq(H) gr(He,,) Coo (PH - qH> Coo (PH A qH>

(ii) For H # 0 we define the average weight of the Hodge filtration of H in terms of qy

wio(H) = wip(He ) = 28al)
) TG ) rank(H)

The weight filtration of H also gives us a total degree degw(ﬂ ) and an average weight

wtW (H) if H # 0. We have wt" (H) = v if H__ is pure of weight v.

Definition 3.2.4. Let H = (H, W, qy) be a mixed Q-pre-Hodge-Pink structure, H' C H a
subspace and H” := H/H' the factor space.

(i) A subobject in the category of mixed Q-pre-Hodge-Pink structures is a morphism H' —
H whose underlying homomorphism of Q-vector spaces is the inclusion H — H. It is
called strict if H' — H is strict.

(i) We may make H' into a unique strict subobject H' and obtain a unique strict factor
object H"” in such a way that the projection H — H” extends to a strict morphism
ﬂ — ﬂ//-

A strict exact sequence is a sequence which is isomorphic to the the sequence 0 — H' —
H— H/H —0.

Putting the above constructions together, each subquotient H'/H” of H., may be equipped
with a weight filtration and a lattice so that it is a natural mixed Q-pre-Hodge-Pink structure,
which depends on the subspace H” ¢ H' C H. We want to make the O-linear additive
category of mixed Q-pre-Hodge-Pink structures into a Tannakian category. In order to do
this, one defines tensor products, inner hom and duals.

Definition 3.2.5. Let H, = (H1,W1,qm,) and Hy = (Ha2,Wa,qp,) be two mixed Q-pre-
Hodge-Pink structures.

(i) The tensor product H, ® H, of mixed Q-pre-Hodge-Pink structures consists of the
tensor product H; ®¢g Ha of Q-vector spaces, the induced weight filtration and the
lattice qu, ®@c, [.—¢] 9m,- Similarly one defines for n > 1 the symmetric power Sym™ H
and the alternating power \" H.
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(ii) The inner hom Hom(H,, H,) consists of the Q-vector space Homg(H1, Hs), the in-
duced weight filtration and the lattice Home ¢ (da,, 9m,)-

(iii) The unit object 15 consists of Q itself together with the lattice pz and is pure of weight
0. The dual H" of the mixed Q-pre-Hodge-structure H is then Hom(H, 1,).

Since a strict morphism is not necessarily strictly compatible with the Hodge-Pink fil-
trations, the category of Q-pre-Hodge-Pink structures is Q-linear, but not abelian. As an-
nounced earlier, we impose next a semistability condition such that the category of semistable
mixed Q-pre-Hodge-Pink structures is Tannakian.

3.3 Semistability and Q-Hodge-Pink structures

Consider now the equivalent assertions of the following proposition, which allow us to define
pure Q-Hodge-Pink structures whose category is Tannakian.

Proposition 3.3.1 ([Pin97al Prop. 4.4]). The following conditions on a mized Qs-pre-
Hodge-structure H . are equivalent:

(a) We have deg,(H,) < degW (H') for each (strict) subobject H'_ of H
whenever H., = W, H _ for some v € Q;

with equality

o0

(b) we have deg,(H%,) > deg" (HZ,) for each (strict) factor object HY, of H
ity whenever H. . = W, H _ for some v € Q.

0, With equal-

Definition 3.3.2. (i) A mixed Q.-pre-Hodge-Pink structure is called semistable if it sat-
isfies the equivalent conditions above. We call a semistable mixed @Q..-pre-Hodge-
structure H a mized Qo-Hodge-Pink structure or pure (Qo-Hodge-Pink structure if H
is pure. We denote the subcategory of pure Q..-Hodge-Pink structures by %Qw
and the set of morphisms between H,, H, € Ob(y@l/Qw) by Homq_ (H,, H,).

(ii) A mixed Q-pre-Hodge-Pink structure H is called locally semistable or a mized QQ-Hodge-
Pink structure if its associated mixed ()oo-pre-Hodge-Pink structure is semistable. Fur-
thermore, H is called a pure Q-Hodge-Pink structure if H is pure and we define %/Q
to be the subcategory of pure @Q-Hodge-Pink structures. We write Homg(H,, H,) for
the set of morphisms between H,, H, € Ob(%ﬂQ).

In order to show that the category of mixed @-Hodge-Pink structures is a Tannakian
category, Pink introduces the following objects that we make use of in the proof of Theorem
[6.1.2to determine the Hodge-Pink group coming from a dual Anderson A-motive of CM-type
under some conditions.

Definition 3.3.3 ([Pin97a, Def. 5.1 and Def. 5.2]). Let H = (H,W,qu) be a mixed Q-
pre-Hodge-Pink structure. Denote the Frobenius endomorphism of Q by Frob, g that then
induces a Frobenius endomorphism Frob, r on any commutative Q-algebra R'.

(i) The Frobenius pullback of H is defined to be the triple
FI‘ObZﬂ = (H ®Q,Fr0bq,g Q, le qH ®(Coo[[z—C],Fr0bq7coo[[z,c]] COO[[Z - C]])?

where W' := (W/H'),cq and W, H' := W%H ®Q Frob, o @ for all v € Q.
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(ii) The Frobenius pushforward of H is defined to be the triple
Froby . H :== (H', W', qpu)

with H' := H on which Q acts via Frobg g and W' := (W/H’),cq where W/ H' :=
Wy H' for all v € Q.
Consider a mixed Q-pre-Hodge-Pink structure H. Note that Frob; H and Frob, . H are
mixed Q-pre-Hodge-Pink structures through the canonical isomorphisms
Frobg o ®idg : Q ®9 Frob, o @ — Q
and
Froby ¢ [o-¢) ®ido : Cos[z = (] ®g prob, ¢ 1. @ = Coolz — (]

The following results on Frobz H and Frob, « H will be important to us later.

Proposition 3.3.4 ([Pin97al Prop. 5.4, Prop. 5.5]). Let H = (H,W,qg) be a mized Q-pre-
Hodge-Pink structure.

(i) rank(Froby H) = rank H, deg" (Frob, H) = q- deg" H and deg,(Froby H) = q-deg, H,
(ii) rank(Frob, . H) = q - rank H, deg" (Frob,.H) = deg"V H and deg,(Froby . H) =
deg, H,

(111) H is semistable if and only if Frob, . H is semistable which is the case if and only if
Frob; H is semistable.

3.4 The Hodge-Pink group of a pure Q-Hodge-Pink structure

Using the Frobenius functorality of the Frobenius pullback of a mixed Q-pre-Hodge-Pink
structure (Proposition, Pink shows that the category of mixed Q-Hodge-Pink structures
is a neutral Tannakian category together with the fiber functor that sends a mixed 9-Hodge-
Pink structure to its underlying Q-vector space [Pin97al, Cor. 5.7 and Thm. 9.3]. Clearly, the
category %Jgfg of pure O-Hodge-Pink structures is then also Tannakian with fiber functor

w : %Jéﬁg — %é, H — H, where Q is either (Q, or Q

(cf. Proposition [3.1.6)).

Definition 3.4.1. Let H be a pure Q-Hodge-Pink structure. We define ((H)) to be the
strictly full Tannakian subcategory of y@/g generated by H. We write wy : (H) — Zwo
for the restriction of the fiber functor w to (H)).

As in Section we observe that (H)) consists of all pure Q-Hodge-Pink structures in
%Q that are isomorphic to subquotients of objects of the form @}, H" ® (H) " for
various k;, l;, m € N.

Definition 3.4.2. Let H be a pure Q-Hodge-Pink structure. We call the affine group scheme
Gy = Aut®(wpg) the Hodge-Pink group of H.

We list now the basic properties of the Hodge-Pink group that are of interest to us later.
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Proposition 3.4.3 ([Pin97a, Prop. 6.2 and Prop. 9.4]). Let H be a pure Q-Hodge-Pink
structure. Its Hodge-Pink group G is connected and reduced.

All the information of a pure Q-Hodge-Pink structure H is contained in its underlying
lattice, which we can express in terms of the Hodge-Pink group.

Proposition 3.4.4 ([Pin97a, Prop. 6.3 and Prop. 9.5]). Let H = (H,W,qg) be a pure
Q-Hodge-Pink structure and p be the representation of Gy on H.

(i) There is an element v € Gu(Coo((z — ())) such that qug = p(7)pH.

the associated representation of Gy on the underlying vector space H'. Then we have
arr = p' (V)P

(ii) Let v € Gu(Coo(z — €)) as in (i), H = (H',W',qu’) an object in (H)) and p’ be

Let ¢ > 1 be a power of the characteristic of Q. Since the Frobenius pullback of a pure
O-Hodge-Pink structure is again a pure Q-Hodge-Pink structure, it defines a tensor functor

Frob, : Hogeo — Hoapeo.

Proposition 3.4.5 ([Pin97a, Prop. 6.4 and Prop. 9.6]). Let ¢ > 1 be a power of the
characteristic of Q and consider a pure Q-Hodge-Pink structure H. Its Hodge-Pink group
GF\robZE 18 canonically isomorphic to Frob; Gu = GH XQFroby speco @

3.5 Polygons and Hodge-Pink additivity

We will introduce Hodge-Pink cocharacters of a pure O-Hodge-Pink structure in the next
section since they provide additional information about its Hodge-Pink group that we need
in the proof of Lemma 5.1.3 To be able to define them, we need that the functor Gri, from
the category ((H)) to the category of Z-graded vector spaces over C is a faithful exact tensor
functor. This does not hold in general (for a counterexample, see [Pin97al, Exmp. 6.14]), and
we will define in this section the unique largest strictly full subcategory of %Jgﬁg on which
Gr} and F' are exact. It is possible to make an equivalent requirement on the Hodge-Pink
filtration of a pure Q-Hodge-Pink structure based on the polygon that comes along with it

(see Proposition [3.5.5).

Definition 3.5.1. (i) A polygon P is the graph of a piecewise linear convex function
[0,n] — R for an n € N with starting point (0,0). The length of a subinterval of
[0,n] on which the polygon has a given slope i € Q is assumed to be an integer and is
called the multiplicity of . We refer to the starting point, the endpoint and any point
where the slope changes as break points of the polygon.

(ii) Let P and @ be polygons of functions f, g : [0,n] — R. We say that P lies above @ if
f(n) =g(n) and f(x) > g(x) for all z € [0,n].

We associate to any finite dimensional Q-graded vector space V = Zie@‘/;' a unique
polygon such that the multiplicity of a slope i € Q matches dimg V;. These polygons do not
change under semisimplification, so they are said to be additive in short exact sequences.

Definition 3.5.2. Let H be a mixed Q-pre-Hodge-Pink structure.

(i) The polygon associated with its weight filtration is called the weight polygon of H.
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(ii) The polygon associated with the Hodge-Pink filtration of H is called the Hodge-Pink
polygon of H.

Proposition 3.5.3. Let 0 — H' — H — H” — 0 be a strict exact sequence. Then the
Hodge-Pink polygon of H' & H" lies above that of H and has the same end point.

Definition 3.5.4 ([Pin97a, Def. 7.1]). We denote the semisimplification of a pure Q-Hodge-
Pink structure H by H®.

(i) H is called Hodge-Pink additive if its Hodge polygon is equal to that of H*®.
(i) H is called strongly Hodge-Pink additive if every H' € Ob({(H))) is Hodge-Pink additive.

A pure Q-Hodge-Pink structure H is then Hodge-Pink additive if and only if the following
equivalent assertions hold for any strict exact sequence 0 — H' — H — H” — 0in H.

Proposition 3.5.5 (|[Pin97al, Prop. 6.11]). The following are equivalent:

(i) The Hodge polygons of H and H' & H" are equal.

(i) The injection H&w — Hc_ is strictly compatible with the Hodge-Pink filtrations.

(i1i) The surjection Hc, — H</C/oo is strictly compatible with the Hodge-Pink filtrations.

(iv) We have a short exact sequence for all i € Z,

0— F'H¢  — F'He,, — F'H{_ — 0.
(v) We have a short exact sequence for all i € Z,
0 — Grly Hi_ — Grlp He, — Grip H{_ — 0.
In oder to show that the Hodge-Pink structure given in Lemma is strongly Hodge-

Pink additive, we need the following result of Pink.
Proposition 3.5.6 ([Pin97al, Prop. 7.3]). Let H be a pure Q-Hodge-Pink structure. Then

H s strongly Hodge-Pink additive if Gy is reductive.

3.6 Hodge-Pink Cocharacters

We first shortly review the general definition of cocharacters. They correspond to Z-gradings
of finite dimensional vector spaces, allowing us to define Hodge-Pink cocharacters for a pure
Q-Hodge-Pink structure that is strongly Hodge-Pink additive.

Definition 3.6.1. (i) Let G be an algebraic group over a field K. A homomorphism of
algebraic groups A : G, x — G is called a cocharacter of G.

(ii) Let V' be an algebraic representation of G and A a cocharacter of G. The weight space
of weight © under X\ is the subspace

Vii={veVl|z' v=\z)v for allr € K*},

providing thereby a natural Z-grading V =>_._, V; of V.

1€EZ
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If we fix a cocharacter A : G, k — G, this grading is functorial in V' and compatible with
tensor products and duals. Conversely, given such a Z-grading of some algebraic represen-
tation V' which is functorial in V', and compatible with tensor products and duals, we can
interpret this information as a K-linear tensor functor % k(G) — % k(G k), so that it
comes from a unique cocharacter of G (cf. [DMOS82, Exmp. 11.2.30]). By going back and
forth, we see that the cocharacter and its associated grading are in a 1-to-1 correspondence.

Again with the help of the Frobenius pullback of a Q-Hodge-Pink structure, Pink is able
to prove the following:

Theorem 3.6.2 ([Pin97a, Thm. 7.9 and Thm. 9.10]). The strongly Hodge-Pink additive
Q-Hodge-Pink structures form a strictly full Tannakian subcategory %«?gsgha of %a;gg.

Let H € Ob(%@ga) be a strongly Hodge-Pink additive Q-Hodge-Pink structure. From
Proposition we deduce that the functor Grp from ((H)) to the category of Z-graded
vector spaces over Co, is a faithful exact tensor functor and denote the automorphism group
of the underlying fiber functor by GZ. We write Gy c.. = Gg X9, Cs. By [DMOS82,
Thm. 3.2], we find that Gg is a Gy, -torsor over Spec C; that is, an affine scheme that
is faithfully flat over Spec Co,, together with a morphism Gfl Xco GH,Coo — Gfl such that

Gﬁ XCoo Gﬂ,(coc HGE XCoo Gﬁ7 (xvg)'_> (x,l'g)

is an isomorphism. Since Gﬁ is locally of finite type, we find in particular that Co, — k(P)

is a finite field extension for any closed point P € Gﬂ. Since C, is algebraically closed, we
conclude o

GH(Co) = {P € Gl | K(P) = Cuo} # 0,

and moreover that there is an isomorphism Gfl = G'g,c., which is canonical up to conjugation
(cf. [BLRIO, §6.4]). The grading means that we may interpret Grp as a tensor functor
(H)) — 9?%@00 (G c..); hence it corresponds to a unique cocharacter of Gﬁ. By the above
isomorphism it corresponds to a unique conjugacy class of cocharacters of Gy c.. We let
Q%P denote an abstractly given separable closure of Q. Since this conjugacy class is defined
over the separable closure of ¢(Q) in C, there is moreover a unique G g (Q*P) x Gal(Q*P/Q)-
conjugacy class of cocharacters of G gser := G X g Q%P.

Definition 3.6.3 ([Pin97al, Def. 7.10]). Any cocharacter in this Gy (Q°P) x Gal(Q*P/Q)-
conjugacy class is called a Hodge-Pink cocharacter of Gg.

The following proposition allows us later to determine the Hodge-Pink group of a pure
()-Hodge-Pink structure that is strongly Hodge-Pink additive.

Theorem 3.6.4 ([Pin97al, Thm. 7.11 and Thm. 9.11)). Let H be a pure Q-Hodge-Pink
structure in %J%gsgha Then the group G, gser is generated by the images of all Gy (Q%P) %
Gal(Q*P/Q)-conjugates of Hodge-Pink cocharacters.
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In classical algebraic number theory, the first Betti homology group H; (X (C), Q) of an abelian
variety X over K C C gives rise to a rational Hodge structure. One considers the Tannakian
category over Q generated by this Hodge structure and the Tate twist Q(1), and defines
the Hodge group of X to be the corresponding affine group scheme by Tannakian duality.
Similarly, the motive hq(X) assigned to X generates a Tannakian category over Q and the
motivic Galois group of X is the affine group scheme given by Tannakian duality. The classical
Hodge conjecture states that the motivic Galois group and the Hodge group are isomorphic.

In this chapter, we carry these relations over to the parallel world of function fields and
prove the analog of the Hodge conjecture when @ = Fy(t). We shall first introduce the
function field analogs of abelian varieties, pure uniformizable Anderson A-modules. As in
the classical situation, we define isogenies between Anderson A-modules and the category
PU M of pure uniformizable Anderson A-modules up to isogeny. We then assign a pure
rigid analytically trivial dual Anderson A-motive M*(E) to a pure uniformizable Anderson
A-module E. Through the Betti homology realization of a pure uniformizable Anderson
A-module E, we further associate a pure @Q-Hodge-Pink structure H(E) with E. We show
that the functors w’ o P’ o M* and w o H are isomorphic, so that we obtain the following
“commutative” diagram:

2#9L T > p 7 R 27

i)

H 72
PU M —— Fopeg > Ty

We consider a pure uniformizable Anderson A-module over k& C C, and the Tannakian cate-
gories over @ generated by (P’ o M*)(E) and H(E). We call the linear algebraic group given
by Tannakian duality the Galois group I'g and the Hodge-Pink group Gg of E, respectively.
The first section of this chapter ends with the definition of a functor 7 : 2.9’ — %Q
that induces a @-group scheme homomorphism ;1 : Gg — I'g.

In the second section we prove the Hodge conjecture for function fields; that is, p is an
isomorphism. The proof uses the equivalent conditions given in Proposition In order
to show that p is faithfully flat, we want in particular to find a corresponding pure dual sub-
t-motive in the Tannakian category generated by P(M*(E)) to a pure sub-Q-Hodge-Pink
structure in the Tannakian category generated by H(E). This is done through F-modules
that are roughly spoken rigid sheaves on rigid analytic spaces. We may assign F-modules to
pure rigid analytically trivial Anderson A-motive over Co, and sub-Q-Hodge-Pink structures.
Then the rigid analytic GAGA principle allows a return to algebraic sheaves, which give rise
to pure rigid analytically dual Anderson A-motives over Co, and pure dual t-motives.
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4.1 The map p from the Hodge-Pink group to the Galois group

We first introduce Anderson A-modules over k, which form a category that we denote by
A . The next subsection deals with the relations between Anderson A-modules over k& and
dual Anderson A-motives. We give a functor M* from .# to the category Z.<7, of dual
Anderson A-motives of positive rank and dimension that is in fact an equivalence of categories.
We call an Anderson A-module pure if the corresponding dual Anderson A-motive is pure.
Isogenies and uniformizability of Anderson A-modules are discussed next. The upshot is
that the category 2% .#" of pure uniformizable Anderson A-modules over k up to isogeny
is equivalent to the category P XZ P i of pure rigid analytically trivial dual Anderson A-
motives of positive rank and dimension up to isogeny. We define a functor £ such that £ and
M* are “inverses up to isomorphism”.

When A = F,[t], we may associate a pure Q-Hodge-Pink structure H(E) with a pure
uniformizable Anderson A-module E over C,,. We then give an alternative functor D :
PRDA i — %&Q that is isomorphic to H o £. Further, we define a functor 7 : 27 —
%@@Q such that 7oP’ = D. Finally, we show that the functors @wo7 and w’ are isomorphic
so that we have a “commutative” diagram:

%95 T p 7 R p 7
(I N
@%%1 Ly@/Q = %Q.
By Lemma there is a @-group scheme homomorphism p from the Hodge-Pink group
of 7(P) to the Galois group of P, where P is a pure dual t-motive over C.

4.1.1 Anderson A-modules

Just as abelian varieties are higher dimensional generalizations of elliptic curves, t-modules
were developed by Anderson as a higher dimensional generalization of Drinfeld A-modules
when A = F,[t] [And86]. We slightly generalize their definition such that A may be the
ring of integers of an arbitrary function field. We call the objects thus obtained Anderson
A-modules, indicating the fact that they are A-module schemes.

Definition 4.1.1. Let (k,y: A — k) be an A-field and r, d positive integers.

(i) An (abelian) Anderson A-module of rank r, dimension d and characteristic vy over k is
a pair £ = (F,¢), where F = GZ i 1s an additive algebraic group scheme and

¢:A — Endgp,(E) = Matgxa(k[r]),
a = pai=yp(a),
is a ring homomorphism such that
(Toga —v(a))* =0 on ToE = Matg, (k)
and M*(E) := Homy r, (Gqa, E) is a locally free Ap-module of rank r under:

A>a: m— g, om,
k>0F: m—mof.
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(ii) A morphism [ : (E,¢) — (E',¢) of Anderson A-modules is a homomorphism of A-
module schemes; that is, f € Homy(E, E’) such that ¢, 0 f = f o ¢, for all a € A.

Anderson A-modules over k form a category .#, and we denote the set of all morphisms
E — E’ of Anderson A-modules by Hom_,(E, E').

Remark 4.1.2. The condition that M*(E) is a locally free Ax-module of rank r is equivalent to
the usual condition in the definition of Anderson A-modules that M. (E) := Homyr, (E, G )
is a locally free Ag-module of rank r under:

A>Sa: m— mop,,
k>0F: m— fom.

The reason for changing this is that M*(E) gives rise to a functor M* : .4 — 2.4/, whereas
M, (F) provides a functor M* : . # — o, (see Section [4.1.2)).

Example 4.1.3. A Drinfeld A-module (E, @) of rank r over k is an Anderson A-module
(E, ) of rank r and dimension 1 over k. Thus

Toop=v and Ja€A: @, #v(a)r°.

In order to show in Proposition that the period lattice of a uniformizable Anderson
A-module E of rank r also has rank r, we need to introduce the notion of a torsion submodule
of .

Definition 4.1.4 ([HarO8, Def. 2.2.1]). Let E = (F, ) be an Anderson A-module over k
and a = (ai,...a,) be a non-zero ideal in A. The a-torsion submodule of E is

(Soa 7---7‘Pan)
Ela] := Ela] := p[a] :==ker(E "5 E" = E Xspeck - - - XSpeck E)-

4.1.2 From dual Anderson A-motives to Anderson A-modules

First we define a functor M* from the category .# of Anderson A-modules of rank r and
dimension d over k to the category 247, of dual Anderson A-motives of rank r and dimension
d over k that is an equivalence of categories. We then call an Anderson A-module E pure
if the dual Anderson A-motive M*(E) is pure. In the next section, we define isogenies of
Anderson A-modules and prove that two Anderson A-modules are isogenous if and only if
the associated dual Anderson A-motives are isogenous. Finally, we prove that an Anderson
A-motive is uniformizable if and only if the corresponding dual Anderson A-motive is rigid
analytically trivial. Thus we can construct the desired equivalence of categories £ from the
category PRZD A i of pure rigid analytically trivial dual Anderson A-motives of positive
rank and dimension up to isogeny to the category P% .#" of pure uniformizable Anderson
A-modules up to isogeny.

The equivalence of the categories .# and %</

We want to construct a functor M* from the category .# of Anderson A-modules over k to
the category 247, of dual Anderson A-motives of positive rank and dimension over k. Then
we show that M™ is an equivalence of categories, preserving ranks and dimensions.

Recall that M, (E) = Homyr,(E, G, ) is a locally free Ax-module of rank r under:

A3a: m— mop,, (4.1)
k>0F: m— fom.
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Then M, (F) is equipped with a 7-action
7: m 71om = Frob;g,, om,

which induces an Ap-homomorphism 7, gy @ F*Mi(E) — M (E) (cf. Lemma .
This defines a functor My : A — ., (E,p) — (M«(E),Tpm, (E)), that is known to be an
anti-equivalence of categories.

Similarly, we want to associate a dual Anderson A-motive M*(E) = (M*(E),or+(k))
with an Anderson A-module E = (E,p). By definition, M*(E) = Homyr, (Gar, E) is a
locally free Ap-module of rank r under

A>a: m— @ om,

k>pB: m— mof(,
and we add a T-action
7: m+ mor7=molkrob,g,, -

This means, that a € A acts by multiplication on the left and 8 € k and 7 by multiplication
on the right on Matgx(k[7]) = Homyr, (Gax, FF). We recall the identification (1.2) induced
by the dagger operation

Homy, g, (E, E') & Mate,g(k[7]) > Matax(k[o])
and thus obtain corresponding actions on Mat «q(k[o])

A3a: m— m-g},
k>p3: m— (- -m,

o. Mm— oo-m.

The actions of @ € A and § € k on Mat«4(k[o]) obviously commute, but ¢ is a ¢*-linear
map since

0((Zai®ﬁi)'m) Zﬁl m- ¢}, Zﬁ co-m- ol
Zaﬂ@ﬂi )o(m)

for all ), a; ® B; € Ak and m € Maty4(k[o]). Thus M*(E) is an Ag[c]-module as desired.
Further, we define o) : ¢*M*(E) — M*(E) to be the Ay-homomorphism induced by o

(see Lemma |1.1.3)).

Recall that there is an isomorphism

coker Taq, () = Mu(E) /Tpp, () (F*Mu(E)) = (ToE)”

induced by the map M, (FE) — (ToF)Y, m — Tg(m) [Har08, Lem. 2.1.9]. This isomorphism is
an essential part of the proof of the anti-equivalence of the category 27 of non-dual Anderson
A-motives of positive rank and dimension over k£ and the category .# of Anderson A-modules
over k. We apply Lemma to see that the Zariski-tangent space to E at the identity
and coker o \(«(g) are similarly related:
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Lemma 4.1.5. Let (E1,¢) and (E2,1) be Anderson A-modules of respective dimension di
and dy and (M*(E1),0p+(Ey)) and (M*(Ez), 0p+(g,)) be defined as above. Suppose f €
Hom 4, (M*(E1), M*(Es3)) such that ¢* foo y«(p,) = Opg=() 0 f - Then the following diagram
commutes and has exact rows:

IM*(Eq) To

00— *M*(E)) —= M*(Ey)

c*fl fi Tofl
% ¥ o * % T
0 —> ¢ M*(Es) B2 M (By) —2 s Ty By 0.

ToEq 0

In particular, if (E, ) is an Anderson A-module over k then
COkeI'O'M*(E) = M*(E)/UM*(E)(§*M*(E)) = T()E

In order to show that (E,¢) — (M*(E),0p+(g)) defines an essentially surjective func-
tor M* : A — Do/, we construct an “inverse” functor & : Yo/ — .# such that
(MH(EM)), o p+(gny)) = M for any dual Anderson A-motives M holds.

Let M € Ob(24;) be a dual Anderson A-motive over k of dimension d. By Lemma
we have M = Mat; «4(k[co]) and the action of @ € A on Mat;y4(k[o]) is given by right
multiplication by a matrix ¢, € Matgxq(k[o]). Therefore gpz € Matgxq(k[7]) = Endg r, (Gik)
and we can define a ring homomorphism

ey P A — Endk,Fq((Gik), a— 90:[1-
Set E(M) := Gik and £(M) := (E(M), pgry)-

Proposition 4.1.6. Let M = (M, on) € Ob(2474) be a dual Anderson A-motive of rank r
and dimension d over k. Then M) is an Anderson A-module of rank r and dimension d
over k. Furthermore, the functor £ : .o/, — M, M — E(M), is well-defined, preserves ranks
and dimensions and satisfies (M*(E(M)), opq=ery)) = M for all dual Anderson A-motives
M.

Proof. To see that M*(E) is an Anderson A-module of rank r and dimension d over k, it
remains to show that the two conditions (Top, — v(a))? = 0 on ToE(M) = ToG?, and
M*(E(M)) is a locally free Ag-module of rank r are satisfied. 7

The latter is clear since M = Matyyq(k[o]) = M*(E(M)) is locally free of rank r by
assumption. Furthermore, we know from Lemma

(a®1-1®7v(a)?=0 on coker oy
& (-l —v(a)-mi=0 V 1m € coker oy € Maty wq(k[o])
& (Toga —(a)?=0 on ToE(M). O

Now we have collected the necessary ingredients to finally prove:

Theorem 4.1.7. The functor
Ml — DAy, E=(E p)— M(E)=(M(E),omE)

with M*(E) = Homyr, (Gag, E) and op=gy @ "M — M,m ® 1 +— om, is a covariant
equivalence of categories, preserving ranks and dimensions.
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Proof. For ease of notation, set (M, on) := M*(E) = (Homgr, (Ga g, E), o rr+(r))- By what
has been said before, it suffices to show that dim coker oy = d and the Ag-homomorphism oy
is injective to see that M*(E) is a dual Anderson A-motive. The former is clear by Lemma
4.1.5. The induced ¢*-linear map o : M — M is injective since M = Matq4(k[o]) has no
zero-divisors and injectivity of oy follows.

M* is then an equivalence of categories if it is essentially surjective and fully faithful, so
by applying Lemma it remains to show that M™* is fully faithful.

Let E = (E,¢) and E' = (E’,4) be two Anderson A-modules of dimension d and d’,
respectively, and write M := M*(E) and M' := M*(E’). Let f € Hom 4 (E,E’); that is,
f:E — E'is a homomorphism of k-group schemes such that 1, o f = f o .. Then

M (f) = (m— fom): M*(E) — M (E')
is an Ag-homomorphism that satisfies onz o ¢* f = f o oy by Lemma [4.1.5
Consider now f € Homy(M*(E), M*(E’)). This means, f : M*(E) — M*(E’) is an

Ag-homomorphism such that o(g) o <™ f = f o op+(gr). Moreover, ¢, o f = f o, holds
for all a € A since

(f o ¢a)(m) = fo(paom) = f(a-m)=a(fom)= (o0 f)(m)
for all m € M*(E). O

Let us apply Lemma, [1.1.21] to emphasize the close relation between Anderson A-modules
and dual Anderson A-motives. The following isomorphism is unique to the dual setting.

Corollary 4.1.8. Let (E,¢) be an Anderson A-module over k, M* = (M*(E), o +(py) its
associated dual Anderson A-motive and o denote the ¢*-liner map induced by opr+(p). We
then obtain

coker(o —idpg=(g)) = M*(E) /(0 — id pge () )M (E) = E(k).

Because Drinfeld A-modules of rank r over k correspond to (dual) Anderson A-motives of
rank r and dimension 1 over k, we call such a (dual) Anderson A-motive a (dual) Drinfeld
A-motive of rank r over k.

We see that a Drinfeld F[t]-motive (M, on) of rank r over k as defined in Example
corresponds to a Drinfeld F,[t]-module (E, ) of dimension r over k since setting m :=

(1,0,...,0" "% and
t=¢l =0+a{ Yo+ . +al " € klo]
implies
1 — g,
O_r72 — Uril,
ol o = ((t —0) - ag_l)a S — oaii(f_l))UT_l> i)
Hence,
0 1 0
Dy = ;
0
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represents oy with respect to the k[t]-basis m for M, as desired. If we are given a dual
Drinfeld F,[t]-motive of rank r over k, we get back to a Drinfeld F[t]-module (E, ¢) of rank
r over k by putting E := G, and

oo = tT=0O+aVo+.. . +al e
= O0+ai7+...+ a7 €Ek[T].

Similarly, we get from a Drinfeld F,[t]-motive to a Drinfeld F[t]-module of the same rank
and the other way around.

Definition 4.1.9. An Anderson A-module £ is said to be pure of weight g if M*(E) is pure
of weight %

Moreover, the functors £ and M* are inverse up to isomorphism by Proposition
The rest of this subsection deals with showing that £ induces a functor from the category
PRD i to the category of pure uniformizable Anderson A-modules up to isogeny, which
is well-defined and an equivalence of categories.

Isogenies

An isogeny between abelian varieties X and Y is a homomorphism X — Y that is surjective
with finite kernel. Furthermore, the relation of isogeny is an equivalence relation for abelian
varieties. We similarly define isogenies of Anderson A-modules. We show that a morphism
f of Anderson A-modules over k is an isogeny if and only if M*(f) is an isogeny of dual
Anderson A-motives over k. From Corollary it follows that the relation of isogeny is
an equivalence relation for Anderson A-modules so that we may define the category of pure
Anderson A-modules up to isogeny.

Definition 4.1.10. (i) We call a morphism f of Anderson A-modules (E, ¢) and (E’, 1))
an isogeny if f: E — FE’' is finite and surjective as a k-scheme morphism. An isogeny
f is said to be separable if ker f is geometrically reduced and inseparable, otherwise.

(i) We say that two Anderson A-modules E and E’ are isogenous if there is an isogeny
f € Hom 4 (E, E').

Recall that a morphism f of affine k-schemes is called finite if the induced ring homomor-
phism f* is finite.

Lemma 4.1.11 ([Har08, Lem. 2.3.2]). Let E and E’ be additive group schemes of dimen-
sion d and d', respectively, and f : E — E’ a morphism of group schemes with induced
ring homomorphism f* : k[xy,... kq] — kl[z1,...,ka]. Then the following conditions are
equivalent:

(i) f is finite and surjective,
(i1) f* is finite and d = d’,
(iii) f* is finite and injective.

Our goal is to restrict the functor £ to a functor from the category of dual Anderson
A-motives up to isogeny to the category of Anderson A-modules up to isogeny. In order to
do this we state the following:
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Theorem 4.1.12. Let E = (E, ) and E' = (E',1) be Anderson A-modules over k. Then
an f € Hom 4 (E,E') is an isogeny if and only if M*(f) € Homg(M*(E), M*(E')) is an
150geny.

Proof. Let M := (M, o) := M*(E) and N := (N, oy) := M*(E’) be the corresponding dual
Anderson A-motives. By abuse of notation, we write

c:M—M and oc:N—N

for the ¢*-linear maps induced by o) and oy respectively. We suppose first that M*(f) :
M — N is an isogeny. It suffices to show that f is finite by Lemma and Proposition
The following diagram is commutative with exact rows and columns:

0
0 0 ker(M*(f) mod (o —idwm))
0 M M M/(o — idy)M 0
M*(f) M*(f) M*(f) mod (o—id)
0 N N N/(o — idx)N 0
coker M*(f) —— coker M*(f) —— coker(M™*(f) mod (o — idn))

0 0 0.

From the Snake Lemma we get an injection ker(M*(f) mod (o —idy)) < coker M*(f) and
thus
dimy, ker(M*(f) mod (o —idym)) <= dimy, coker M*(f) < oco.

Lemma [4.1.5] provides ker f = ker(M*(f) mod (o — idu)) so that
dimy, I'(ker f, Oker §) = dimy, ker(M*(f) mod (o —idm)) < oo.

Whence f is finite and an isogeny.

For the converse direction, suppose that f is an isogeny. By Corollary E and F’
are of the same rank and dimension so that the same holds for the associated dual Anderson
A-motives M and N. It remains to show that M*(f) is injective by Lemma Suppose
m € M = Homyr,(Gar, E) such that M*(f)(m) = f om = 0. This implies that m factors
through ker f; that is, m : G, — ker f — E. Since G,y is reduced and connected, m
factors through the reduced subscheme of the connected component of ker f, which contains
0. Since ker f is finite, this subscheme must be trivial. Hence, m is the zero map and M*(f)
an isogeny. O

From Proposition and Corollary we directly deduce the following:

Corollary 4.1.13. (i) Let f : E — E' be an isogeny between Anderson A-modules E and
E" over k. Then E and E' are Anderson A-modules of the same rank and dimension
over k and E is pure if and only if E' is pure.
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(i) The relation of isogeny is an equivalence relation for Anderson A-modules over k.

We can thus define the category of Anderson A-modules up to isogeny. The morphisms
in the category of Anderson A-modules up to isogeny will be the quasi-morphisms whose
definition reads as follows:

Definition 4.1.14. We let E and E’ be Anderson A-modules over k and put

QHom ,(E,E') :=Homy(E,E')®4Q the Q-vector space of quasi-morphisms and
QEnd ,(E) = Endy(E) ®4 Q the Q-algebra of quasi-endomorphisms.

(i) We define the category .#" of Anderson A-modules up to isogeny as follows:

— Objects of .#': Anderson A-modules;
— Morphisms of .#: The quasi-morphisms in QHom, (E, E').

(ii) We define the full subcategory P of pure Anderson A-modules up to isogeny by
restriction.

Thus £ induces a well-defined functor %o/ 4]- — P.#" that is an equivalence of cate-
gories.

Uniformizable Anderson A-modules

We assume for the rest of this chapter, that k C C is a complete field that contains Qs
as in Section We define the exponential function expg : ToE — E(k) of an Anderson
A-module E = (E,¢) over k and study when E is uniformizable; that is, there is a short
exact sequence

0 — Agp — ToE — E(k) — 0.

Note that then ToE/Ag = E(k), which is analogous to the uniformizability of an abelian
variety over K C C. In order to define expp, we put |[x|| := sup; ; |z; ;| for any matrix z with
entries in k.

Definition 4.1.15 ([BHO7a, Cor. 8.8]). Let £ = (E,¢) be an Anderson A-module of
dimension d over k. The unique exponential function attached to E, expy : ToE — E(k),
satisfies the following conditions:

(a) For all a € A: expg oTop, = @4 © expg,

(b) Let p be an arbitrary coordinate system for E. Then there exists a unique sequence
(e(z)) in Matgyxq(k) such that

ey =1id and lim q ‘log lle@ || = lim log HBEZ)Z)H = —00,

thereby defining an entire rigid analytic function

Expg 2 — Ze(j)x(j) : Matgxq (k) — Matgxq (k),
§=0

which satisfies Expg oTop = poexpg .
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For later purposes, we also want to have a “local” inverse of the exponential function of
an Anderson A-module.

Definition 4.1.16 (Cf. [Boc02, Lem. 9.14]). Let E = (E, ¢) be an Anderson A-module of
dimension d over k. The analytic logarithm attached to E is defined to be a the unique map
logp : V. — ToFE, where V is a sufficiently small neighborhood of 0 € E(k), satisfying the
following conditions:

(a) expgology =id =loggoexpg on V,
(b) Let p be an arbitrary coordinate system for E. Then there exists a unique sequence
(l()) in Matgxq(k) such that
lim ¢~ log|[I3|| = lim log [[1{;,”]] = 0
71— 00 1—00
thereby defining a rigid analytic function

Logp : — » lia' : (eball in Matgy (k) — Matgyq (k)
=0

which satisfies Logg oTop = pologg .
Definition 4.1.17. Let E be an Anderson A-module over k.

(i) We call the A-module Ag := ker expp the period lattice of E and elements in Ag periods
of E. We define the rank of Ag to be ranky A := dimg Agp ®4 Q.

(ii) We say that E is uniformizable if expp, is surjective.

Anderson shows in the case A = IF[t] that the period lattice A of an Anderson A-module
E of rank r is discrete in ToE and finitely generated over A. The rank of Ag is at most r
with equality if and only if E is uniformizable, whence the name (see [And86, Lem. 2.4.1
and Thm. 4]).

If £ is a uniformizable Anderson A-module over k, we have ToE/Ag = E(k). In analogy
with uniformizability of abelian varieties, we define its first Betti homology to be

Hp(E,A):=Ap, and further Hp(E,B):=Ap®aB
for any A-algebra B. Its Betti cohomology realization is
H]%(Ea B) = HomA(AE7 B)

for any A-algebra B.
As the following theorem states, any Drinfeld A-module over k is an example for a uni-
formizable Anderson A-module over k.

Theorem 4.1.18 (|Gos96, Thm. 4.6.9]). Let E be a Drinfeld A-module of rank r over k and
Ag its period lattice. Then Ag has rank v and furthermore the functor E — Ag from the
category of Drinfeld modules of rank r over k to the category of finitely generated A-modules
of rank r that are discrete in ToE = k is an equivalence of categories.

If the dimension of an Anderson A-module E is greater than one, expp need not be
surjective (for an example, see [G0s96, Exmp. 5.5.9]). In the following subsection, we prove
that an Anderson A-module over k is uniformizable if and only if the corresponding dual
Anderson A-motive is rigid analytically trivial.
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Uniformizability

Throughout this section, we fix a uniformizable Anderson A-module E = (E, ¢) of rank r and
dimension d over k. Our goal is to show that £ is uniformizable if and only if the associated
dual Anderson A-motive M*(E) is rigid analytically trivial. Recall that the map

[ee] o
. i tr
d : Matywq(klo]) — Matgyxq (k), Za(i)az — Z (agz;)
i=0 =0

defined in Lemma provides an isomorphism
coker(o — 1) = M*(E)/(c — 1))M*(E) = E(k), (4.2)

where o denotes the ¢*-liner map induced by o x+(g) (Corollary |4.1.8)). Using the ring ho-
momorphism * : Fy[t] — A, t — a, we will see that we may pass from elements in E(k)
to elements of the a-adic completion M*(E), = lim M*(E)/a"M*(E) of M*(E) via the
“switcheroo” (Lemma (4.1.22). In order to prove that Ap = M*(E)(1)?, we want to relate
periods of E and M*(E)-cycles; that is, convergent and o-invariant elements in M*(E),. At
first, we put elements in TyE in bijective canonical correspondence with k-valued points of
E. This is done through the “a-division towers”.

Definition 4.1.19. Fix an a € A\ F, and an = € E(k).
(i) A sequence x(g),7(1),7(2),--- € E(k) is an a-division tower above x if
_ Ty iin>0
Pa((n)) = { x ifn=0
(ii) An a-division tower (z(,))ne is said to be convergent if lim,, . [|p(z(,))|| = 0 for all
coordinate systems p.

The latter condition allows us to apply the analytic logarithm attached to an Anderson
A-module to an element ;) of a convergent a-division tower (z(,))72, for n sufficiently large.
Let us give an example of an a-division tower that shows how to get from a period of E to
an a-division tower above 0.

Example 4.1.20. Let £ € ToFE be a solution of the equation eXpE(ﬁ) = x. The sequence
T(n) 1= €Xppg ((TO%)*W“)Q, n > 0, defines an a-division tower (z(,));2, above x since

Pa(T(n)) = Pa (expg ((To%)_(”“)ﬁ)) = expy ((Towa)_((”_”“)f) = T(n-1)

for n > 0. Moreover, (7(,))5%, is convergent because we have for all coordinate systems p

,JI_,H;oHp (expﬂ ((TOSO ) (n+1) >> | = lim | Expg (Top ((TOSD ) (nt1) )) |

(2)
=JLH;OHZ ) (Ton((Toga) ) |

IN

Tim ([ Top ((Topa) ™) 3 ey (Top()? |

=0
< lim |[Top ((Toga) ™) Expg (Top(©)) |
=0.

A
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In fact, we can also recover the “logarithm” £ € ker(Expg) from a convergent a-division
tower above 0.

Proposition 4.1.21 ([ABP, §1.9.3]). The convergent a-division towers above x € E(k) are
in bijective correspondence with elements £ € ToE. If &€ € ToE corresponds to the convergent
a-division tower (x(y))plo we call & the logarithm of (x(,))n-

Proof. We have seen in the previous example that a £ € ToFE defines a convergent a-division
tower ((,))5%, above z with z(,) = expp((Towa)™HVE), n > 0.

Conversely, if (z(,))52 is a convergent a-division tower we find an § € ToE by following
the idea shown in the commutative diagram:

log(.’L'(N))E XPE T(N)E
0 A ToE E(k)—0-
Towa Towa Pa
exp
0 A ToE L - E(k)—=0
Topa Topa Pa
TOSDa TOSDG, Pa
exp
0 A ToE L~ B(k)—=0
Topa Towa Pa
ToE eXPg E(k
0= A = se(Topa) N log(any) B(x ) —0

More formally, there exists a unique & € ToE with the following properties:

e ¢ is the common value ((Topa)™ ! logp(z(,)) for all n>> 0.

Since (7(n))plg is convergent there is an N > 0 so that [|p(z(,))|| < € for all co-
ordinate systems p and n > N. Hence, logg(z(,)) is defined for all n > N. Let

€ 1= (Topa) V1! logp(w(y). Because

(Towa) "V * logp(2(n1)) = (Topa) " V*! (logg (va(2(m))))
= (Topa)" (logg(z(ny)) foralln> N,

we find that £ = (Topa)" " logg(x(,) for all n > N.
® I(n) = eXpE((Tocpa)_(”H)ﬁ) for all n; since

expps ((Towa) V€)= expp ((Towa) ™" (Topa)™! (10gp(2(r)))

=z, foralln>N,

expgs ((Towa) "€ ) = expp ((Topa) ™ ((Towa) ™+ (logp(an))))

=¢q " (expg (logp(zv))))
=1z, foralln <N.
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e expp(§) = ; since

eXPg(ﬁ) = €Xpgp ((TOSOa)N+1 (logﬁ(x(N))))
= (expg (logp(w))))

)n—i—l

e “Vieta formula”: lim, . ||Top(§ — (Towa)" " (n))|| = 0 for all coordinate systems p.

Since (z(n))neq is convergent there is an N > 0 so that for alln > N we have ||p(z,))[| <
€ and y(,) = logp(r(y)) is defined. As above, we have § = (Togpa)”“y(n) for n > 0.
Therefore,

lim || Top (§ = (Towa)" @) [| = lim [[Top ((Towa)"*" () — exe () I

= nlglolo HTOP ((TOSOa)nJrl) Z 6(Z)T0p(y(n))(l)‘|
i>1

~ 1im [[Top ((Topa)™)

—(n (i)
> ewTop ((Tosoa) ( “)f) |
i>1

Jim [[Top ((Toea) =000 ) 37 e Top() |
i>1

nh—{go HTO,O ((Togpa)(l—Q)(N-‘rl)) EXPE (TOP(§)> H

< Tim |(Toa) =0+ p(a) |

IN

IN

=0. O

As already mentioned, we want to pass from k-valued points of E to elements of M*(E),
via the “switcheroo”, which makes use of the isomorphism (4.2)).

Lemma 4.1.22 (The switcheroo [ABP| §1.7.3]). Let (M, om) be a dual Anderson A-motive
and a a non-constant element in A. Further, oz induces a ¢*-linear map o : M — M and a
gz/a—linear map o : Mg — M,. We then define the groups:

G1 = Gi(a,M) = {(z,y,2) e MXxMxM | z=ay+ (6 — 1)z},
Gy = Ga(a,M) := {(z,y) e M x (M/(c —1)M) | x = ay mod (¢ — 1)M},
Gs = Gs(a,M) := {(z,2) e M x (M/aM) | z = (0 — 1)z mod aM},

The two sequences

0— M2 (0, (0 = 1)m, —am) a (,y,2) — (2,9 mod (¢ — 1)) Gy — 0

O_>Mm»—>(0,(a—1)m,—am2 a (z,y,2) — (x,z mod a) e

are exact since M is free over Ay and k[o| and a is central in Aglo]. Therefore, Go and G3
are isomorphic to the same quotient of G1, and hence canonically isomorphic to each other.
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In order to find the solution corresponding to an a-division tower (z(,));2, above x €
E(k) = Matgx1(k), we define the Anderson generating function

f= Zm‘é;)an € Matyq(A OF, [t] k[t]).

n=0

The concept of rigid analytic trivializations corresponds to the theory of scattering matrices
for (non-zero) pure uniformizable Anderson A-modules of rank r over k (with an additional
“o-structure”) that was studied by Anderson when A = Fy[t] in [And86l §3]. That is, if

A1,..., A is a basis of the period lattice of £ and ® represents T, (g) with respect to a
k[t]-basis {my,...,m,} of M,(E), the scattering matrix ¥ is defined by
- 0 \j (i—1) N o
\IIZ] = — Zexpﬁ <tk+l> t y 1 S 1,7 S r, (43)
k=0

such that then
W) = o0
holds. Furthermore, [And86, Thm. 5] states that giving such an Anderson A-module is
equivalent to defining a scattering matrix .
The next proof shows that Anderson generating functions play a similar role for defining

a rigid analytic trivialization in the dual setting. We will see this in more detail in Example
4. 1.20)

Theorem 4.1.23. Let (M, on) be the dual Anderson A-motive associated with (E, ) and
o: M, — M, the gjg(a)—lmear map induced by on. Choose a coordinate system p for E and

an x = x(_1) € Maty«q(k) = E(k). Further, let n € Matgx1(k[o]) be a vector whose entries
form a k[o]-basis for M such that n is compatible with p and Matiyq(k[o]) = M.

(i) The a-division towers ((n))pg above x € Matixq(k) = E(k) and solutions v € M,
of the (o — 1)-division equation z"n = (o — 1)y are canonically in bijection via the
"switcheroo” of the preceding lemmea.

(i1) If v € Mg satisfies 'n = (0 — 1)y and (2(,))5%, is the a-division tower canonically
corresponding to v, then the following are equivalent:

(a) v is convergent,
(b) f(”) = ZZO:O(QTE;;))(V)Q” € Maty«q(A ®F,[1] k(é)) C Matyxq(A(1)) forv=1,2,...,

(¢) (T(n))po s convergent.

Proof. Using the ring homomorphism * : Fy[t] — A, t — a, and the coordinate system p, we
may assume, without loss of generality, that A = Fy[t] and E = G, ;. We write

i .
o= ap,
i=0

where ;) € Matgxq(k), ag;) = 0 for i > 0, and fix a basis m € Mat,x1(M) so that the map
Maty . (k[t]) 2 M is bijective and oy in M is represented by

Om =Y Byt

J=0
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with 3;) € Mat,x,(k), B;) = 0 for j > 0. Let us first prove (i).

“=7” A t-division tower (z(,))52, above  satisfies (7 (1)1 x( n) € Ga(t,M) since

n) ™

r r Lem. [LT27] r
(1) = T(n-1) = erx(m) = @(8(xfh)) =202l el

in E(k) =2 M/(c — 1)M corresponds to
x?;_l)n = tm?;)n mod (o — 1)M.
We will at first solve for all n > 0 the equation
xEZ?l)n = th;)n + (0 = 1)$(ym (4.4)

for ¢, € Matix,(Kk[t]) so that we obtaln the corresponding element (z!* L) n, pi,ym) €
Gs(t,M). Secondly, multiplying (4.4) with t" and summing up provides

o0

r'n = inl)n = Z(t”x(n_l) - t”+1:p(n))trn =(oc—-1) Zt”¢(n)m. (4.5)
n=0 —

As desired, we have then found the canonically corresponding solution
Y= Z tn m S Mt

In order to solve (4.4), we define &(,) € Matgx,(k[t]), v = 1,2,..., &gy = 0 for v > 0 by
requiring that

d(y)m = — Z(O{E;?i))train
=0

holds. Consider for all n > 0 the equations

oo
PLL(n) = Tn—1) = PeT(n) = ) AT
7=0
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Since multiplication by t"T! = (QDI )"*1 corresponds to Toy; on the tangent space ToE =2
M/oM at the identity, we have

((Towt)" () — (Towe) "2 (n_ry) " = (1 — o)

WE

() V"6 ,)m mod oM. (4.7)

v=1

To get to (4.5) we sum up in (4.6 and obtain

xtrn = Z(thrll’(n) - tnx(n_l))trm = (1 - O') Z f(”)d(l,)m
n=0 v=1

with f =37 O(xE;))t”. Hence, v = .02, fé, m is the solution of the (o — 1)-division

n=
equation with lefthand side z'"n. By summing up in equation (4.7)), we find that the following
congruences hold:

((Toge)" Yy — ) ' m = > (Togr) agy — (Togs)'zi-1)) " m
=0

=(1-o0) Z fg;zd(,,)m mod oM,

v=1

with f<, = Z?:O(xg))ti.
“<”  Given a solution v =: ym = (377 y(n)t“) m € My, y(,) € Matix,(k), of the (o — 1)-
division equation z"n = (o — 1)ym, we set

n
Y<n = ypt’
i=0

so that (z''n, y<,m) € G3(t"**, M). By solving
z%n = thrlw(n)m + (0 — 1y<p,m (4.8)

for ¢,y € Maty,4(k[o]) we find an element (z''n,¢(,ym) € Go(t"+!, M) for each n > 0. Set
T(ny = 0(Yn)). Then (2(,))5Lo is a t-division tower above x since Vn > 1:
z¥n = t"(p—1ym mod (o — 1)M
= t”+1¢(n)m mod (¢ — 1)M
= w(n_l)m = t¢(n)m = w(n)gplm mod (O’ - 1)M
& T(n—1) = 6(Y(n—1)) = Pt(6(V(n))) = (T (1))

in E(k). It is thus the canonically corresponding ¢-division tower above z to the given solution

v = ym.
In order to solve (D for each 1) =: Y ez )ti, ¢ = 0 for i < 0 and i > 0, we define
)

C(i
coefficients ,5’(1,) € Matyy,(k[T]), v =1,2,..., ﬁ(,, = 0 for v > 0 by requiring that

Buym = — (Z ﬁ(mﬁ“) m
=1



4.1. The map p from the Hodge-Pink group to the Galois group 95

is satisfied. Further, let U € Matgx,(k[t]) be the unique solution of the equation n = Um
and n so large it exceeds the degree of ¢ in each entry of U.

= (2" m + (1 — 0)y<,m)
= t_(n+1)( U + Y<n — y<n(1>)m

_ (n+1)( trU + Y<n — Z Z y tl/+j

v=0 j=0
SRR SUTTEED 9y e B
n=0 v=0 5=0

= trU+Zyn>t —Z > yn_y H" " )m

v=0n—v+j5<n

=0 since c(i)=0 for <0
- )
(-1 4j—v—1
- Z Z y(nfu)ﬂ(J)t m
v=0n—v+j5>n

n

ZZ?J J)t] "' | m

v=0j>v

(Zy Zﬁy—‘,—ztl 1)
v=0

(-1 3
(Z) y(nwﬁ(u)) m

Thus we may set 9,y = >_,_ y((;_l)y) B(TV) and z(,) = 0((y)) so that the t-division tower
(T(n))plo above z satisfies the relations

vy = 5 (z ygnil)ﬁ‘(t)> -3 (04,20)

for all n > 0. This bijective correspondence is clearly independent of the choice of m.

The proof of (ii) proceeds by showing (a)=(c)=(b)=-(a) with the help of (i). Suppose
that v € My is convergent and let y = > >° [ y(,)t" € Matyx,(k[t]) with y(,) € Matix,(k), be
the unique solution of v = ym. Then lim,, .o |[yn)|| = 0 and by (i) there is an N € N such
that the corresponding ¢-division tower (z(,))5Z is given by

:U(n Zﬁ (y(n 1/) )

for all n > N and satisfies
lim |[z(,)|| = 0.
n—oo

This means (z(,));Z is convergent as desired.
Because (Top; — 0)? = 0 holds on ToE, we can write Top; = 0 - 14+ N for some nilpotent
matrix N € Matgyq(k), where 1; € Matgxq(k) denotes the identity matrix. By the “Vieta
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formula” we have
Jim[|§ = (Tope)" || = lim [|€ — 0" g, =0,

and thus supi2 o [0]"1|z(,)|| < oo. For v > 0 we see that also sup2 \0\‘1(”“)]1:):22))\] < 00

and further

n n

Jim (6" [2{]| = tm_ |60=0"= - (j6lla())]) = 0.

We thus conclude that the (¢)"-power of the Anderson generating function

o0

FO =3 "(aff)) " € Maty ca(k[H])

n=0

assigned to ()32 lies in Matyq(k(5)). By (i) we find that the corresponding solution is
v = ym with

S ~ t
y= V; F®é, € Mati . (k(5)) € Matar(k{t)),
which finishes the proof. 0

Corollary 4.1.24. The A-module M(1)? is isomorphic to the period lattice Ap = kerexpg.

Proof. As before, we write 0 : M, — M, for the ¢} /(a)—linear map induced by on. The
convergent a-division towers above 0 are in bijective correspondence with periods of E by
the logarithm construction of Proposition Moreover according to Theorem
the M-cycles, that is, the convergent solutions of the (o — 1)-division equation, correspond
bijectively to the convergent a-division towers above 0. O

Recall any Drinfeld A-module is uniformizable (Theorem . We want to take a
closer look at the above correspondences and investigate the periods of a Drinfeld F,[t]-
module (E, ) of rank r over k and the o-invariants of its associated Drinfeld F,[t]-motive
(M, o). Through Anderson generating functions, we find a rigid analytic trivialization ¥ of
the matrix ® that represents oy with respect to a fixed k[t]-basis for M. In Section we
further investigate the linear independence of the entries of ¥~1(6) for Drinfeld F,[t]-motives
of rank 2 over C.

Example 4.1.25 (Cf. [Pel08]). Let A = F,[t], (E, ) be a Drinfeld F,[t]-module of rank r

over k, (M*(E),or(E)) the corresponding dual Drinfeld F,[t]-motive of rank r over k and

(M(E), Tpm, (g)) the associated Drinfeld F[t]-motive of rank r over k. We thus have
or=0+a17+ ...+ a7 € k[r] 2 Endyr, (F),

by choosing a coordinate system p. Then

r
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represents o+ (g) With respect to the k[t]-basis m* = (1,0, ... ,oT " H" for M*(E), and

B = : : g :
0 0 - 1
(t - 9)/ar _al/ar T _arfl/ar

represents Taq, () with respect to the k[t]-basis m, = (1,7,...,7" 1) for M. (E). For a
period A € Ag the corresponding convergent t-division tower is (expE (en%))zo:o, which
defines the corresponding Anderson generating function

Pt = Y exv (g ) £ € T k)

n=0

Since

A A
eXpE 07 = ¥t eXpE W
A A (1) (r)
= 9-eXpE (071“) +O¢1-eXpE (0""’1) +...+Oér'eXpE <9n+1) y
multiplying by ¢" and summing up we get
T = )\ n
050+ an 0+ 4ot 0 = Do () = e ()4 (0
n=0
= tfa(). (4.9)

We put n := (1) so that M*(E) = E[o]. The corresponding solution v € M*(E); of (0—1)y =
0 is then

v= f)(\l)d(l)m*+---+f)(\T)&(r)m*
with
d(l)m* = _(051 + Oé(_l)a’ + ...+ ag—(r—l))ar_l)n’
d(z)m* = —(a2 + Od(_l)a' + ..+ ag—(r—Q))Jr_z)n’
d(r)m* = _arn'
We have
vy o= (a0 e oSV TV a0 Y e
1 , i}
= - ). 40 . m
where
of PV af® ol
S 0
A= ! ) € GL,(k)
0‘7(«:1) ol
041(51) 0 0
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Let A1,..., A\, be a Fy[t]-basis for Ag. We write f; := fy,,i=1,...,rand v;,i=1,...,r, for
the corresponding solutions. From the linear independence of the set {\1,..., A} it follows
that {f1,..., fr} is linearly independent over F, and that

£ f1(1) fl(r—l)

= — € Mat, ., (T)

2 PO

is invertible by [Gos96, Lem. 1.3.3]. We set © := U(1) . A0 ¢ GL,(T) so that the vector

i!

.

comprises an F[t]-basis for M*(E)(1)?. In comparison with , we find that U' is the
scattering matrix associated with £. Indeed,

1(1) 1(2) . ((t —0)f — alfl(l) - a,._lfl(r—l)> /o
b.or — _ : : : =
@ <(t —0)f—onfiV = - ozrqf,g“l)) o
A N (4.10)
implies that @, - U™ = (¥')1) holds. Moreover,
1 (~(r=1)
) 0 o “ e O[T,
o AW = ' 2 — A B (4.11)
0 ol 0

so that
0=t A0 E g o 0D g 45 . —e0D. g

m*

and ¥ := ©~! € GL,(T) is hence a rigid analytic trivialization of ®p,+, meaning
Y = .0

From [ABP04, Prop. 3.1.3] we may further deduce that ¥ € GL,(T) N Mat, «,(E).

Proposition 4.1.26 (Cf. [And86, Thm. 4]). Let A = F,[t], E = (E,¢) be an Anderson
A-module of rank r and dimension d over Co and M = (M, oy ) the corresponding dual
Anderson A-motive.

(i) rankg M(1)? =ranky Ag =,
(ii)) M*(E) is rigid analytically trivial,

(i1i) E is uniformizable.
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Proof. For the same reasons as above, we may assume without loss of generality that £ = GZ? i
and A = IF,[t]. We first prove (i)<(ii) as in Lemma and next (ii)=-(iii)=(i).

We show that if pq,..., u, are linearly independent over A, then they are linearly inde-
pendent over A(1) in M(1). This implies that the natural map ¢ : M(1)? ®¢g Q(1) — M(1) is
injective, which shows ranks M(1)? < ranky(;) M(1) = ranks, M = r. Clearly equality holds
if and only if ¢ is also surjective; that is, if and only if M is rigid analytically trivial. For
the sake of contradiction, we assume that m > 2 is minimal such that p1, ..., un, are linearly
independent over A, but pui,..., 4, are not linearly independent over A(1) in M(1). This
means, there are a; € A(1) such that

m
Z a;ip; = 0.
i—1

Without loss of generality, we suppose ay = 1. Since op(¢*M) is a cotorsion Ag-submodule
of the locally free Ag-module M, we also have

and thus > (o — al(_l))m = "o(a; — 041(_1))/14; = 0. Hence, o; € A, which contradicts
the assumption and proves the injectivity of ¢, as desired.

To show that (ii) implies (iii), suppose z € Matyx1(Cs) = E(Cy). By assumption,
there is a rigid analytic trivialization ¥ € GL,(Cu(t)) such that ¥(-1) = &, ¥. Define

a(ny € Matix,(Coo) by the rule

o0
Z a(n)tn = xtrU\I/.
n=0
Necessarily we have lim,, . |[a(,)|| = 0 so that there is an N € N such that

1
llamyl| < 3 for all n > N.
Since Co is algebraically closed, we can find an b(,) which satisfies

Ay = bl = by (4.12)

for n < N. For n > N we define b(,) := 372, a,gl)) which then also satisfies (4.12]). Since
then

lim ||b(y,)|[ =0

we can define Z := "> bnyt" € Mat 1w, (Coo(t)) so that
UV =2 - 7.
We write © := ¥~! as before. Hence © = ©(-1® and
U = (20) Ve — (Z0).
Thus v := (Z0)m € M; is a convergent solution of the (¢ — 1)-division equation

rn = (¢ —1)7.
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By Theorem this corresponds to a convergent division tower (x(n)),‘f:o above z whose
logarithm ¢ € Ty E satisfies exp(§) = z.

Suppose now that expy is surjective and a is a non-constant element of A. From [BH07al,
Thm. 8.6], we see that the A/a-module E[a](Cy) is of dimension r where a := (a) C A.
Moreover, a 'Ag/Ag =2 expp(a~tAg) = Ela](Cs). We conclude that

rank 4 M(1)? Cor. 'rank 4 Ag = dimA/aa_lAE/AE =,

whence the assertion. O

We may now state the following:

Definition 4.1.27. (i) We define the strictly full subcategory U .#1 < #' of pure
uniformizable Anderson A-modules up to isogeny by restriction.

(ii) Let E be a pure uniformizable Anderson A-module over Co, and M be the corresponding
pure rigid analytically trivial dual Anderson A-motive over Co,. The Galois group I'g
of E is the Galois group associated with M by Definition [2.8.2

Therefore, the functor £ : 247, — .# induces an equivalence PZ P J{ — PU M of
categories, which by abuse of notation we also denote by £. Similarly, we write M* for the
equivalence PU M1 — PR Do i of categories defined by M* : 4 — Yo7, .

4.1.3 From Anderson A-modules to QQ-Hodge-Pink structures

Recall that the first Betti homology group of an abelian variety over C carries a rational
Hodge structure. Similarly, we will now associate a pure Q-Hodge-Pink structure H(E) of
weight —% with a pure uniformizable Anderson A-module E = (E, ¢) of rank r, dimension d
and weight g over k C C. In analogy with the classical case, we define the Q-vector space
underlying H(E) to be H := Hp(E,Q) = Ag ®4 @, where Ag is the period lattice of E.
Following Schindler in [Sch09, §5.1], we denote the ideal (a ® 1 — 1 ® y(a)|a € A) by J. Let
z = ¢ be a uniformizing parameter of @ at oo and put ¢ := y(z) = y(a)y(b)~L. By [Sch09,
Lem. 5.1.1], z — ¢ is a uniformizing parameter of OCCOOV(J) and further

Oce.v(y) = Coolz — (]
We then define a map

fiH®QCxlz—(] — ToE

MA@ @ ailz=¢)" — Y Bai(TopaTop, " — v(a)y(d)~)'A
i=0 i=0
Note f is well-defined because E is of dimension d. Therefore (Top, — v(a))? = 0 holds on
ToF for all a € A. By [And86, Cor. 3.3.6], we find that f is surjective so we have a short

exact sequence

0—=dr — > H®g Coz — (] L= ToE — 0.

with qg := ker f. By construction, qg is a Coo[2—(]-lattice in H®QCo(2—()). This defines a

pure @Q-pre-Hodge-Pink structure H = (H, W, qp) of weight —%. Let H, = (Hoos Weo, q11.,)

be its associated pure ()oo-pre-Hodge-Pink structure. Since Ag is discrete in ToE, we have
Hoo Nan,, = (H ®Q Qo) Nar = {0}

This condition implies that H  is semistable and thus H a pure ()-Hodge-Pink H structure.
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Definition 4.1.28. (i) We define H : 2% .#" — %ﬁQ to be the fully faithful functor
that sends a pure uniformizable Anderson A-module E of rank r, dimension d and
weight ‘;i to the pure @Q-Hodge-Pink structure H = (H, W, qp) of rank r and weight —%
as defined above.

(ii) Let E be a pure uniformizable Anderson A-module over k C Co,. We call the Hodge-
Pink group of H(£) the Hodge-Pink group of E and denote it by Gg.

4.1.4 From dual Anderson A-motives to (Q-Hodge-Pink structures

The fully faithful functor H o £ associates a pure ()-Hodge-Pink structure of weight —g
with a pure rigid analytically trivial dual Anderson A-motive of rank r, dimension d and
weight % over Cy, with d,r > 0. Following unpublished ideas of Pink in the non-dual
setting, we construct a “direct” functor D : PRD A i — %Q, which is isomorphic to
Hol : PARD oS f_ — %«?KQ This will later make it possible to assign a dual Anderson
sub-A-motive M’ over C, to a strict sub-Q-Hodge-Pink structure H' of D(M) such that
DM =H'.

Fix such a pure rigid analytically trivial dual Anderson A-motive M = (M, o) of rank 7,
dimension d and weight % over Coo in PZ DA i We want to study its relations to the pure
Q-Hodge Pink structure (H, W, qg) := H(E(M)) of rank r and weight —g, which we have
associated in the previous section with the pure uniformizable Anderson A-module E := £(M)
of weight %. By definition of the functor H and Corollary we have

H=Ap®4Q=M(1)’ ®4 Q.

We want to define the C[z — (]-lattices qg in terms of (M, on). Consider the two short
exact sequences

00— qg — pyg — ToE — 0
(see Subsection [4.1.3)), and
0— JM(§*M) OCool] (Coo[[t — (9]] —- M OCool] (COO[[t — (9]] — coker oy OCool] (Coo[[t — 0]] — 0.
In order to prove that the two sequences are isomorphic, we state two lemmas on the relations
between (M(00), opi(o0)) and (M(1)7 @4 A(00), oni(1)eg 4 A(co)) at ¢ = 09 for all i € Z, where
OM(1)7® 4 A(cc) 18 the natural isomorphism

S(oo) M(1)7 @4 A(00)) — M(1)7 @4 A(00).
We note first that ¢} A(oc0) — A(o0) induces ring homomorphisms
& pr—0)  Coolt = 0] = Coo[t =071 and & _py_ga  Coolt — 0] — Coo[t — 6]
Lemma 4.1.29 (Cf. [BHO7a, Prop. 3.4]). There is a well-defined map

" ( M(00) = M ®c_ 5 A(oo) ) _ ( M(1)? ®4 A(c0) ) '

OM(o0) = oM @ 1d 4(o0) OM(1)7® 4 A(c0)
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Proof. Suppose that m := (mp,...,m,)" is a Cu[t]-basis for M and ® = > "2 ¢yt' €
Mat, x,(Coo{t}), with ¢y € Mat,x(Co), represents oypoo) on Matyx,(Coo{t}) = M(o0).
By Proposition there is a rigid analytic trivialization ¥ € GL,(Cx(t)) of ® such that
U1 = V¥ and the vector ¥~'m comprises an F [t]-basis for M(1)°.

We write ¥ = > > Ymyt" € Matyx,(Coo(t)) with ¥,y € Mat,x(Cs). Because ¥ =
dOTD for n > 0 the ntt coefficient is

L, : e L))
Pin) = Di0)P(n) T 9y With  g(n) 1= > Py P n—i):
=1

Pick @ € Co such that || > 1 and consider the affinoid covering {Sp Coo(5)}}, j € N, which
is an admissible covering of Aé’ig. Hence, it suffices to show that ¥ € MatTXT(CO&ﬁ)) to
see that U € Mat, ., (Coo{t}).

Put 3 := o/*! for an arbitrary j € N. We want to show that [¢,||8|" is bounded since
then limy, o [th(n)||a?|" = 0, as desired.

Since ®W) € Mat,wr(Coo{t}) and ¥ € Mat, «,(Coo(t)), we have zero sequences

Jim 61191 =0 and Ly ooy =0

Hence, there is an N € N such that for all n > N and i € {0,...,n}

N |

(8 181 1| <

For i = 0 we have

1
W) = 9wl = 160 ¥m)] < 51¥0m] < I

and thus [, = |gm)| < maXi:Lm’n{kf)E.l)wél) 2)|} This gives us

2 n—

I8 < 181" max {Jogw,) ) < max Lo B o7 18" oo}

A
|
=
B
3
)
=
3
L
=
3
L
—

-----

Therefore, ¥ € GL,(Cx(t)) N Mat, x,(Coo{t}) and we may define
Y M®c, n Alc) = M(1)7 ®4 A(c0), m; ®a— T, ®a. O

Lemma 4.1.30. The cokernel of v, defined as above, is supported at t = Hqi, 1> 0. In
particular,

t t
M(1)" ®4 Coo{;) 2 M ®c_ g Coolz)  and M(1)” @4 Cooft — 6] 2 M ®c_ g Coolt — 6.
] 1 ]

Proof. Assume to the contrary, that supp(coker(1))) is not equal to {#4' | i > 0}. Note that
OM(1)e@aA(0) * Sh(ae) M(1)7 @4 A(00)) = M(1)7 ®4 A(o0) induces a map

Foclt—to (M(l);f;;l ) @ a0y Coclt —to]]> - M(l);ﬁ;)fl(“) ® a(00) Coolt — o,
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which by abuse of notation we also denote by oyj(1)og 4 A(e0)- Since the cokernel of opy(o) is
supported at t = 6, we have

1

* “1o B
IM(c0) <<A(oo)M(OO)> ® A(00) Coollt = 1§ ] = M(00) @ 4(0) Coolt — 1§ ]

if t871 # . This provides

* M(l)g XA A(OO)
IM(1)7@®aA(0) (g(coollttO]] ( M(c0) ® A(c0) Coolt —to]

o178 14(00) (S M) @4 A(00))) ©acoe) Coollt — 4]
_ A(oo) oo|l T L
OM(o0) <§2(OO)M(OO))

M(1)° A(oo -1
( )MQ(@;) ( )®A(oo) Coo[[t—tg 1.

[ad

That is, if ty € supp(coker(¢))) and tg_l # 0, then tg_l is also contained in the support of
coker(z))). We assume that to # 97 for i > 0 so that we may iterate this argument. This
provides {tgﬂ | i > 0} C supp(coker(y)). Because M is rigid analytically trivial we have
M(1)7 ®4 A(1) 2 M ®c_q A(1) and thus [to| > 1. Hence, [to|¢ — 1 for i — oo and 1
is a limit point of {tgﬂ | ¢ > 0} C supp(coker(¢)). This contradicts that supp(coker(¢))) is
discrete and proves that coker(t)) is supported at t = 97, i > 0. O

Moreover, we have

g((*joo[[th‘l}] (M(OO) ®A(oo) Coo [t — 9(1]]) = gZ(OO)M(OO) ®A(oo) Coo [[t — 9]]
OM (o0)®id
2 M(00) @400y Coolt — 1.

Recall that (}'ﬁg, 0 pxig) is the rigid o-sheaf over A(co) on Sp k associated with M such that
M

M(o0) = T'((o0), Fyf) and opy(se is the induced A(oo)-homomorphism on global sections.

For j > 1 we denote the global sections of the pullback (gz(oo))jflf/ilg by (gjl(oo))jl\/[(oo) and

the induced A(co)-homomorphisms by T (6% o)) IM(0) Then we can picture the relations of

o)

the corresponding rigid o-sheaves over A(co) on SpCy at t = Hqi, i € Z, as follows:

M(1)? ®4 A(o0)

We are now able to show that the two short exact sequences
0—qy — pg — ToE —0
and

0 — om(s™™M) ®Cooft] Coo [t —0] = M ®Cooft] Coo [t — 0] — coker o ®Cooft] Coo [t—60] —0
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are isomorphic. From Lemma, and Corollary we know that
M ®c, (] Coollt — 0] = M(1)7 ®4 Coot — 0] = (Ap ®4 Q) ®q Coolz — (] = pu
holds. Further,
coker oy @c [ Coot —0] = cokeroym @y Coolt — 0]/ (t — 6)4
= coker oy ®c g Coolt]/(t — 6)<
coker oy ¢, ] Coolt]

= coker oy
ToFE
by the condition (¢ — 6)? coker oy = 0 and Lemmam The two sequences are thus isomor-
phic and hence
ar = onm(S™™) ®c g Coolt — 0] S M @c, [ C[t — 0] = pa-
Observe that we have (z — )%y C qp.

Definition 4.1.31. (i) We define D : 2224/ — %Q to be the fully faithful functor
that sends a pure rigid analytically trivial dual Anderson A-motive M = (M, o) of
rank r, dimension d and weight % over C, to the @Q-Hodge-Pink structure of rank r with
underlying Q-vector space H := M(1)°®4Q and lattice qu := om(s*M)®c_ 1 Coo [t —0]
that is pure of weight —g.

Il

(ii) Let M be a pure rigid analytically trivial dual Anderson A-motive of positive rank and
dimension over k C Co,. We call the Hodge-Pink group of D(M) the Hodge-Pink group
of M and denote it by Gu.

We observe that the functors D and H o £ are isomorphic by construction.
Remark 4.1.32 (Cf. [Gos94l §2.6]). Let H := (H,W,qp) := D(M) be the pure Q-Hodge-
Pink structure associated with a pure rigid analytically trivial dual Anderson A-motive M =
(M,oMm) over Cs. Recall that He, = pu/(2 — O)pr = M/(t — )M and the Hodge-Pink
filtration F = (F'Hc_ )icz of Hc,, is given by

F'Hc__ :=image of pg N (2 — ¢)'qy in He, for all i € Z.
By the definition of the functor D, we have Hc = M/(t — )M and
F'He,, = image of M N (t — 0)'op (™M) in M/(t — )M for all i € Z.

As we will see in Remark Homc_ (M/(t—60)M, Cy dt) admits interpretation as the first
de Rham cohomology group of M.
Motivated by this, we put

Hr(M, Co) := Home, (M/(t — §)M, C dt).
Consider the decreasing filtration of M/(t — 0)M
F'M/(t — 0)M := image of M N (t — 0)'or(s*M) in M/(t — )M for all i € Z.

Similarly to the induced filtration of the dual space (Definition |3.1.2), the de Rham filtration
of M is defined to be

F'HpR(M, Coo) :={m € M/(t — )M — Coodt | Vj < i :m|p—sng/_gn =0}
Observe that we have F"HJ . (M, Co) = 0 for n > d since
F™OM/(t — )M =M/(t —0)M and FM/(t—6)M = 0.
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4.1.5 Construction of

Suppose M = (M, o) be a pure rigid analytically trivial dual Anderson A-motive of rank r,
dimension d and weight % over Cy, in Qz%’.@dj Let H = (H, W, qy) be the associated pure
@-Hodge-Pink structure and P = (M, 0) be the associated pure dual t-motive. Our goal is
to construct a homomorphism g of @-group schemes from the Hodge-Pink group Gy to the
Galois group I'v. In order to do this, we define a functor

T:PT — Hgeg, M(i)— DM)@D(C)™"

that satisfies D(N) = 7 (P(N)) for any pure rigid analytically trivial dual Anderson A-motive
N over Cq.

We want to show that the functors @w o 7 and w’ are isomorphic so that the following
diagram “commutes”:

P%9. T pg s 27

o= Vg

Lemma 4.1.33. There is a functorial isomorphism 1 between the functors woT : P.T' —

%Q andw' =woR: 2T — %Q

Proof. For each pure dual t-motives M(i) € Ob(Z.7’) we want to define an isomorphism
@) * (@ o T)(M(i)) = (w')(M(4)) so that there is a commutative diagram
. IM(4) .
w'(M(i)) — (e o T)(M(d))
w'(f) (woT)(f)
. IN(5) .
W' (N(f)) — (w0 T)(N(5))
for all homomorphisms f : M(i) — N(j) of pure dual t-motives M(i),N(j) € Ob(£.J"). For
an arbitrary pure dual ¢-motive M(7), we have

W' (M(1) = w(P(M) @ w(P(C)") and @ (T (M(i))) = w(D(M)) ® w(D(C)")

Thus it suffices to prove that the functors woP = w o R o P’ and @ o D are isomorphic.

To see this, let M = (M, o) be an arbitrary pure rigid analytically trivial dual Anderson
A-motive of rank r over Co, and P = (P,op) its associated pure dual t-motive in £.7.
Suppose that @y, represents oy with respect to a Co[t]-basis m € Mat, 1 (M) for M. We
tensor the entries of m with @ so that we obtain a Cy(t)-basis p € Mat, 1 (P) for P and
&, := P, represents op with respect to the basis p. Furthermore, a rigid trivialization
U of @y, also provides a rigid trivialization of ®p. By Proposition we find that
(woP)(M) =w(P) = P(1)? 2M(1)?®4 Q holds. Further we have (woD)(M) = M(1)?®4Q
by definition. Then there is a canonical isomorphism ny : P(1)7 — M(1)? ® 4 Q such that for
any homomorphism f : M — N of dual Anderson A-motives commutativity of the following
diagram follows automatically:

(w0 P)(M) — (@ 0 D)(M)
(woP)(f)J/ l(woD)(f)

(w o P)(N) —=> (@ 0 D)(N).
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Hence, the functors @ o7 and w’ = w o R are isomorphic. O

Consider now an arbitrary pure dual t-motive P over C,,. We denote the restriction of 7°
to (P)) by Tp : (L)) — (7 (P))). This is well-defined since 7 is an exact tensor functor.

Corollary 4.1.34. Let P be a pure dual t-motive over Co. Then there is a functorial
isomorphism 1’ between the functors wypyoTp : (P)) — Dergy and wp =wpoRp: {(P) —

-
To.

From Lemma|l.2.14] follows the existence of the desired map between the Galois group and
Hodge-Pink group of a pure dual t-motive over C..

Corollary 4.1.35. Let P be a pure dual t-motive over C. There is a unique Q-group
scheme homomorphism i : Gr(py — I'p such that Tp = w* : Q%Q(Fg) — %Q(GT(B).

4.2  Equality of the Hodge-Pink group and the Galois group

We consider a pure dual t-motive P over Co, together with its associated pure @-Hodge-Pink
structure H := 7 (P). We then prove the Hodge conjecture for function fields, that is, the Q-
group scheme homomorphism p : Gg — I'p defined in the previous section is an isomorphism.
By Tannakian duality, the Tannakian categories ((P)) and ((H)) generated, respectively, by
the pure dual t-motive P and the pure ()-Hodge-Pink structure H, are equivalent.

We proceed by showing that p is faithfully flat and a closed immersion. The latter is easily
seen (Proposition , but the proof of the former assertion requires some preparatory
work. In the first subsection, we define F-modules following Hartl in [Har10]. We may then
associate an F-module M over D(%Ooo with a pure dual Anderson A-motive over C,,. Next we

assign a pair of F-modules (M', N') over DEOOO to a pure strict sub-@Q-Hodge-Pink structure
H' in (H)). Through the classification of corresponding o-bundles studied in [HP04], we
show that M’ is a sub-F-module of M. With the help of the rigid analytic GAGA principle,
we associate a pure rigid analytically trivial dual Anderson sub-A-motive M’ over C,, with
H' such that D(M') = H'.

Combining this and Proposition (i), we prove that p is faithfully flat. This yields
the Hodge conjecture for function fields.

4.2.1 F-Modules

F-modules were studied by Hartl in [Harl0] where they were called o-modules whose un-
derlying map o, in their notation, corresponds to our map F. Of importance to us is that
F-modules over specific “coefficient rings” admit a classification. Through this we put the
F-modules, which we associate with dual Anderson A-motives and sub-@Q-Hodge-Pink struc-
tures, in relation. We first fix notation and afterwards state the definitions and results we
need later. We refer the reader for more details on F-modules and their classification to
[Har10] and [HP04], respectively.

Consider the ring of formal power series F,[(] over F, in the indeterminant ¢ and its field
of fractions, the field of formal Laurent series F,((¢)) over F, in . Let R be a valuation ring
of Krull dimension one that contains F,[¢] and is complete and separated with respect to
the (-adic topology. Let L be the fraction field of R and L be the completion of an algebraic
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closure of L, which is automatically algebraically closed by [Gos96l, Prop. 2.1]E| Further, let
L[z] denote the ring of formal power series in z and L[z][z~!] be the ring of Laurent series
in z with finite principal part. We let n and n/ be rational numbers such that n’ > n > 0 and
define the coefficient ring of an F-module R to be one of the following L-algebras introduced
in Section [L.3t

7\ 00 4 - i : ng

D)3 = L(z) = {D_ ez’ € L[]+ Jim Jai¢™| =0},

=0
LT =Y azie Ll lim Ja, ™| =0},
C 7,>>—OO 11— 00
! ? " AET ni : n's

ACCE = LG = (e fim g™ =0, Tim_Jaig™ = 0},
1E€EL

DM = L<C%’Z_1} = {Z 2" ll}inoo ;¢ = 0 for all n' > n},
€L

D% = L{z, 27} = {% PR zl}inoo |oi¢™| = 0 for all n > 0}.

The corresponding rigid L-spaces to D((™)7°, A(¢", C”’)%’, D(C”)%’, and Dfo are

DT =Sp D) ={z e L:|z| <"}

= the disk centered at z = 0 with radius |(|",
A", C)F =Sp A" ) = {z e L ¢ < x| < [¢")

= the annulus centered at z = 0 with inner radius |¢|* and outer radius ||",

DT =SpD(CF ={zeL:0<z| <|¢"}
= the punctured disk centered at z = 0 with radius ||",

DX :=SpDP ={reL:0< |z <1}

= the punctured unit disk centered at z = 0,

respectively.
Set F' := Frob, s, and extend the induced map F* = Froby; : L — L, a — a9, to a

homomorphism
o oo
F* ( Z aiz’> = Z alz',

by mapping z to itself. Let R be one of the coefficient rings and denote its image under
F* by RI". Note, we then have (D(C”)EO)F = F*(D(¢™)?) = D(¢?™)?° and similarly for
L(%)[z‘l] and D(¢™)7°. We further set
n n'yoor b n ~qn’\oco n  ~qn’\oo * n ~n'\oo
(A(C",C")T) = A" ¢ DA™, ¢M)E = Fr(A(C", ¢")T)
if n’ > gn and (D%O)F* = D%,
Let R be one of the coefficient rings. Then there is a natural inclusion ¢ : R — RF", which
sends an f € R C R to itself.

! In the next subsections, when A = F[t] we let z = % be a local parameter at co of C' and set ( = é. Then
(L,v) with v : A — Qo — L,t — 0, is an A-field and we may relate F-modules and pure dual Anderson

A-motives over L = C.
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Definition 4.2.1 ([Harl0, Def. 1.2.1]). Let R be either D({™)?°, L(C%)[z_l] or A(¢C", ¢,
and r an integer. If M is an R-module, we denote F*M = M Qp p= RF" and M :=
M ®r, RF".

(i) An F-module M of rank r over R is a pair (M, Tpr), where M is a locally free coherent
R-module M of rank r and 7y : F*M — *M is an isomorphism of R¥ -modules.

(i) A homomorphism f : M — N of R-modules is a morphism between two F-modules
M = (M,7p) and N = (N, 7n) over R if it satisfies 7y o F*f = 1*f o 1.

(iii) We define the tensor product M & N of two F-modules M = (M, 1p;) and N = (N, 7n)
over R to be the pair M ®r N together with the isomorphism Ty N := 7 ® Tn and
similarly for n > 1 the symmetric power Sym™ M and the alternating power \" M of
an F-module M.

(iv) The inner hom Hom(M, N) of two F-modules M and N is
HOW(M,E) = (HOWL(M, N>7THom(M,N)) with THom(M,N)(F*f) ‘=TN© F*f o 7—j\_/jl'

The F-module 1 := (1, 71, ) over R consisting of R itself and idpr+ : R = R is
a unit object with respect to the tensor product, so that the dual M" of an F-module
M over R is given by Hom(M,1z).

We denote the additive rigid tensor category of F-modules over R by #r and the abelian
group of all morphisms of F-modules from M to N by Hom gz, (M, N), for M, N € Ob(Fg).

For the definition of F-modules over D(¢™)3° and D, we work with sheaves on the
rigid spaces @(C”)%O and D7, respectively. One could define F-modules over D(¢™)7° and
A(C™, C”’)C]f’ in the same way.

Definition 4.2.2 ([Harl0, Def. 1.2.2]). Let R be either D(¢™)% or D$°, and r an integer.

By abuse of notation, we denote the map SpR — Sp R that sends an 2 € SpR C L to 24
by F' also.

(i) An F-module M of rank r over R is a pair (M, 7ys) where M is a locally free coherent
sheaf M of Ogpr-modules of rank r on SpR and 7 : F*M 5 M is an OSPRF*‘
module homomorphism.

(ii) An Ogpr-module homomorphism f : M — M is a morphism between two F-modules
M = (M,7p) and N = (N, 7n) over R if it satisfies 7y o F*f = 1*f o 1y.

(iii) We define the tensor product M ® N of two F-modules M = (M, 7p;) and N = (N, 7n)
over R to be the pair M ®og, , N together with the isomorphism Tyen = v ® TN
and similarly for n > 1 the symmetric power Sym™ M and the alternating power \" M
of an F-module M.

(iv) The inner hom Hom(M, N) of two F-modules M and N is the inner hom Hom(M, N)
of the locally free sheaves M and N of Ogp r-modules together with the Og,  r+-module
homomorphism

THom(M,N)  F* Hom(M, N) = * Hom(M, N), F*f1yoF*fory,.

The F-module 1 := (1g,71,) over R consisting of the structure sheaf Og,r and
id@SpRF* : Ogpr = Ogprr+ 1s a unit object with respect to the tensor product, so
that the dual MY of an F-module M over R is given by setting M" := Hom(M,1z).
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We denote the additive rigid tensor category of F-modules over R by % and the abelian
group of all morphisms of F-modules from M to N by Hom gz, (M, N) for M, N € Ob(%R).

By abuse of notation we will denote the isomorphism 7y; : F*M — *M underlying an
F-module (M, 7p) by 7as : F*M — M.

Note that one can also define F-modules over D(¢™)3°, D°, D(¢™)3° and A(C™, (™)
as smooth locally free rigid analytic o-sheaves since the underlying homomorphism is an
isomorphism. We preferred to be consistent with the terminology of [Harl0] for clarity and
include the definition of F-modules over L(%Hz‘l].

Example 4.2.3. We assume that z is invertible and let d be an arbitrary integer.

(i) If R is either L(C%)[zfl] or A(¢™,¢")%, we define the F-module O(d) of rank 1 over
R to be
O(d) == (0(d), o)) == (R, 2 "F").

(ii) Correspondingly, if R is either D(¢")% or D, we define the F-module O(d) of rank 1
over R to be

O(d) = (0(d), To(a)) = (Ospr, = *F).

We are particularly interested in F-modules over D, which we associate with pure rigid

analytically trivial dual Anderson A-motives over L and sub-Q-Hodge-Pink-structures. Hartl

and Pink introduced the corresponding o-bundles in [HP04]. From [Harl0, Prop. 1.4.1] it

follows that the categories .# D(cr)e and Z . are equivalent, so that we also may carry
L L

definitions and results stated in [HP04] over to F-modules over D(C")%o, as done by Hartl

in [Harl0O, §1]. In the following, we let R be either D(C”)%O or D%O We deduce now the
properties of F-modules over R, which we need later.

Corollary 4.2.4 ([HP04, Cor. 5.4]). Every F-module of rank 1 over R is isomorphic to
O(d) for a unique integer d.

Let M be an F-module of rank r over R. Then there is by the previous corollary a unique
integer d such that A" M = O(d). We then say that M is of degree d and, if r € N>0, of
weight wt(M) = 2.

Further we say that a non-zero F-module M of positive rank r over R is semi-stable if
wt(N) < wt(M) for all non-zero sub-F-modules N over R and stable if wt(N) < wt(M) for
all proper non-zero sub-F-modules N over R.

In order to obtain a similar assertion as in the last corollary for an F-module of positive
rank r and degree d over R, we have to define the pullback of an F-module over R.

Definition 4.2.5 ([HP04, §7]). Let r be a positive integer and consider the morphism [r] :
SpR — SpR, z +— x", that induces

[r]*: R — R, Zaizi — Zajz”.

(i) We define the pullback [r]* M of an F-module M = (M, 1ys) over R to be the pullback
[r]* M together with the induced isomorphism

F(r)* M) = " (F*00) 2 .
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(ii) The pushforward [r].M of an F-module M = (M, 1pr) over R is the pushforward [r]|,.M
together with the induced isomorphism

F* ([ M) = [l (F* M) "2 [,

We are now ready to give the basic example of F-modules over R. These are also called
building blocks since the classification of an arbitrary F-module of positive rank r and degree
d over R provides a decomposition into a direct sum of such building blocks by [HP04, Thm.
11.1].

Example 4.2.6 ([HP04, §8]). For every pair (d,r) of relatively prime integers r, d with
r > 0, we define the F-module My, := (Mqay, 7y, ) over R to be the pullback [r]*O(d) of
O(d) that is a semi-stable F-module of rank r and weight g over R by [HP04, Prop. 7.6].
We can choose a basis such that Md,r = Ogag R SO that we can represent T, de — Md,r

with respect to this basis as the isomorphism F *OéBgR = (DSBI:R followed by multiplication
by Adﬂn, with

0 1 o --- 0

Ad,r = L0 € GLT(OSPR)-
0O - --- 0 1
=4 0 ... ... 0

We then get the desired classification of F-modules over R as follows:

Theorem 4.2.7 ([HPO4, Thm. 11.1]). Every F-module over R is isomorphic to one of the
form GaleMdi,Ti’ where d;, r; are integers such that r; > 0 and ged(d;, ;) =1 fori=1,... k.

4.2.2 From dual Anderson A-motives to F-modules

Let us now define a functor F from the category 229/ of pure dual Anderson A-motives
up to isogeny over Co to the category .# Dee of F-modules over Dg’ by assigning such an

F-module over D(‘EOOO with a pure dual Anderson A-motive M over Cg.

Suppose M = (M, 0y) is a pure dual Anderson A-motive of rank r, dimension d and
weight % By definition of purity there is a locally free sheaf M of rank r on Rlcoo such that
D(Ag_, Ml ) =Mand

o i=opoct(om)o...o(¢M) " toy i (¢F)"M — M
induces an isomorphism
()" Moo, — Ml 00C, )osoc.,
of the stalks of M at coc_ . By definition, we have supp(coker o) = 6, so that

(3

supp(cokero) = {t =07 |i=0,...n—1},
and ot 1 (¢*)"M — M(l - coc,,) is an isomorphism on Pg, \ {t = 97" |i=0,...n—1}.
Hence, by allowing a pole at z = 0, o) induces an isomorphism
z

7

z

—1
el

M ®c,. ] Coo{=r) 27T S M &c ] Coof
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where z := % is a local parameter at coc.. We apply (¢*)~! = F™* to its inverse and obtain

an isomorphism 7y : F*M 5 M where we define M to be the locally free coherent sheaf of

O3p Coo (=2 )[--1-modules with global sections
cq

R
Al

We call (M, 7yr) the F-module over Cm(@in}[z_l] associated with M. Further, let M be
the corresponding F-module over D(‘éow by [Harl0OL Prop. 1.4.1].

M ®c,.[t] Coof

Definition 4.2.8. We let F : 2947 — 33[)(80 be the functor that sends a pure dual

Anderson A-motive M over Co to the F-module M over D(‘é‘; as defined above.

The purity condition gives us additional information at coc_ that amounts to the following
assertion on the classification of M.

Proposition 4.2.9. Let M be a pure dual Anderson A-motive of rank r, dimension d and

weight L over Cog with ged(l,n) = 1. Then M = F(M) is isomorphic to Me_a;{ln

Proof. Suppose M = (M ,Ty)- By Theorem there is a decomposition into a direct sum
®iL My, .. with integers d;, r; such that r; > 0 and ged(di,ri) =1fori=1,...,m.
Recall, we represent the isomorphism TN, underlying M d;,r; DY choosing a suitable basis

for M as the isomorphism F' *O%g = Ogg followed by multiplication by Ag, ,,, where
Coo Coo

0 1 0 -~ 0

Adi ey =

[an}

€ GLri (O@Eooo )

o
o
[

~di 9 ... ...
Notice that Agi = z= . 1,, where 1, denotes the identity matrix with r; columns and r;
rows. Observe that by the purity condition, M extends to a locally free coherent sheaf M of
rank r over DF , with 7, : F*M — M, such that

Ty =Ty o Fr(ry) oo (F*)" Hry) s (F*)"M — M

induces an isomorphism
The (B Mooe = M(=1- 00)ocq

of the stalks of M at ooc,,, .- We can balance out the pole of degree —I at coc,, by multiplying

T, with z~!. Thus (z*lTj’\‘-/l)” extends to a well-defined isomorphism (F*)"iM = M at

oo, ; implying the same for

-l i — i T — ylri —nd; _ —lri—nd; -
(2 T]’&db”)r =z (T]de”l)" = iy = 7T for g =1,...,m.
Therefore the exponent —Ir; — nd; must be equal to zero. Since ged(d;,r;) =1 and r; > 0 we
conclude that d; = —l and r; =n for i = 1,...,m. As the ranks of M and M

n, respectively, we obtain the desired decomposition M~ M e_a;/nn

are r and

O]

—l,n
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4.2.3 From sub-Q-Hodge-Pink structures to dual Anderson sub-A-motives

Clearly there are pure ()-Hodge-Pink structures that do not come from pure rigid analytically
trivial dual Anderson A-motives over C,,. In this subsection, we fix such a dual Anderson
A-motive M € Ob(P %P </]) of rank r, dimension d and weight £ over Co and denote its
associated pure @Q-Hodge-Pink structure D(M) by H. We prove that in the special case that
H’ is a strict pure sub-Q-Hodge-Pink structure of H of weight % in the Tannakian category
(H)) generated by H, there is a pure rigid analytically trivial dual sub-Anderson A-motive
M’ of rank 7/, dimension d’ and weight ff—: such that D(M') = H'.

We assume without loss of generality that (H', W’ qg/) = H' C H := (H,W,qp) is a pure
sub-Q-Hodge-Pink structure of rank r’ and weight %. The o-invariants of the desired dual
Anderson A-motive M’ must be M’'(1)? := H’ N M(1)°. This definition makes sense since
if {my,...,m,} generates M(1)? as an A-module, {m;,...,m,} is a Q-basis for H. So if a
subset of {my,...,m,} generates M'(1)” = H' N M(1)? as an A-module, it also provides an
Q-basis for H'.

Denote the rigid o-sheaf over A(oo) on Sp Cy, obtained from the dual Anderson A-motive
M by Fif = (Fuf, o Tng) We first want to construct F,% as a rigid sub-o-sheaf of F FRE over
A(oo) on SpCy

In order to do this, consider the locally free coherent sheaf G8 of O Aé,ng-modules of rank

r’ with global sections M'(1)” ®4 A(oo) together with the OAl,rig—mOdflole homomorphism
Coo
Ogris == 1d®¢* : ¢*G"& — GM8 which defines a rigid o-sheaf G"® of rank r’ over A(co) on

Sp C. Moreover, we define an isomorphism

. o 1. « . 1
i = (0grig ©...0(¢*) Logns) ®id : (¢¥)'G"8 ® Coo Hyzﬂ[g] — G ® Coo[ys] [—]

i Yi

with y; == z — (7. We put z := [Lien < - CZ) and let }"“g be the O AL -submodule of

G&[z~!] which coincides with G outside z = ¢, i>0,and at z = Cq satisfies

F8 @ Caolz — (1 = 0 (F) () © 0 ((F)i(prr)) = 67 @ ool — €7

rig rig

together with the O ALrie™ -module homomorphism a]__&g - o — induced by ogrie.

Note o g is well- deﬁned by construction. We have thus constructed a rigid sub-o-sheaf
M/
£f\1/[g, = (.7:13[%, fng) of rank 7" over A(cc0) on Sp Cq, as desired.

Definition 4.2.10. We call (F gf,,g“g) the pair of rigid o-sheaves over A(oco) on Sp Cs

associated with H'.

We want to add the purity condition, and therefore extend F, 18 6 a locally free coherent
sheaf M'T8 of Op1.+ie-modules on all of IP’(lc’ng such that
Coo el

n .. . * . *\n—1 . *\n g rig
O'}_;[% = g O (0}_;&%) o...0(c¢%) 0 pris ()" Far — Py

induces an isomorphism

0_7\4/% . (g*)nM/rigoocoo R M’rig<l X OO)OOCOO — (M’rig ®O]P,1,rig OIF’}C’“g(l . oo))()o%o
Coo oo
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of the stalks of M8 at ooc,, .- We then apply the rigid analytic GAGA principle twice to
find the desired dual Anderson sub-A-motive (M’, oyp).

In order to do this, we observe that ¢ i induces an isomorphism of D(¢T" )&_-modules
M/
by construction. Applying F™* to this isomorphism, we obtain a D(C ¢ ) >_-module homomor-

phism 73 : F*M' 5 M’, where we set
M = F(Q[(oo),fmg) ®A(oo) D(C )(Coo'

We call (M', mpp) the F-module over D(an)(%ooo associated with H'. Let M’ be the corre-
sponding F-module over Df&‘; by [Harl0OL Prop. 1.4.1].

Similarly, we construct an F-module N’ = (N’, Tx) Over D(%ooo from the rigid o-sheaf G'8
over A(co) on Sp Cy
Definition 4.2.11. We call (M",E’) the pair of F-modules over D(‘(’:Ooo associated with H'.

Lemma 4.2.12. Let (M’ N') be the pair of F-modules over D associated with H'. Then
M is isomorphic to M / .

Proof. From Theorem |4.2.7| we obtain M = @?;M " . with integers d}, r} such that 7} > 0
and ged(d},rl) =1 for i =1,.

7,77,

Further, let M = F(M ) be the F-module over D(%o associated with M, so that M = M
by Proposmon From the assumption (M’( ) ,qm) € (M(1)7, qg) it follows that M’ is

@r/n

a sub-F-module over DC’OOo of M. Thus d; < —77“ by [HP04, Prop. 8.5].

Since H' is supposed to be a strict subobject of H that is pure of welght = g must
be satisfied. By construction, M’ C N’ as D(%Ooo-submodules of N'[z~!]. Further,
(N’/M’)®DEO Coolz —¢] = M(1)° @4 Coo[t —0]/am = v /qm = @(C [z —¢]/(z—¢)~™

where wy < ... < wy, are the Hodge-Pink weights. Thus N’/M’ is supported at z = (7' ,i € Z,
and has length ZZ Lw; = d. Since the rank of M' and N’ is 7/, we have an injection
i N\ ‘M N ‘N’ O(0) of sub-F-modules of rank 1 and therefore an isomorphism

T/

(Ope /| \NM") @ Coclz =12 N v/ [\ arr

Hence, /\T, M0 Dee is the ideal sheaf of a F*-invariant divisor A on ’i)(%ooo supported on
{z = qu,i € Z} of length d’. Thus we see that for 1 < k < ¢"
,r,/

(ODEOOO//\M/) ®pee Ou(ca ¢h)

is supported at z = ¢ and we find that { € D(%OOO is a representative with multiplicity d’. By
[Har1(, Prop. 1.4.4] there is a function f: € Dféooo that has only zeros of order one at (¢

for all i € Z. Therefore, A is also the divisor of fg/ so that multiplication by fg/ induces an

isomorphism
/
.

0(0) = Ope = A\ M < 0©)
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of the underlying vector bundles. Since fcd/ € O(d')™(Cy), twisting with O(d') gives us:

,],,/

5 AM(d) € O(d),

so that O(—d') = A" M'. Therefore deg(M’) = —d'. Then

l d
DR ST A

By hypothesis ged(d}, 7}
VDY
M= M

v

) =1 and r; > 0, so that d; = —l and r; = n for all <. This proves

where 7 is the rank of M’ by construction. O

Proposition 4.2.13. Let M € Ob(ﬁ%@d_{) be a pure rigid analytically trivial Anderson
A-motive over Coy of rank r, dimension d and weight % and H := D(M) its associated pure
Hodge-Pink structure. Suppose H' is a strict subobject of H in ((H)). Then there is a pure

rigid analytically trivial dual Anderson sub-A-motive M of rank r', dimension d' and weight
L such that D(M') = H'.

Proof. Let (M ' N ) be the pair of F-modules over D(%ooo associated with H' such that we
have M’ = (M’,TM,) M

fl N
inverse of 7., : F *M' = M’ and extend M’ to a locally free coherent sheaf M’ on Kol

together with a homomorphism o, : M — M'(l- coc,, ), which satisfies

by the previous lemma. We may apply ¢* = (F*)~! to the

ot () Moo, > M- oo,)
at the stalks of M’ at 00C,,

Further, let (£ ;Ig/, grie) be the pair of rigid o-sheaves over A(oo) on Sp C associated with
H'. We glue F, 18 and M’ to a locally free coherent sheaf on all of IP’I " that we denote by Mg
and which satisfies M™8 C M8 by construction. By Theorem there is an algebraic

locally free coherent sheaf M’ C M on IP(COO and an algebraic homomorphlsm omr M —

M'(l-00c,, ) that induces an isomorphism o, : (6*)" Mo, = M'(I-00c,, )ooc,, of the stalks
at ooc,,. We consider the locally free coherent Coo[t]-module M’ := T'(Ag_, M'| aL ) EM
together with the induced Ac_ -homomorphism oyy : ¢*M’ — M’; which exists by Theorem
1.3.1] (i). This gives us the desired dual sub-Anderson A-motive M’ = (M’, opy/) of M such
that D(M') = H'. O

4.2.4 The map pu is an isomorphism

We fix a pure dual t-motive P of rank 7 and weight 7 over Co. Let H := T (P) be the
pure Q-Hodge-Pink structure assigned to P. Consider the Q-group scheme homomorphism
p: Gy — I'p from the Hodge-Pink group of H to the Galois group of P that we constructed in
the previous section. We first prove that p is faithfully flat through the equivalent conditions
from Proposition (i). Next we show that p is a closed immersion. As desired, we then
conclude that the Hodge-Pink group Gz and the Galois group I'p are isomorphic over Q).

Proposition 4.2.14. Let R be a pure dual t-motive in (P)). Then for each subobject H' of
T(R) in (H)) there exists a pure dual sub-t-motive R’ of R such that H' = T (R).
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Proof. Suppose R = (N,i) € Ob(2.7’) so that H' is a subobject of
T(R)=D(N) ® D(C) ™

Hence, H ® D(C)? is a pure strict sub-Q-Hodge-Pink structure of D(N). By Proposition
4.2.13] there is a pure rigid analytically trivial dual Anderson sub-A-motive N’ of N such that
D(N') = H @ D(C)*. We put R’ := (N,i) C (N,7) = N so then, as desired,

T(R)=D(N)®D(C) "' = H' S DN)© D(C) " = T(R). :
Proposition 4.2.15. The functor Tp : (P)) — (H)) is fully faithful.

Proof. Let M, (i1), and My (i2) be pure dual t-motives in ((P)). We want to show that to
each g € Homg(7 (M, (¢1)),7 (My(i2))) there is a unique f € Hom 5 4 (M, (i1), My(i2)). By
definition of the functor D we then find that the inner hom

T(Hom(M, (i1),My(i2))) = T(Hom(M,;, M, ® CN*172)(N))
= D(Hom(M;,M, ® CN*17%2)) @ D(C) ™V
= Hom(D(Ml) D(M, ® CN*T172)) @ D(C)
> mw@m D(C)™, D(M,) ® D(C) ™)
=~ Hom(T(M, (ir)), T(My(i2)),

with N chosen sufficiently large, satisfies by the adjunction formula ([1.3)):

12

Homg (Lo, Hom(T (M, (i1)), 7 (Mj(i2)))) Homg (Lo ® T(M,(i1)), 7 (My(i2)))

Homg (7 (M, (i1)), T (My(i2))).

1

Then g € Homg(7 (M, (41)),7 (My(i2))) corresponds under these isomorphisms to a unique
strict subobject:

1 = Hom(T(M, (1)), T (My(iz))) = T(Hom(M, (i1), My(i2))), 1g — g.
Using Proposition there is a pure rigid analytically trivial dual Anderson sub-A-motive
M/ ® QN SN Hom(Ml,Mg ® QN+i1—i2)

that satisfies D(M'®@CY) = D(M') @ D(CY) = Lo @D(C)N — D(Hom(M,;, M, @ CN+1772)),
Then M’ = (M, oy) must be a dual Anderson A-motive of rank 1 with M/(1)° = A such
that oy extends to an isomorphism on all of ]P’(lc We let ( f\f,,g“g) be the pair of rigid
o-sheaves over A(co) on SpCy associated with 1, (Definition Taking a closer
look at the construction of (F,; rig ,G"8), we find that both Far rig and g“g have global sections

M'(1)7 @4 A(occ) and o . s = Ugrlg holds because qu,, = p1,,.- Since 1, is pure of weight 0, we

may extend F"€ to the locally free coherent sheaf O]P,l rig OT IP’l 18 {ogether with the natural

isomorphism oo g ¢S “Opiris — Opirig. Applying the rigid analytlc GAGA principle to
Coo (Coo

FCoo
O 14 and oo pis as in the proof of Proposition 4.2.13 we conclude that M’ coincides with
Coo

the pure dual Anderson A-motive 14, of weight 0.
By twisting with the dual Tate t-motive, we obtain a pure dual sub-t-motive

P

1,4, (0) = Hom(M;, My @ CNT172)(N) = Hom(M, (i1), My (i2))
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such that 7 (14, (0)) = L1y < Hom(T (M, (1)), 7 (My(i2))). This corresponds under the
isomorphisms given by the adjunction formula:

Hom g 7/ (14, (0), Hom(M, (i1), My(i2))) = Homg 7/ (1, (0) @ M, (i1), My(i2))
= Homgy z/(M, (i1), My (i2))
to an f € Hom 4 5/ (M, (i1), My(i2) such that 7(f) = g. O
By applying Proposition (i) we get the following:
Corollary 4.2.16. The Q-group scheme homomorphism p: Gg — U'p is faithfully flat.
Proposition 4.2.17. (i) There are closed immersions Gy C Centar,(w(m)) (End(H)) and
['p C Centgr,u(py) (End(P)).
(ii) The Q-group scheme homomorphism p: Gg — I'p is a closed immersion.
Proof. (i) Each g € Gy commutes with endomorphisms of H because the following dia-

gram is commutative for all f € End(H):
@ (H) > w(H)
w(f)l iW(f)
o(H) —2> w(H).

Similarly, each v € I'p commutes with endomorphisms of P as for all f € End(P) there
is a commutative diagram:

w(P) 5 w(P).

(ii) By (i), we have that Gy C Centgy,(wm)) (End(H)) is a closed Q-subgroup scheme of
GL(w(H)). By Proposition we have GL(w(P)) = GL(w(H)) so that we may
also view I'p C Centgr,,(p))(End(P)) as a closed Q-subgroup scheme of GL(w(H)).
By the following commutative diagram

GH\ - /FP
GL(w(H)),

we see that p must also be a closed immersion.

We observe that from Proposition |1.2.15| follows “surjectivity” of 7p as follows.

Corollary 4.2.18. Every Hodge structure H' in (H)) is isomorphic to a subquotient of an
object of the form Tp(P'), where P' is a pure dual t-motive in (P)).

Since p is a closed immersion and faithfully flat, we may state our main result.

Theorem 4.2.19 (Hodge conjecture for function fields). Let P be a pure dual t-motive
over Coo and H := T (P) its associated Q-Hodge-Pink structure. Then the Q-group scheme
homomorphism p : Gy — I'p is an isomorphism. FEquivalently, Tp : (P)) — (H)) is an
equivalence of categories.



5. GROTHENDIECK’S PERIOD CONJECTURE FOR FUNCTION FIELDS

Having shown the Hodge conjecture in the last chapter when A = F,[t], we may combine
it with [Pap08, Thm. 5.2.2]. This yields the analog of Grothendieck’s period conjecture for
abelian varieties.

Theorem 5.0.20 (Grothendieck’s period conjecture for function fields). Let M be a pure
rigid analytically trivial Anderson A-motive of rank r over Q C Qoo in ,@%.@szi and Gm
its associated Hodge-Pink group. Suppose that ® € GL,(Q(t)) N Mat,«,(Q[t]) represents om
with respect to a k[t]-basis for M. Then there is a rigid analytic trivialization ¥ of ® in
GL,(T) N Mat,«,(E) and

tr. deggy Q(Y(0);; |1<4,j<r)=dimGu.
Being interested in the transcendence degree of the entries W(6); ;, defined as in the theorem
above, we want to compute the Hodge-Pink group G of a pure rigid analytically trivial dual
Anderson A-motive M over Q). As seen in Proposition [4.2.17, we have

Gy = T C Centar,, o, (QEnd(M)), (5.1)

where I'y is the Galois group of M.

In the first section, we study a pure rigid analytically trivial dual Anderson A-motive M of
rank 7 over k C C, that has sufficiently many complex multiplication through a commutative
semisimple Q-algebra F C QEnd(M) with dimg E = r. With the help of , we may show
that dim Gy = dimRg/Gy,,p = 7 holds if E/Q is either separable or purely inseparable.
This implies

tr.degg Q(V(0)i; | 1 <i,j <r)=r, (5.2)
where W(6); ; are defined as above. The second section deals with the case that M is a pure
rigid analytically trivial dual Drinfeld F[¢]-motive of rank 2 over ). We first see that we may
interpret the entries W(6);; as the periods and quasi-periods of the corresponding Drinfeld
F,[t]-module and investigate next the transcendence degree of the entries of ¥(#) through
the use of Theorem Using the main result of [Pin97al and , we obtain the precise
analog of the conjecturally expected transcendence degree of the periods and quasi-periods
of an elliptic curve over Q.

5.1 Dual Anderson A-motives with sufficiently many complex multiplication

Complex multiplication theory was first developed for elliptic curves, and later extended
to the case of higher dimensional algebraic varieties. In this section, we define complex
multiplication (CM) of Anderson A-modules and dual Anderson A-motives and determine
the Hodge-Pink group of pure rigid analytically trivial dual Anderson A-motives of CM-type
over k under some conditions. Throughout this section, we assume A = F,[t] and k C C is
a perfect and complete field that contains () as necessary for the definition of rigid analytic
triviality and uniformizability.
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Definition 5.1.1. Let M be a dual Anderson A-motive of rank r and dimension d over k
with r,d > 0 and FE its corresponding Anderson A-module.

(i) If there exists a commutative semisimple Q-algebra £ C QEnd(M) such that dimg E =
r, we say that M (resp. E) is of CM-type or has sufficiently many complex multiplication
through E.

(ii) We say that M (resp. E) has no complex multiplication if dimg QEnd(M) = 1.

Theorem 5.1.2. Let M € Ob(@%@%ﬁ) be a pure rigid analytically trivial dual Anderson
A-motive of rank r, dimension d and weight % over k that has sufficiently many complex
multiplication through E. Further, let H = (H,W,qp) be its associated pure Q-Hodge-Pink
structure with Hodge-Pink group Gy . If E/Q is either separable or purely inseparable, then

Gy = CentGLnQ(QEnd(M)) = Re/QGm.E-

Proof. Our proof largely follows Pink’s proof of [Pin97al, Thm. 10.3]. By choosing a ba-
sis hi,...,h, of H, we can regard QEnd(M) = End(H) and hence E as a subalgebra of
Mat, x,(Q). In particular, E is a finite extension of (). Also, as in the proof of Proposition
the Hodge-Pink group G is an algebraic Q-subgroup of GL, o = GL(H).

Applying [BHO9, Lem. 7.2], we see that £ C Mat,«,(Q) is isomorphic to Q" as a (left)
module over itself. Since dimg H = 7, we conclude that H is a free F-module of rank 1.
Thus Centgyqs)(£) = E and, moreover,

E217 ECQEnd(M)
(;H - (jentGL(H)GEnd(Liﬂ - CbntGLaqﬂlE)EéDQE/Q(;WLE'

We will first show that Gamp := Rg/Gm,p = Gy holds in the separable case and later apply
it to a convenient pure Q-Hodge-Pink structure H' and E’ C End(H') with E’'/Q separable
to also prove equality if F'/Q is purely inseparable.

Sublemma 5.1.3. Let H be a pure Q-Hodge-Pink structure of rank r and weight —%, and
E C End(H) a commutative semisimple subalgebra such that dimg E =r. If E/Q is separa-
ble, then H € HAeapey® and Gy = Gamp = Rp/QGm,p-

Proof. We fix an algebraic closure Q*P of @ and let ¥ := Homg(E,Q*P). We have a
decomposition

H ®Q Qsep ~ @ H ®E,O’ Qsep _ @ Qsep

oeY gEY

because H is a free F-module of rank 1, so that we get a corresponding inclusion

Gﬁ,Qsep = Gﬂ XQ Qsep C Gamb XQ Qsep = H GLl,QseP = H Gm,Qsep- (5~3)
€Y oEY

We want to show that this is an equality.

At first, consider the unipotent radical R, G g gser of G gser and the image of R, G g gser C
GH,gsv C [[ Gy gser in each factor Gy, gser, which is a quotient of R,,G g gser. By definition
R, G g, qgser is unipotent. That is, each € R,Gp gser is unipotent, which is equivalent to
a?" =1 for some t > 0 in characteristic p for all z € R,G ger (see [Hum75, Ch. VI §15.1]).
This property is shared by any quotient of R, G g gser; in particular, we see that the image of
R,GH,qsr in Gy gser is also unipotent. By [Hum5l §19.5] G, gser is reductive; that is, its
unitpotent radical R,G,, gser is trivial, so that the projection of R, G gser to each Gy, gser



5.1. Dual Anderson A-motives with sufficiently many complex multiplication 119

is trivial. Hence, we find that R,G g gs» = (1) holds. By Definition G g is reductive
and from [Pin97al, Prop. 9.8] we deduce that H is strongly Hodge-Pink additive.

Thus Gp gser is generated by the images of all Gy (Q*P) x Gal(Q*P/Q)-conjugates of
cocharacters G, gse» — G gser of G gser by [Pin97a, Thm. 9.11]. The weights of such a
Hodge-Pink cocharacter A : Gy, gseo — Gy gser are the elementary divisors of qy relative to
pr. This means, if we choose integers e, > e_ such that

(z=Q)pu Cau C (2 — ) vy
and

n
/(== ) o = P Coolit = 6/ (2 = O+,
i=1
then the weights of A are the Hodge-Pink weights w1, ..., w,.

Since H is pure of weight —g, we have degq(ﬂ ) = —d by the semistability condition. This
means, qg is of C-codimension d in py. Hence, there is a non-trivial weight dy of A with
1 < dy < d. Pulling back by A allows us to associate with G gser = [[,e5 Gm,gser in
a cocharacter

X G rer = Grgeer = [ [ Gmigeer
oceX

of HUEE G, gser. Since dy # 0, there is a 09 € ¥ such that the composition of X with the
projection to its factor in [ sex: Gm,@ser is non-trivial, providing us a non-trivial cocharacter
Gm’Qsep — Gm7Qsep of Gmstep.

Any non-trivial cocharacter of G, gser that maps = to 2™, n € Z— {0}, must be surjective.
The image of its Gal(Q>*P/Q)-conjugates is the whole group [[ c5; Gm,gser = Gamp X QP
giving us the desired result. O

We will now consider the case when E/Q is not separable.
Write ¢ := [E : Q); for the purely inseparable degree of E/(). We define a pure Q-Hodge-
Pink structure H' = (H',W’, qp+) by setting H =: Frob, . H'. By Proposition m (i), H'

has rank r’ := ¢ and is pure of weight —4 since deg,(H) = deg,(H'). Its endomorphism

ring is End(H') = Frob, gnam)(End(H)). We find a commutative semisimple subalgebra
E':= FE1:=Frob, g(F) C End(H') with
dimg £ r ,

—-=r.
q q

dimg E =

Let G denote the Hodge-Pink group of H'. Since E'/Q is separable, G = Rp QG g by
Lemma Again from [BH09, Lem. 7.2], it follows that H’ is a free E’-module of rank 1,
so we may identify H’ with £’ from now on. Further, define a pure Q-Hodge-Pink structure

H:=(H,W, d7) = Frob; H = Frob; Frob, . H'.
Then we see by definition of the Frobenius pullback and Frobenius pushforward that

(ﬁa W’ qf{) = (E/ ®Qq Q?W ®Q‘1 Q,CIH’ ®(Coo[[(z—§)q]] (COO[[Z - d])a

where Q7 := Frob, o(Q) and @, resp. Cy[z — (], acts on the second factor of each tensor
product. We put

Gamb = Gamb XQ,Frobgspecq @ = Rz /06, i1
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By Proposition we have G g = G'H X Frob, spec o &5 hence it suffices to show G 5 = G amb-
Without loss of generality we may assume that the uniformizer z € Qo already lies in Q.
There is an isomorphism

H=FE ©gQ — E't]/(t9),
z2®1—-1®z — t.

The elements of its group of “l-units”

U:={u= 1+Zuz'ti € (B[] /(1)) = H*}

are unipotent since

(Z ut> = ult"=0 in (E'[t] /(1)
i=1

=1

and because they are invertible they define unipotent automorphisms of H. Thus we may
regard U as a unipotent linear algebraic group of GL(E’) (cf. [Hum75, Ch. VI §15]). We
then have a unique decomposition Rz / 526G, 7 = Gm e Xspec 7 U and correspondingly

Gamb = %}}/QGWJJ = i)ﬁ{E’/QGm,E’ X Spec Q i)(‘{E’/QU- (5'4)

Let p;, i@ = 1,2, denote the projection to the i** factor. The first factor pl(éamb) =

. . i~ . / LemNm
Re)QGm,pr is the image of Gayp in Autq(H'), so pi(Gg) = R /QGm,er =] Gy

is reductive since E’/Q is separable and thus a torus [Bor91, §21.11]. Furthermore, p2(Gamp)
is unipotent and hence any connected algebraic subgroup of G, must decompose accord-
ingly. Therefore, if we prove that G also surjects to the second factor Rpy/ /U in 1D
equality holds in G C G amb-

Let us consider the projection homomorphism

¥ Gam = V= R U)/ (RpjQU) = R oU/UP).

We are done if we show that the restriction of 1 to G'5 is surjective. In order to do this we
investigate now the structure of the quotient U/UP. We will see in Sublemma that it
is isomorphic to a direct sum of copies of G, gr. If we assume that 1 is not surjective, then
there must be a direct summand R/ /oG, g of V' in which the image of G5 is zero under
Y|G - We will show that this leads to a contradiction.

Definition 5.1.4 (Cf. [Hum75, Ch. VI §15]). We regard an element u = 14 5% w;t* of U
as a power series in Z[u;;i > 1][t], so that its formal logarithm

00 o k=1
logu = Z¢

k=1

(u—1)* € Qugi > 1][t] (5.5)

defines a nilpotent automorphism of H. We express log u in terms of ¢ and set

?

= U,
logu =: ZLZ- t'.
i=1
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Sublemma 5.1.5. For every i > 1, we have

e _
L= Sy RS
O ) i

k

where |k| = EVZl ky, and the sum is taken over {k = (ky)u>1 | kv € N for all v > 1}.

Proof. Using multiple binomial coefficients one can compute (u — 1)* as follows

(u—1)k:2<k Lk’ >ulf1-u§2-...-ti
1, 2y - -

k

where § = Euzl vk, and the sum runs over {k = (k,),>1 | k, € N for all v > 1}.

Therefore a monomial ulfl e uf’ isin L; if i = Euzl vk, and u’fl e uf‘ with k := ZuZl ky,
in L; must come from the k" term in () Summing this up, the coefficient of u]fl . uf’ in
L; is by definition of logu

i —1)k-1 k i k
1 Sy = (—1)Fi— BE O
(—1) k ki, ka, ..., ki ko \ki ko ..ok

Sublemma 5.1.6 ([Pin97a, Lem. 10.15]). For every 1 <i <mn the map L; : U — G4 g

00
u = 1+Z’U,Z‘ti »—>Li(u1,...,ui)

i=1
is a homomorphism of algebraic groups.

Write I :={i €1,...,q— 1|pti} and let ¢’ denote the cardinality of I.
Sublemma 5.1.7 (|[Pin97a, Lem. 10.16]). The homomorphism L' : U — G?’g,

o0
L'(1+ Zuitz) = (Li(ut, ..., uq))ier
i=1

induces an isomorphism of algebraic groups U/UP — G?q/,.

This provides us the desired result that
V = (RpqU)/(ReQU) = R o(U/UP) = R oGy % (5.6)
As mentioned earlier we assume to the contrary that
w‘GE : GQ -V mE//QGi%,.

is not surjective so that there must be a direct summand of V' = (Rpr /oG, 2)®7 in which
G ;7 gets mapped to zero under 1/)|GI.{. This is equivalent to saying that there is a non-zero
homomorphism of algebraic groups ¢ : V — G, g such that Yla,(Gg) C ker(p). Further,

Ga,q is isomorphic to the subgroup Us g = < [1) T ) of GLa g. Via

Gy =V 5 Usq— GL(H,) with H, = @



122 5. Grothendieck’s period conjecture for function fields

we define a representation of GG 7 on H,. The category of representations of G is equivalent
to <(g~ ), so that we get a corresponding pure Q-Hodge-Pink structure H,, = (Hy, Wy, qn,,)
in ((H)). Since im(G'5) C ker ¢ we have

e (10
GgC—>ker<p—><O 1)—>GL(182),

and thus ﬂw &~ 182; in particular, qg, = pu,, -

We will now state a slight modification of Proposition (ii), and apply it to the above
defined pure Q-Hodge-Pink structure H., in ((H)).
Sublemma 5.1.8. Let v € Gamp(Coo((z — €))) such that qg = VYpg and p' the associated
representation of Gamp on the Q-vector space H' underlying an object El = (fI’, W, q7/) in
(H)). Then qg = p'(V)pg-
Proof. Cf. the proof of [Pin97al Prop. 6.3 (b)]. O

The associated representation of H., is by definition ¢ o) : Gamb — V — Q2, implying

qm, = (v("))pu, = << (1) > ( ¢(¢1(v)) >>Cw[[z_d].

We want to get a contradiction to qy, = pg,,, which will be the case if p(¢(7)) & Cooz — (]
We will now investigate the lattices associated to H' and E to find sucha~ € éamb(coo (z—

)-

Fix an inclusion Q%P — C[z — (] and set ¥ := Homg(E’, @Q*P) as in the separable case.
Recall that H' = E’ as E’-modules, so that we get a decomposition of py :

b = E' RQ Co [[z - C]] = (E/ Xq Qsep) @Qser Cowo [[z - C]]
>~ (P E ®po Q) @ger Coolz — (] = (P @) ®gr Coo[z — (]
oeY gEY
o @ Coolz — (]
oeY

From Proposition we know that deg,(H') = degy(H) = —d, so qp is of C-codimension
d in pp by the semistability condition. Using the above decomposition, we can write qp =
- pyr with m = (75)eex € pgr, such that

Wg:{ (z_C)dol if o =0y

1 otherwise,

where the o; € ¥ are fixed for all [ € {1,...,m} with oy # op for I #1' and m € {1,...,d}
such that > ", dy, = d holds.
Similarly to E' ®ga Q = E'[t] /(t?), we have an isomorphism
P =P ®c.z—0)1 Coclz = ¢ — pu[t] /()
-0®1-1®(-() — t
and qg is an ideal in pg[t] /(t?). Furthermore,

Gamb(Coo (2 =€) = (R ,0G,,.1)(Cool(z = ¢)) = Gn(H ©q Coo((z = ()
= Gn((E'[2] /(1) ®q Coo[z — (1) O z—¢] Cool(z =€)
= (pm [t]/(t") ®c2—¢] Coo(z — Q).
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Sublemma 5.1.9. Let v =7 +e1t + ... 4+ egt? € Gamb(Cool((z — ¢))) with
er = (erg) €Eprr, r=1,...,d

defined as follows

oy = { (") (=) Yz = Q%" ifo =0y and 1 < do,
ro 0

otherwise.
Then qz =7 pg-

Proof. We have qz = qn' ®c . [z—(],Frob, Coolz — (] = (7 pr) ®c . [2—(],Frob, Coolz — (], s0
it is enough to prove

d
TR1=1071+» e(z-0)@1-11(z—C) (5.7)

r=1

in pg =pr Oc,[(z-¢)1] Coolz — (]
There is a decomposition of p 5 according to the decomposition of pp:

br = P ®c. (-0 Coolz = {1 = @D (Coolz — (] @c[(2—c)e) Coolz — ¢])

oeY

> (D (Cul — 111}/ (#7)

oEX
and (5.7 is equal to
(=" @l-1a(z=- ()™
do,

= Zendgl (=0 ®l1-1®(=-()
r=1
do,
= > (dm> ()= (- Q@110 (=) (5-8)

r
r=1

in the summand associated to o, [ = 1,...m, in the others to 1 ® 1 =1 ® 1. (5.8) holds by
the following:

Sublemma 5.1.10. Let j € N°0. (27 @1 -1® 27) in E' @k K gets mapped to

J .
> (-t <‘7 )z”t’" = (-1 M2 4
in E'[t]/(9).

Proof. We proceed by induction on j. The assertion is true for j = 1 since (2! ®1-1®2!) ¢
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holds by definition. We assume that the assertion is true for all ¢ < j. Then we have as desired
dHol-1ei7 =2g:-107 +7t 91 -2 w2
=1®2)(¥e1-102)+ (@) (ze1-112)

—(z —t) ZJ:(—l)kfl <i:> 2R 4 It

k=1
J .
=(—=1 4 2 (—nF! <2> ik
k=1
cessp ()t oy
k=1
- j 1 -1 i .
=(=1)7¢ +zZ(—1) <k>’z] ' +tz(_1) <k>z] ;
k=1 k=0
J ; j ,
—(_1)p+1 k=1 T\ _j—kyk k=1 j i1k k
(=1)7t +ZZ( 1) <k)z t +;( 1) (k—l)z ¢

J . .
—(—1)77+! + Z(—n’f—l((k ! 1) n <}7€ )91k gh

O
This proves Sublemma [5.1.9 O

So we have found a v € Gamp such that d7 =7 pg.- We will now calculate ¢(1(7y)) and
show that ¢(1(7)) ¢ Cx[z — (] under the given assumption ¢ # 0. The projection of ~y
to the second factor Rpr QU is 1 + a1 Zle er - t", so that we get with the isomorphism

(5.6) '
V = Ry oG, % induced by L

d
b(y) = LA+ ') et
r=1
= (Li(Tr_lel, . ,W_lei))ig with e, := 0 for ¢ > d
- NS | ke —|k]
%:( R AV THIQT "

= il
where |k| := 3! _, k, and the last sum is taken over {k = (ki,...,k;) | k, € Nforall 1 <v <
1}. Note that V' is isomorphic to a direct sum of copies of G, g and Endr, o(Ga,q) = Q[7p].

Furthermore, ¢ is a Q-linear form on (F’ )@q/ that is therefore a composition of an E’-linear
form and tracep g : E’ — @. This means we can write ¢ as

Rp,oChty — @Q

T = (:L'i)z'el . ZZtraceEl/Q (gom- -:Bf])

i€l §>0
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for some ¢; j € E'. We are now able to determine ¢(¢(7y)). Denote |k| := Zf/:1 k, so that
e(¥())

, »’
i L : -
= ZZtraceE//Q ©ij (Z(—l)lkl |k|(k1 k)He’]fr'ﬂ- |k|)
- yoees ki) L

i€l j>0

p.]
" ) i kr
- > o) [ Y (k] o (z = Q) r=rldefir=rhe) ( — ()= H]
‘ i k| ks ki r
i€l j>0 =1 k !
pJ
_ G 1 |K| : do, " !
= ‘ ZW(‘PH) Z|]€| <]gl7 .7ki> <T> S
i€l j>0 1=1 .4 =
m ) . *
w (5~ (I dov)
= ZUZ(QOH) (z=¢) i ZW <k k) ( rl>
i€l j>0 =1 k D=
— Z(z - C) ip] : Z 0'1(901 '7) Bdﬂl HJ
i€l j>0 =1

~ . . j
with ba, i = (Zk ﬁ(kl |f| kz) | (d"l)kr>p and the sum run over {k = (k1,...,k;) | kv €

o T
Nfor all 1 < v < 1}. . Every exponent —ip/ (i € I, j > 0) of (z — () just occurs one time
for a o7, 1 =1,...,m, since p t i by definition of I. Unfortunately, as we do not know more
about ¢, the o;(¢; ;) might be linearly dependent, so that we cannot make any statements
about the order of (z — () in the general case.
If there is just one Hodge-Pink slope d,,, this is in particular satisfied when £/Q is purely
inseparable, we can choose 4, j such that ¢; ; # 0 and —ip’ maximal. Then

ord(._¢) p(¥(y)) = —ip <0,
which contradicts p(1(7)) € Coolz — (], as desired. Hence 1|g, is surjective and thus
Gy = Gamb and Gy = Rg/Gm,e if £/Q is purely inseparable. O

With the help of Grothendieck’s period conjecture for function fields and Lemma [1.1.19
we may directly deduce the following assertion about the transcendence degree of the entries
of the period matrix of a dual Anderson A-motive over C,.

Theorem 5.1.11. Let M = (M, o) € Ob(PZ P/ L) be a pure rigid analytically trivial dual
Anderson A-motive of rank r and weight g over Q C Qoo that has sufficiently many complex
multiplication through E. Moreover, let ®y, represent oy with respect to a basis m for M and
U be a rigid analytic trivialization for ®n,. If E/Q is either separable or purely inseparable,
then

tr.degg Q(¥(0)i; |1 <i,j <r) =dimGu = dimRg/QGme =1,
where G\ is the Hodge-Pink group of M.
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5.2 Periods and Quasi-Periods of Drinfeld F[t]-modules

Drinfeld A-modules of rank 2 are analogous to elliptic curves. Motivated by this analogy, we
first introduce the notion of quasi-periods of a Drinfeld A-module £ through biderivations ¢.
We then define its period matrix P = ( \ d;), which consists of the periods and quasi-periods
of E. Finally, we determine the transcendence degree of the periods and quasi-periods of a
Drinfeld F[t]-motive of rank 2 over @ through Grothendieck’s period conjecture for function
fields and Pink’s main result of [Pin97a]. The result is the precise analog of the following:

Conjecture 5.2.1 (Grothendieck’s piriod conjecture for elliptic curves [DMOS82, Rem.
1.8]). Let E be an elliptic curve over Q, P = (fAl d;) its period matrix and Gg the Hodge
group of E. Then

L N [ 2 if Eis of CM-type,
tr. degg @(/Az 0j) = dimGp = { 4  otherwise.

Chudnovsky was able to give a proof of this conjecture when an elliptic curve is of CM-type
[Chu84l Thm. 1.16].

De Rham cohomology for Drinfeld A-modules

We first introduce the de Rham cohomology realization of a Drinfeld A-module through uni-
versal additive extensions. This construction goes back to Deligne and parallels the classical
de Rham theory for elliptic curves and higher dimension abelian varieties. When A = F[t],
we remark that this coincides with the definition of the first de Rham cohomology group of a
dual Anderson A-motive as given in Remark Next we give an alternative construction
of the first de Rham cohomology group, which is related to some kind of path integration.
This idea is due to Anderson and was further developed by Yu and Gekeler. With the help
of biderviations, we may define such “path integrals” and further quasi-periods of Drinfeld
A-modules.

We let A be the ring of integers of an arbitrary function field @) and fix a Drinfeld A-module
E = (E, ) of rank r over k where (k,v) is an A-field that contains F.

Definition 5.2.2. We set
Hpp(E, k) == Ext*(E, G, );

that is, the group of classes of short exact sequences of algebraic groups over k
0 — Gy —FE"— E—0 (5.9)

together with an additional splitting s of the short exact sequence

S
0= kS ToE* — ToE — 0
of tangent spaces at the identity (equipped with the tautological A-action).

Remark 5.2.3. When A = F,[t], we let (M, o) be the dual Drinfeld F,[t]-motive correspond-
ing to a Drinfeld A-motive E over Co,. We want to see that the definition of Hl,(E,Co)
coincides with the one of H*(M*(E), Co) made in Remark |4.1.32, We put

bt 1= ma(F* M. () g Coellt — 0] = ML (E)(1)” @4 Coc[t — 0],
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where M, (E)(1)™ are the 7-invariants of the Drinfeld F,[t]-motive M, (E) assigned to E
[And86, §2.3]. Using [And86l, Cor. 1.12.1], we find

1

pr = Mec, g Cxolt — 0] M(1)? ®4 Coot — 0]
AE XA (Coo[[t — (9]]
Homg ;g1 (M«(E)(1)" @4 Coo[t — 0], Coo[[t — 0] dt)

Homg_ r—g) (P, Coo[t — 0] dt),

i1l

I

where Ag is the period lattice of E. Therefore, py/(t—6)py = Home  (pr/(t—0)pH, Coo dt)

and
[Tha04l57.5]

Hpg(E, Coo) Hpg(Mu(E), Coo) = Hpg (M, Coo).

Definition 5.2.4. We define the Ag-module N(E) := {m € M*(E) | Tom = 0}. That is,
N(E) = k[o]o by choosing a coordinate system p for E and defining o : M*(E) — M*(E)
to be the ¢*-linear map induced by o v+ (g).

(i) An Fg-linear biderivation of A into N(E) is an Fy-linear map 6 : A — N(E), d(a) — g
such that

dab = Y(a)da + 64 © @y
We denote the vector space of biderivations of A into N(E) by D(E, k).

(ii) A biderivation 0 is called inner if there is an m € M*(E) such that
0o = 7(a)m —mo Qg

Further ¢ is called strictly inner or exact if m € N(E). We denote the subspace of
strictly inner biderivations of A into N(F) by Dg(E, k).

For § € D(E, k) and a € A, we put

Note that we have

s 5 [ v@)y(b) ~(a)ds +dao wp ) s
PaPb ( 0 DalPb Pab-
We denote the class of additive extensions of F

0 —Gor —Gupr®EFE — E —0,

where A acts on G, via v and on G, ® E via @9, by [0]. Because § € N(F), the induced
action of A on To(G, @ E) is given by

Tova = < VE)Q) ’Y(Oa) > ’

so that the sequence of tangent spaces at the identity induced by [d] splits canonically.
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Theorem 5.2.5 (Anderson [Gos94, Thm. 1.5.4 and Thm. 1.5.6]). (i) The map
(6 — [0]) : D(E, k) — Ext*(E, Gy)
induces an isomorphism from D(E,k)/Dg(E, k) to H s (E, k).
(ii) Hpr(E, k) is a k-vector space of dimension r.

Thus we may identify H}, (E, k) and D(E, k)/Dsi(E, k) from now on. Let us now give the
examples of biderivations, which play a role when we define the period matrix of a Drinfeld
[, [t]-module.

Example 5.2.6. (i) Consider the F,-linear map §(%) : A — N(E) that is defined by 50 =
©q — y(a). Then

8 = ap—1(@)y(b) = @a 0 g —v(ab) = v(a)(wy — ¥(b) + (va — 7(a)) 0y
= (@)d” +6 0 oy;

that is, (0 is a biderivation of A into N(E).
(ii) When A =TF,[t], the Drinfeld F,[¢t]-module (E, ¢) is given by
or=0+a17+ ...+ a 7" € k[r] = End(E),

where we write 6 := y(t). We define an F,-linear map 6®) : A — N(E) by setting
5t(l) =7t for 1 <i<r—1. Since

9(5?) + (5t(i) opy = BT+ T O+ T +... 4oyt
= (0+09)r" + agi)Ti—&-l N A
= ((0+09)+ a7 + ...+ a7
(( 1 r
5(i)

2

we find that 6 is a biderivation of A into N (E). Clearly, 6O . ..,60=Y provide a
basis for Hbg (E, k).

For any non-constant a in A, the exponential function expp attached to the Drinfeld
A-module E is the unique solution of the algebraic differential equation

expp(v(a)z) = ¢alexpp(2)).
Similarly, a biderivation gives rise to a quasi-periodic function.

Lemma 5.2.7 ([Gos94, Lem. 1.5.8 and Lem. 1.5.12]). Let § be a biderivation of A into
N(E). Then there is a unique entire Fq-linear solution Fs(z) of the algebraic differential
equation

(@) F5(2) — F (v(a)2) = da (expp(2)) | (5.10)
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which is independent of a. For any non-constant a € A,

V(@) Fy (@) ~ o (eXPE <Vfa)>>
= 7(a)’F; <7(2)2> —7(a)da (eXPE <7(Za)2>> a (eXpE <7(za)>)

; —jf:oq/(a)j(;a (expE <7(QZ)JH>> (5.11)

Such a solution Fj(z) of (5.10) is quasi-periodic with respect to the period lattice Ag,
meaning that the following always holds:

Fs(2)

(a) Fs5(z4+ ) = Fs(z) + F5(\) for z € k and A € Ag,
(b) F5(X)is A-linear in A € Ag.
We change notation to define the quasi-periods of E through “path integration”.

Definition 5.2.8. Let ¢ be a biderivation in D(£) and A € Ag a period of E. Then we write

formaﬂy
0= —Fb A

and call | 0 a quasi-period of E.

Remark 5.2.9 (De Rham isomorphism). Let E be a Drinfeld module of rank r over C,. The
“path integral” induces a pairing

HB(E7 A) X HDR(E7 (COO) - COO

00) /Aa.

The induced de Rham map DR : HL s (E, Cs) — HE(E, Cs) is an isomorphism by [Gek89)
Thm. 5.14] in happy analogy with the classical case. In particular, this shows

dime_, Hpg(E,Cs) = -
For X an abelian variety over k C C there is a canonical isomorphism
Hpg(X) @1 C = Hp(X) ©q C

whose defining matrix Py is the period matrix of X (cf. [DMOSS82, §I.1]). By the previous
remark, the period matrix of a Drinfeld A-module over k C C similarly gives rise to the de
Rham isomorphism.

Definition 5.2.10. Let )\;, 1 <14 <7, be a basis of the period lattice Ag and 65, 1 < j <,
a basis for H\)y (E, k). We define the period matriz Pg of E to be

PE':</ 6]|1§’L,j§7‘)
A
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Example 5.2.11. (i) Let § be an exact biderivation of A into N(FE), that is, there is an
m € N(F) such that §, = y(a)m — m o ¢,. Then

da (expp(2)) = ~(a)m (expg(z)) — (mo @4) (expg(2))
= ~y(a)m (expg(z)) —m (expg (v(a)2))

and the corresponding solution is Fs(z) = m(expg(z)). Therefore,

/6:F5(>\):0 for A € Ag.
A

(ii) Consider the biderivation §(9 of A into N(E), which is given by 5 = v — Y(a).
Obviously,

00 (expp(2)) = @a (expg(z)) —v(a) expp(2)
= expg (v(a)z) —v(a) expg(z) +v(a)z — y(a)z
= (a) (z —expp(2)) — (v(a)z — expg (v(a)2)),

so the unique solution of (5.10)) is F)(2) = 2z — expg(2). Hence,
/ 5O = Fsy(\) = A for A e Apg,
A

and the periods are contained in the quasi-periods of E.

(ii) Let A = F,[t] and consider the biderivation 6®) of A into N(F), which is given by

5t(i) =7, 1<i<r-1. By 1' the unique solution Fj.)(z) of l is

Fyi ( Z 0’ expg (0]11)(1) :

Therefore,

/ 5O = Fyoy(A) = —f(6)  for A € Ap,

where f/@ (t) = >0 OeXpE(9n+1)( )t" is the i-fold twist of the Anderson generating
function associated with the period A\ (see Example [4.1.25).

Recall that the scattering matrix of a pure uniformizable Drinfeld Fy[t]-module E of rank
r over k is given by

> )\j =1 k .o
_l;)eXpE<thrl> t , ].SZ,]ST,

Wlth respect to the k[t]-basis {1,...,7"7'} of M*(E) (see (4.3)). We have seen in Example
5/ how U also gives rise to the rlgld analytic trivialization ¥ of the corresponding dual
Drlnfeld [F,[t]-motive. In the next subsection, we will further investigate the relations between
the rigid analytic trivialization ¥ and the periods and quasi-periods of F if E is of rank 2.
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Grothendieck’s period conjecture for Drinfeld F,[t]-modules

We assume A = F,[t] and fix now a Drinfeld F,[t]-module (E,¢) of rank 2 over Q. We first
study the relations between its period matrix Pg and the rigid analytic trivialization of the
corresponding dual Drinfeld F,[t]-motive (M, o). We choose a coordinate system p, so that
we may assume without loss of generality F = G, 1, and ¢ is determined by

ot =0+ a7+ az7® € Q[7] = End(E).

Further, by [CP08, Rem. 3.4.2], we may assume without loss of generality ag = 1. We
write expp = Yoo e; 7" where eg = 1. In Example 4.1.25] we have associated the Anderson

generating function

- (@) £ <W> )

= n=0 =0

s ei/\(z) s (4) p() e\
g T =i L= T

with a period A € Ag through the corresponding convergent ¢-division tower. Thus f)(¢) has
a simple pole at ¢t = #() with residue —e;\® for i = 0,1, ... By the same arguments as in

(@9,
ar f{V ()+f(2)(> (t = 0)fr(t)

and because fy(t) coverges outside {#~) | i € N},

ar fO) + 120) = - (5.12)

0 |
Pm 1= < (t—8) —al™ )

represents o)y with respect to the basis m = (1,0)" for M. We pick a basis {\1, A2} of
periods of E and denote fy,(t) by f; for i = 1,2. We then put

holds. Moreover,

7Y _ . f (1)
A= 1 € GL2(Q) and W:i=—| "t "%y | € GLy(T),
L0 fa  fo
which gives rise to the matrix

SO (1)

= @ + t—40

©:=0W. A0 = _ 1f1(1) fl(Q) b (t=0)1 fl(l) € GLy(T)
Oélfz + f2 f2 I

<’Y1 ) =0 -m
Y2

comprises an F[t]-basis for M(1)? and © = ©(~1) . &, holds. Hence,

such that the vector

v o= 0 l= 1 ) ( b A >
1(1)(t—9)f2— (t_e)flfg(l) (t—0)fa —(t—0)f
€ GLy(T) N Matgxo(E)
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is a rigid analytic trivialization of ®p,, that is ¥(=1 = &, ¥, We let {5, 51} be the basis
of H]%)R(E, Cx) as defined in Example By Example |5.2.11] the period matrix of £ is

given by
50) 5@ _ @ .
A2 —fy, (0)
We let @ € Q be the period of the dual Carlitz [Fy[t]-module over Q. Using the Legendre
relation

02 - M 0) =7
proved by Anderson [Tha04, Thm. 6.4.6], we then obtain

v EB L (-5)O 10
N ™ —)\2 )\1 ’

We may thus conclude that

Q(/A_ UV 1<ij<2) = @ (Al,AQ,fip(g)’fﬁ)(e))
= QU(0)y|1<14,j<2) (5.13)

An elliptic curve X has no complex multiplication if End(X) ®z Q = Q. By the following
lemma, we find that the same holds for Drinfeld F,[t]-modules of rank 2.

Lemma 5.2.12. Let M € Ob(@%@&ﬁ) be a dual Anderson A-motive of rank 2 over Q. If
M has no complex multiplication then QEnd(M) = Q.

Proof. For the purpose of deriving a contradiction, assume that dimg QEnd(M) > 2. Hence
there is an f € QEnd(M) such that f ¢ @ -id. Then @ [f] is a commutative semisimple
subalgebra of QEnd(M) with dimg Q [f] > 2. By assumption we have 2 = dimg Q [f] and
M has sufficiently many complex multiplication through @ [f]. This gives us a contradiction
and proves the lemma. O

Combining this with the following main result of [Pin97al, we may determine the Hodge-
Pink group of a Drinfeld I, [t]-module of rank 2 that has no complex multiplication.

Theorem 5.2.13 ([Pin97a, Thm. 10.3]). Let E be a Drinfeld F,[t]-module of rank r over
k C Cx and Gg its Hodge-Pink group. Then

GE = CentGLnQ (QEnd(E))

Remark 5.2.14. This result can be obtained in a different way through use of the proven Hodge
conjecture (Theorem and the Mumford-Tate conjecture [Pin97c, Thm. 0.2]. Let
M = (M, om) € Ob(PZP.</1) be a pure rigid analytically trivial dual Anderson A-motive of
rank r over k, M, its a-adic completion and ¢ : M, — M, the gz(a)—linear map induced by o
(see Section [2.5)). The o-invariants of M, are the A,-module M7 := {m € M, | oc(m) = m}
of rank 7. Then the a-adic cohomology realization of M is given by Hy,(M) := MJ ®4, Qq.
Suppose now that M = M*(E) and consider the strictly full rigid abelian tensor subcategory
(P)) of 27" generated by the pure dual t-motive P := P’(M). Together with the fiber
functor
((N,on) (i) = Ho(N) ®, Ha(C)™) : (P) = Zeq,,
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it is a Tannakian category over Q,. The absolute Galois group Gal(k/k) acts on M7, which
induces a map B
FE XQ Qa — Gal(k‘/k‘)

We know from Proposition that I'p is a closed subgroup scheme of Centgy, , (End(P))
and hence
['p xq Qa C Centgr, o (End(P)) xq Qq = Centgy, ,, (End(P)).

Note that Centar, ,(End(P)) = Rena(p)/@ GLrq is irreducible and therefore connected. We
assume that
I'p C Centgy, ,(End(P))

is a proper closed subgroup scheme, which contradicts that the image of
Gal(k/k) — Centgr, ,, (End(P))
is open [Pin97c¢, Thm. 0.2]. Hence,
I'p= CentGLnQ(End(B)),
and Theorem follows from the Hodge conjecture.

Corollary 5.2.15. Let E be a Drinfeld F[t]-module of rank 2 over Q that has no complex
multiplication and Gg its Hodge-Pink group. Then

GE = CentGLzQ (QEDd(E)) = GLZQ.
In particular, dim Gg = 4.

Recall that we have determined the dimension of the Hodge-Pink group of £ in Theorem
when £ has complex multiplication under some conditions. Putting this together with
the previous Corollary deduced from [Pin97al, Thm. 10.3], Grothendieck’s period conjecture
for function fields yields the following:

Theorem 5.2.16 (Grothendieck’s period conjecture for Drinfeld F,[t]-modules of rank 2).
Let E be a Drinfeld Fy[t]-module over Q C Qoo, P = (f/\l d;) its period matriz and Gg the
Hodge-Pink group of E. Then

tr. degQ / ) (BE) dim G = { 2 if Eis of CM—typeE

4  otherwise.

Remark 5.2.17. (i) Thiéry gives a proof of Grothendieck’s period conjecture for Drinfeld
F,[t]-modules of rank 2 that have complex multiplication in [Thi92].

(ii) Papanikolas and Chang are able to show Grothendieck’s period conjecture for Drinfeld
F,[t]-modules of rank 2 that have complex multiplication if the characteristic p is odd
[CPO8, Thm. 3.4.1]. Their proof proceeds by showing that the canonical representation
¢ : I'p — GL(P(1)?) of the Galois group I'p (see [CP0O8, Thm. 3.3.1]) is absolutely
irreducible.

(ii) Using the ring homomorphism i* : Fi[t] — A, a — t, one can show that Theorem [5.2.16
holds for Drinfeld A-modules over () where A is the ring of integers of an arbitrary
function field Q.

LIf E has sufficiently many complex multiplication through E, then dimg E = 2. Hence, E/Q is either
separable or purely inseparable and we may apply Theorem [5.1.11
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